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Abstract. Mixed partial differential equation of parabolic type with involution
is considered. The sufficient conditions of the existence and uniqueness of the
solution for the parabolic type equations with involution is obtained. The Fourier
method is used to find a classical solution of the mixed problem for the
transformed parabolic type equation with involution.

1. Introduction

Many works [1]-[6] are dedicated to the study of partial differential equations (PDE) of parabolic type.
Parabolic PDEs are used to describe a wide variety of time-dependent phenomena, including heat
conduction, particle diffusion, and pricing of derivative investment instrument. This paper is devoted to
investigating the problems of existence and uniqueness of the solution for the parabolic type equations
with involution. We quote here only some latest papers on the problems with involution. The fractional
analogue of Helmholtz equation with an involution perturbation in a rectangular domain is considered
in [7]. The spectral problem for the second-order differential operators with involution and boundary
conditions of Dirichlet type is studied in [8], where the Green's function related to the boundary problem
is constructed and uniform estimates of the latter are obtained. The equi-convergence of eigenfunction
expansions of two second-order differential operators with involution and boundary conditions of
Dirichlet type for any function in L, (—1,1) is established. The solvability of the main boundary value
problems for the nonlocal Poisson equation is studied in [9], where necessary and sufficient conditions
for existence and uniqueness for the considered problems are obtained.

In this paper, we study boundary value problems for heat equation with involution and obtained the
necessary and sufficient condition for existence and uniqueness of a solution of the considered problems
by using the spectral method.

Let [1= {(x, y):0<x<p,0<y< q}, p,q >0 be rectangular domain. In this paper we deal

with problems on the solvability of the mixed heat problem with involution. Let u (t, X, y) be function
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2 2
defined for (x,y) ell,t >0. With the help of Laplace operator A :%+% we introduce the
X

operator of the following form
Lu(t,x)=a,-Au(x, y,t)+a -Au(p-x,q-y,t), (t,x,y)eQ=R_ x][],
where Au(t, p—X,q—Yy) we interpret as Au(t, p—X,q—Y) :Au(t’§’U)|(§,77):(p—x,q—y)'

(Q), satisfying the

t,X,y

We deal with the following problem: find a function u(t, x, y)eC(S_l)mCl'2

partial differential equation

%u(l' —t, % y)+Lult,x,y)=f (t,x,y),(t,x,y) G =(0,T) xI1, (1)
and initial condition
u(x,y,0)=0,0<x<p,0<y<q )
and boundary conditions
u(0,y,t)=u(p,y,t)=0,0<y<q,0<t<T, ©)
u(x,0,t) =u(x,q,t)=0,0<x< p,0<t<T. (4)

A function u(t,x,y)eC (6) NCH?

tLxy

(G) is said to be regular solution of the problem (1)-(4), if

u (t, X, y)satisfies (1) in classical means, and furthermore, satisfies the initial and boundary conditions
(2),(3) and (4).

2. On the eigenfunctions and eigenvalues of a spectral problem with involution
In this section we solve a spectral problem (1)-(4) by using separation (Fourier’s) method. If the solution

of the problem (1)-(4) is represented as u(t,x,y)=v(t)-w(x,y), then the functions v(t) and

W(x, y) are solutions to the following spectral problems

Vi(p—t)=pv(t), ()
v(0)=0, (6)
and
Lw(x,y) ==7-w(x,y), (x,y) eIl (7)
w(x,y)=0, (x,y)edll (8)

where we used the notation y = z— A . The following result on the eigenvalues and eigenfunctions of
the (5),(6) :



Simposium Kebangsaan Sains Matematik ke-28 (SKSM28) IOP Publishing
Journal of Physics: Conference Series 1988 (2021) 012084  doi:10.1088/1742-6596/1988/1/012084

Lemma 2.1. The spectral problem (5), (6) has an infinite set of eigenvalues

n :(—1)“(n+%j$, n=012,.., 9)

and their corresponding eigenfunctions

vn(t):\/gsin(n+%j%t, n=0,1..., (10)

which form an orthonormal basis of the space L, (0,T).
For the proof we refer to [10]. We proceed to the study of the problem (7),(8).

Theorem 1. Let H; - eigenvector of the matrix A, and & is corresponding eigenvalue. If coefficients
a,,a in (7),(8) the coefficients are that for &;#0 and w(Xx,y) is eigenfunction, and »

corresponding  eigenvalue, then a function z,(x,y)=h w(x,y)+h, w(p-x,q-y) is

eigenfunction corresponding to eigenvalue v; = va for the Dirichlet problem
E.
]
—AZi(X,y)=v;-2;(%Y), (xy)ell (11)
Z;(x,y) =0, (x,y)eoll. (12)

Proof. Let W(x, y) and y is an eigenfunction and an eigenvalue of the problem (7), (8). By putting in
(7) (p—x,q-1Y) instead (X,Y), we obtain the system of equations
{ao-AW(x,y)+a1-AW(p—x,q—y)=—y-w(x, y).

13
a,-AW(X,y)+8,-Aw(p-Xx,q-y)=—y-w(p-xq-y), )

which can be written in the matrix form as follows
ALW =—yW

where W = (w(x), w(p—Xx,q— Y))T ,and the matrix A has a form A:(a0 aiJ
& 8,
It is easy to show that H,=(,1)";H,=(-1)" are eigenvectors of a matrix A and

& =a,+a, & =a,—a, are corresponding eigenvalues:

. +ah. . )
AHj=ngj@£a°a1j{m’]z£a°h“ % 2”]=g{h”],
aa, )\ h,; ) (ah;+ah hy;

here h;; =1, j=12 and h,; = (-1)'*, j =1, 2. Then from the equation (13)
ng[hl’jw(x, y)+h, w(p—x,q- y)] = —y[m’jw(x, y)+h, w(p-x,q- y)]
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Using the notation
z;(x,y)=h w(x,y)+h, w(p-x,q-y)

We conclude that in the case when ¢; # 0 a function defined in above is a solution of the spectral

problem (L1), (12) with v, =, j=12.
E.
J
The following result generates the method of construction of the eigenfunctions and eigenvalues of the
problem (7), (8).

Theorem 2. LetH = (h,,h,)" - eigenvector of the matrix A=(Z :10] and & is corresponding
eigenvalue. If z(X,y) and v are eigenfunction and eigenvalue, respectively, of the Dirichlet problem
—Az(x,y)=vz(X,y), (x,y)eIl, (14)
2(x,y)=0,(x,y) el (15)
Then
w(x, y) =hz(x,y)+hz(p-x,q-y) (16)

is eigenfunction of the problem (7), (8) corresponding to eigenvalue y =¢-v.

Proof. Let a function z(X, y) be eigenfunction of the Dirichlet problem (14),(15). Then
—Az(p—-xq-y)=v-z(p-x0-Y), (x,y) eI,
2(p=%9-Y)|m =0.

For a function w(X, y) we obtain a system of the equation
AW(x, y) =—v[hz(x y) +h,z(p-x,q-Y)]

AW(p-x,q-y) =—v[h,z(x,y) +hz(p-x,q-Y)]
Multiplying first equation by a, and second equation by a, in the system above we obtain
a,AW (X, y)+a,Aw(p—x,q-Yy)=

—v(ah +ah,)z(x,y)-v(ah +ah,)z(p-x,q-Yy)

:_Vlao alJ[hlj[ z(X, y) j:_vAHW
a a )\ )\z(p-x,q-Y)

Further, considering the equation AH =&H | the expression on the right-hand side of Error!
Reference source not found. we have

eVHW = —v (ah +ah,)z(x,y)-v(ah +ah, ) z2(p-x,q-y)
=-vehz(X,y)-veh,z(p—x,q-Y)

=—yW(X,Y)
Hence, the function from the condition that a function

w(x,y) =hz(x,y) +hz(p-x,q-y)

(17
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satisfies equation (7). It is not difficult to show that this function also satisfies the boundary condition
(8), which completes the proof of the theorem.

Here we give one useful property of the eigenfunctions of the Laplace operator, which can be
obtained by the using the ideas of the paper [11].

Corollary 2.1. All eigenfunctions of the Dirichlet problem (14), (15) can be chosen so that they have
one of the properties of symmetry:

z(x,y)+z(p—x,q—y) =0,VY(x,y) €I,
or

z(x,y) —z(p —x,9 —y) = 0,V(x,y) € II.
Using the property of the eigenfunctions obtained in the Corollary 2.1 we have

Theorem 3. Let z(X,Y) be eigenfunction of the Dirichlet problem (14), (15), and v is corresponding
eigenvalue. If &; > 0,&, > 0, then a function w(X, y) = z(x, y) is eigenfunction of the problem (7),
(8), and corresponding eigenvalues are:

_{ Véy, lf Z(x;}’):Z(P—x'q—}’)

Proof. To prove the theorem, we use the statement of Theorem 2. First, we note that the system (17)
can be rewritten in the following matrix form HZ = W, where

’ :(1 1j1zz(z(x,y) }W:(Wl(X,Y)].
1-1 z2(p—x,q-Y) W, (X, Y)

. ) . . 1 .
It is easy to show that the inverse of the matrix to the matrix H has a form H™ ==H . Further, using

the matrix H ™ we construct the following system:
w; (X, y)z%[hjylz(x,y)+hj’22(p—x,q—y)], j=12,
where h,;,j,i=12 elements of the matrix H™". From the Theorem 2 we conclude that functions
w; (x, y) are eigenfunctions of the problem (7),(8) and corresponding eigenvalues have a form
Vi=¢&V.
Let for the function z(x,y) we have z(x,y)=z(p—-X,q-Y),(x,y) € I1. Then, we obtain
hz(xy)+h,z(p-xq-y)=(h,+h;,)z(xy).

co we have

1 —
w; (%, y)=§[(hj,1+h,-,2)2(x,y)] j=12.
Next considering the definition of h; ; and h; ,, we have
1
W y) =2 2(xy)+z(P-xa-y)]

and

WZ(X)=%[Z(><, y)-z(p-xd-y)]

Corollary 2.2. The eigenfunctions of the (14), (15)

zkm(x,y)z\ﬁsink—”x-\Fsinmy, k,m=12,...,
' p p q q
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Corresponding to the eigenvalues

k 2 2
Ven =(—”] +(MJ L km=12,...
p q

form complete orthonormal system in the space L, (IT).

Using this statement and Theorem 3, we can construct the eigenfunctions and eigenvalues of the problem
(7),(8). According to Corollary 2.2, it easy to show that the eigenfunctions of the Dirichlet problem have

the following form:
Z, . (X,y) =Fsink—”x-\ﬁsinmy,k,m =12,...,
’ p Y q q

2 .k 2. m
zk,m<p—x,q—y)=fsm—”(p—x)-fsm—”(q—y)
p p q q
= (_1)k+m\/ZSink_ﬂ-x . \/zSinM y = (_1)k+m Zk m(x1 y)
p p q q '

Then the eigenfunctions and the corresponding eigenvalues of the problem (7),(8) have the form
if k=2i-1m=2j-1i,j=12,.,then Z, 1, (P—Xq=Y) =Zy,;4(X),

and hence,
-1 2j-1
2|—12]—1(X y) \/75 n——m— )ﬂ- \/7 ( J )ﬂ- y:
] 2 . ;
R (2|—1} J{Zj—lj
2i-1,2j-1 1 p q

if k=2i-1m=2j,i,j=12,...,then Z, ,,;(P—Xq=Y)=-Z5,,;(XY)
and therefore

2 2
/2 . (2i-1) f2 .27 2i-1 2iY |
Wi s 25 (X) =— psm > X- asmTy,;/Zisz:gz,”z[(Tj +(q ’

if k=2i,m=2j-1i,j=12,..,then Z;,;,(P—X0—Y)==Z,,;,(XY)
and hence,

21211(Xy)—_\/:5'”2w \/7 (ZJ 1)7[)/72.2,1 &7 KZIJ (_Zj—lTl;
p q

Corollary 2.3. Let the condition be satisfied &; > 0,¢&, > 0. Then the system of eigenfunctions of the
problem (7),(8) is complete in space L, (IT).

From here we find

Theorem 4. The eigenfunctions of the problem (1)-(4)

/ 8 . 1)\ xt ki
t, X, ——sin| n+= |=—sin—x- sm— .n=01..km=12,.
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corresponding to the eigenvalues A, , = t, — ¥y m» Where g, =(-1)" (n+%j$ n=0,12,...,and

kY (mY ] . g, if k=2i-1,m=2j-1
Ykm =€ — | = yWith & = . . . . .
’ p q &,ifk=2i-1, m=2jork=2im=2j-1
form a complete orthonormal system in L, (G).

3. On the existence and uniqueness of the regular solution
Let consider a linear operator A

Au:aat—u(T —t, X, y)+ Lu(t,x,y) (18)

corresponding to the (1) with the domain of definition

ou du d*u —
DA:{u(t,x,y)eC(Q) Ao oy C(Q);UL_o:O’uL?G:O}'

The operator A with the domain of definition D, is symmetric, consequently ker(A)={0},which

guarantees the existence of the inverse A, LetueD,, f € L,(G), and
Au=f.
We represent Au and f by eigenfunctions {un K, m t X, y) n=0,1..km=1 2,..}:

AU=D"3" " (AU )Ungem (8 X0Y)
n=0

=333
By comparing the coefficients of both sides

(AU unkm)_( f ’un,k,m)
Using the symmetricity of the operator A we obtain

(AU, Un'k,m) (U Aun k m) j’n,k,m (U Un m)

f’un,k,m) nkm(t X, y)

Hence

foum
(U unkm) (inka:l )

Finally, the inverse operator has a following form:

o0 0

ut,x,y)=A"f=> i( ”km) Up e (£:XY)

n=0 k=1 m=1 n k,m

Theorem 5. In order that there exist unique regular solution of the problem (1)-(4), it is necessary and
sufficient that A, ., # 0,k,m=1,2,...,n=0,1,....

It is not difficult to see that if the conditions of the Theorem 5 are satisfied then for any f € L,(G)
there exists a regular solution of the (1)-(4), which has the following form

u(t,x,y)=A" f—zzz( nkm) Unjem (1%, Y)

n=0 k=1 m=1 nkym
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To satisfy the condition that the regular solution u € L,(G) , we have to require that

4. Conclusion

The necessary and sufficient conditions for regular solution to exist and to be unique are obtained by
using the properties of the orthonormal system eigenfunction of the mixed heat problem with
involution in all arguments. The properties of the second order partial differential operators with
involution are studied and applied to solve mixed heat equation with involution.
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