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Abstract

We consider a class of open quantum many-body Lindblad dynamics characterized by an all-to-all
coupling Hamiltonian and by dissipation featuring collective ‘state-dependent’ rates. The latter
encodes local incoherent transitions that depend on average properties of the system. This type of
open quantum dynamics can be seen as a generalization of classical (mean-field) stochastic Markov
dynamics, in which transitions depend on the instantaneous configuration of the system, to the
quantum domain. We study the time evolution in the limit of infinitely large systems, and we
demonstrate the exactness of the mean-field equations for the dynamics of average operators. We
further derive the effective dynamical generator governing the time evolution of (quasi-) local
operators. Our results allow for a rigorous and systematic investigation of the impact of quantum
effects on paradigmatic classical models, such as quantum generalized Hopfield associative
memories or (mean-field) kinetically-constrained models.

1. Introduction

Open quantum many-body systems constitute a fascinating subject of investigation [1, 2]. The interplay
between coherent and dissipative processes, combined with the large number of microscopic constituents
forming the system, can give rise to interesting nonequilibrium stationary or dynamical phases [3—12] as well
as to nonequilibrium critical dynamics [12—-17]. An intriguing aspect of the formalism of open quantum
systems is that it allows one to start from a purely classical stochastic dynamics (see, e.g. the
reaction-diffusion processes considered in [18]), and to gradually introduce quantum effects—such as
quantum superposition—and analyze their impact on paradigmatic classical models [8, 12, 15]. In the
Markovian regime, open quantum dynamics are described by means of quantum master equations [see
equation (1) below] with time-independent (Lindblad) generators [1, 2]. Despite looking fairly simple,
solving these quantum master equations is a daunting task due to the exponential growth, with the number
of particles, of the resources needed to describe the quantum state. This often renders both their numerical
simulation [19] and their analytical solution impractical.

One way to make progress and to achieve a first analytical understanding of the behavior of these
quantum systems is that of exploiting a mean-field approach [20-23], which also proved very useful in
equilibrium settings [24, 25]. Broadly speaking, within this framework one neglects correlations in the
system and this allows one to find a reduced set of differential equations providing the time evolution of key
system observables. Interestingly, in certain cases such an approach can be shown to become exact in the
thermodynamic limit, see, e.g. [20-25]. For what concerns open quantum dynamics, the exactness of the
mean-field approach has been rigorously shown for systems with collective jump operators and with a
Hamiltonian featuring an all-to-all interaction between the different subsystems [26-28] as well as for
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different versions of spin-boson models [21, 29-31]. The validity of a mean-field approach in certain open
quantum systems has also been investigated numerically [32-36].

In this manuscript, we consider quantum systems composed of a large number of finite-dimensional
particles subject to a dissipative Markovian time evolution. In particular, we assume their open quantum
dynamics to be characterized by an all-to-all coupling Hamiltonian and by dissipative (stochastic)
single-body transitions, whose rates depend on the full many-body state. For these open quantum dynamics,
we rigorously demonstrate the validity of the mean-field approach, both for the evolution of system-average
properties and for the dynamics of local observables. To give a concrete example, our results apply—but are
not limited—to quantum generalizations of Hopfield-like associative-memory dynamics [37, 38], which are
recently receiving attention also due to the possibility of realizing these systems in current experiments, the
latter based on multi-modal cavity setups [39—41]. On the one hand, our findings put on rigorous footing
existing results on their nonequilibrium behavior [42-44], justifying the investigation of the impact of the
quantum effects on these platforms within a mean-field approach. On the other hand, they are of relevance
for a number of physical scenarios, ranging from quantum-optical settings to superradiant atomic ensembles
[17, 39-41, 45-48].

Our paper is organized as follows. In section 2, we give a brief overview of our work explaining, in
non-technical terms, the setting as well as our findings. In section 3, we introduce the system of interest and
its Lindblad generator, while in section 4 we derive our main results. In section 5, as an application of our
findings, we discuss the exactness of the mean-field equations for open quantum Hopfield neural networks
(HNNSs). Finally, in the appendixes, we prove several Lemmata needed to demonstrate our main theorems.

2. Overview of the paper

We provide here an overview whose aim is to introduce the class of open quantum dynamics we will focus
on, and to motivate their relevance. For concreteness, we limit the discussion of this section to a system made
by an ensemble of two-level particles. Our results are, however, valid for many-body systems made by d-level
particles, with arbitrary d < oco.

2.1. Dissipation with operator-valued rates
We consider a system made by an ensemble of N classical (Ising) spin-1/2 particles. Each particle is thus a
two-level system, which can either be found in an excited state |®) or in a ground state |o) (cf figure 1(a)). For
these particles, the simplest stochastic Markovian dynamics one can imagine is that of independent
spin-flips. Namely, each particle can change its state either from the excited state to the ground state,
|e) — |o), at a rate 7o, or from the ground state to the excited state, [o) — |e), at a rate s, as depicted in
figure 1(a). This is a simple non-interacting ‘thermal’ time evolution for the N-body system and does not
show particularly interesting dynamical nor stationary features. A more intricate dynamics can emerge when
the rate for the single-particle transitions depends on the configuration of the remainder of the system, see,
e.g. example in figure 1(b). For instance, the rate of flipping into the excited state the kth spin could depend
on whether particles k — 1 and k + 1 are in their excited or in their ground state (cf figure 1(b)). This scenario
typically occurs when considering relaxation dynamics towards thermal states of classical interacting
Hamiltonians, where transition rates depend on the difference in the energy before and after the transition
[49, 50]. Another interesting framework in which one finds state-dependent rates, is that of
kinetically-constrained models [51-53], where certain transitions may be forbidden if a given constraint is
not satisfied. For instance, in the example shown in figure 1(b), we illustrate a model in which a change of
the state for a given particle can only occur if both the neighboring particles are excited. In certain cases,
e.g. with collective all-to-all classical Hamiltonian functions, transition rates depend on collective properties
of the system. A possible generalization of the example in figure 1(b) to collective rates is achieved by
choosing rates to depend on the square of the operator describing the density of excited states in |e), i.e.
e = I%,ij:l n®) where n%) is the operator n = |e)(e| for the kth particle (see an illustration in figure 1(c)).
This dynamics, just like any classical stochastic dynamics, can be written within the density-matrix
formalism of open quantum systems [54]. This is done by introducing a dynamical generator—which
preserves diagonal density matrices (see, e.g. [55]) — as follows®

N

D[] = (1’:,01’:* - % {]’iU’Lp}) + <J’;pﬂ;* - % {I’;TJ’;,p}) :

k=1 k=1

6 We denote dynamical generators acting on density-matrices with a *, as done for D*. We use D to denote instead the generator imple-
menting the time evolution of observables.
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Figure 1. Collective state-dependent rates. (a) A two-level system can either be found in an occupied state ® or in an empty one o.
The simplest classical stochastic non-interacting dynamics for an ensemble of several two-level systems is that of independent
spin-flips @ — o (rate o) or o — @ (rate v ). In this case rates for the different transitions do not depend on the state of the
neighboring particles. (b) Example of a kinetically-constrained model in which the central particle can change its state only if the
neighboring ones are both in the occupied state. (c) In a collective all-to-all model, the dynamics sketched in panel (b) would
reduce to one with transition rates which depend on the square of the density of occupied particles 14.

with
]l: :ﬁgﬂc)n07 ]}é :\/’%096)7107

and oy = |e)(o],0_ = al. This generator evolves an initial density matrix p, through the equation
Pt = D*[p4]. In the example above, the rates are operator-valued functions of a collective observable, namely
the density of excited particles 1,.

While formulated in a quantum language, the above dynamics is fully classical (whenever starting from a
diagonal state). Nonetheless, it is now straightforward to add quantum coherent Hamiltonian contributions
to such a dissipative stochastic time evolution and to investigate their impact on the behavior of the system.
This can be done by considering the more general quantum master equation

pi=L*pi) == —ilH,p] + D" [p]. (1)

In this paper, we shall consider Lindblad generators with an all-to-all interacting Hamiltonian H, and with
dissipation characterized by collective state-dependent rates.

2.2. Contribution of this work

In this work we derive the time evolution of average operators, such as the average ‘magnetization’ operators
for the spin system mY = Zlk\; o /N (where o, are Pauli matrices constructed from the basis states
|e),|o)), under the dynamics generated by Lindblad operators of the form discussed in section 2.1 (see also
equations (9)—(11) below), in the thermodynamic limit. In particular, we show the validity of the mean-field
approximation—obtained by factorizing expectation values of average operators (see discussion in

section 4.1) — for these models. The corresponding proof is presented in section 4.2 and follows the
approach developed in [31]. In section 4.3, we further derive the effective Lindblad generator implementing
the time-evolution of any (quasi-) local operator, such as a single-spin operator aék), in the thermodynamic
limit.

3. Model systems and their dynamical generators

In this section, we present the class of systems under investigation, and we introduce the algebra of operators
as well as a functional representation of the quantum states [56]. We then move to the definition of the
so-called average operators—which are nothing but sample-mean averages of a same single-particle operator
[28, 57] over the whole system—and discuss their properties when considering clustering states [58—60],

i.e. states with sufficiently short-ranged—in a sense made precise by definition 1 below—correlations. At the
end of the section, we introduce the general form of the considered dynamical generators and prove first
results about their action on local and on average operators.

3.1. Quasi-local algebra and quantum states

We consider a many-body quantum system S, consisting of a (countably) infinite number of identical
(distinguishable) particles, assumed to be d-level systems with d < co. Each particle can thus be associated
with a natural number k € N. Any single-particle operator x¥), with x € M;(C) and M,;(C) being the algebra

3
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of d x d complex matrices, which acts non-trivially only on the kth particle can be lifted to be an operator of
the many-body system by exploiting a tensor-product structure as

W =101, xR0 1;®...,

where 1, is the identity in M;(C) and x appears in the kth entry of the tensor product. All the (almost local)
operators of the many-body system are contained in the so-called quasi-local C*-algebra A, which is
obtained as the norm closure (here and throughout we consider the operator norm, denoted as || - ||, given by
the largest eigenvalue, in modulus, of the operator) of the union of all possible local sub-algebras of the
system [56]. In practice, the quasi-local algebra A contains all strictly local operators, i.e. all operators
supported on a finite number of particles, as well as those operators which are quasi-localized, i.e. they are
extended over the whole system but happen to be the limit of a converging sequence of local operators.

The full information about the state of a physical system is equivalent to the knowledge of all possible
expectation values for its operators. Thus, given the algebra A, the state of a quantum system can be
generically represented as a functional, w, associating to each operator A € A a complex number (A)
embodying the expectation of the operator itself, A > A — w(A) = (A). In order for such a functional to
describe a physically-consistent state, w must be a linear, positive and normalized (w(1) = 1 with 1 being the
identity of A) functional on the quasi-local algebra [56]. In certain cases, the expectation values of
single-particle operators do not depend on the considered particle, i.e. for any x € M;(C) we have
w(x®) = (x), Yk € N. In these cases, the state is called translation invariant (see also definition 1 below).

3.2. Average operators
The quasi-local algebra A is the algebra of all operators which are, roughly speaking, almost localized in
certain regions of the system. Often, however, when one considers many-body systems it is important to look
at the behavior of collective operators, which can account for average properties of the whole system. For
instance, this is the case when studying equilibrium as well as nonequilibrium phase transitions, which can
be investigated and characterized via the behavior of so-called order-parameters.

We are interested in the behavior of sequences of operators of the form

N
1 .
Xy = N kgﬂ X0 with x € My(C). (2)

These operators represent sample-mean averages of a same single-particle operator and are related to the
random variables appearing in the law of large numbers [61]. For each finite N, the number of particles
considered in the above summation is finite and thus the operator is strictly local. However, we are interested
in the behavior of the average operators when N — oo.

It turns out that the commutator between any two average operators, [Xy, Yn|, goes to zero in the large N
limit, since its norm is bounded by 2||x||||y|| /N [28, 56, 58]. As such, these operators give rise to an emergent
classical algebra in the thermodynamic limit. Still, the limiting point X, of the sequence Xy in equation (2)
does not belong to the quasi-local algebra A, since the sequence Xy does not converge in the norm topology
[56]. To understand the structure of these operators in the thermodynamic limit N — oo, we need to resort
to weaker forms of convergence. Here, we consider the so-called weak operator topology [59]. We will say that
a sequence of operators C, converges weakly to the operator C, formally denoted as C = (w—)lim,—, o Cy, (to
be read as weak-limit of the sequence C,,), if /

lim w(ATC,B) =w(ATCB)  VA,Bec A. (3)
n—0o0
This apparently abstract definition has a very relevant physical meaning: in the weak operator topology, we
obtain information on the nature of the limiting operator C, by controlling all of its possible correlation
functions with any quasi-local operator under the expectation associated with the quantum state w.

For clustering quantum states, i.e. for states with sufficiently short-ranged correlations, the limiting
operators X of the sequences Xy are nothing but multiples of the identity [56—59]. This means that,

Xoo = (W=)limy_s oo Xy = (x), where (x) = w(x) is the expectation of the single-particle operator x, where
we have further assumed translation invariance of the state. (Note that on the right-hand side of the above
limit the complex number (x) should be multiplied by an identity operator 1. However, in order to simplify

7 We note that this form of convergence coincides with the weak operator convergence within the so-called GNS representation of the
algebra A induced by the state w [56, 59].
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the notation we omit writing this here and in the following.) This occurs for instance for so-called ergodic
states, i.e. for states that obey

w(x(k)y(h)) ~ w(x("))w(y(h))

whenever |k — h| is sufficiently large (see more general definition in, e.g. [57]). Since in our work we will
mainly look at average operators, we define clustering states through the property highlighted in equation (5)
of the following Definition.

Definition 1. We refer to quantum states w of the quasi-local algebra A as translation-invariant clustering
states if the following properties are satisfied:

) wix®)=wE") = (x), Vx € My(C),Vk,h € N; (4)
ii)Nli_)m w([Xy— (x)]*) =0, Vx = x € My(C). (5)

The second property above shows that for such clustering states the variance of the operators Xy vanishes
in the large N limit and, thus, the limiting operators X, must converge to multiples of the identity. It is
indeed possible to show that equation (5) implies the weak convergence of Xy to X, = (x), as defined by
equation (3).

3.3. Lindblad generators with collective operator-valued rates
We assume that the many-body system introduced above is subject to a Markovian open quantum dynamics
[1, 2], implemented through a quantum master equation by means of a time-independent dynamical
generator. The latter must assume a Lindblad form for the dynamics to be physically consistent [2].

The time-evolution of any operator O € A must thus obey the equation

O(t) = Ln[O(1)], (6)

with Ly being the Lindblad operator evolving observables, i.e. the generator dual to the one introduced in
equation (1) (see also footnote 6). The formal solution of the above equation is given by O(t) = e"“~[0]. As
usually done in order to study the emergent dynamics in the infinite system, we have first defined the
dynamical generator Ly for an ensemble of N particles, and we will then derive the asymptotic dynamics
taking the limit N — oo.

Before discussing the form of the considered dynamical generator (briefly mentioned in section 2.1), it is
convenient to introduce an orthonormal, hermitian basis {va}‘,f: | for the single-particle algebra M, (C). We
thus have a set of operators such that v, = v/, as well as tr(v,v5) = dap (implying ||v, || < 1) which we can
employ to decompose any other operator x € M;(C) through the relation

dZ
x= Ztr(xva)va. (7)
a=1

For later convenience, we also define the structure coefficients al P for the chosen basis, obtained as

d2
Ve ve] = D _aigvy, ay = te((va,valvs), 8)
y=1

Exploiting this single-particle basis, the Lindblad generator can be decomposed into two different
contributions

Ly[0] =i[H,0]+ Y "Dy[0], (9)
{=1

where H is the Hamiltonian of the system assuming the form

N & N &
1 .
H= ZZeavg‘) + N Z Z hagvgk)vg) . (10)
k=1 a=1 kj=la,B=1

The first term on the right-hand side of the above equation (with ¢, real) represents a single-particle
contribution to the Hamiltonian, while the second one, with h,5 = h;; ., considers two-body interactions in

5
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an all-to-all fashion. We note that since we have an unconstrained sum—which double counts the
interactions between particles—the terms h, are equal to half of the actual interaction strength. Moreover,
the double sum also contains terms with k =j which describe single-particle terms rather than interactions.
Due to the presence of the factor 1/N in front of the second part of the Hamiltonian, these terms become
irrelevant in the thermodynamic limit. We can thus safely keep them as this will be convenient later on. In
summary, the second contribution to the Hamiltonian in equation (10) describes interactions between all
pairs of particles with a same strength proportional to 1/N.

The terms collected in the maps, or dissipators, D, describe instead dissipative contributions to the
time-evolution. As already discussed in section 2.1, we take them to be of the form

Dy[O] =
p

Z(WT’OMH;T[OJIE])a (11)

1

N —

with
I =i0T(AY) (12)

being the jump operators. Here, jék) acts solely on site k while I's(A%) = [T'o(A%)]" is an operator-valued
function computed for the operator Af, = [A%]. We assume the latter operator to be a linear combination
with real coefficients of average operators of the type defined in equation (2), i.e.

& N
1
AL = E Tta N E vl(lk) , with ry,, € R. (13)
a=1 k=1

From their definition, we see that these operators are bounded in norm, i.e. | A%|| < &, where

d2
6g:Z|rm|<oo. (14)

a=1

As discussed in section 2.1, the structure of the jump operators J§ suggests that the function I';(A),
when squared, gives rise to an operator-valued rate for the transition implemented by jék) on the kth particle.
Since the operator A%, which is the argument of the function, is an average operator, the rate has the
structure of a mean-field rate which accounts for an average (collective) property of the system. We consider
functions I'p(A%) satisfying the following assumption.

The operator-valued functions I';(AY) can be written as power series

(o)
Lo(AR) =D c(AR)",
n=0
with coefficient ¢j such that for any z € R
o)
(@) = _llle]" < oo. (15)
n=0

For later convenience, we note that the assumption on the series y(z) also implies that

[eS)
v(2) =3 nldld"" < oc.
n=0

The above assumption specifies that we are considering functions I'; which admit a Taylor expansion,
around zero, with infinite radius of convergence. This is a strong assumption, which we make here for the
sake of simplicity. It is not strictly necessary to prove our main theorems. In section 5, we show indeed that
our approach can be applied also for certain operator-valued rates which do not obey assumption 1. Working
within this assumption allows us to find results for a broad class of dynamical generators.

Considering assumption 1, we can now readily prove the following result.

6
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Lemma 1. For any given operator-valued function T'o(AYX)) satisfying assumption 1, the following relations hold

) [[re(a). 0 < 220l 50),
i) || [Te(AR). XN] || < f\leM (5¢),

i) || [P, [Te(8%), 0] || < T2 10163 (50))

) ||[Te(AR), [Te(AR), Xn]] | < ﬁllxllﬁh'(@)]z,

with O being any operator with strictly local support, No the length of such support, and Xy any average operator
as defined in equation (2).

The proof of the above lemma is shown in appendix ‘Proof of lemma 1” and simply requires the
evaluation of the commutators between the operator-valued rates and local operators, by exploiting the
power series expansion of the former.

We conclude this section stating a first result concerning the action of the considered dynamical
generators on strictly local observables and on average operators. In particular, we show that, in the
thermodynamic limit N — oo, the maps Dy act on these operators as if they were local maps weighted by a
pre-factor equal to I'J(AY). This corroborates the intuition that the considered jump operators implement
local transitions associated with operator-valued rates. Formally, this is expressed by the following lemma:

Lemma 2. The maps Dy defined by equations (11) and (12) with functions T';(AY,) obeying assumption 1 are

such that
[ Bilo] - TiaL DOl < 2.
[ Pelxa] — THAD DR | < 3,
with
Dloc[a ;ZN:({T(k’ } ) 1 ji®a ’]§>])7 (16)
k=1

and Co, C, appropriate N-independent constants. In the above expression, O is any local operator with support
on a finite number of sites, No is the extension of its support, and Xy the average operator constructed from the
single-particle operator x, as shown in equation (2).

The proof of the lemma, which is reported in appendix ‘Proof of lemma 2’, together with the expression of
the constant Cp, Cy, requires the direct evaluation of the action of the dissipator D, on the operators O, Xy.

4, Main results

In this section, we present the main results of our paper. In the first subsection, we derive the Heisenberg
equations of motion for average operators of single-particle observables and present the mean-field
equations. The latter, as we explain, are obtained by factorizing expectation values of average operators. In
the second subsection, we show that these mean-field equations are in fact exactly reproducing the time
evolution of the considered average operators, in the thermodynamic limit. In the last section, we exploit the
result obtained for the average operators to derive an effective dynamical map for any quasi-local operator of
the many-body system.

4.1. Heisenberg equations and mean-field dynamics

As already anticipated in the previous section, in the study of many-body systems one is often interested in
understanding the dynamical or the stationary behavior of collective operators. Here, in particular, we are
interested in the average operators of equation (2). Given that we defined a basis for the single-particle
algebra we can construct a basis for all possible average operators. We define the following set of average
operators

N
1
M=, a=12.d, (17)
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and note that any Xy can be obtained as a linear combination of the above operators. The goal is thus to
describe the time evolution of mY, e"“~[mY], in the thermodynamic limit, starting from a translation
invariant clustering state as in definition 1. The first step in this direction is to compute the Heisenberg

equation of motion, namely
d
—dtetLN [mN] = Ly [ [mN]] = e [Ln[mD]] . (18)

To this end, one needs to control the action of the Lindblad operator on average operators, as shown by the
second equality in the above equations. This is done with the following Lemma.

Lemma 3. Given the generator Ly specified by equations (9)-(12), with functions T (AY,) obeying assumption
1, we have that

Cr

xtmd]) — (V)| < 52

where

_1ZA pmy +i Z Bogympym) +ZM5 2(AS)m

B,y=1
dZ
_ 8
Aap = Z 3y, Bapy =Y al,(hap +hsp).
g=1 B=1

(k)

Here, M is a real matrix, such that the action of D}°°[-] on an element of the single-site operator basis v, reads

L k B
Wl ZMm"B ;

and Cy is an N-independent bounded quantity.

To prove this lemma and deriving the constant C;, as shown in appendix ‘Proof of lemma 3’, one needs to
evaluate the generator £y on mY and exploit lemma 2.

It is worth stressing that lemma 3 shows that, in the thermodynamic limit, the action of the Lindblad
generator on the average operators mY can be written as a nonlinear function f,, of the average operators
themselves, for any a.. However, one cannot yet solve the emergent system of equations. The point is indeed
that open quantum dynamics are not represented by an automorphism and thus, in principle,

N [mNml] # N [m]e“N[my]. As such, due to the nonlinear function f,, of the average operators, the
Heisenberg equations of equation (18) are not closed on the operators e“~[mY]. To proceed one needs to
compute the action of the generator on the function f . This gives rise to an infinite, in the thermodynamic
limit, hierarchy of equations which can rarely be solved.

The evolution equations for the expectation values of the average operators, which are ultimately what
one is interested in, can be derived from equation (18) by taking the expectation value on both sides of the
equations. By defining w; (A) := w (e’“~[A]) and recalling lemma 3, we have

d N\ N
3o (ma) = w (£,(7) (19)

Clearly, by taking the expectation one cannot make much progress in solving the system. However, at this
level, it is straightforward to introduce the so-called mean-field equations of motion. These are obtained by
assuming that one can factorize the expectation of products of average operators into the product of the
expectations, e.g. assuming that

w (mNmIg) wt(mg)wt(mg). (20)

Applied to equation (19), this leads to the mean-field equations of motion for the considered Lindblad
generator given by

ditma = fo (). (21)
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Here my,, is a function of time which should capture the dynamics of w; (mf;’ ) in the thermodynamic limit.

The above system of nonlinear ordinary differential equations can in principle be solved analytically or in
any case simulated efficiently, taking as initial conditions the ones associated with the initial state w

e (0) = lim w(mY). (22)
N—oo
However, it still remains to be shown that these equations provide the exact dynamics of average operators.
Intuitively, for this to be the case, one would expect that the time-evolved state w; is, in the thermodynamic
limit, a clustering state (in the sense of definition 1), so that average operators converge to multiples of the
identity justifying the approximation in equation (20).
In the next section we prove that this is indeed the case. Before going to that, we state here a technical
result on the system of equations in equation (21), which is proved in appendix ‘Proof of lemma 4’

Lemma 4. The system of equation (21) with initial conditions m, (0), defined by a quantum state w as in
equation (22), has a unique solution for t € [0,00). Morever, one has

Ima(t)| < vl <1, Vt€[0,00).

4.2. Exactness of mean-field equations for average operators
In order to show the exactness of the mean-field equations of motion, one has to show that

lim w,(mY) —mu(t) =0, Vt. (23)

N— oo

As briefly mentioned at the end of the previous section, in order to prove the validity of the above limit, we
want to show that the state w; is clustering, as in definition 1, when considering all relevant average
operators. We do this by exploiting the approach discussed in [31]. We define the quantity

dZ
EN(t) - Zwt([mgj - ma}z) ) (24)

which is a sum of positive contributions and is thus zero only when all terms vanish. Moreover, each term
consists of the expectation value of the square of the distance of the operators from their mean-field
counterpart. Each of the summands thus considers how close to a multiple of the identity (given by the
mean-field operators) the average operators are. Namely, if limy_, oo En(f) = 0, then the state w; is clustering
in the thermodynamic limit, and this can be used to show that the mean-field equations are exact. Indeed,
via the Cauchy-Schwarz inequality, we have |w,(m — mq)| < /w([mY — mq]?) < \/En(t), which can thus
be used to control the limit in equation (23). Before going ahead we state here a Lemma, which will be useful
for the proof of the exactness of the mean-field equations.

Lemma 5. The convergence of the square of the operator-valued function T'3(AY) to the same function
computed through the mean-field operators T3 (A(t)), with

Ag(l‘) = Z T@ama(t) s (25)

is dominated by the convergence of the average operators m’ to the mean-field variables m,,(t) as

|w (AT [(TFH(AR) — TH(A(1)) X] B) |
dZ

< 2980 B)IX) Y [real /o (ATeEN (Y — ma(1))2]4)y /(B B).

a=1

Here, A, B, X can be either quasi-local operators or functions of average operators.

A proof of the above bound to the convergence of the square of the function I';(AY)) can be found in
appendix ‘Proof of lemma 5’ and exploits a generalized Cauchy-Schwarz inequality proved in lemma 6 (see
appendix ‘lemma 6’).

With this result, we are now ready to state the first main theorem of our paper, establishing the exactness
of the mean-field equations for the time-evolution of average operators.

9
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Theorem 1. Given a generator as the one in equations (9)—(13), with functions T'o(AY) satisfying assumption
1, we have that

if I\{li_)n;oé’N(O) =0, then I}i_r}lgoé'N(t) =0,Vt < o0. (26)

implying that the mean-field equations (23) are exact.

Proof. The proof of the theorem exploits Gronwall’s lemma. This lemma states that, if two positive, bounded,
N-independent constants C; and C,, such that Ex(f) < C1En(t) + C, /N exist, then

En(t) < e“1EN(0) + Cy(e“' — 1) /(C1N)
which would be enough to prove the theorem using the assumption on the initial value of £y(0) and taking

the limit N — oo. The goal is thus to find such constants C;, C,.
Let us then inspect the time derivative of En(2),

dz
En(t) =) d%“’f (M = ma(0)]?). (27)

It is convenient to focus on each ath contribution of the latter expression separately,

o d N 2
DY = P T ([m) — ma(0)]?) (28)
= wi(Ln[(my —ma(1))*]) = 2ina (wi(my — ma (1)), (29)

where we have exploited that w,(X) = w,(Ln[X]), and that m,,(¢), 1 (t) are scalar functions. We now focus
on the term Ly[(mY — m, (t))?]. To this end, it is worth noticing that, given any two operators, A, B, one has

Ln[AB] = Lx[AIB+ALN[B]+ > [/, Al[B,J§], (30)
£,k

where ]Ig are the jump operators defined by equation (12). Let us focus on the last term,
P=37,41 ET,mg’][mg’,]ﬂ,where we set A =B =m —m,(t). Itis

9 N
P=3"3" (G Y. (Al + [ 0 Ire(A%)
1
< (ITe(a%) mlit? +Te(AR) G m]) (1)

By exploiting lemma 1, we have that ||P|| < Cp/N, with Cp being the N-independent constant

q

Co=>_ljell*[267' (5¢) + damaxy(50)) (32)
/=1

Here, Gmay = MaXqa, 5 4|4, 5] Inserting
Ly[(mg — ma (1)) = Lalmg][my —ma(6)] + [my — ma (6) Ly[mg] + P, (33)
in the time derivative (28), this reads

D = wi([Ln[mg] — tha (1)][mg — ma(1)])
+wi([my — ma (O)[LN[mg] = ta(1)]) +wi(P). (34)

As the second term on the right-hand side of the above expression is the complex conjugate of the first one,
we can focus on the latter,

D = wi([L[mh] = rine (8)] [ — ma (8)]). (35)

Making use of lemma 3 and of the mean-field equation (21) for the quantities Lx[m] and i1, (t), respect-
ively, we get

10
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EN[mI(;]] - ’/ha(t) =L +foz(”_;lN) _fa(ﬁ;’(t))

& d
=L+iY Aap(m—ms()+i Y _ Bapy(mimd —ms(t)m. (1)) (36)
r=1 Biy=1

q &
+3°3 MELITHAL)mY — TH A1) mp (1)
=1 =1

In the above equation L is the operator difference L = Ly[mY] — f,, (), which, as a consequence of lemma
3, obeys ||L|| < C/N, with Cy the N-independent bounded constant obtained in the proof of lemma 3.
In the second line of the above equation, the last term can be reshaped as follows

Y — g (6)my (6) = [ — s (O] + g (1) — e (1)), (37)

and, similarly, the last line of equation (36) can be re-written, adding and subtracting the term I'G(A(t))my,
as follows

L3 (AR)my —TH(A (1) mg (1)
=T7(Ag(1)) (m —mp (1) + [TFAR) = TH(Ad(1)] . (38)

Thus, the expression for Ly[mY] — i1, (t) reads

dz
Ln[mY] —tina () =L+i Y Aap(ml —mg(t))
B=1

dZ
13 Bugy (= m(0)m + ms (6 s (1) 69)
By=1
q &
+ 303 ML {THA(D) [mY — ma ()]
=1 8=1

+[THAR) = THA(1)] m3} -

Inserting this expression in the time derivative in equation (35), we get
dZ
D =y (L — o (1)]) + 75" Ao (1 — m (0] Y — o (1))
p=1

2
+1 Z Baﬂ’y {Wt ([mlf\}r - mﬁ(t)]mlf;][mlo\z] - m&(t)]) (40)
v,8=1

+wy (mﬁ(t) [ml,;,] —m (t)] [mg - ma(t)]) }

q &
DN My, {w (THAD) [ — mp ()] [mh — ma (2)])

=1p=1
+ wr ([THAR) = T3 (Ae(0)] m[myy — ma (1)) }-

We want to find upper bounds to the modulus of all terms forming D! The contribution due to L can be
bounded as

20,

|wt (L[mlo\f — ma(t)])| < N

/

The remaining ones are of the type (I) w,([m}y — mg (£)|X[m — mq (1)]), and (I1) wi( [T3(AL) — T3 (Ae(1))]
X[mY — mq (t)]), with X some operators. Terms such as (I) can be bounded as [31]

|wr ([ — mg ()] X[mgy —ma(D])] < [IX]| En(?), (41)
and thus we have
|wi([my — mg (1)][mly — ma(D])] < En(1), (42)

11
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([ — m (8)]m3 [y — ma (1)])] < En(2), (43)
jwe(rmy (1) [mi3 — m ()] [mg — ma (1)])] < EnD), (44)
Jwe (T7(Ae(1)) [ — ma (D] [myy — ma (D)]) | < *(0)En(1) (45)

with X =T, X = m}, X = m,(t), and X = I';(A(t)), respectively. Note that we have further exploited that
|mY]|| < 1,and, by lemma 4, that |m,,(¢)] < 1and |A(t)| < ;. For terms such as (II), we exploit lemma 5 and

a Cauchy-Schwarz inequality to obtain

Jwi([THAR) = TH(A(1))] X[m — ma(1)])]

< 27(80)7' (G |IX11D |T£6|\/Wt([mg —mg(8)]2)V/wi([mY — ma (1)]?) (46)
B
< 2007(00)y" (8e) X1 En(r)
with || X]| = [|[mY| < 1. As a consequence, we can derive
a1 _ Co 2C;
Al <« 29 oL
|Dt X P gN(t)+ N ) (47)
with

Co =2 (d*A+d*2B+ qd*M[~* () + 26v(6)+'(9)])

where A =max, ,|Aq |, B=max,g~|Bagy|s M=maxsq~|M),|, 6=max,6, and, recalling the
definitions

o

V()= ldlldf <00, A(2)i= YKl < o0,
k=0 —
we have v(8) = v(8¢), v'(8) = ~'(8,) for all £. Therefore, for the time derivative D, it is

P2
a, CZ
Dy < 2; D]+ Jwr (P)| < Crén(n) + N’ (48)

where C; = d*Cy and C, = d*(Cp + 4Cy).
As a result, the time derivative of the cost function can be bounded by
G

Exl) <|én()| < Ciéntn + 2. (49)

Before moving forward, it is worth noticing that the strategy adopted to show the validity of the
mean-field equation (21) employs the quantity Ex(f), which is a cost function measuring the difference
between the actual evolution of average operators and the prediction from equation (21). As shown in
theorem 1, the bound of such a cost function allows us to conclude the correctness of the mean-field
treatment in the thermodynamic limit, provided that limy_, o En(0) = 0. In addition, one can enforce the
latter condition for large but finite system size, by setting Ex(0) ~ 1/N, which is the case for typical initial
states such as product states or states with short-range correlations. As a result, we obtain a general error
bound for employing the mean-field treatment at finite system size. This reads

implying that the error bound grows exponentially in time, at a rate given by the constant C;, which depends
on the details of the model (see theorem 1 and appendix ‘Proof of lemma 2”). Moreover, for a system of size
N, the error bound allows one to derive a time ¢* up to which the mean-field theory is exact, within a given
accuracy. Such a time diverges in the thermodynamic limit.

12
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4.3. Open quantum dynamics of quasi-local operators
In this section, we show how the exactness of the mean-field equations can be exploited to derive the effective
dynamical generator which implements the time evolution of any quasi-local operator in the thermodynamic
limit.

Let us consider the following time-dependent Lindblad generator

Lol]=i[H ]+ THA()DF[], (50)
L

where D¢ is the dissipator introduced in equation (16), Ay(t) is the linear combination of mean-field
variables

Ag(t) = Z rZoszé(t) ;

and the Hamiltonian is given by

N & N &
H=3"3"car® 43 37 hap (ma(0vf + ms(v?)
k=1 a=1 k=1 a,f=1

Such a Lindblad operator is well-defined for any time ¢ since the variables m,, () are well-defined due to
lemma 4.
Through this generator, we can define the (time-ordered) dynamical map A [-] such that

TN =AYoLl],  and  SAN[]=—ZoAN[).
Moreover, since this generator acts independently on the different particles, we also have that if an operator
O has support only on certain sites, then also AN, [O] will have support on the same sites.

As we shall prove in the following Theorem, the generator £, is in fact the generator of the dynamics of
any quasi-local observable, or operator, of the system, in the thermodynamic limit. This generator is thus
valid for any operator in A and any sufficiently clustering state w (see definition 1). Moreover, we note that
the restriction of the state w to a single particle or to a finite number of particles can be represented by a
density matrix p. If the latter is in product form over the considered particles at the initial time, the structure
of the generator £,, which acts separately on the different particles, guarantees that the time-evolved state p,
for the finite set of particles considered will remain in product form for all times, in the thermodynamic
limit. This is another way in which the validity of the mean-field approach can be understood, see e.g. the
discussion in [23] where a closed many-body system is considered. Our observation here thus confirms that
such an approach based on the study of the single-particle, or few-particle, reduced density matrix is in fact
equivalent to the approach adopted in this work, which focuses on average operators as well as on quasi-local
ones.

Theorem 2. The time evolution implemented by Ly converges, in the weak operator topology for the quasi-local
algebra, to the time evolution implemented by the time-dependent generator L, through the map AY,. That is,

lim w (ATe"[0] B) = lim w (ATAN[O]B) ,

N—oo N—oo

forall A,B,0 € Aandany t < co.

Proof. In order to keep a compact notation, we define
wA'"%(0) == w(at0B),
and consider the difference
Io = W' (¢¥[0]) — ' (AN, [O)) -

Let us first consider the case in which O is strictly local and thus supported only on a finite number of sites.
This means that there exists kyin < kmax such that (kyayx < 00)

{vg‘),O} =0,Y,,

13
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whenever k < kuin Or k > kmay. The support of the operator then has length No = kax — kmin + 1. Since we
focus here on the limit N — oo we consider always N > kyax.
We now start with the actual proof. The quantity I can be written as

t
Io=uw'® (/0 ds% Gl o A, [OH) .

Calculating explicitly the derivative we find
t
Ip = / dswA'P (efﬁw 0 [cN - ES} oAﬁYs[o]) . (51)
; ,

Now, let us define O, = AQIS[O]. This is an operator which has the same support of O, that is thus finite.
Calculating the action of Ly on Oy ; we find that

Kmax

N[Ot] —12 Z [v(k) O”}

«@ k= kmm
Kmax Kinax
¥ 2 3 [00]+ 3 [0, m £
k=km;n k=kmm
+ZF2 Loc Ots]—l-O( )

where the O(N) takes into account the difference between the dissipative part of the original Lindblad and its
local action modulated by the operator-valued rate which converges to zero in norm in the thermodynamic
limit (cf lemma 2). With this, we can also calculate the difference between the action of the two generators
appearing in equation (51). This is equivalent to

£N[Ot5 - Ots —1Zho¢5 - ma( )) » [ng)uot,s}
k=kmin
A%zj{:haﬁ jif [vg>¢3n4 (my —mpg(s)) (53)
k kmm

+Z TH(AR) = T3 (Ad())DE [0 + O(N).

Now, we plug this back into the expression for Ip. We find

>~

max

.0,

min

t
IO :/ dSUJATB ESLN Zhaﬁ —ma( ))
0

k

Il
~

—|—/Otd$wATB 5 Zhaﬁ Z [ Ots}( 2 mB(S)) (54)
D (THAR) —TH(Ad(s) D5 [Or]

k=kmin
/ dswA B <e£ )
0 ¢

t
f/mwwwwmmm.
0
The last term of the above sum, which we call I, is easy to treat since O(N) tends to zero in norm, and thus
have [Ig)| < ||A||||B|||O(N)]|. The other terms need more care. Let us start with the first one, which we call I},.
Denoting

kma

-5 [wol.

k kmm
we can write
ty =13 has [ dsi" (55 [t = ma(01]).
a,
14
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Using lemma 6 proved in the appendix (see also [28]) we can write

15| < d* himax /Otds ‘wATB (esg” {(mg - ma(s))Ofs}ﬂ (55)

t
< s 2Nol[B 43l | ot e (Y~ ma))2)
0
where we defined hyax = max, ghag, and we further used that
102l < 2Nollvsll[[O].

Let us consider the term inside the square root. We can define a state obtained from w through A as

_ w(ATxa)

G A(X) = S ATA)

~AtA o o . . . .
The state &4 is also clustering in the sense of definition 1, as long as w is clustering and A is quasi-local. We
thus have

WA (eSL” [(mg — g, (5))2]) = w(ATA)d;ATA (e‘LN [(mg — ma(s))z}) )
As done in theorem 1, we can define for the state 4" the cost function

() =@M (¢ [ — ma()?]) -

Repeating all the steps in the proof of the theorem for this new cost function we find that

LG ey,

E4() <EUEH0) + 5

The second term on the right-hand side goes to zero in the large N limit. The first one also goes to zero since
the state &4 is clustering, in the sense that

A ([mg’ — ma(O)]2> -0

for N — oo. This can be seen by considering that average operators commute with quasi-local operators so
that

i 2 (= maO) = Gy dm (414 = me0).

Using appropriately the Cauchy-Schwarz inequality, we then find

N—oo

lim @' ([mg—ma(o)]z) <2/JAJP Jim \/w([mg—ma(O)]z)

where we used ||mY — m,,(0)]| < 2. By assumption on the state w, the right-hand side of the above inequality
goes to zero. All together this shows that

t
. 1| _ gt f : Al —
Jim (1] = 24 Nol[ Bl [ 0]1(414) fim [ ds/E8) = 0.

The second term in equation (54), which we call I%,, can be treated exactly in the same way as above, so
that we are left with the third term I%. For the sake of clarity, we have

=32 st 5 [HAD - THA DI 0,1])

and exploiting lemma 5 we immediately find
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ol < 2 Ireslye(8e)v(6e)y/ w(BIB) [ D [On] |

4,8
X /Otds \/wATA (eSEN [(mg - MQ(S))Z}) .

Note that | D¢ [O, ;] || remains finite since the operator O,  has local support. Now, looking at the square root
inside the integral and recalling the discussion used to show that the term I}, converges to zero, we can show
that also I, is vanishing in the N — oo limit.

Collecting all these results together, we have shown that

Jim [Io| = lim (|Ip|+Ip| + 1] + [16]) =0, (56)

which concludes the proof of the theorem for any operator O with strictly local support.

To extend this result to the case of any operator O of the quasi-local algebra A, we proceed as follows. First,
we observe that any quasi-local operator O can be approximated with arbitrary accuracy by an operator with
local support. This means that for any € > 0, we can always find an operator O, such that

10-0c| <e.
Then, we consider again the quantity I and rewrite it as

Ip = wATB (et,CN[O]) o wATB (A?,’O[O])
_ wATB (etﬁN[o _ OED — wATB (Azlf\,IO [O — OE]) +IOE . (57)

Since e“¥ and A}, are both contractions, the first two terms are bounded by [|A|||B|||O — O]|. As such we
have

ol < 2[|A[[[|Blle + [lo. |-

Now, we chose ¢ such that € = x/(4||A||||B]|). Moreover, due to the result for operators with strictly local
support summarized by equation (56), given any x > 0 there exists a N such that for any N > N we have

o] < 5+
With these considerations, we can thus say that Yy > 0 there exists a N such that VN > N we have

[o| <X
which is nothing but the definition of the limit appearing in the theorem. O
5. Application to quantum Hopfield-type neural networks (NNs)

5.1. Quantum Hopfield-type NNs
In this section, we apply our results to open quantum generalizations of Hopfield-type models. These
systems origin within the field of classical NNs. They are fundamental models realizing associative memory
behavior [62], i.e. they are capable of retrieving complete information from corrupted data, following a
learning rule. A paradigmatic instance of associative memory is the so-called HNN [37], that we will
consider in the following. The HNN is a classical spin network featuring all-to-all interactions [62, 63],
described by the energy function E = —% Zgé =1 Wij az(i)az(j ), where N is the number of spins and az(i) are
classical Ising spins. The interaction couplings, wj;, are chosen in such a way that a set of p spin
configurations, {¢/};—; . nfor = 1,2,...p, can be stored and retrieved by the system which corresponds
to the patterns being the minima of the energy function. The different spin configurations {£/*}; can
represent patterns, such as images or letters of an alphabet. Among the different learning rules, widely known
is the Hebb’s prescription, that sets w;j = %,thzl et

In practice, for what concerns theoretical investigations on these models, the patterns can be chosen to be
generated by independent identically distributed (i.i.d.) random variables that can assume the values
&!" = £1. For p/N < 1, the spin configurations which have minimal energy are those in which all spins are
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aligned with the patterns. The retrieval mechanism emerges when endowing the HNN with a Glauber
thermal single spin-flip dynamics with inverse bath-temperature 3! [49].

Quantum generalizations of HNNs have been introduced in [42, 44] to embed these systems into the
more general framework of open quantum Markovian evolution defined by equations (10)—(12) and to
investigate the impact on quantum effects on their retrieval dynamics. Here, the system is described in terms
of N spin-1/2 particles, undergoing a Markovian evolution with jump operators

+E2AE,
e 2
Igf) = oﬂ‘)FiN(AEk), FEN(AE;{) = —_— (58)

\/2cosh (BAE;)

where

p
AE; = %Z g erol

p=l  j#k

represents the energy difference associated with the configuration before and after the transition. We note
that this operator quantifies the energy change associated with a spin-flip at site j. It is thus not a simple
multiple of the identity but rather a many-body operator depending on the state of all spins. It is worth
noticing that the operator-valued rates I''N(AE;) for this model do not act on the kth spin and thus
commute with the operator o, & = +. The Hamiltonian term is chosen to be a homogeneous transverse
field, H= Zfil o, and competes with the dissipative HNN dynamics. In the thermodynamic limit and
for p/N <« 1, the quantum model has been analyzed via the dynamical evolution of some macroscopic
quantities. In fact, under a mean-field approximation, i.e. neglecting correlations among average operators,
the retrieval properties of quantum HNNG in the parameter regimes (€2, 3) have been characterized [42]. It
was shown that for large temperatures quantum HNNs display a so-called paramagnetic (disordered) phase,
for which pattern retrieval is not possible. For small temperatures and for sufficiently small values of the
transverse-field strength, the system shows instead a ferromagnetic phase and can operate as an associative
memory. Interestingly, for large values of 2 a quantum retrieval phase can be observed, characterized by a
limit-cycle regime in which the state of the system features a nonzero overlap with one of the patterns.
However, while a mean-field theory holds true for the classical HNN, no exact proof is known for quantum
generalizations of the model. We will now show that theorems 1 and 2 apply to these cases.

Before proceeding, we introduce the quantity

AE= ZS g S ol
Iz j

together with the operator-valued rates
TS AE
\/2cosh (BAE)

The difference between these rates and the ones defined in equation (58) is that the former also account for
the self-energy contribution, i.e. the sum involves all sites. In the following, we will show that replacing the
operator-valued rates (58) with the ones defined by (59), i.e. replacing AE; with AE, yields the same
equation of motions in the thermodynamic limit. Nonetheless, the representation of the system dynamics
via (59) is more closely related to the results we presented above.

M"N(AE) = (59)

5.2. Exactness of the mean-field approach

It is worth noticing that the operator valued rates equations (58) and (59) do not satisfy assumption 1.
Indeed, while given a real number x, (cosh (fx))~'/2 is a real analytic function, the function (cosh (8z)) /2,
with z complex is not an entire function. This means that there is no power series for (cosh (x))~'/2,
centered in x = 0 which has an infinite radius of convergence. Clearly, as we also mentioned just after
assumption 1, requiring that the operator-value rate functions admit a power series with infinite radius of
convergence is a strong requirement which is not strictly necessary for our treatment. In fact, looking back at
our proof of the theorems, we see that in order to exploit our theorems, the operator-valued functions I'y
must possess two fundamental requirements: i) they must obey an equivalent of lemma 1, i.e. they must
commute with local or average operators up to terms which must converge, in norm, to zero sufficiently fast
with N and ii) they must obey an equivalent of lemma 5, i.e. their convergence to their mean-field
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counterpart must be dominated by the (quadratic) convergence of average operators to their mean-field
counterpart. As we show below, these requirements are satisfied by the rates in equations (58) and (59).

As we deal with a system of spin-1/2 particles, we consider as a basis of the single-particle algebra M, (C)
the Pauli operators aj(fy)’z and the identity. Since the rates are proportional to o, at the different sites, we have
[FL,HN(AE),Jgk)] =0Vi=1,...,Nand ¢ = +. To show that these rates obey lemma 1, we thus need to
evaluate the norm of the commutator [['YN(AE), USf)]. For doing this, we notice that USf)FI;N(AE) =

IIN(AE— caz(k))oﬂc), where |c| < 2p/N, since we have |w;jj| < p/N. Therefore, we can write
k
I (AE), o] < TEN(AE) ~ TN(AE— e ). (60)
It is straightforward to check that given two real values x, y, one has

_ et [cosh(y) — cosh(x)]
\/cosh(x) cosh(y) [\/2 cosh(y) + /2 cosh(x)}

8 8
T — et T

* \/2cosh(y) ’

which shows that the difference between the functions can be bounded by the sum of the difference between
two entire functions multiplied by bounded terms (since AE only has finite eigenvalues). As such, in the
right hand side of equation (60) we can expand the entire functions in their Taylor series (with infinite radius
of convergence), and noticing that the difference between the arguments of the two functions is of order
1/N, one can find a suitable constant C,; such that

N (x) —TEN(y) (61)

k CO’
I aB.0 P < <7
The same result holds for [T} (AE), a(f)]. Therefore, for any single-site operator we have that
|[TEN(AE),x®]|| ~ 1/N and thus also for average operators for which we have
HN Co

1™ (AE), X[l < 2%max 7 » (62)
where X,y is the modulus of the matrix element of x with largest absolute value. We further note that, since
the Pauli matrices o4, 0, form a basis for the single-site algebra, any local operator O can be written as a
finite linear combination of products of Pauli matrices solely acting non-trivially on the support of O. Using
our results on single-site operators and the linearity of the commutator we can thus find a bound for any
strictly local operator O € A.

We now consider the double commutator [[}N(AE), [[™N(AE), U&k)]]. Clearly this vanishes when

considering o, = o, or equal to the identity. When focusing on O’Ef , we have by direct computation,
[T (AE), TN (AE), oL < ITEN(AE) — TENAE - o)), (63)

which, because of the argument above, is of order 1/ N?. We thus find

2
TN (AR, [T (AB), X < 25mae 5 (64

An analogous result can be obtained again for strictly local operators. The results in equation (62) and in

equation (64) can then be directly employed to show the validity of an equivalent of lemma 2 for the

operator-valued rates describing the quantum Hopfield NN. Indeed, by proceeding according to the proof of

the above mentioned Lemma, and exploiting the specific form of the jump operators as defined by

equation (59), we find

xmax
1Delace] = TEN(AE)D bl [| < 7T (3Cs + C3), (65)
where I is the norm of the operator-valued rate N (AE).
One can check that the operator-valued rate defined by equation (58) obeys the same bounds shown
above. Hence, when considering I'J™ (AE;), and identifying with Dy|[-] the corresponding dissipator, we get

~ x X
1Defee] = TEN*(AE) D] [| < =37 T(3Co + C). (66)
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At this point, we can show that in the thermodynamic limit the operator-valued rates (58) and (59) give rise
to the same equations of motions. To this end, let us consider the difference

D = || Dy[x] — Delocy] || (67)
= || (TF™N(AE))? — (TN (AER))?) Dy [x] + L1 + Lo,

where L; and L, follow the bounds as given by equations (65) and (66), respectively. Let us then focus on the
norm of the remaining term. Noticing that AEy = AE — £ ®) e consider the difference

(N AR - N (AE= S00))?) D) (68)

= (eZBAE cosh ({BAE — gaz(k)) — !BAE=5) (osh (ZBAE)) w

where W = D}°[x;] /(2 cosh (BAE) cosh (3AEy)) is a norm-bounded operator. We can thus focus on the
norm

”eéﬂAEcosh (EﬁAE— E (k)) @ﬁ(AE—gaz(k)) cosh (fﬂAE)H

o0
(k) p) D)
< |Isinh (Bea;™ /2)|| ZO 2n+1 N@D (69)
< i - (Bp) @) <  sinh (5p)
N (2n+1)! N ’
having exploited the convergence of the series ), m |b]" < 00, Vb € R. As a result, we derive
. 1.

1Delaci] = Delal || < 5 [sinh(Bp) W] + 2xmax'(3C5 + C5)) (70)

We now explicitly show that the operator-valued rates in equation (59) can be written as a linear
combination of suitable average operators. To this end, we perform a mapping [31] (see figure 2) on the
all-to-all classical energy function

P /N 2
1 N 1 i
E:—EE wijaZ()aZ(J):_ﬁ]E <§ gf‘aZ()) , (71)
ij p=1 \i=1

where the expression of wj; in terms of the patterns £/ has been written. We will now reorder the p rows of

the patterns (£}',...,£4), each one corresponding to a {O’z(i) }i=1,....n spin configuration. The first pattern, &
takes the values +1 at random positions. We relabel the spins as follows: the ones for which §j1 =+1are
taken to the left, and the remaining ones, for which & ]-1 = —1, to the right, as shown in figure 2. Thus, there

exists & such that & =1forh < h, and &, = —1 otherwise. Next, we consider the second pattern, &7. In the
subset corresponding to &} = 1 we relabel the spins such that £ = 1 are moved to the left, and £} = —1 are
moved to the right. The same is done for the subset corresponding to &, = —1. This procedure can be
repeated up to the last pattern. For large N, such a mapping yields 2? subset of spins, pictorially illustrated in
figure 2, each one described by macroscopic spin operators, that interact among each other. In the following,
we will denote these subsets as Ay, k = 1,...,2°. Furthermore, being £/ i.i.d. random variables, and so long
as N>> 1, each pattern (§', .. .,&L) contains, at leading order, an equal number of +1 and —1. Thus each one
of the 2? subsets has at leading order the same number of spins, Ny = N/2? (assuming that N/2? is an integer
number). Under this mapping, the energy function reads

2PN 2

) Z WSSk — 2p+1N Z (Z 7 > ; (72)

hkl

which describes the interaction between large-spin operators S( ), where Sgl) =i A, ag) is defined by the
sum of spin-1/2 operators belonging to the hth subset Aj. The coefficients f]" (cf figure 2), which can assume
the values £1, represent the pattern values for spins in the subset A;. Most notably, they enter the definition
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1
Pattern p [ @+ Subsets of spins

. i .
1 variables O 1L A]_ A2 A3 A4
SERe)eX X JoX JoX 00000000 :
Reordering Reordering
w.r.t. first pattern w.r.t. second pattern

53 00000000 00000000

Figure 2. Sketch of the mapping to large spins. Example of the mapping discussed in the main text for N = 8 spins and p =2
patterns. Each of the variables £/ composing the patterns can assume either the value +1 or the value —1. The first step of the
mapping consists in permuting the spins in a way that, after the transformation, the first pattern has all ! = 41 appearing before
the £} = —1. This reshuffles also the structure of the second pattern. In the second step, we permute the spins inside the two
sub-blocks identified by the transformed first pattern &!. Spins are reordered in such a way that the second pattern &7 has the
values +1 appearing before the values —1 in each of the sub-block identified by the first pattern. This procedure generates 2°
subsets of spins Ay (which for large N form large-spin subsystems), such that if m,n € Ay, then &b = &' = f’;, V. Here, the

function ﬂ: is a representation of the pattern " in terms of the subsets Ay.

of Wik = 5 Zi:l fi'ft's which specifies the interaction coupling between the kth and hth large spins.
Furthermore, when considering the set of spin 1/2 belonging to the set Ay, the operator AE becomes

2p 2°
1 - -
AEY = 5D st =D wgml, (73)
* h=1 =

where we introduced the average magnetization operator

N _ S
maik = FS s (74)
fora« = x,y,z,and k = 1,...,2P. The mapping clarifies how to derive the average operator description that we

have employed for deriving a mean field description.

We will now conclude and show that theorem 1 can be applied in this case. To this end, we recall that we
have recovered the result of lemmas 1 and 2 (with lemmas 3 and 4 being actually independent of
assumption 1). Hence, we need only to verify that an equivalent of lemma 5 holds true. It is sufficient
to write

TN (AEY) — N2 (AE, (1))

¢ PAE, cosh(BAER, (1)) — e?AEn( cosh(BAEY: ) (75)
= 2Cosh(BAEII\\’i)cosh(ﬁAEAk(l‘))

1
2cosh(BAEY: ) cosh(BAE, (1))

= sinh((8(AEY. — AE, (1))

—Zth — mz () Qi

i.e. the difference of the operator-valued rates evaluated on averaged operator AE™ and on the linear
combination of mean-field variables AE(t), is dominated by an entire function, sinh(-) times a
norm-bounded one. The power series expansion of the former is employed, and all the norm-bounded,
remaining part is kept in Qy, that reads

0o 2n

Q= RZ . (o j_ i [Ch s thk —mzu(1) ] (76)

where R = 1/(2cosh (ﬁAEIXk) cosh (BAER,(1))). Thus the norm of Qj can be bounded as
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oo

I = RIS 7y G (thk mzhw))

0

<RI (Zni A <22|th|> (77)

1 R[] .
2B6g, )" = ———sinh(26
265, 2= (2n+1)!( Bok,, ) 2., sinh(286g, ),

having exploited || AEn, || < >_), [Whk| = Jg, - In this way, the proof of the lemma can be retraced, yielding
w(ATSF[(TH(AE s = TH(AEN,(1)X]B)|

c||x||z\whk|\/w ATetEn (s, — me(1)?)A)/w(BB). (78)

with C= ||R||sinh(20g, )/ (20, ). As such, theorem 1 can be applied. Using also the results on the
commutator of the rates with local operators, theorem 2 can be proved as well for the quantum
generalization of the HNN dynamics.

6. Conclusions

In this manuscript we considered many-body open quantum systems that evolve under a dynamical
generator written in Lindblad form. We introduced the dissipative part of the latter as a generalization of
classical stochastic dynamical generators where single-site transitions occur at a rate that depends on
collective properties of the system itself. In the quantum setting, these are represented by operator-valued
functions, I', assumed to be (real) analytic functions of average operators. We then added the coherent part
of the dynamics by means of a single-particle Hamiltonian and an all-to-all two-body interacting
Hamiltonian. Firstly we showed that, for large system size, the dissipative map on strictly local and average
operators acts as a local dissipative map, weighted by the square of the operator-valued rates (lemma 2). We
then moved forward to analyze the dynamics of average operators in terms of their Heisenberg equations. In
fact, theorem 1 shows that the latter are exactly given by the mean-field equations of motions (given by
factorizing expectation values of operators) in the thermodynamic limit. This is our second main result.
Thirdly, we focused on the dynamics of quasi-local operators. Here, starting from the exactness of the
mean-field equations, we derived the effective dynamical generator which provides their dynamics, in the
thermodynamic limit (theorem 2). Finally, we showed the relevance of this results for the class of open
quantum-Hopfield models in the limit of large system size and vanishing storage-capacity.

It would be interesting to modify our approach in order to investigate a more general form of Lindblad
operators, e.g. including non-Markovian effects in the form of time-dependent rates. It is worth noticing that
our derivation and our proofs remain, in principle, valid in these cases. Secondly, it would be interesting to
understand whether our approach can be modified to deal with models going beyond a collective all-to-all
coupling Hamiltonian or permutation-invariant models, i.e. to deal with models with spatially-dependent
interaction. For instance, one could consider a translation-invariant Hamiltonian with two-body
interactions and a generic translation-invariant dissipator, such as those emerging in the presence of
light-mediated interactions (see, e.g. [64]), and develop an approach to these models by analyzing the
dynamical behavior of a suitable (possibly infinite) set of average operators defined in Fourier space. In
contrast to all-to-all coupling models, where only the zero Fourier modes are relevant, translation-invariant
systems require the consideration of all modes.
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Appendix. Lemmata

Proof of lemma 1
Lemma 1. If the function T';(AYX,) obeys assumption 1, then

) [[ra). 0 < S 21006 30),

ii) || [Te (AR), Xn] || < *HxHM (60),
< B0ty (5P

i) | [Le(A50, [Pe(B5), X)) | < g5 15202 B

iii) | [P (AR). [To(A%),0]] || <

with O being any operator with strictly local support, No the length of such support, and Xy any average operator
as defined in equation (2).

Proof. Given an operator O which is supported only on a finite number of sites, we can always find two integer
numbers kpin < kmax < 00 defining its support. In particular, kp;, is the largest number for which

{vg‘),O} =0, YWa,
whenever k < kuin. The integer number ky,,x is instead the smallest one for which
{vg‘),O} =0, YWa,

for all k > kp,x. We then say that the operator O has support which extends from site ki to site kpqay and that
No = kmax — kmin + 1 is the length, or extension, of its support.

With this observation we can proceed with the proof of 7). This is done by directly evaluating the commut-
ator. We have that

o (8%).0) = S et[(a4)".0] = Soer> (a4 [a40] (a4)" .
=0 =S
Next we evaluate the commutator of A% and the local operator O. This gives
1 L&
[A%.0] = N; ;%V@’ 0

Because of the locality of the operator O, we further find

Kimax
1 2 E
[AN 9 = Tta Va a
k kmm a=1

We then define the operator Of := [Aﬁ,, ] which, because of the above observation, is a local operator sup-
ported on the same sites of O and with norm

2No

|0" < =g~ lolé,

where dy is defined by equation (14). Plugging back this information in the commutator 7) and taking appro-
priate norm bounds (recall that || A% || < J;) we have

2N,
| [Fe (A%) O] | < = 10l13e"(6:) (A1)
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where the quantity v’ (d,) is defined as the series

o0
"(60) = Z cf|nd) " < oo.
n=0

The relation in equation (A.1) is exactly relation 7) reported in the Lemma.
We now prove iii) using some of the previous results. Considering the commutator in i) we have already
shown that

00 n—1
[1—\[ AZ ZC AZ ]OZ(AZ )n 17]
n=0  j=0

Now, to prove iii) we need to consider a further commutator with I';(AY). Using the power series definition
of I'y(AY), the double commutator can be written as

[Fz(Af{,L [FZ(AJE\T)7O” = Z C’ZCZ i(AZ) Z_(Af\])l [AI{“OL’] (Afi])”l_l_i (Aﬁf)n_l_j-
n,n’=1 j=0 i=0

Now we focus on the operator O := [A¥, Of]. Expanding A%, we can write

Kmax

Z ngav(k) of| == Z ng v(k) of

klcxl kkm.nal

where in the second equality we used the fact that O’ is a strictly local operator with same support as O. This
shows that

2No 4N¢
101 < =~ 1016e < 2 llO0l1o7
which we can use to find the bound in 7ii)
4N¢ 2
I[Te(AR), [Te(AR), O] ]| < < 10116 [ (90)] -

Now, we can straightforwardly prove relation 7i) and iv) using i) and iii). For ii) we consider that

Ity ) < 53 oo«
k=0

Now, the norm of the commutator on the right-hand side does not really depend on k due to the permutation
invariance of the operator I's(AY;) so that we have

[[Te(AR), Xn] || < H[W(A[ (k)m

We can exploit the result of i), noticing that x(*) is a local operator with support equal to N4 = 1, to find

| [Pe(ak x| < ey 6o).

We can proceed in a similar way for iv). Indeed, we have

ey, ety Xl ] < 2 3 [ready.[eaafs]] |
k=1

)

<||[re(af, [re(at) <]

and since x(*) is local, exploiting iii) we can conclude that

(%), [Paaf), %] [ < s 11820 (G0
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Proof of lemma 2
Lemma 2. The maps Dy defined by equations (11) and (12) with functions T';(AY,) obeying assumption 1 are
such that

C
[Paf0) - Tia%Dk<0)]| < 2.

Cx
HDZ[XN FZ(AZ )DLOC[ ]H < ﬁ

with

N

DlocA 712([“1«) A} (k) ]T(k)[A](k)]) (A.2)

k=1

[\S)

and Co, C, appropriate N independent constants. In the above expression, O is any local operator with support
on a finite number of sites, No is the extension of its support, and Xy an average operator of the single-particle
operator x as defined in equation (2)

Proof. To prove the Lemma, we start considering an operator O with local support, extended over N sites,

and compute the action of D on it. We have

lg([ﬂ (A0 Y, 0] rua) + Teafi® [0 T al)])

Using that [AB, C] = A[B, C] + [A, C|B, we rewrite this as

De[O] = %Z (F@(A;i]) {j}(k)’o} k)Ff(A[)—I-F (A[) 1 (k) [O it }FE(A/ )) (A3)
k=1
+;k2 ([re(at), o] WiPro(ak) + raaf) ¥ [o.r(al)]) -

Let us start considering the first term on the right-hand side, which we call D;. Due to the locality of O, we
can truncate the sum to kpi, and knyax which define the support of O. That is,

D=L 3% (nuaty 1. 0] o + e [0, ().

k=kxmin

1
2

Now, we define the following operators

Kimax Kmax
1 k k = 1 k
EZ{T()OM)’ O2:§ZJ )[O]m}
k= mm k:kmm

which are local, have the same support of O, and are such that || O, /,|| < No||O||||je||*. Through such operators
we write

Dy =T (AN)OITo(AR) + To(AR) 0T (AY)
=T3(A}) (01 +02) + Tu(AR) ([01,Te(AR)] + [02,Te(AR)]) - (A.4)
Now, it is important to note that O; 4+ O, = D}°°[O] and thus that
=T (AR)D[0] + To(AR) ([O1,Te(AR)] + [02,Te(AR)]) -
The first term on the right-hand side, which we call Dy is already the term which we expect the quantity D;[O]
to converge to. We thus have to show that the rest, i.e. the second term in D; and the second term on the right

hand side of the equation (A.3), is vanishingly small in the large N limit. For what concerns the second term
in equation (A.4), which we call Dy, using relation 7) in lemma 1, we find

IDi2|| = [|Te(AR) ([0, Te(AR)] + [02,Te(A)]) ] < 4W(5z)%5e’7'(5z)||0||||j£||2-

24



10P Publishing New J. Phys. 25 (2023) 083010 E Fiorelli et al

We are thus left with the second term in equation (A.3). This is given by

N | =
hE

Dy =5 3 ([0e(ak). 017 Vit re(a) ~ Te(abpi Vil [re(af. o))
k=1
=;;[F4<Af§),0][ it Wi rag)] (A.5)
237 ([Pe(ah), 0 Al V0 Tu(ak)it Vi T2, 0])
k=1

Looking at the above equation, we split D, into two parts. We have

Dy = ;i [Te(a4), 0] [if V5. ru(af)]
DZZZ;XN:[[FZ(AIQ), 0], T(AL)j1 P W}. (A.6)
k=1
Using lemma 1, we have that
||D21||<i2NO||on5A Pl < 22210051 (5o P el
k=1
Next we focus on D,,. We can write it as
Dy = ;i [[Te(a8). 0] Te(aR)] Vi + ;inmg) [[re(a%),0].3f Vi) .
k=1 k=1

Due to lemma 1, the first term above, which we call Dy,1, is bounded by

N

2N? .
< IOl 1Y (60)P el
k=1

For the second term of D,,, which we call D,;,, we use that (see proof of lemma 1)

n—1

[Te(AR), 0] :ic (AR Of(Ag) ",

n=0 =0

with
Ko
=[Ay,0] = Z Zrz Vi)

k kmin | =1

Because of this, we have that

—_

n—

UFZ(A’Z) 7}@ (k)] ic { ) Ol (AL)1- 17]Z(k)](k)},

o
and thus
Doy = ng (AL) ionz;cz([ v ViR of (agyr )
" ;ki (Aﬁ)ioiécz (apyof (=i i]).
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We note that
A%V < Srstllel?,
and that
100750 < 2R28 Ol i K€ Do ]
or ||[O€,]Z (k)¢ ]|| = 0 otherwise.

Diving 1nto three terms, Dj},,, D555, D53,, the three terms appearing in equation (A.7), through the above
bounds we find

oo n—1

2N,
1Dy | < 2o o
n=0 i=0
2Nov(6 s 3
\O—’Mnjeu 10162 S Jet s>
n=0
2N, 1)
= 2100 o3 (6. (A8)
as well as
NO’V 5f n—
Dl < N1 S i —1 5, oy P
n=0
2N2Y(8y) .
< 2100 i, 125, o) (8). (A9)
and
2Nov(de) .
g1 < 2000 g sz (6. (A.10)

just like for Dj,,.
With all of these bounds, we can now prove the first part of the Lemma. We have

Dy[O] = D1y + D1z + D1 + Dagy + D5y, + Diyy 4 Doy

from which we find

C
i[O~ Dull < =2,
where Cp is an N-independent constant obtained by combining all of the above bounds, and reads

Co = 2Nol|O|[[jell* {67 (6¢) [+ (8¢) (1 + No) + 3Noy(8¢e)] +27(3¢) 637" (6¢) } -

Now, considering that

we find

< oot < G

L5~ (D] - Do)

where C, is an N-independent constant reading

Cyr = 2[|x[[lljell* {12607 (8e) +37(80)]6e7" (8e) +2v(8¢) 537" (de) } -
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Proof of lemma 3
Lemma 3. Given the generator Ly specified by equations (9)-(12), with functions T,(AY,) obeying assumption
1, we have that
C
ILmy] — fali)] < 35

where

q
_zZAa/gm,@ +1i Z Baﬂvm,@m —|—ZZMZ}F2 AZ

B,y=1 (=1 p=1

Aap = Zeﬁ'ﬂg/a Bagy = Yo (hps +hgrp);
5 Iz

(k

M is a real matrix, such that the action of D5°°[-] on an element of the single-site operator basis ve, ) reads

L k ]
P ZMMVB ;

and Cy is an N independent constant.

Proof. The proof of this lemma simply requires the calculation of the action of the Lindblad generator on m?Y,

q
Ly[my] = ilH,my] + Y De[my].
=1
The single-particle Hamiltonian contribution reads

b= S = e AL T

kl

_ B (k)
_Izeﬂ'aﬁ’aﬁzvﬁ (A.11)
BB k
d2
=iy egal, mi =1 Aagm.
BB B=1

The contribution of the all-to-all, two-particle interaction gives instead

ZZh "Eak)vﬁ'v 1 > W)

kI B,8 i

N, N N, N
- Z Zhﬁﬁ/(ag’amﬂmv + agamv M)
v BB

_ZBGBW’”Bm +Zzh5ﬂa6’ mwmﬁ]

Y BB

We can see that the last term in the second line, that we will denote as Ly,, has a vanishing norm in the ther-
Tim it is [N (k) 1 n N
modynamic limit. Indeed, it is [, m}] = 5 >_[vy ,vﬁ ] N 2 o5y so that

||L22 || dS maxamax ’ (A12)

where hy. = maxg g hg g , and amax :maxaygﬁalﬂ. As for the dissipative term, that we denote as
Ly =Y"1_, Dy[mb)], from lemma 2 it is

0C CV
L= Y THAL DR NI <ar
=1
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where C, = maxv {2|j¢]|*[26¢7" () 4 37(0¢)]0¢7" (6¢) 4+ 27(0¢)637"' (6¢) } . By considering the three contri-
bution L, 3, it is

. 1
Ly + Ly +Ls _fa(mN)H < N(dghmaxafnax +4C,), (A.13)

from which we find C; = d®hppaya2,,, + qC,- O

Proof of lemma 4
Lemma 4. The system of equation (21) with initial conditions m,, (0), defined by a quantum state w as in
equation (22), has a unique solution for t € [0,00). Moreover, one has

Ima ()] < [vall <1, Vt.

Proof. We write the system of differential equations appearing in equation (21) in a vector form as

=),

where 7 = (my, m,,...mp) and f( ) = (f;(m),£2(r),...fp (7). The initial condition for the above differ-
ential equations is given by #1(0) which is obtained as the limit
mq(0) = lim w(mb).
N—oo
The fact that the initial condition is obtained from a well-defined quantum state w means that we have
|mo(0)] < 1foralla=1,2,...d°

The functions f, () are made by polynomial terms and by the functions I',, which are continuous and
differentiable by assumption. As such, we have that f is continuous and differentiable in the whole R?, i.e.
f et (Rd ). By the fundamental existence and uniqueness theorem, we can thus conclude that the system of
differential equations has a unique solution 7i(¢) in the (right) maximal interval of existence ¢ € [0, T), for
T>0.

In order to show that for the above system of equations, T = oo, we need to demonstrate that () is
contained in a compact set K C R? . Indeed, whenever m(t) belongs to a compact set (i.e. whenever this is
bounded), one can conclude that T = +oc0. This is the contraposition of the statement that, whenever T < oo,
there must exist a time ¢ € (0, T) such that the solution of the differential equation 7 ¢ K with K any compact
set in R¥ (see, e.g. theorem 3 in chapter 2 of [65]). In few words, we need to show that all the m,,(¢) remain
bounded.

To this end, we will compare the time evolution of the variable m,, with the time evolution of the average
of the operators v,, that can be obtained through an effective dynamics. Let us thus consider the auxiliary
dynamical generator (see also theorem 2 in the main text)

L[] ZU (A*(1)DE< [, (A.14)

where D} is the dissipator introduced in equation (16), Ay(t) is the linear combination of mean-field vari-
ables

Aé(t) = Z r@ﬁmﬂ(t) )

B
and
N & N
A=Y cr®+>° z has (ma (O +ma(epr®)
k=1 a=1 k=1 «a,5=1

Since the functions m, () are well-defined in the interval [0, T), the above generator is also well-defined in such
interval. The above generator acts on the different single-particles separately and implements a permutation
invariant dynamics. We now calculate the Heisenberg equations of motion for the single-particle observables

v ata given site k. We find that

d k
th‘)_ZG i
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where we have

& d q
G = iZeaazM +1 Z (hapmaag, +hagmpag,,) + ZF%(AZ)
a=1 a,B=1 =1

In the above equations, we have dropped the time dependence from all operators and mean-field variables for
compactness. Taking the expectation value of the operators v,, with a translation-invariant quantum state w,
we find the following system of differential equations

o
VH) = Z GMVw(VV) )
v=1

and we pick the initial state to be such that w(v,,)(0) = m,,(0). Inspecting the structure of the functions f,,, it
is possible to see that the mean-field equations can actually be recast as

d &
my, = Z Guom,.

=1

We thus introduce the functions y,, = w(v,) — m,, for which we find the following system of differential
equations

dt)’u Z Gy -

w,v=1

This is a system of first-order linear differential equations with time-dependent coefficients and thus, since
¥1(0) = 0V by construction, we have that y(¢) = 0. This allows us to conclude that m,,(t) = w(v,)(f). Then,
we note that w(v,,)(t) = w(v,()) and since the operator dynamics v,,(f) is implemented by a time-dependent
contractive map we have that ||v,,(¢)|| < ||v,|| = 1, which in turns implies

mu ()] = lw(v) (B < 1.

Proof of lemma 5

Lemma 5. The convergence of the squared operator-valued rates to the same rates computed in their mean-field
scalar function is dominated by the convergence of the mean-field operator to the mean-field scalar functions,
namely we have that

o (AT [(TH(AR) = T7(Ae(1)))X] B) |

dZ
< CIIX Y [realy o (ATeEN (Y — ma(1))214)y /(BT B),

where C = 2v(6¢)7'(¢)-
Proof. Let us start considering the difference inside the action of the generator. We have that
THAR) = TH(Au(1) = [Te(AR) = Te(Ae(#)][Te(AR) +Te(Ar(1))]-

Exploiting the power series decomposition of the function I'y, we can rewrite

o

Lo(AL) —To(Ag(1) ch (A" — A1)

[e%s} n—1
= (AL = 2u(1) D > (AR T A1),
n j=0

=0

Expanding for the definition of A%;, and A(t), we finally have

o n—1
To(AR) = Te(An() =Y rea(m —ma (1) Y (AR A (1).
« n=0 j=0
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Combining everything, we find

T (AR) —TH(A(D) Z% mly — ma(£) Qe
where
Qe = [T(AL) +To(Ael0)] S e S (AL Ak ).
=0 j=0

We can thus write
I=w (AT [(TH(AL) — TH(Ad(1))X] B)
= rraw (AT [(m) — mq(t))QeX] B) ,

and using the generalized Cauchy-Schwarz inequality in lemma 6, and taking the norm bound for ||X]|| and
||Qe|| we find

1< XN QeI S Ireal oo (AT [(mY — ma(£))2]4) (BT B).

Finally, we note that

1Qell < 27(d¢)7' (e),

where

o0

v (6e) = nlcjla; "

n=0

Note that we use §y here since both ||A%/|| and, because of lemma 4, also |A,(#)| are smaller than or equal to
d¢. Clearly, both (d,) and ' (d,) are finite. O

Lemma 6
Lemma 6. Given any completely positive and unital map A[-] on the quasi-local algebra A and a state w, we
have that

lw (ATA[CTDIB) | < \/w(ATA[CTCIA) /w (BT A[DD]B)

Proof. The proof of the above lemma (see also the proof in [28]) exploits the Stinespring dilation theorem.
This states that, given any completely positive map, there exists a unitary operator U acting on an enlarged
algebra A ® B and a state 7 acting only on the algebra B such that

AlCl=7(U'C®1U). (A.15)
Considering this, we can write
w (ATA[C'DIB) =we T (AT®1[U'(CT®1)(D®1)UB®1),

and, using the Cauchy-Schwarz inequality, we have

lw (ATA[CIDIB) | < \Jwe T (AT @ 1[UT(CICR N UA® 1)

x \Jww T (Bl @ 1{UI(DIDE )UB®1). (A.16)

Finally, recalling the relation in equation (A.15) we can go back to the map A to obtain

|lw (ATA[CTD]B) \/w AtA[CTClA \/w BTA[D'D|B),
which concludes the proof. O
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