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Abstract

This paper is to investigate if the solution of a hybrid stochastic functional differential equation (SFDE)
with infinite delay can be approximated by the solution of the corresponding hybrid SFDE with finite delay.
A positive result is established for a large class of highly nonlinear hybrid SFDEs with infinite delay. Our
new theory makes it possible to numerically approximate the solution of the hybrid SFDE with infinite
delay, via the numerical solution of the corresponding hybrid SFDE with finite delay.
© 2023 The Author(s). Published by Elsevier Inc. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/).
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1. Introduction

Many dynamic systems in sciences and industry do not only depend on their current state but
also past states due to unavoidable time delays, while they are often subject to various system
parameter uncertainties and environmental noise. Moreover, random switching takes place fre-
quently in a finite set resulting in the systems being hybrid, in which continuous dynamics and
discrete events coexist and interact. Hybrid stochastic functional differential equations (SFDEs)
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have been used to model such dynamic systems. There are two categories: (A) hybrid SFDEs
with finite delays; (B) hybrid SFDEs with infinite delays. There is a huge literature on type-(A)
SFDEs (see, e.g., [5,6,10,20,23,26,34]) but much less on (B). This is certainly not because type-
(B) SFDEs have no use in applications but due to the fact that it is much harder to study (B)
than (A). As a matter of fact, long memory, also called long-range dependence or persistence, is
a phenomenon that occurs in many fields including ecology, biology, econometrics, linguistics,
hydrology, climate, DNA sequencing. It is due to the demand from the research in these fields,
research on type-(B) SFDEs has been advanced quickly (see e.g., [14,15,28,29,33]). However,
there are many open problems to be solved in order to meet the need of applications.

One of the open problems is: how to obtain numerical solutions to type-(B) SFDEs? In order
to introduce the main ideas in this paper clearly, it is necessary to distinguish numerical solu-
tions from approximate ones. By numerical solutions we will mean they can be simulated by
computers. For example, the Euler-Maruyama (EM) solutions and Milstein solutions can be sim-
ulated by computers using, e.g., the MATLAB programs in [8]. However, approximate solutions
may not be simulated. For example, the continuous approximate solutions of type-(B) SFDEs to
be defined in Section 3 below are theoretical approximate solutions which do not have explicit
forms in general; the EM solutions proposed by Asker in [1] cannot be simulated by computer as
they need infinitely-many discrete-time initial data which any computer could not cope with. In
other words, they are in fact approximate ones. In this paper we will tackle this open problem by
bridging the gap between type-(B) SFDEs and type-(A) SFDEs. More precisely, we will estab-
lish new approximation theory between type-(B) and type-(A) SFDEs. Based on our new theory,
type-(B) SFDEs can be approximated by the corresponding type-(A) SFDEs (Step 1). Applying
numerical methods to type-(A) SFDEs, we can obtain the numerical solutions approximating the
corresponding type-(A) SFDEs (Step 2). By this bridge, we also yield the numerical solutions to
type-(B) SFDEs. Our approach can be illustrated as follows:

type-(B) SFDEs <=gp 1 type-(A) SFDEs <=gp, 2 numerical solutions.

To see our approach does not only work but is also useful, we need to make four points clear:

e There are existing numerical methods on type-(A) SFDEs (see, e.g., [31,32]), though the
numerical theory in this area is still developing. In detail, Li and Hou [12] discussed the
EM method for linear hybrid stochastic delay differential equations (SDDEs). Wu and Mao
[30] established the strong mean square convergence of the EM method for neutral SFDEs
under the linear growth condition. Recently, numerical methods for superlinear type-(A)
SFDEs have been developing quickly. For examples, under the generalized Khasminskii-
type condition in terms of Lyapunov functions, Li et al. [13] proved that the EM numerical
solutions converge to the exact ones in probability in any finite interval; Guo et al. [7] and
Song et al. [25] obtained the strong convergence of the truncated EM numerical solutions for
type-(A) SDDEs; Zhang et al. [35] extended the truncated EM method to type-(A) SFDEs;
Dareiotis et al. [4] extended the tamed EM to type-(A) SDDEs driven by Lévy noise.

e There are a number of papers where type-(B) SFDEs have been used to model population
systems [14,15]. To illustrate their results, the Milstein and EM methods were used respec-
tively to perform some computer simulations but there is no explanation on whether the
numerical methods are applicable to their superlinear type-(B) SFDEs. In [21], the authors
used the simulations on type-(A) SFDE:s to illustrate the results on type-(B) SFDEs but once
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again there is lack of theoretical support. We hence see there is an urgent need to rigorously
establish the new approximation theory between type-(B) and type-(A) SFDEs.

e There are a couple of papers where discrete-time solutions were proposed to re-produce the
stability of some very special type-(B) SFDEs. For example, Asker [1] presented the EM
solutions of a neutral SFDE with infinite delays under the globally Lipschitz condition and
examined the stability in distribution of numerical solutions. It is noted that the stability anal-
ysis is theoretical and does not need to compute the EM solutions numerically. As mentioned
above, the EM solutions there are only approximate ones.

e Similar situation has happened to the stability analysis of numerical methods for determinis-
tic functional differential equations with infinite delays. Song and Baker [27] discretized the
deterministic Volterra integro-differential equation with infinite delays using the 6 method
and proved that for a small bounded initial function and a small step size the 6 method dis-
plays the stability property of the underlying equation. The stability analysis of numerical
methods can also be found in [2,3].

Our main contributions can therefore be highlighted as follows:

e A novel approximation method is proposed by the truncation technique. More precisely, for
a given type-(B) SFDE, we define a corresponding truncated SFDE with finite time delay k.
The general approximation theory is established by showing that the solution of the truncated
SFDE approximates the solution of the given type-(B) SFDE in the gth moment provided k
is sufficiently large.

e Various approximation principles, including the exponential approximation rate, are given
for a number of important type-(B) SFDEs.

e Numerical solutions of the truncated SFDE are shown to be close to the solution of the given
type-(B) SFDE for sufficiently large k and small numerical step size.

e For the global Lipschitz case the convergence error between the EM numerical solution of
type-(A) SFDE and the exact solution of type-(B) SFDE is given.

The rest of the paper is organized as follows: Section 2 gives some necessary notions and
assumptions which ensure the well-posedness of the solutions of type-(B) SFDEs. In section 3,
the corresponding truncated SFDE with finite time delay & is defined for a given type-(B) SFDE,
while both asymptotic approximation Theorem 3.4 and exponential approximation Theorem 3.7
are established. Section 4 discusses a number of important type-(B) SFDEs to which the approxi-
mation theory established in Section 3 is applicable. Section 5 shows that the numerical solutions
of the truncated SFDE are close to the solution of the given type-(B) SFDE for sufficiently large
k and small numerical step size. Two examples with computer simulations are discussed to illus-
trate the theory.

2. Preliminaries

Throughout this paper, unless otherwise specified, we let R” be the n-dimensional Euclidean
space and B(R") denote the family of all Borel measurable sets in R”. Let R, = [0, o0) and
R_ = (=00, 0]. If x € R", then |x| is its Euclidean norm. If A is a vector or matrix, its transpose
is denoted by AT. If A is a matrix, we let |A| = y/trace(AT A) be its trace norm and ||A| =
max{|Ax| : [x| = 1} be the operator norm. If A is a symmetric matrix (A = AT), denote by
Amin(A) and Amax (A) its smallest and largest eigenvalues, respectively. By A > 0 and A > 0, we
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mean A is positive and non-negative definite, respectively. If both a, b are real numbers, then
a Ab=min{a, b} and a v b = max{a, b}. Let N denote the set of nonnegative integers.

We let (2, F, {F:}i>0, P) be a complete probability space with a filtration {F;};>0 satisfying
the usual conditions (i.e. it is right continuous and increasing while JFy contains all P-null sets).
For a subset Q of €, 15 denotes its indicator function. Let B(z) = (B1(t),---, By )T be an
m-dimensional Brownian motion defined on the probability space. Let 6(¢), ¢ > 0, be a right-
continuous irreducible Markov chain on the probability space taking values in a finite state space
S=1{1,2,---, N} with generator I' = (y;;)nxn given by

PO+ A) = j16() = i) = {V”A told
1+yiA+o(A) ifi=],
where A > 0. Here y;; > 0 is the transition rate from i to j if i # j while y;; = — Z#i Vij- We
assume that the Markov chain 6(-) is independent of the Brownian motion B(-).
Denote by C(R_; R") the family of continuous functions ¢ : R_ — R". Other families e.g.
C(R"™ x R; R4) can be defined obviously. Fix a positive number r and define the phase space C,
with the fading memory by

—oo<u<0

Crz{q)eC(R;R”): sup e’”|<p(u)|<oo} 2.1)

with its norm @], = sup_.,_, <o € “|@()|. It is well known that C, under the norm || - ||, forms
a Banach space (see [9] for more details on this phase space).

Moreover, denote by Pg the family of probability measures u on R_, while for each b > 0,
define

0
Pb={,u€730:/e*b"u(du)<oo}.

—00

Furthermore, set u® = fBOO e P u(du) for each € Pp. Please note that u® is a positive
number but w(-) is a measure. Clearly, P, C P, C Py if by > b > 0. Moreover, if p € Pp,, then
u,(h) is a strictly increasing and continuous function of b in [0, b1].

Consider a hybrid stochastic functional differential equation (SFDE) with infinite delay of the
form

dx(t) = f(x;,0(t),t)dt + g(x;,0(2), t)dB(¢) (2.2)

on ¢ > 0 with the initial data
xo=£&€C,and9(0)=ip €S. (2.3)
Here f:C, xS xRy — R"and g : C, x S x Ry — R"*™ are Borel measurable and, moreover,
x(t) is an R"-valued stochastic process on t € (—00, 00) while x; = {x(t + u) :u e R_}isaC,-

valued stochastic process on ¢ > 0. We impose the local Lipschitz condition on the coefficients
f and g.
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Assumption 2.1. For each number 4 > 0, there is a positive constant K}, such that

|f(p,i,0) = f(,i, DV Ig(p,is1) —g(@,i,0] < Knllp — ¢lI» 2.4

for those ¢, ¢ € C, with ||¢]|, V ||¢|l, <h and all (i,t) € S x R. Moreover,

sup (1f(0,i,0)| v 1g(0,i,1)]) <oo, Vie€S.

teR

We observe that Assumption 2.1 only guarantees the existence of the unique maximal local
solution x (¢) of the SFDE (2.2) on t € (—o0, 0,), where o, is known as the explosion time (see,
e.g., [17,28,29,33]). To have a global solution (namely, o, = 0o a.s.), we need some additional
conditions. The classical condition is the linear growth condition (see, e.g., [11,16,22]). How-
ever, we will impose a much more general Khasminskii-type condition (see, e.g., [19]). For this
purpose, we need a couple of new notations. Let C(R"; R, ) denote the family of all continu-
ous functions from R” to R.. Denote by C>!(R” x S x R; R.) the family of all continuous
non-negative functions V (x, i, ) defined on R” x S x R such that for each i € S, they are con-
tinuously twice differentiable in x and once in 7. Given a function V € C>!(R” x S x R; R),
we define the functional LV :C, x S x Ry — R by

LV(p,i, 1) =Vi(p0),i,1) + Vx(9(0),i,1) f (e, i, 1)
N

1 ) . ' '
+ Etrace(g((p, i, Ve (0(0), i, 1)g(0, i, t)) + Z%‘jv((p(O), i,
j=1
where
oV(x,i,t ) AV (x,i,t IV (x.i.t
Vi i = VLD Vet = ( @hn) AV )>’
ot 0x1 0xy,
32V (x,i, 1)
V s .,l‘ — (_) )
ex (X5, 1) 8x,~8xj e

Let us emphasize that LV is defined on C, x S x R4 while V on R” x S x R. The definition
of LV is purely based on the following generalized 1t6 formula (see, e.g., [20, Theorem 1.45 on

p-48])
dV(x(1),0(),t) =LV (x:,0(t), t)dt +dM (1), (2.5)

where M (t) is a local martingale with M (0) = 0 (whose form is of no use in this paper). More-
over, for each positive number b, define

W(x,
W;,:{WeC(R"xR;]R.Q: sup (x uZ<oo}.
(x,u)eR"xR_ 1+ |x]|

Please note that although W is defined on R" x R, we only need W (x,u)/(1 + |x|%) to be
bounded on (x, #) € R" x R_. It is also easy to see that if W € W, then
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sup ™" W(pu),u) <oo, VeeC. (2.6)

—oo<u<0

Moreover, denote by K, the family of non-decreasing functions § : Ry — R such that 8(v) —
00 as v — 00. We can now form the generalized Khasminskii-type condition.

Assumption 2.2. There are positive constants by, by, K, functions V € C 2L(R" x S x Ry; Ry,
Wi e Wy, Wo € Wh,, B € Koo, and probability measures w1 € Prp,, 42 € Prp,, such that

B(lx]) < inf Wi(x,t), Vx e R", 2.7
0<t<oo
Wilx,1) <V(x,i,t), V(x,i,1) eR" xS x Ry, 2.8)

and

0
LV(p.i.t) <K + K / Wi (@), f + )21 (du)

—00
0
— Walp(0),1) + / Wale(u), t + u)po(du) (2.9)
—00
forall (¢,i,t) €Cr xS x R5..
The following theorem forms the foundation for this paper.

Theorem 2.3. Under Assumptions 2.1 and 2.2, the SFDE (2.2) with the initial data (2.3) has a
unique solution x(t) on t € (—00, 00), which has the property that

sup EWi(x(¢),t) <Cr, VT >0, (2.10)

0<t<T
where C7 is a positive constant dependent on T.

Proof. To show the unique maximal local solution x(¢) on ¢ € (—00, 0,) is global, we need to
show o, = oo a.s. For each sufficiently large number /4 > || & || with 8(h) > 0, define the stopping
time

o, = 0. Ainf{t € [0, 0,) : [x(t)| > h},
where throughout this paper we set inf = co (as usual @ stands for the empty set). Obviously,
), is increasing in & and 15, < 0, a.s. It is therefore sufficient if we could show limy_, o T, = 00
a.s. Fix T > 0 arbitrarily. By the generalized It6 formula (see, e.g., [20]) and Assumption 2.2,

we can easily obtain that
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tAT, 0

IEW1<x(mrh>,rArh>sK1+KE/ /W1<x(s+u>,s+u>m<du>ds
0 —o©
tAT) tAt, 0

—E / Wz(x(s),s))ds+IE/ /Wz(x(s+u),s—|—u)u2(du)ds 2.11)
0

0 —o0

fort € [0, T], where K1 =V (£(0), ip, 0) + KT. Due to Wi € W, , there exists a constant K>0
such that

Wi, u) < KA+ |xP),  (x,u) eR" x R_. (2.12)
This together with the fact & € C, implies

sup  ePUW(E),u) <K sup  eP(1 4 [E@)P) < K(1+ gD = Ka.  (2.13)

—oo<u=<0 —oo<u<0

By the Fubini theorem and property (2.12), we derive that

tAty, 0O
//Wl(x(s—i—u),s—i—u)p,l(du)ds
0 —©
AT, —s 0
=f (/ W1(x(s+u),s+u)m(du)+/Wl(x(s+u),s+u)m(du)>ds
0 —00 —S
INT —S
f( sup erbl(s—‘ru)W](é(S+M),S+M)> / /e—rbl(s-l-u)'u](du)ds
—oo<u<-—s
0 —o©
0 ATy
+ f / Wi(x(s +u), s +u)ds g (du)
—(tATy) —u
tAT) 0
<( sup ePWiE®w),u) / e P15 ds /e_rb‘”m(du)
(s ) J )(_m )
0 tAT,
+ / / W1 (x(s), )ds a1 (du)
—00 0
ATy
<(Ko/rbp™™ + f W1 (x(s), 5)ds. (2.14)
0

Similarly,

160



G. Li, X. Li, X. Mao et al. Journal of Differential Equations 374 (2023) 154—190

AT, 0 tATH
[ was s+ wmands < kafrbad™ + [ waao s, @15)
0 —oo 0

where K3 =sup_., <o e W>(&(u), u). Substituting (2.14) and (2.15) into (2.11) yields

AT

EWi(x(t A1), t Atp) < K4+ KE / Wi(x(s), s)ds
0

t
<Ks+ K]EfEW] (x(s Atp), s AT)ds,
0

where K4 = K| + (Kz/rbl),uﬁrbl) + (Kg/rbz),ugbZ). The well-known Gronwall inequality
shows

EW,(x(t ATh),t ATy) < Cr, V€0, T], (2.16)

where C7 = K4eX 7. This along with (2.7) implies that C7 > EB(|x(T A 1;)]) > B(W)P (1) <
T), namely

Pz, <T) < L (2.17)

T By

Consequently, limj_, oo P(t, < T) = 0, namely limy_, o, 75, > T a.s. Since T > 0 is arbitrary,
we must have limy,_, o 7, = 00 a.s. Letting &~ — oo in (2.16) we also get the required assertion
(2.10). The proof is therefore complete. O

Let us highlight that property (2.17) shows that supy.; <7 [x(¢)| < h with probability at least
1 — Cr/B(h) for all sufficiently large 4. In other words, the solution remains within the compact
ball {x € R" : |x| < h} for the time interval [0, T'] with a large probability for all sufficiently large
h. This nice property will play its important role when we discuss the approximate solutions in
the next section.

3. Approximations by SFDEs with finite delay
3.1. Truncated SFDEs

The key aim of this paper is to approximate the solution of the SFDE (2.2) by the solution
of an SFDE with finite delay. In turn, we can numerically approximate the solution of the SFDE
with finite delay, and hence obtain the numerical solution of the original SFDE (2.2) with infinite
delay.

We first need to design the corresponding SFDE with finite delay. For each positive integer k,
define the truncation mapping 7y : C, — C, by
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pw) if —k=u=0,

melg) ) = {(p(—k) ifu < —k.

Define the truncation functions f; :C, x S x Ry — R" and g¢ : C, x S x Ry — R™*™ by

Jilp,i,0) = f(mi(e). i, 1) and gi(p, i, 1) = g(mx (@), i, 1)
respectively. We observe that both f; and gx depend on the values of ¢ on the finite time interval

[—k, O] but not the values of ¢ on (—oo, —k). In other words, f; and g can be regarded as
functionals defined on C([—k, 0); R") x S x R_.. Consider the corresponding truncated SFDE

dxk(0) = fi(xf, 0(0). 1)dt + ge (. 0(1), H)AB() 3.1
on t > 0 with the initial data xg =& and 6(0) = ip. This is clearly an SFDE with finite delay.

We observe that the truncation functions f; and g preserve Assumption 2.1 perfectly. In fact,
for ¢, ¢ € C, with [lg]l, v [|¢ll- <h and (i,1) € S X Ry,

|fk(‘/’, iv t) - fk(¢7i7 t)' Vv |gk(§0v i’ t) - gk(¢a lvt)l
=|f (@), i, 1) — fi(u(P), i, )|V 18 (@), i, 1) — gk (i (@), i, 1)]
<Kpllmi(p) — m (@)l < Knllo — ¢l (3.2)

We now show that they also preserve Assumption 2.2. In fact, for V € C>!'(R” x S x R : R),
the generalized 1t6 formula shows

dv k), 0(0), 1) = Ly V(x*, 0(1), Hdr + dM (1),

where My (¢) is a local martingale with M;(0) =0and L;V :C, x S x Ry — R is defined by
LiV(p,i,1) = Vi(p(0),i,1) + Vi(p(0), i, 1) fi (¢, i, 1)

1 - . . Y .
+ ztrace(gk(w, i) Vir ((0),i,D)g(p. i, 1)) + ZyijV(w(O), .
j=1

Under Assumption 2.2, we then derive that
LiV(p,i,t) =V, (mi(9)(0),1,1) + Vi (7r(9)(0), i, 1) f (i (@), I, 1)

1 . . . > .
+ Etrace(g(m(w), i, Vi (e (9)(0), i, g (@), i, ) + Y vij V (mr(@)(0), j. 1)
j=1

0
<K+K / W1 (re (@) @), 1 + )y (du)

—00
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0
— W2(e(0),1) + / Wa (i (@) (), £ + u) po (du). (3.3)

—0oQ
We can therefore show the following theorem in the same way as Theorem 2.3 was proved.

Theorem 3.1. Under Assumptions 2.1 and 2.2, for each integer k > 1 and each 0 < T <k, the
truncated SFDE (3.1) has a unique global solution x%(@t) on t € (=00, T]. Moreover, there is a
positive constant C, which is the same as in Theorem 2.3, such that

sup EW,(x*(1), 1) <Cr, VO<T <k, (3.4)

0<t<T

and

c
P(pf <T) < ﬁ(—;) (3.5)

for all sufficiently large number h, where ,o,lf =inf{r € [0, pif) xK@)| = h).

Proof. By virtue of (3.2) we know that the truncated SFDE (3.1) has a unique solution xk (t) on
t € (—oo, pf), where ,oé‘ is the explosion time. For any sufficient large number & with & > ||€]|,,
pg is defined as above. Obviously, pg is increasing with respect to i and ,o;,‘ < ,oé‘ a.s. By the
generalized Itd formula and (3.3), we obtain that

IAD) O

EV(xk(t/\p’,;),e(rAp,’;),t/\p’,;)5K1+K1E/ /Wl(nk(xjf)(u),s+u)m(du)ds

0 = (3.6)

tnpf Ak o

-E f Wa(x*(s), 5)ds + E / f Wa (i () (), 5 + u)pa(du)ds,
0

0 —oo

for t > 0, where K1 =EV (£(0), ip,0) + K T. Recalling the definition of 3 one observes

K +u), —k<u<0,

() ) = { xKs—k), u<—k

Then for any t € [0, T], T <k, we derive that
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NP 0

/ / Wh(re () @), s + ey (du)ds

0 —oo

t/\ph —s l/\ph' 0

f f Wh Gt (b @), s + wyper (duyds + / / Wi Gk (s + ). s + )y (duyds

0 = (3.7)
r —s

f/ sup sup e’b‘(””)Wl(nk(xf)(u),s+u)>e‘rb‘(s+”)u1(du)ds

0<s<t —00<uU=<-—s

AP 0
+ / /Wl(xk(s+u),s+u)u1(du)ds.

0 -—s
It follows from (2.12) and & € C, that

sup  sup & POTOW (i (xXBy W), s 4 u)

0<s<t —00<u=<-—s

<K sup sup PO 4 m (@)t

0<s<t —0O<U=<-—s

<K sup <1+ sup erbl(s+”)E|xk(s+u)|b1)
'

—k<u<-s

<K+K sup ") <Ky, (3.8)

—k<u<0

where K> is given in (2.13). Inserting the above inequality into (3.7) yields

IND 0
[ [ witmab.s + i anas
0 —o0
t —s 0 tApf
5K2//€7rb1(3+”)u1(du)ds+ / /Wl(xk(s+u),s+u)dsul(du)
- ek (3.9)

t 0 t/\p/,

0
<K> f e rhisdy / b (du) + / / Wi (e (s), s)ds e (du)

0 —00
tapf

<(Ka/rbp'™™" + f W (x(s), 5)ds.

Similarly,
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Ak o tapf
[ [ watmtab.s +opatnss < Gafrwnd + [ wato0as - G.10)
0 —oo 0

Substituting (3.9) and (3.10) into (3.6) gives
t
k k k k k k k
EV(x (A pp), 00 Apy)t Apy) < Ka+ K[EWl(x (s Apy),s A pp)ds. 3.11)
0

According to the Gronwall inequality and Wy(x,?) < V(x,1i,t), we have
EW ("t A pf).t Apf) <Cr. Vtel0,T], T <k, (3.12)

where C7 = K4eXT . By the same way as Theorem 2.3, we can get the desired assertions. To
avoid the duplication we omit the last proof. O

3.2. Asymptotic approximations
Recall that our main aim in this paper is to show

Jim Elx(1) — k()9 =0, V>0, (3.13)
—00

for g > 2. It is even more desired if an error estimate can be obtained. To guarantee the finite gth
moment of the solution, we slightly strengthen Assumption 2.2.

Assumption 3.2. Assumption 2.2 holds with 8 € K being defined by B(u) = u” on u € Ry
for some number p > 2.

We also need a slightly stronger local Lipschitz condition.

Assumption 3.3. Let p be the same as in Assumption 3.2. Assume that there is a probability
measure 3 € P, with b > r and a positive constant K, for each 2 > 0 such that

0
If(ﬁo,i,t)—f(¢,i,t)|Vlg(co,i,t)—g(q),i,t)lSKh/Itp(u)—qﬁ(u)lm(du) (3.14)

for those ¢, ¢ € C, with ||¢]|, V ||¢|l <h and all (i,7) €S x R,.
Noting that (3.14) implies

|f((pv i’ t) - f(¢v i’ t)' Vv |g(¢v i’ t) - g(¢v i, t)| = Kh,U«gr)H‘P _¢||r7 (315)

we see this assumption implies Assumption 2.1. Theorems 2.3 and 3.1 show that under Assump-
tions 3.2 and 3.3, the solutions of equations (2.2) and (3.1) satisfy
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sup <]E|x(t)|p\/E|xk(t)|p) <Cr, Yk>T>0, (3.16)
0<t<T

while (2.17) and (3.5) become

C C
P(t; <T) < — and P(pf <T) < h—; (3.17)

respectively. The following theorem further shows that x*(-) converge to x(-) in L4.

Theorem 3.4. Let Assumptions 3.2 and 3.3 hold. Then, for each q € [2, p), the solutions of
equations (2.2) and (3.1) have the property that

hm ( sup E|x(z) —xk(t)|q) =0, VT > 0. (3.18)
0<r<T

Proof. Fix T > O arbitrarily and let k > T. For each h > |&]|,, let t; and p;: be the same as
defined in the proof of Theorem 2.3 (noting that we have already proved o, = 0o a.s.) and in the
statement of Theorem 3.1, respectively. Set

of =ty Apk and e*(r) =x(r) — x*(t) fort e (oo, T1.

For any 6 > 0 and ¢ € [0, T'], we can derive by the Young inequality that

pP—q

Ele ()1 =E(1e4 01" 1 1)) +E(1e4 01" o)
k
p8a/(P=4) On =

<E(1et O 1 7)) + %Ewk(rw’ + L _pk<T). (3.19)

By (3.16) and (3.17), we have
Ele*(1)|” <27 Cr

and

2C
P(of <T) <Pty <T)+P(pf <T) < —pT

‘We hence have

2PCrqs  2Cr(p—q)
p php§a/(p—a) ’

Elef 0 <E(le“ 0" yp. 1)) + (3.20)
Now, let ¢ > 0 be arbitrary. Choosing § sufficiently small for 2”Cr¢8/p < /3 and then & suffi-

ciently large for 2C1(p — q)/(phP81/(P=D) < ¢/3 we see from (3.20) that for this particularly
chosen £,

2¢e

Elek(1)[9 <E(|e O 11y ) +5 (3.21)
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If we can show that for all sufficiently large &,

sup E(|e 11 }) <Z (3.22)
0<i<T 3

we then have

lim ( sup E|ek(t)|q> —
0<t<T

which is the required assertion (3.18). In other words, to complete our proof, all we need to do

from now on is to show (3.22) for the particularly chosen #.
For t € [0, T, it follows from (2.2) and (3.1) as well as the definition of f; and gj that

IE( sup k(v A o,]l‘)|q>

O<v<t
v/\ak
h
<20~'E( sup / Lf (5, 0050, 9) = f(mex), 00, s ')
O<v=<t
vAak
h
+207'E( sup f [80x5, 0(5),9) — gme(xh), 6(5), )1dB )| ).
0<v<l

By the Holder inequality, the Burkholder-David-Gundy inequality (see, e.g., [16,18]) as well as
Assumption 3.3, it is not difficult to show that

t/\U;l‘
B s ewnahit) <ksE [ ([ e - mehwin@n)'s, 62
O<v<t 0

where K5 =247 K [T97! + (q971/2(g — 1)9~1)9/2T@=2/2]. But, for 0 < s <t A of (which
is less than T < k),

0 0
/ 1 () — 722 () ) 13 () = / 1645 + )13 () + 7, (3.24)

where
J= / (s + 1) — 1 (k) () s ().

Noting that x (s + u) = &(s + u) for u < —s while
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EGs+u) if —k<u<-s,

k _
x5 ) () = {g(s — k) ifu<—k.

We derive that

—k
J=/|E(S+u)—€(s—k)lus(du)

—k
< / (18G5 + )| + £C5 — K)]) 3 ()
—k
< / (IE1e" ST 4 &6 0) s (du)

—k

=2/I&ll- / e CH 3 (du)

—0o0
—k
<20l / e PO ()
—00
—k
<2||&[l,e" Ok / e P s (du) < Kge Ok,
—00

where K¢ =21} Putting this into (3.24) we obtain

0 0
/ 1 () — 75 () ) a3 () < / 164 (s + 10) |3 (du) + Kee™ @,

-

Then

0 0
( / x5 @) = 7 ) @l (@)) ' <2071 / e (s + )17 3 (du) + 2971 K e 10 TIE. (3.25)

—0o0 )

Substituting this into (3.23) yields

IE( sup 1 (v A a,’f)lq)

O<v<t
t/\n;{‘ 0
<2971 KsKITe 10~k 4 KsE f (f lek (s +u)|qu3(du)>ds. (3.26)
0 —S
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But
TN 0 tAaf
/(/|ek(s+u)|qu3(du))ds: / (/ |ek(s+u)|qu)u3(du)
0 = —(tnafy T
0 traf tAaf
< / ( f eF (9)1ds ) a3 (du) =< f e (5)1ds. (3.27)
—(nak) O 0
It therefore follows from (3.26) that
N
E(Osup |ek(v/\a,f)|4)52‘1—1K5KgTe—q<”—r>k+K5E / ek (5)|9ds
<v<t
0
t
52"_1K5K6qTe_"(b_’)k+K5/]E(Oiligs|ek(v/\a}]l‘)|">ds. (3.28)

0

An application of the Gronwall inequality yields

E( sup lef (v A Uf]f)|q) <297 KsK{T KT a0k,

O<v<T

Hence

JE( sup |ek(v)|q1{0}f>T})524_1K5KgTeK5T_q(b_’)k. (3.29)

0<v<T

This implies (3.22) of course. The proof is therefore complete. O
3.3. Approximations with exponential convergence order

The convergence of x¥(-) to x(-) in Theorem 3.4 is described in the asymptotic way. The proof
itself provides us with a way to estimate the error. Namely, for a given ¢ > 0, we can determine
a positive integer ko = ko(¢) (by choosing §, h first) so that

sup Elx(t) —x*(1)|9 <&, Vk=> k.
0<t<T

On the other hand, we observe that (3.29) gives an exponential estimate on the error up to the
stopping time a,’l‘ A T. If we can remove the stopping time there, we will have a stronger conver-
gence order of x¥() to x(-). In this sub-section, we aim to establish the exponential convergence
order described by

1
lim sup % log (E|x(T) — xk(T)|q) <0, VT > 0.

k— 00
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We need a couple of new notations. Given a function VeC> (R" xS x Ry;Ry), we define
the functional LV :C, x C, x S x R4 — R by

LV(@,¢,i,0) = Vi(90) = ¢(0),i,1) + Vi (@(0) = $(0), i, O f (9, i, 1) = f(¢,i,1)]

1 _
+ Etrace([g(w, i,0) = g(¢.i,01" Vir(9(0) — $(0), i, DIg(p. i, 1) — g(¢.i.1)])
N -
+ > % V(e©0) = $(0), j. 1)
j=1

Let us emphasize that £V is defined on C, x C, x S x R, while V on R” x S x R. For 8 > 0,
let Up, g denote the family of continuous functions U : R" x R" — R such that U(x,y) =0
whenever x = y € R"” while

sup —ZE
x,yeR” I+ |_x|13 + |y|,3

It is easy to see

sup  PUU(p(u), ¢p(u)) < oo, Vo, eCy. (3.30)

—oo<u<0
For example, if U (x, y) =[x — y|(1 + |x| + |y|) for (x,y) e R* x R", then U € Uy ».

Assumption 3.5. There are positive numbers g, g, K , bg, bs, functions Ve Cz’l(R” X S x

Ri;Ry), U €Uy,p, as well as two probability measures (4 € Pp,, 115 € Pps, such that by > rqg,
b5 > I’,B,

V(0,i,1)=0, VY(i,1)eS xRy, (3.31)

Ix|9 < V(x,i,t), V(x,i,1)eR" xS x Ry, (3.32)

and

0
N(w,¢,i,t)51€/|¢(u)—¢(u>|‘?u4<du>

0

—U(p(0),¢(0) + / Upu), ¢ u))ps(du) (3.33)

—0o0

forall (¢, ¢,i,t) €Cr xCr x S x R
Remark 3.6. Assumption 3.5 is the generalized Khasminskii-type condition for the continuous
dependence of the solutions on the initial data—any two solutions are close to each other in

the gth moment as long as their corresponding initial data are close to each other. There is

170



G. Li, X. Li, X. Mao et al. Journal of Differential Equations 374 (2023) 154—190

a large class of SFDEs satisfying this assumption, for examples, the SFDEs with the global
Lipschitz coefficients in Section 4.1 and the stochastic functional volatility equation (5.20) in
Example 5.11.

Theorem 3.7. Let Assumptions 2.1, 2.2 and 3.5 hold. Set ». = (bs — rq) A (bs — rf3). Then the
solutions of equations (2.2) and (3.1) have the properties that, for all T > 0,

. 1 X G
limsup — log (IE|x(T) —x (T)|q) <A, (3.34)
k—o00 k
and
. 1 X A
limsup - log(|x(T) —x"(T)]) < —— a.s. (3.35)
k—>oo K q

Proof. Fix any 7 > 0 and integer k > T. Let h > ||£]|,. Let e (¢) and a}’,‘ be the same as defined
in the proof of Theorem 3.4. Obviously, a}’f — oo almost surely as 7 — 00. By the generalized Itd
formula as well as the definitions of f, gk, mx, it is straightforward to verify that, for ¢ € [0, T'],

k
tAOy,

EV(ek(t Aof), 0t Aof), t Aaf)=E / LV (xg, (x5, 6(s5), 5)ds.
0

By Assumption 3.5, we then have

k
tnoy, 0

Ele*(t Aoj)|? < KE / ( f |xs(u)—m(xf)(u)ﬁm(du))ds
0 —00

k
Aoy,

—E f U (x(s), x*(s))ds
0
t/\o;l‘ 0

+E / (/ U(xs(u),nk(xf)(u))us(du))ds. (3.36)

0 —00

In the same way as (3.25) was proved, we can show that

0 0
/ s (1) — 7 (e 0| ) < f 14 (s + )T g (du) + Ky~ @Dk (337)

—o0 —s
and
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0
/ U (s (), 7 () ) s ()
0
sf U (s 4 u), x(s + u) s (du) + Kge~G57Pk, (3.38)

where K7 and Kg are both positive constants independent of k. Substituting these into (3.36) and
making use of

k k
Aoy, Aoy,

0
/ ( f (s + ) a(du))ds < f 1 (s)/7ds
0 -5 0

and
tAa;,‘ 0 tAo}]l"
/ (/U(x(s—l—u),xk(s—i-u))us(du))ds5 / U (x(s), x* (s))ds
0 —s 0

(please see (3.27)), we obtain
'
Ele*(t A of)|9 < Kge ™ + Kflmek(s Aof)ds, (3.39)
0

where A has been defined in the statement of the theorem and K9 = T(IZ K7 + K3). An applica-
tion of the Gronwall inequality implies

E|e"(T A o)l < Kipe ™,
where K19 = ngkT. Letting h — oo yields
Elef(T)|7 < Kige ™, (3.40)

which implies immediately the first required assertion (3.34).
To show the second assertion (3.35), we let € € (0, A) be arbitrary. It follows from (3.40) that

_ Elek(T)|4
P{leF(T)|9 > e~ @9k} < % < Kjpe %, Vk>T.
e

By the well-known Borel-Cantelli lemma (see, e.g., [18, Lemma 2.4 on page 7]), we can find a
subset g C 2 with P(£2¢) = 1 so that for each w € Q, there is an integer ko(w) such that

1K (T, )7 < e~k Wk > ko(w).
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This yields

(A—¢)

1
lim —log(|ef(T, w)]) < ———2=, Vo € Q.
k—oo k q

This further implies the another assertion (3.35) as ¢ is arbitrary while PP (£20) = 1. The proof is
hence complete. O

Remark 3.8. We observe that both Assumptions 2.1 and 2.2 were not used explicitly in the proof
of Theorem 3.7. But they were in fact used to guarantee both SFDEs (2.2) and (3.1) have their
own unique solution. In other words, Theorem 3.7 holds if both Assumptions 2.1 and 2.2 are
replaced by the condition that both SFDEs (2.2) and (3.1) have their own unique solution.

4. Important classes of SFDEs

To show the power of the general approximation theory established in the previous section,
we will study a couple of important classes of SFDEs and their approximations in this section.

4.1. Global Lipschitz
We start with the class of SFDEs under the global Lipschitz condition.

Assumption 4.1. There are two constants ¢; > 0, p > 2 and a probability measure g € Pyp
such that

0
|f(¢7l’ t) - f((b’l’t)' Vv |g(¢7l’ t) _g(d)’l’t)' =ci / |‘P(u) —¢(u)|l/«6(du) (41)

forall ¢, €C, and (i, t) € S x R. Moreover,

sup (1£(0,i,0)|Vg(0,i,1)]) <00, Vie€S. 4.2)

teR4
This assumption implies Assumption 3.3 obviously. It is also easy to verify that Assump-
tion 3.2 is satisﬁe_d with V(x, i, 1) = |x|P, Wi(x,t) = |x|P, Wa(x,t) =0 etc. To verify Assump-
tion 3.5, we let V(x,i,t) = [x|? for g € [2, p). From now on, we also let §p(-) be the Dirac

measure at 0, which can be regarded as a probability measure on R_ and it belongs to ﬂbzl Php.
For ¢, ¢ €C, and (i, t) € S x R4, we can then derive that

LV(p,¢,i,1)
. 7—1
<qle0) — ¢(O)|q*2((w(0) —¢pON (flp.i, ) = f(g,i, 1) + qug(w, i,t) —g(o,i, t)|2)

<0.5(G — DIp©) —d O +q(If (@i, 1) — f(d,i,DI VIg(p,i, 1) — g(¢,i,1)|7)
0 0
<0.5G(g — 1) / | (u) — ¢ ()|980(du) + G / o (u) — ¢ ()| 116 (du)
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0
<1054 — 1) +gcf] / | (u) — p (w)|? (So(du) + e (du))

—00

0
=413 — 1+2c]] / o) — ¢ )| fig(du), (4.3)

where f16(-) = 0.5(ue(-) +380(-)) € Pyrp. This shows that Assumption 3.5 is satisfied with U (x) =
0 etc. By Theorem 3.7, we can therefore conclude that under Assumption 4.1, the solutions of
equations (2.2) and (3.1) have properties (3.34) and (3.35) with . = (p — g)r for any g € [2, p).

4.2. Khasminiskii case

A much wider class of SFDE:s is covered by the Khasminskii condition than the global Lips-
chitz condition. We here propose a special Khasminskii-type condition.

Assumption 4.2. There are constants ¢ > 0, p > 2 and a probability measure 17 € P, 5 such
that

T . . P__l . . 2
((P(O) - ¢(O)) [f(‘ﬂ: i, t) - f(d)v L, t)] + Tlg«Dv 1, t) - g(¢’ i, t)|
0
<o / o) — @) 27 (du) 4.4)

for all ¢, ¢ € C, and (i, t) € S x R. Moreover, condition (4.2) holds.

This assumption does not in general imply the local Lipschitz continuity of both f and g,
we hence need to retain Assumption 2.1. But this assumption does imply Assumptions 2.2 and
3.5. Let us verify Assumption 2.2 first. Let V (x,i,t) = |x|? for any p € (2, p). For (¢,i,t) €
Cr xS x R4, we have

. _ . —1 :
LV(p,i,1) < plp(0)|? 2(¢(0)Tf(<p, i1+ pTlg(w, i, t)lz)'
Making use of the elementary inequality

5—1 5—1
la+b2 <P 1a2+—’_) b2, VYa,b>0
p— p—r

as well as Assumption 4.2, we can get

0
LV(.i.1) = plpOF 2 (2 +calp Ol + 2 [ ot Purta).

—00
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where c3 and the following c4, c5 are all positive constants. By the well-known Young inequality,
we can further get

0 0
i za(t+ [ lows@+ [ o )

—00 —00

0
5264(1+ / Iw(u)l"lh(du)), 4.5

where 17(-) = 0.5(80(-) + n7(-)) € Prp. This shows that Assumption 2.2 is satisfied with
Wi(x,t) = |x|P, Wa(x,t) =0, etc. To verify Assumption 3.5, we let Vix,i,t) = |x|‘7 for
q €12, p). For ¢, € C, and (i,t) € S x Ry, it then follows from the first inequality in (4.3)
and Assumption 4.2 that

LV(p,¢,i,1)

0
<aalo(© = 017 [ o) - 9 Pur(@0)
0 0
<es( f (@) = ¢ )7 8o(du) + / () = ¢ )| 17 (dw) )

0
=2cs / o) — ¢ )| fi7(du). (4.6)

This shows that Assumption 3.5 is satisfied with U (x) = 0 etc. By Theorem 3.7, we can conclude
under Assumptions 2.1 and 4.2, the assertions of Theorem 3.7 hold with A = (p — g)r for any

gel2, p.
4.3. Highly nonlinear SFDEs

In this subsection we will consider a class of highly nonlinear SFDEs in the form

dx(r) = F(x(1), ¥1(x;), 0(1), )dt + G (x (1), ¥2(x1), 6(2), 1)dB(t) 4.7

on t > 0 with the initial data (2.3). Here F : R" x R" x S x Ry - R"? and G : R" x R” x S x
R4 — R™™ are Borel measurable while ¢y, ¥ : C, — R”" are defined by

0 0
Vi(p) = / @(u)pg(du) and ¢2(¢)=/90(M)M9(du) (4.8)
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with ug, o € Po (which will be strengthened later). Equation (4.7) becomes our underlying
SFDE (2.2) if we define f :C, x S x Ry — R"and g:C, x S x Ry — R"*™ by

fe.i,1) = F(@0), ¥1(p).i,1) and g(p,i,1) =G(p(0), ¥2(¢),i,1) (4.9)
respectively. Moreover, the corresponding truncated SFDE (3.1) becomes

dx* (1) = f (rr(xf), 00), )dt + g(mi (x7), 6(t), HAB()
= F X (0), Y1 (e (x)), 0(1), Hdt + G(F (1), Yo (e (x)), (1), 1)dB(t)  (4.10)
on ¢ > 0 with initial data xlg = (£) and 6(0) = ip.
To apply our theory established in the previous sections, we impose the local Lipschitz con-
dition on F and G.
Assumption 4.3. For each & > 0, there is a positive constant K 1 such that
forall x, y, x,y € R" with |x| vV |y| V|X|V|y| <hand (i,t) € S x Ry.

We also impose a generalized Khasminskii-type condition (see, e.g., [19]).

Assumption 4.4. There are nonnegative constants cg - c9, p, p such that ¢c; > cg + cg, p > 2,
p > 0and

-1
T F(x,y,i,0) + pT|G(x,z,i,t)|2
<co(1+ X+ [y + 1213 — c71x[*TP + cs]y[*TP + colz|*TP 4.12)
forall (x,y,z,i,t) e R" x R" x R" x S x R. Moreover, ug, 49 € Pr(p+j)-

We first verify Assumption 3.2 under Assumption 4.4. Let V (x, i,t) = |x|”. Then
LV(g,i,1) < pltp(O)I”_z(fp(O)TF((p(O), Vi), i, 1) + pT_llG(fp(O), V2(9), 1, t)|2>,
for (¢,i,t) € C, x S x R4. By Assumption 4.4,
LV(9.i:1) =plo(©)1" (el + 0O + Y1 @) + [Y2(0))

= rlpO P + sl (@) 27 + coluna(@) 7).

By the Young inequality, we can then easily show that

LV(p,i, 1) =2pcs(1 + |9 O)” + [¥1(@)” + [¥2(0)|7)
—&71p(0)P P + |91 ()PP + ol () |PTP,
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where ¢7 = pc7 — p(cs + co)(p — 2)/(p + 15),058 = pcg(2+ p)/(p + p) and 9 = pco(2 +
P)/(p+ p) so ¢7 > g+ 9. Using |[Y1(@)|P < [~ l@(u)|” ng(du), we further get

0 0 0
Lvig.io tpes(1+ [ oo+ [ oo s+ [l o)

—0oQ —0oQ —00

0 0
—&7l9(0)|PP + & / () [P TP g (du) + &9 / ()PP o (du)

—00 —00

0
<apea(143 [ lpwl o)

—00

0
—arleO)PP + & / 0017+ a1 (du),

—00

where w10(-) = [80(-) +u8(-) +19(-)1/3 € Pr(p+p) and 11 (-) = [cspus(-) +copg(-)]/(cg +c9) €
Pr(p+p5)- We therefore see that Assumption 3.2 is satisfied with Wi(x, 1) = [x|?, Wa(x,1) =
&7]x|PTP etc.

Let us now verify Assumption 3.3. Let & > 0 and set & = h(u,g) \Y ,ug)). For ¢, ¢ € C, with
lellr Vel <hand (i,t) € S x Ry, we derive from Assumption 4.3 that

|F(9(0), 1(), i, 1) = F(¢(0), ¥1(9), i, )| V|G (9(0), ¥2(9), i, 1) — G(¢(0), ¥2(9), i, 1)]

0 0 0
Skh(/ Iw(u)—¢(u)|80(du)+fI<p(u)—¢(u)lus(du)+ / @) — ¢ ()| o(du))

0
3K, / o) — @) 1o ().

where (19 has been defined above. We can therefore conclude from Theorem 3.4 that under
Assumptions 4.3 and 4.4, the solutions of equations (4.7) and (4.10) have property (3.18) for
each g € [2, p).

5. Numerical methods

The theory established in the previous sections enables us to obtain numerical approximate
solutions to SFDEs with infinite delay. More precisely, in order to numerically approximate the
solution of the SFDE (2.2), we can now obtain the numerical solution of the corresponding
truncated SFDE (3.1) for a sufficiently large k.

As pointed out before, the truncated SFDE (3.1) is an SFDE with finite delay. Although nu-
merical methods for the SFDEs with finite delay have been studied by many authors (see, e.g.,
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[7,30-32,35]), the existing results can not be applied directly to the SFDE (3.1) due to its spe-
cial truncated feature. Fortunately, numerical methods can be modified to obtain the numerical
solutions of the truncated SFDE (3.1). To demonstrate the idea, we will concentrate on obtaining
the numerical solutions of the truncated SFDE (4.10) and hence the numerical solutions of the
SFDE (4.7).

5.1. Lipschitz case

How the existing numerical analysis can be modified to obtain the numerical solutions of the
truncated SFDE (4.10) is best illustrated in the globally Lipschitz case.

Assumption 5.1. There exists a constant L > 0 such that

|F(x,y,i,t) = F(,y,i,0)|VIGx,y,i,t) = GX,y,i,t)| < Li(|x —x[+ ]y =y
forall x,y,x,y € R",t e R} and i € S. Moreover,

sup (|F(0,0,i,1)| V|G(0,0,i,1))) <oco, Vie€S.

IER+

This assumption of course guarantees that the truncated SFDE (4.10) has a unique global
solution x*(¢). Let us now fix a sufficiently large k and apply the EM method (see, e.g., [30]) to
the truncated SFDE (4.10) to obtain its numerical solutions. Let k1 be a positive integer and set
the step size A =1/k;. Lett; = jA for j = —kky, —(kky — 1),---,—1,0, 1, ---. We first need
to form discrete-time numerical approximations X Z ()~ xk(t ;) for j > 0 given the initial data
xg = mi(§) and 6(0) = ip. Recall that m;(£) depends only on the values &(u) for u € [—k, O].
Accordingly, we set XX (t;) = &(t;) for j = —kky,---, —1,0 and form XX (¢;41) for j > 0 by

XEtj0) = XA @) + FOXN 1), 41, 00), 1) A + G(XQ (1), Y2, 01), 1) ABj, (5.1
where ABj = B(tj11) — B(t}), and

-1

Yij= Y XA s, 1)) + X5 k) s (=00, =k)).
h=—kk;

Here v is defined as 1; by replacing pg with po. Note that {#(¢;)} ;>0 is a discrete-time
Markov chain starting from 6(0) = r( with the one-step transition probability matrix e”!. The
numerical simulation of {#(¢)} j>0 can be performed in the way as described in [20, p.112]. We
next form the continuous-time numerical solution

oo
xR0 =Y XK1y, 120 (5.2)
Jj=0

Although this is the numerical solution we usually compute in practice, the numerical analysis is
carried out via the continuous auxiliary process defined by
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t t

XA @) :=E(0)+/F(XZ(S),wl(S),é(S),T(S))ds+/G(X"A(S),¢2(S),9_(S),T(S))dB(S),

0 0
B 5.3)
for t > 0 while set X’Z (t) =&(t) for t € [k, 0], where

@) =1, 00):=00), Vi():=v1;, Ya():=v2;, 1€t 1j41).

Note that )_(Z ()= X’g (¢j) for all j. That is, )?Z () coincides with the numerical solution X’Z (1)
at the grid-points. We need two more assumptions.

Assumption 5.2. There exist constants « € [1/2, 1] and L, > 0 such that

|F(x,y,i,t1) = F(x,y,i,0)|VIG(x,y,i,t1)) = G(x,y,i,)| < Lo(1 + [x| + [yD]t; — 12|*
forallx,y e R",t;,h € Ry andi €S.

Assumption 5.3. There exist constants 8 > 1/2 and L3 > 0 such that the initial function & satis-
fies

&(s1) — £(s2)| < L3ls1 —2|P,  V¥s1,50 € (—00,0].

In the remaining of this section we fix p > 2, T > 0 and k > T arbitrarily and let C stand for a
universal positive constant dependent on p, T, £ etc. but independent of A and k. Let us present
a number of useful lemmas.

Lemma 5.4. Suppose that Assumption 5.1 holds and g, 19 € Py (please recall (4.8) regarding
ug and [wg). Then

sup E( sup IXK()IP) <C. (5.4)
0<A<lI t€l0,T]

Proof. Fix A € (0, 1] arbitrarily. It is standard (see, e.g., [18,20]) to show from (5.3) along with
Assumption 5.1 that for ¢ € [0, T'],

O<u<t

t
E( sup |XK@)|?) <C+CE /(|X’g(s)|” + 91 ()17 + [¥2(5)]7)ds. (5.5
0

For each s € [0, T'], there is a unique j such that s € [¢;, #j41) and ¥1(s) = v ;. By the definition
of ¥r1j and ug € Py, we further derive

-1

Wjl=1 D Xa@rnus(in, tha1)) + Xa ki) g ((—00, —k))|
h=—kk;

-1

< Y IXRW) s, ) + XA (k) s ((—00, —k))
h=—kk
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-1
< 30 X ) e ™ s Utne th ) + € X (i, Ve g (—00, k)
h=—kk,

—1

= (supe XK@ ) (D0 e s (ltn, 1) + €74 (00, =)
h=0 h=—kki

0

< (supe™ XK (1011 / ¢ g (du)
h=<0
—0o0

< (super™ XK )l e ug. (5.6)
h<0

Note that

k —rt; k
supe’ | X5 (tj4n)| = e sup e | X'y (tp)]
h<0 h<j

< e (supe™ XK )|+ sup e XKl
h<0 0<h<j

< e (supe I @)1+ sup e |XK 1))
6=<0 O<h=<j

<C+ sup WD XK @) <C+ sup XK ()]

O<h<j 0<h<j

Inserting the above inequality into (5.6) gives

[l <C+ sup XK @)l

0<h=)
Consequently
P =c(1+ sup X5 w)?). (5.7)
0<u<s
Similarly
2P <1+ sup XK @)?). (58)
0<u<s

Substituting these into (5.5), we obtain
O<u<t O0<u<s

t
E(mawgmm5c+C/E(manWMw.
0

An application of the Gronwall inequality implies
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E( sup |X&@)?)<C.

0<u<T

As A is arbitrary, we must have the desired assertion (5.4). O

Remark 5.5. By virtue of Lemma 5.4, it follows from (5.7) and (5.8) that

sup Elyi(P <C, i=1,2.
t€[0,T]

Lemma 5.6. Suppose that all conditions of Lemma 5.4 hold. Then for any A € (0, 1],
E|XK (1) = xKk@0|? <car’?, viel0,T]
Proof. Fix any A € (0, 1]. For each ¢ € [0, T'], there exists a unique integer j > O such that

tj <t < tjq1. Recalling the definitions of )_(’g() and X’g(-) we derive from (5.3) along with
Assumption 5.1 easily that

E|XX (1) — XK ()17

t t
szp—l(lm / F(XK (), ¥1(5),0(5), T(s))ds|” + E| / G(XkA(s>,wz(s),ém),r(s))dB(s)V’)
Ij Ij
t
< CAU’*‘W/ (1 +E|X5 )P +E[¢1()” + Elya(s)|P)ds.

i
By Lemma 5.4 and Remark 5.5 we obtain the assertion. O
Lemma 5.7. Let Assumptions 5.1, 5.2, 5.3 hold and g, (o € Py. Then for any A € (0, 1]
Elx*(r) - XX 0> <caA, Vielo,Tl. (5.9)

Proof. Fix A € (0, 1] arbitrarily. Let ea (f) = Xk — X Z (t) for t € [0, T]. It is straightforward
to see that

Elea(t)> < CU () + J (1)), (5.10)

where

t
I(t):=E / |F (), Y1 (e (x5)), 6(5), ) — F(XK (), ¥1(5), (s), T(s))[*ds,
0

t

J(t):=E f 1G(x (), Yo (e (x5)), (s), 5) — G(XK (5), ¥a(s), 6(s), T(5))|?ds.

0
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It is also easy to see that

1(1) = C(I (1) + L (1) + I3(1)), (5.11)

where

t
Li(t):=E / |F(x (), Y1 (e (x5)), 6(5), 5) — F(XK (5), ¥1(5), 6(5), 5)[%ds,
0
t
L(t) = Ef |F (XK (5), ¥1(5), 8(s), 5) — F(XK (5), ¥1(5), 6(s), $)|°ds,
0

t
L(t):=E / |F (X5 (5), ¥1(5), 0(s), 8) — F(XK(5), ¥1(5),0(s), T(s))]*ds.
0

By Assumption 5.1 and Lemma 5.6, we have

t

I1(1) <2L3E / (|x"(s) — XK+ 191 me () — vy <s>|2>ds
0

t t
<CA+CE / lea(s)[*ds + CE / W1 (e (xf)) — Y1 ()] ds. (5.12)
0 0

For each t > 0, let N = [t/A] and ty41 =t for a meanwhile. Recalling the definition of
using the Holder inequality and Assumption 5.3, we derive that

t N Tjy1
E / Y1 (e (x) = Y1(9)Pds =Y E / W1 Grx (x5)) — ¥117ds
0 Jj=0 tj
N fiv1 0
=3 [ | [ s s @)+ 4G5 = ks (o0, —k)
Jj=0 tj —k

-1
= 3 XK amnsn. i) — XK1 — Dps((—o0, —k))|ds

Tj+1 _1

N
sZJEf( > [ s = X+ s

J=0 5 Nh=—kki gy

2
+1xk (s — k) — XK (tj — k) s ((—oo, —k))) ds
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N 1j+1 -1 th41

2
§2ZE Z /|x"(s+u)—x’;(tj+u)|ug(du)) ds

j=0 § o Sh=—kki
N Lj+1

+2) E /
j=0

Ij

2
(I%(S — k) —&(1j — k)| g ((—o0, —k))) ds

N i1 0
E//|xk(s+u)—X’g(t,-+u)|2M8(du)ds+2TL§A2/’
0

Ij —k

<2
J

N Ljt1 —s

<4) E / /|g(s+u)—s(r,-+u)|2Mg(du)ds+2TL§A2ﬂ
./:0 t; —k

N Li+1 0
+4Z]E//|xk(s+u)—XkA(tj+u)|2ug(du)ds
f:O —s

]
t 0
<CA? +4E / / IxK(s +u) — XK (v (s) + u) P g (du)ds. (5.13)
0 —s
But we obviously have

t 0
E f |5 (s +u) — X5 (x(5) + )P g (du)ds
0 —s

t 0 t 0
<38 [ [leats +wPus(nds +38 [ [ 1564w - X6+ 0 Pus@nds
0 —s 0 —s

t 0
+3]Ef/|5(’g(r(s)+u)—X’g(r(s)+u)|zug(du)ds.
0 —s

In the same way Lemma 5.6 was proved, we can show that El)_(g (s+u)— )_("A(r(s) +u)?<CA
for any s € [0, T']. Applying this and Lemma 5.6 to the inequality above yields

t

0
E / (s + 1) — XX (T (5) + u) g (du)ds

0 —s
t 0
5CA+]E//|eA(s+u)|2/Lg(du)ds
0 —s
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0 ¢
<CA+E / lea(s)[2ds s (du)

—00 0

t
=CA+ Ef lea(s)]%ds.
0

Substituting this into (5.13) yields

t t
E / 1 (e (x5)) — ¥1(s)|?ds < CA + CE / lea(s)|*ds.
0 0

Consequently, inserting this into (5.12) we arrive at

t
I (1) §CA+CEf|eA(s)|2ds. (5.14)
0

By the Markov property of 6(-), Assumption 5.1, Lemma 5.4 and Remark 5.5, we derive that

N Ljt1
Iz<r)=ZlE/ |F(XQ @), Y1), 05), 1)) — F(XK(t)), ¥, 0(t), 1)) ds
J=0
N Lj+1
=Y E / |F(XK (). 917, 005). 1)) — F(XK (t), 1. 0(t). t)1* Lo s)20(1,)ds
=0
Tyl

N
<Ccy / E[(l+|X’;(z,~)|2+nm,-|2)E(1{9<s>¢a(t,.>}w)}ds

Jj=0 tj

Lj+1

ceay |

E[(l + XK@+ |w1,-|2)]ds
=04
<CA. (5.15)

It follows from Assumption 5.2, Lemma 5.4 and Remark 5.5 that

t

L(r) < CJE/ (1 +1XK ) + v (s)|2)A2“ds <CA*, (5.16)
0

Inserting (5.14)-(5.16) into (5.11), we obtain that I (1) < CA + C fot El|ea (s)|*ds. Similarly, we
can show J(t) <CA+C fé Elea(s)|?ds. Putting these into (5.10) gives
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t
Elea () <CA+C / Elea (s)|%ds.
0

An application of the Gronwall inequality yields that
Elea(n|* <CA
as required. The proof is hence complete. O

Combining Lemmas 5.6 and 5.7, we obtain the strong convergence of the EM numerical
solutions to the true solution of the truncated SFDE (4.10).

Theorem 5.8. Let Assumptions 5.1, 5.2, 5.3 hold and g, o9 € P,. Then for any A € (0, 1]
Elx*() — XK 0> <caA, Vielo,Tl. (5.17)

On the other hand, in a similar way as Theorem 3.7 was proved, we can show the following
corollary.

Corollary 5.9. Suppose that Assumption 5.1 holds and 113, L9 € Pp with b > r. Then the solution
xk(t) of the truncated SFDE (4.10) approximates the solution x(t) of the given SFDE (4.7) in
the sense that

Elx(t) — x*1)|? < Ce=®=Pk v iel0, T]. (5.18)

Consequently, we obtain the following strong convergence result of the EM numerical solu-
tions to the true solution of the given SFDE (4.7).

Theorem 5.10. Suppose that Assumptions 5.1, 5.2, 5.3 hold and ug, (9 € Py with b > r. Then
forany A € (0, 1] and any integer k > T,

Elx(t) — XKk (0))? < C(e™?@=% L A), V1 €0, T]. (5.19)
5.2. Highly nonlinear case

In Section 4.3, we already showed that the solution x¥(1) of the truncated SFDE (4.10) ap-
proximates the solution of the given SFDE (4.7) under Assumptions 4.3 and 4.4. To obtain the
numerical solution of the truncated SFDE (4.10) under these assumptions, we can apply the trun-
cated EM method (see, e.g., [7,35]). Due to the page limit, we leave the details to the reader but
discuss a couple of examples and carry out some simulations using MATLAB to illustrate the
idea.

Example 5.11. In 1973, the well-known Black-Scholes model with constant volatility was pre-
sented. But tests of this model on real market data have questioned the assumption of constant
volatility in the stock dynamics. For this reason, several variants of the Black-Scholes model with
non-constant volatility such as stochastic functional volatility equations have been proposed [24].
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In this example, we consider a scalar stochastic functional volatility equation with infinite delay
of the form

dx(t) = f(x:,0(), )dt + g(x:,60(t),1)dB(t), t=0, (5.20)

where the coefficients are defined by

0.1 | 14O =420, i=1,
TOED=1 24 300) - 5030, i=2,
. I Papu(du), i=1,

g(@,l,t): 1 0 ) .
T PP, i=2,

for ¢ € Cy/s, the probability measure () has its probability density function ¢ on (—o0, 0]
(i.e., u(du) = e*du), B(t) is a scalar Brownian motion and 6 (¢) is a Markov chains on the state
space S = {1, 2} with its generator
-1 1
r-(3 ).

Let the initial data & (1) = " € Cy/5 and 6(0) = 1. Recalling the definition of truncation mapping
m, we get the corresponding approximation SFDEs

dxk (1) = fr(xK, 0(0), 0)dt + g (xX, (1), 1)dB(7). (5.21)

Here f; and g; are defined by

.50 = 1 4+4¢9(0) —4¢3(0), i=1,
e = 2+43p(0) — 5¢3(0), i=2,

and

e (=) + [° PP (du), i=1,

L1 =
(0 { Ye k(=) + 3 [O P wnidu), =2,

for ¢ € Cy/5. One observes that f and g satisfy Assumption 2.1 owing to u € P, for any y €
[0, 1) and Assumption 2.2 with Wy (x, ) = V(x,i,t) = x* and Wa(x, t) = x6. Thus, (5.20) has a
unique global solution. Furthermore, Assumption 3.5 holds with g = 2, \_/(x, 1) = x2, U4 =200 €
P, forany y >0, us =p and U(x,y) = |x — y|?|x + y|> € Up 4. By virtue of Theorem 3.7,
x*(T) converges to x(T') exponentially for any T > 0.

In order to test the efficiency of the result in Theorem 3.7 we carry out some numerical ex-
periments by MATLAB. We use the truncated EM numerical solution of (5.21) with k = 200
and A =270 as the exact solution of (5.20) and plot the mean square error E|x(10) — x*(10)2
for 1000 sample points between the solution of (5.20) and that of (5.21) as function of k when
k € {10, 11, 12, 13, 14}. Furthermore, in order to characterize the error between the exact solu-
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Fig. 1. (a) The mean square error for 1000 sample points between x(10) and xk(10) as the function of k €
{10, 11, 12, 13, 14}. (b) The root mean square errors for 1000 sample points between x(10) and XSAO(IO) as the function

of A e {276,278 2=10 =12 >—14y

tion and numerical solution with respect to A, we take the truncated EM numerical solution of
(5.21) with k =200 and A =278 as the exact solution of (5.20). Fig. | depicts the root mean
square error (E|x(10) — X 2(10) |2)1/ 2 between the exact solution and the numerical solution of

(5.20) with k = 50, as a function of A € {276,278, 2710 2=12 2=14} for 1000 sample points.

Example 5.12. The delay Lotka-Volterra systems have received great attention owing to their
extensive applications. The author of [14] analyzed the global asymptotic stability of the generic
stochastic Lokta-Volterra systems with infinite delay. Let us consider such a system with special
coefficients described by

dx1(t) =x1()[(0.5 4 0.1sint) — 0.8x1(t) — 0.2x2(¢)]dt + 0.5x1(#)dB1 (¢),

dxa (1) =x2(1)[ (0.3 + 0.2sin21) — 0.6x2(2)
0
—0.12 / x1(t + w)pu(du))]dr + 0.5x2(1)dBa (1),

—00

(5.22)

and the initial data are given by & (1) = 0.8¢" for u < 0 and x,(0) = 0.6. Here (B (¢), B2(t)) is a
2-dimensional Brownian motion and y is the same probability measure as in Example 5.11. Ac-
cording to [14], (5.22) has a unique global positive solution x(¢) = (x1(¢), x2(¢)) for ¢t > 0. One
observes that Assumption 3.2 holds with S(x) = W(x,t) = V(x,i,t) = |x|4, Wh(x,t) =0 and
©1 = 8o. Assumption 3.3 holds with u3(-) =0.5(80(-) + (-)). For any k > 0, the corresponding
approximation equation is
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Fig. 2. (a) The mean square error for 1000 sample points between x(10) and xk(10) as the function of k €
{10, 12, 14, 16, 18}. (b) The root mean square error for 1000 sample points between x(10) and X3AO(10) as the func-

tion of A € {276,278 2=10 5—12 >—14y
Aok (1) =xK()[(0.5 4+ 0.1sint) — 0.8x% (1) — 0.2x% (1)1dr + 0.5x%(1)d By (1),
dxs (1) =x4 (1)[(0.3 4+ 0.25in27) — 0.6x5 (1) — 0.12¢ *x (r — k)
0
—0.12 / X (t 4+ u)p(du))]dr + 0.5x5 (1)dBa (1),
—k

(5.23)

which has a unique global solution x*(t) = (x¥(r), x4(¢)) for t > 0. Thus, by virtue of The-
orem 3.4, xX(¢) converges to the solution x(r) in L2. For illustration, we carry out some
numerical experiments using MATLAB. Due to the unsolvability of (5.23) we regard the nu-
merical solution of the truncated EM scheme with A =27% and k& = 200 as the exact x(¢)
of (5.22), while for k € {10, 12, 14, 16, 18}, we regard the numerical solution of the truncated
EM scheme with A = 27° as the exact xk(t) of (5.23). Furthermore, we view the truncated
EM numerical solution of (5.23) with k =200 and A = 2~!8 as the exact solution of (5.22).
Let k =30 and A € {2_6,2_8,2_10, 2_12,2_14}. Fig. 2 depicts the root mean square error
(E|x(10) — X Z(IO)|2)1/ 2 between the exact solution and the numerical solution of (5.22) for
1000 sample points, as functions of A for 1000 sample points.
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