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Abstract

The entropy production rate is a central quantity in non-equilibrium, statistical physics, scoring how
far a stochastic process is from being time-reversible. In thispaper, we compute the entropy production
of diffusion processes at non-equilibrium steady-state under the condition that the time-reversal of the
diffusion remains a diffusion. We start by characterising the entropy production of both discrete and
continuous-time Markov processes. We investigate thé time-reversal of time-homogeneous stationary
diffusions and recall the most general conditions for/the véversibility of the diffusion property, which
includes hypoelliptic and degenerate diffusions, and locally Lipschitz vector fields. We decompose the
drift into its time-reversible and irreversible/parts, or equivalently, the generator into symmetric and
antisymmetric operators. We show the equivalencerwith a decomposition of the backward Kolmogorov
equation considered in hypocoercivity theory, and a decomposition of the Fokker-Planck equation in
GENERIC form. The main result shows that when\the time-irreversible part of the drift is in the range
of the volatility matrix (almost everywhere)rthe forward and time-reversed path space measures of the
process are mutually equivalent, and evaluates the entropy production. When this does not hold, the
measures are mutually singular and the entropysproduction is infinite. We verify these results using exact
numerical simulations of lineardiffusions. We illustrate the discrepancy between the entropy production
of non-linear diffusions and their numerical simulations in several examples and illustrate how the entropy
production can be used for accurate numerical simulation. Finally, we discuss the relationship between
time-irreversibility and sampling efficiency, and how we can modify the definition of entropy production
to score how far a process is froereing generalised reversible.

Keywords: measuring irreversibility; time-reversal; hypoelliptic; degenerate diffusion; Helmholtz de-
composition; numerical simulation; Langevin equation; stochastic differential equation; entropy production
rate.
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1 Introduction

The entropy production rate e, is a central concept in statistical physics. In a nutshell, it is a measure of
the time-irreversibility of a stochastic process, that is how much random motion differs statistically speaking
as one plays it forward, or backward, in time.

At non-equilibriumysteady-state, the e, is quantified by the relative entropy H (a.k.a Kullback-Leibler
divergence)

1 _
€p = TH[P[O,T] | P[O,T]]

between 'the path-wise distributions of the forward and time-reversed processes in some time interval [0, T,
denoted by Pqg, 75 P[O’T], respectively.

Physically, the e, measures the minimal amount of energy needed, per unit of time, to maintain a system
at non-equilibrium steady-state. Equivalently, it quantifies the heat dissipated by a physical system at non-
equilibriumdsteady-state per unit of time |1, p. 86]. The second law of thermodynamics for open systems is
the non-negativity of the entropy production.

There, plays a crucial role in stochastic thermodynamics. It is the central quantity in the so-called
Gallavotti-Cohen fluctuation theorem, which quantifies the probability of entropy decrease along stochastic
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trajectories |2H4]. More recently, entropy production is at the heart of the so-called thermodynamic un-
certainty relations, which provide estimates of e, from observations of the system [5]. Thee, is, alsoran
important tool in biophysics, as a measure of the metabolic cost of molecular processes, su¢h as molecular
motors [2|, and it was shown empirically that brain states associated with effortful activity cerrelated with
a higher entropy production from neural activity [6].

In this paper, we will be primarily concerned with the entropy production of diffusion processes, that is,
solutions of stochastic differential equations. Consider an It6 stochastic differential equation (SDE)

dxt =b (.’Et) dt + o (Z't) dwt

with drift b : R — R? and volatility o : R* — R¥™_ and w, a standard Brownian motion on R™,
whose solution is stationary at a probability measure p with density p. Asresultyknown as the Helmholtz
decomposition, which is central in non-equilibrium statistical physics [7H10] butalSe in statistical sampling
[11H14], tells us that we can decompose the drift into time-reversible and time-ifreversible parts: b = byoy+bipy.
In particular, by,p is the stationary probability current, as considered byNelson |15]. Jiang and colleagues
derived the entropy production rate for such systems under the constraint that the coefficients of the SDE
b, o are globally Lipschitz, and the solution uniformly elliptic (i.ef, the diffusion matrix field D = %O’O’T is

uniformly positive definite). This takes the form of |1, Chapter 4]

ep:/ bl D7 by pla)d.
Rd

In this paper, we extend their work by computing the/entropy pro@uction for a greater range of diffusion
processes, which includes non-elliptic, hypoelliptic and degenerate diffusions, and SDEs driven by locally
Lipschitz coefficients. Non-elliptic diffusions are solutions to SDEs whose diffusion matrix field D = %O’O’T is
not positive definite everywhere; this means that thereare regions of space in which the random fluctuations
cannot drive the process in every possible direction. Depending on how the volatility interacts with the drift
(i.e., Hormander’s theorem |16, Theoremsls3}), solutions initialised at a point may still have a density—the
hypoelliptic case—or not—the degenerate ¢ase; prominent examples are underdamped Langevin dynamics
and deterministic dynamics, respectively. In our treatment, we only assume that the time-reversal of a
diffusion is a diffusion (the necessary and sufficient,conditions for which were first established by Millet,
Nualart and Sanz [17]) and sufficient regularity to apply Girsanov’s theorem or the Stroock-Varadhan support
theorem.

This extension has become important since many processes that are commonplace in non-equilibrium
statistical physics or statistical.machine learning are hypoelliptic. For instance, the underdamped and
generalised Langevin equatiou$ in phase space [10]|, which model the motion of a particle interacting with
a heat bath, and which form theé basis of efficient sampling schemes such as Hamiltonian Monte-Carlo
[13], or, stochastic gradient descent in{deep neural networks [14], or, the linear diffusion process with the
fastest convergence to stationary state 18], which informs us of the properties of efficient samplers. Much
research in statistical sampling has/drawn the connection between time-irreversibility and sampling efficiency
[13L/19H21], so it is informative to understand the amount of time-irreversibility associated with the most
efficient samplers. &lastly, it is known that numerically integrating a diffusion processes can modify the
amount of irreversibility. present in the original dynamic |22]|. The entropy production rate is thus an
important indi¢ator of the fidelity of a numerical simulation, and can serve as a guide to developing sampling
schemes that presetve the statistical properties of efficient (hypoelliptic) samplers.

The outline of the paper and our contribution are detailed below.

1.1 Paper outline and contribution

Section We give various characterisations and formulas for the e, of stationary Markov processes in
diserete and continuous-time, and recall a crude but general recipe for numerical estimation.

Section We investigate the time-reversal of time-homogeneous diffusions. We give the general condi-
tionsiunder which the time-reversal of a time-homogeneous diffusion remains a diffusion, based on the results
of Millet, Nualart and Sanz [17]. We then recall how the drift vector field of an SDE can be decomposed into
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time-reversible and irreversible parts. We show that this decomposition is equivalent to a decompaosition of
the generator of the process into symmetric and antisymmetric operators on a suitable function'space. Then
we show that this decomposition is equivalent to two other fundamental decompositions in the study of far
from equilibrium systems: the decomposition of the backward Kolmogorov equation considered in hypoco-
ercivity theory [23]/24] and the decomposition of the Fokker-Planck equation considered in the xGENERIC
formalism [23,25].

Section We compute the e, of stationary diffusion processes under the condition that the time-reversal
of the diffusion remains a diffusion. We show that:

e Section If by (x) € Rangeo(z), for u-almost every z € R (in particular for elliptic or time-
reversible diffusions). Then the forward and backward path-space méasuresiare mutually equivalent,
in other words, the sets of possible trajectories by forward and backward processes are equal—and the

T

entropy production equals e, = [ b;,, D~ by,dp, where -~ denotes thesMoore-Penrose matrix pseudo-

inverse. See Theorems for details.

e Section When the above does not hold, the forward'and backward path-space measures are
mutually singular, in other words, there are trajectories that are,takem by the forward process that
cannot be taken by the backward process—and vice—versaﬂ In particular, the entropy production rate
is infinite e, = +o00. See Theorem [4.4]for details.

Section We compute the e, of various models such as_ the multivariate Ornstein-Uhlenbeck and the
underdamped Langevin process. We numerically simulate and verify the value of e, when the coefficients are
linear. We then discuss how numerical discretisation can influence the value of e,. As examples, we compute
and compare the e, of Euler-Maruyama and BBK»[26,[27] discretisations of the underdamped Langevin
process. We summarise the usefulness of e, as a measuréof the accuracy of numerical schemes in preserving
the time-irreversibility properties of the underlying process, and give guidelines, in terms of e, for developing
accurate simulations of underdamped Langevinndynamics.

Section [6f We give a geometric interpretation of our main results and discuss future perspectives: what
this suggests about the relationship between time-irreversibility and mixing in the context of sampling and
optimisation, and how we could modify the definition—and computation—of e, to quantify how a process
is far from being time-reversible up to a one-te-one transformation of its phase-space.

N
2 The ¢, of stationary Markov processes

In this section, (7¢)cidipydT >0 is atime-homogeneous Markov process on a Polish space X with almost
surely (a.s.) continuous4rajectories.

Definition 2.1 (Time reversed process). The time reversed process (7;):cjo,7] is defined as 7; = xp_;.

Note that since the final state of the forward process is the initial state of the backward process this
definition makes sense only=on finite time intervals.

We define [(C([0,T],&),ds) as the space of X-valued continuous paths endowed with the supremum
distance doo, defined as doo (f, g) = supye(o,r) d(f(t), 9(t)), where d is a choice of distance on the Polish space
X. Naturally, when'sve later specialise to X = R?, the supremum distance will be given by the L>-norm

Definition 2:2<(Path space measure). Each Markov process (z:)o<¢<r with a.s. continuous trajectories
defines probability measure Py 1) on the canonical path space (C([0,T7],X), %), where % is the Borel
sigma-algebra associated with the supremum distance. This probability measure determines the probability
of the process to take any (Borel set of) paths.

Lu-almost everywhere: This means that the statement holds with probability 1 when z is distributed according to the
probability measure p.
2Precisely, two measures are mutual singular if and only if they are not mutually equivalent.

Page 4 of 45



Page 5 of 45

oNOYTULT D WN =

AUTHOR SUBMITTED MANUSCRIPT - JPhysA-118732.R1

Remark 2.3 (Cadlag Markov processes). All definitions and results in this section hold more generally for
Markov processes with cadlag paths (i.e., right continuous with left limits), simply replacingthércanonical
path-space (C([0,T], X),dw) with the Skorokhod space. We restrict ourselves to processes with continuous
paths for simplicity.

Definition 2.4 (Restriction to a sub-interval of time). Given a path space measure Pfp,7) and times a <

b € [0,T], we define P45 to be the path space measure describing (mt)te[a,b]‘ This is the restriction of Py 7

to the sub sigma-algebra %, ;) := {A € #: A,y € Borel sigma-algebra on (C([aj8],&), doo)}.

Let P be the path space measure of the Markov process z; and P be fghat of its titne-reversal Z;,
respectively. We can measure the statistical difference between the forward and time-reversed processes at
time 7 € [0,T] with the entropy production rate o

1 =
15118 g H [P[T,T+E]7 P[T,T+5]] ) (1)
where H is the relative entropy (a.k.a. Kullback-Leibler divergenge). This measures the rate at which the
forward and backward path space measures differ in the relative entropy sense at time 7.
The following result |1, Theorem 2.2.4] (see also |28, Theorem 10:4]) shows that the limit exists in
stationary and time-homogeneous Markov processes. Obviously, the limit, is independent of 7 in this case.

Theorem 2.5. Suppose that (xt)te[O,T] s a stationary time-homogeneous Markov process on a Polish space
X with continuous sample paths. Stationarity implies that we can,.seb the time-horizon T > 0 of the process
to arbitrarily large values. Then the quantity

1 _
. H [P riq | Pprrpy ] foriall 7 €10, +00),t € (0, +00)

is a constant € [0, +00].
This yields the following general definitiomof entropy production rate for stationary Markov processes:

Definition 2.6 (Entropy production rate of a stationary Markov process). Let (xt)te[o 7] be a stationary
time-homogeneous Markov process. ‘Stationarity implies that we can set the time-horizon T" > 0 to be
arbitrarily large. For such processes] the entropy production rate is a constant e, € [0, +o00] defined as

1 _
Nt 7 H [Py | Py @

for any ¢ € (0,400). e, scores the amount to which the forward and time-reversed processes differ per unit
of time. In particular, Tes is the total’entropy production in a time interval of length T'. Note that, in the
literature, the e, is often defined as e, = limy_, 4o + H [Pjg 4 | Pjo.g], €.g, |1, Definition 4.1.1]; this is just
(2) in the limit of large'tsHowever, Theorem showed us that is constant w.r.t. ¢ € (0,+00) so we do
not need to restrict ourselves to defining the e, as in the limit of large ¢. This added generality will be
very helpful to compute e, later, by exploiting the fact that is often more easily analysed in the regime
of finite or smalldt.

Remark 2.7 (Physical relevance,of Definition [2.6). In some stationary processes (e.g., Hamiltonian systems),
physicists define éntropy production as Definition [2.6] with an additional operator applied to the path space
measure Of the time-reversed process; that is,

1 _
en,0 .__ 1z
ep = lim—H [Po.e): 04Ppo,q] - ¥

where 6 is the pushforward operator associated to an involution of phase-space 6 (e.g., the momentum
flip |29=31]) that leaves the stationary distribution invariantﬂ In this article, we will refer to as entropy

3This generalised definition of entropy production is taken as a limit of € | 0 analogously to to capture the fact that we
are modelling a rate. We cannot, a priori state that the expression is constant for any € € (0,400), as in Definition since
we do not know whether a result analogous to Theorem @ holds in this case.
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production and to as generalised entropy production, and proceed to derive general results for . The
results we derive are informative of the process and applicable independently of whether is the physically
meaningful definition of entropy production; yet, physicists looking to interpret these results should bear in
mind that they are physically informative about entropy production insofar as Definition[2:6] is physically
meaningful for the system at hand. We will briefly revisit generalised entropy production in thesdisc¢ussion

(Section [6.2)).

Proposition 2.8. Let (xt)te[O,T] be a time-homogeneous Markov process on a Polish space X, stationary at
the probability measure . Then the entropy production rate equals

1 x DT
ep = 7 Bonp [H [P[O,t] | P[O,t]H
for any t € (0, +00).
A proof is provided in Appendix [A1.1]

Notation 2.9. By P? we mean the path space measure of the process initialisedy(possibly out of stationarity)
at a deterministic initial condition g =z € X.

Proposition 2.10 (e, in terms of transition kernels). Let (mt)te[O,T] be a time-homogeneous Markov process
on a Polish space X, stationary at the probability measure iz Denote by'p;(dy,x) the transition kernels of
the Markov semigroup, and by p:(dy, x) those of the time-reversedwprocess. Then the entropy production rate
equals e

1 _
ep = lslﬁ)l EEINM [H [pe(-, &) | pa(-, 2)]] -

The fact that the time-reversed process possesses transition kernels holds as it is also a stationary Markov
process |1, p. 113]. A proof of Proposition is provided,in Appendix
2.1 The ¢, of numerical simulations

Proposition @ entails a formula for the e, of Markov processes in discrete time:

Definition 2.11. The entropy produgtion rate of a discrete-time Markov process with time-step € equals

NS _1 / pe(y, )
Ep &) = “Einp pe(y, x) log pa(x,y)d% (4)

where [i is the invariant measure of the process.

This definition is useful, for example, to quantify the entropy production of numerical simulations of a
stochastic process [|22]|. _In particular, it suggests a simple numerical estimator of the entropy production
rate for numerical simulations (at stationarity). Consider a small § (e.g., d is the time-step of the numerical
discretisation). Given samples\from the process at ¢ time intervals, discretise the state-space into a finite
partition Uy, .. ., Uy, and approximate Py 5) and 13[0)5] by the empirical transition probabilities p;_,; between
U;,U; from time 0 to 4.

1 — 1 = 1 p .
NS _ q; ~ ~ E : -
ep =lim -H [P[O,e] | P[O,e]] ~ gH [P[th] | P[O,é]] ~ g Di—j log pz ].

e—=0 ¢ . j—1
2,9

Note that this method measures the entropy production rate of the numerical discretisation as opposed to
that of the continuous process. This typically produces results close to e,, but does not necessarily converge
to ephin the/continuum limit 6 — 0 of the numerical discretisation. Indeed [22| showed that numerical
discretisations can break detailed balance, so that the continuum limit of the numerical discretisation can
differ from the initial process. Thus one should choose numerical schemes carefully when preserving the
entropy production rate of a process is important. We will return to this in Section
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3 Time reversal of stationary diffusions

We now specialise to diffusion processes in R?. These are Markov processes with an infinitessimal generator
that is a second order linear operator without a constant part [32, Definition 1.11.1], whi¢h entails almost
surely (a.s.) continuous sample paths. Conveniently, diffusion processes are usuallylexpressible as solutions
to stochastic differential equations. From now on, we consider an It6 stochastic differential equation

dzy = b (z) dt + o () dws (5)

with drift b : R — R? and volatility o : R — R4*™_ and w; a standard Brownian motionten R™.
Notation 3.1. Let D = o0 /2 € R%*? be the diffusion tensor. Denote by || - || the Euclidean distance, and,

for matrices
d n
2
ol == lows I

i=1 j=1

~

Throughout, V and V- are the gradient and the divergence in the distributional sense. We operationally
define the divergence of a matrix field Q : RY — R4 by (V- Q)= Z‘jzl 0;Q;; for 0 < i < d. We will
denote by p the stationary probability measure of the processazgand by, pdts density with respect to the
Lebesgue measure, i.e., u(dz) = p(x)dz (assuming they exist);

3.1 On the time-reversibility of the diffusion property

There is a substantial literature studying the time-reversal of diffzsion processes. In general, the time-
reversal of a diffusion need not be a diffusion [17], but Haussman and Pardoux showed that the diffusion
property is preserved under some mild regularity conditions on the diffusion process [33]. A few years later
Millet, Nualart, Sanz derived necessary and sufficient eonditions for the time-reversal of a diffusion to be a
diffusion |17, Theorem 2.2 & p. 220]. We provide these conditions here, with a proof of a different nature
that exploits the existence of a stationary distribution.

Lemma 3.2 (Conditions for the reversibility of,the diffusion property). Let an [t6 SDE with locally
bounded, Lebesque measurable coéfficients b : R4 = R o : R? — R¥™™.  Consider a strong solution
(xt)te[O,T]; i.€., a process satisfying

4 t
:Ut::co—l—/ b(:cs)ds+/ o (zs) dws,
N 0 0

and assume that it is stationary with réespect to a probability measure p with density p. Consider the time-
reversed stationary proeessy(ZTi)gefo,r1- Ahen, the following are equivalent:

® (Zt)iepo,) is a Markou diffusion process.
o The distributional derivative V - (Dp) is a function, which is then necessarily in Li _(R? R%).

loc
A proof is provided in Appendix

3.2 Setup for the time-reversal of diffusions

From now on, we will'work under the assumption that the time-reversal of the diffusion is a diffusion. We
assume that:

Assumption. 3:3. 1. The coefficients of the SDE b, o are locally Lipschitz continuous. In other words,
Ve e REIr >0,k >0s.t. VyeRE:

[z =yl <r=[b(x) = bl + llo(z) — o) < klz -yl

2. The solution x; to is defined globally up to time 7" > 0. Sufficient conditions in terms of the drift
and volatility for Ito6 SDEs are given in Theorem [34, Theorem 3.1.1].
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Assumption ensures the existence and uniqueness of strong solutions locally in time¢|355 Chap-
ter IV Theorem 3.1], while Assumption Z] ensures that this solution exists globally in time (i.e., non-
explosiveness). Altogether, Assumption @ ensures that the SDE unambiguously defines a diffusion
process.

Furthermore, we assume some regularity on the stationary distribution of the process.

Assumption 3.4. 1. (#¢)¢ejo,r) is stationary at a probability distribution p, with density p with respect
to the Lebesgue measure, i.e., p(dz) = p(x)da.
Then, p € L'(R?%) and, under local boundedness of the diffusion tensor (e.g., Assumption , Dp €
Li (R4 R¥*4) Thus, we can define the distributional derivative V - (Dp). We assume that:

2. V- (Dp) € L (R4 R?), i.e., the distributional derivative V - (Dp) is a function.

loc

Assumption ensures that the time-reversal of the diffusion process remains a diffusion process, as
demonstrated in Lemma [3.2]

3.3 The time reversed diffusion

Now that we know sufficient and necessary conditions for the time-reversibility of the diffusion property,
we proceed to identify the drift and volatility of the time-réversed diffusion. This was originally done
by Hausmann and Pardoux [33, Theorem 2.1], and then by Millet, Nualart, Sanz under slightly different
conditions [17, Theorems 2.3 or 3.3]. Inspired by these, we provide a different proof, which applies to
stationary diffusions with locally Lipschitz coefficients.

Theorem 3.5 (Characterisation of time-reversal of diffusion). Let ar? Ito SDE with coefficients satisfying
Assumption . Assume that the solution (z@yejo,r) 15 Statiopary with respect to a density p satisfying
Assumption . Then, the time-reversed process (jt)te[O,T] 18.a Markov diffusion process, stationary at the
density p, with drift

—b(x) “when p(r)=0. (6)

b {b(w) 22p:LV - (Dp) (z)  when p(x) > 0,
and diffusion D = D. Furthermore,jany such statiomary diffusion process induces the path space measure of
the time-reversed process Pg 7.

A proof is provided in Appendix Similar time-reversal theorems exist in various settings: for
more singular coefficients on the torus,|36|, under (entropic) regularity conditions on the forward path space
measure |37,38], for infinite-dimensional diffusions [39}41], for diffusions on open time-intervals [42], or with
boundary conditions [43]. Furthermore{ we did not specify the Brownian motion driving the time-reversed
diffusion but this one was identified in J44, Remark 2.5].

We illustrate the time-reversal of diffusions with a well-known example:

Example 3.6 (Timedeversal of.underdamped Langevin dynamics). Underdamped Langevin dynamics is
an important model in statistical physics and sampling [10127,45]. Consider a Hamiltonian H (g, p) function
of positions ¢ € R™ and momenta p € R™. We assume that the Hamiltonian has the form

1 _
H(q,p) =V (q) + §pTM 'p,

for some smo6th potenfial function V : R? — R and diagonal mass matrix M € R?*?, The underdamped
Langevin process i8 given by the solution to the SDE [27] eq 2.41]

dqt = M_lptdt
dpy = =VV (q) dt — yM~'pdt + /2y8~ dw,

for some.friction, and inverse temperature coefficients v, 5 > 0. The stationary density, assuming it exists,
is the canonical density [27], Section 2.2.3.1]

(7)

—BH(q,p)

— ¢ BV()-5pTM p. (8)

p(q,p) xe

Page 8 of 45
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Thus, the time-reversal of the stationary process (Theorem [3.5)) is a weak solution to the SDE

dg = —M~'p,dt
dp; = VV (q) dt — yM~pdt + /2y~ Ldwy.

Letting p; = —p¢, the tuple (G, p¢) solves the same SDE as (g, p;) but with a different Brownian metion w;

dg = M~ 1pdt
dps = —VV (q;) dt — yM~1p,dt + /2y~ Ldw;.

Since path space measures are agnostic to changes in the Brownian motion, this leads to the statement that
time-reversal equals momentum reversal in underdamped Langevin dynamics (with equality in law, i.e., in
the sense of path space measures)

_ _ R 1
(tht)te[o,T] = (&, —pt)te[o,T} = (Qt, _pt)te[O,T]-

In other words, we have Py 1) = G#P[O,T] where 0(q,p) = (¢, —p) is the momentum flip transformation in
phase space.

3.4 The Helmholtz decomposition

Armed with the time-reversal of diffusions we proceed/to decompese the SDE into its time-reversible and
time-irreversible components. This decomposition is called the Helmholtz decomposition because it can
be obtained geometrically by decomposing thé drift vector,field b into horizontal b;, (time-irreversible,
conservative) and vertical by, (time-reversible, non-conservative) components with respect to the stationary
density [11]. These vector fields are called horizontal and wvertical, respectively, because the first flows along
the contours of the stationary density, while the second ascends the landscape of the stationary density
(see the schematic in the upper-left panelof Figure [l)). For our purposes, we provide a self-contained,
non-geometric proof of the Helmholtz decompesition in Appendix

Proposition 3.7 (Helmholtz decomposition). Consider the solution (x()cjo,) of the Ité SDE with
coefficients satisfying Assumption . Lét.a probability density p satisfying V - (Dp) € L _(R? R?). Then,
the following are equivalent:

1. The density p is stationary fors@e)icio,r) -

2. We can write the drift as

b:brev+birr
b DVlogp+V-D ifp(x) >0 )
0 e =0

V-(birrp):().

Furthermore, byey 48 time-reversible, while by, is time-irreversible, i.e.,
b= brev + birn b= brev - birr-

The fundamental importance of the Helmholtz decomposition was originally recognised in the context
of non-equilibrium thermodynamics by Graham in 1977 [7], but its inception in this field dates from much
earlier: for instance, the divergence free vector field b;.p is precisely the stationary probability current or
flux introduced by Nelson in 1967 [15]. More recently, the decomposition has recurrently been used in non-
equilibrium  statistical physics [8-10,46H49|, and in statistical machine learning as the basis of Monte-Carlo
sampling schemes [10-12,/50].
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Full dynamic
dry = byey (y)dt + by (2, )dE + o(2, )dwy

% ‘7‘;‘§t

0.0

—0.5

—1.0

—-2.0 —15 -1.0 —.3 0.0 D.E\I.D 1.5 2.0 2.5
Time-reversible part Time-irreversible part
dry = byey (20)dt + o(xy)duwy da; = byplaf)dt

1.0 1.0

0.0

0.0

—0.5 —0.5

—1.0 —1.40

—20 —1.5 -1.0 —0.5 0.0 0.5 10 1.5 2.0 25 —2.0 —15 —1.0 —0.5 0.0 0.5 1.0 1.5 2.0 2.5

Figure 1: Helmholtz decomposition. The upper left panelillustrates the Helmholtz decomposition of the drift into time-
reversible and time-irreversible parts: the time-reversible part of the drift flows towards the peak of the stationary density,
while the time-irreversible part flows along its contours. The upper right panel shows a sample trajectory of a two-dimensional
diffusion process stationary at a Gaussian distribution. The lower panels plot sample paths of the time-reversible (lower left)
and time-irreversible (lower right) parts of the,dynamic. Purely conservative dynamics (lower right) are reminiscent of the
trajectories of massive bodies (e.g., planet§) whoserandom fluctuations are negligible, as in Newtonian mechanics. Together,
the lower panels illustrate time-irreversibility: If we were to reverse time, the trajectories of the time-reversible process would
be statistically identical, while the trajectories of the time-irreversible process be distinguishable by flow, say, clockwise instead
of counterclockwise. The full process (uppq right)'is a combination of both time-reversible and time-irreversible dynamics.
The time-irreversible part defines a/non-equilibrium steady-state and induces its characteristic wandering, cyclic behaviour.

Remark 3.8 (Probabilistie reversibility). Here, time-reversible means reversibility in a probabilistic sense;
that is, invariance under timeireversal, also known as detailed balance Proposition 3.3.4]. Probabilistic
reversibility often leads to the non-conversation of quantities like the potential —log p(z)For example, the
identity V - (birrp) =0 implies that the time-irreversible drift b;,, flows along the contours of the probability
density; in other words, the probability density and the potential are conserved along the time-irreversible
vector field. Indeontrast, none of them are conserved when flowing along the time-reversible vector field byey .
See Figure [I] for anillustration.

Remark 3.9s(Stratonovich formulation of Helmholtz decomposition). There exists an equivalent decompo-
sition of/the drift.of Stratonovich SDEs into time-reversible and irreversible parts. Assuming that o is
differentiable, we can rewrite the It6 SDE into its equivalent Stratonovich SDE

dxy = b°(a)dt + o(xt) o dw.

wherew® =/ — ¢ and ¢ is the Itd to Stratonovich correction eq. 3.31]. Note that the correction is
time-reversible. It follows that

bs = b, (10)

10
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and for z s.t. p(x) > 0,
Bies (@) = (v — 1)) = DV log pla) + 50V - (1),
In particular, for z s.t. p(z) > 0,
b°(x) € Rangeo(z) < b;,(x) € Rangeo(z) (11)

5..(2) € Rangeo(x). For diffusions driven by additive noise, Itd6 and Stratonoevieh formulations coincide
b® = b. Thus, we conclude

as b?

DV log p(x) + by (x)  if p(@) > 0\
bir(z) if p(z) =0
= (b(z) € Rangeo(x) < b (x) &Rangeo(z)) (12)

o is constant = b(z) = {

These identities will be useful to compute the entropy production zate later on:
The time-irreversible part of the drift often takes a simple form:

Proposition 3.10 (Characterisation of time-irreversible drift). Consider a smooth, strictly positive proba-
bility density p and an arbitrary smooth vector field by,,. Then

V (binp) =0 <= binf= QV1ogp 4V -Q
where Q = —Q" is a smooth antisymmetric matria field.

A proof is provided in Appendix We coneludérthis section by unpacking the Helmholtz decompo-
sition of underdamped Langevin dynamics.

Example 3.11 (Helmholtz decomposition of.underdamped Langevin). Following Example it is straight-
forward to decompose underdamped Langevin dynamics into its time-irreversible and time-reversible parts.
Indeed we just need to identify the'parts of the driftywhose sign changes, and remains invariant, under time
reversal:

brcv(q,p)\: [_7 ]\04_1])] ; bin(g,p) = [_Aé;(z)} :

We can rewrite these in canonical form recalling the gradient of the stationary density
brev (0:2). =DV 1og p(¢,p),  birr(q,p) = @V 10g p(g,p)

Vlog p(gsp), =<6 {Lv_(fﬂ , D= {8 75—9 Idn] Q=57 {Ic(l)n _Bdn} '

Clearly, the time-irreversible part of the process d[g:,p:] = bire(qs, p¢)dt is a Hamiltonian dynamic that
preserves the energy (i.e.pthe'Hamiltonian), while the time-reversible part is a reversible Ornstein-Uhlenbeck
process. Exaniple trajectories, of the time-irreversible trajectory are exemplified in Figure [1| (bottom right).

3.5 Mualtiple perspectives on the Helmholtz decomposition

The Helmholtz decomposition is a cornerstone of the theory of diffusion processes. In addition to being a
geomeétric decomposition of the drift [11], it is, equivalently, a time-reversible and irreversible decomposition
of the SDE , of the generator and the (backward and forward) Kolmogorov PDEs describing the process.
Briefly, the Helmholtz decomposition is equivalent to a functional analytic decomposition of the generator into
symmetrie:and antisymmetric operators in a suitable function space. This corresponds to a decomposition of
the backward Kolmogorov equation—which determines the evolution of (macroscopic) observables under the
process=-into a conservative and a dissipative flow. This decomposition can be used as a starting point to
quantify the speed of convergence of the process to its stationary state from arbitrary initial conditions using

11
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hypocoercivity theory [24]. The same goes for the Fokker-Planck equation, which can be decomposed.into a
dissipative gradient flow, and a flow that is conservative in virtue of being orthogonal to thesgradient flow
in a suitable function space. This casts the Fokker-Planck equation in GENERIC form (General Equations
for Non-Equilibrium Reversible-Irreversible Coupling), a general framework for analysing dynamical systems
arising in non-equilibrium statistical physics |23}25].

Below we outline these different equivalent perspectives. This section is provided for independent, interest
but will not be used to derive our main results on entropy production; you may conveniently, skip it on a
first reading.

3.5.1 Helmholtz decomposition of the SDE

Proposition is equivalent to a Helmholtz decomposition of the SDE into its time-reversible and time-
irreversible parts, noting that the volatility is invariant under time-reversal (Theorem {3.5))

dIt = birr (If) dt + brev (If) dt + o (It) dwt . (13)
——
Time-irreversible Time-reversible

Figure (1] illustrates this decomposition with simulations.

3.5.2 Helmholtz decomposition of the infinitesimal/generator

Following the differential geometric viewpoint, a deterministié:flow—mnamely, a vector field b—is given by a
first order differential operator b- V. Similarly, a stochastic flow given by a diffusion—namely, a vector field
b and a diffusion tensor D—is characterised by a second order differential operator

L =5V DV -V, (14)

known as the generator. Note that the first order part is'the deterministic flow given by the drift while
the second order part is the stochastic flow determined by the diffusion. More precisely, the generator of a
diffusion process solving the SDE under Assurnptions and is a linear, unbounded operator defined
as

L: CZ(R?) € DomL C L5 (RY) 2Lf(R?), 1 <p< oo, Lf(y):= lim %E[f(xt) —f) [zo=yl, (15)

feDomL = {1 € A(RY | SRR JELF (@)~ 1(0) |20 =] “ gly) in LR}

Diffusions are among the simplest' and most canonical Markov processes because they are characterised by
generators that are second order differéntial operators (with no constant part). Indeed, starting from ,
a quick computation using Itd’s formula yields (14]).

Recall that we haverarduality,pairing (-, -),, : L}, (R%) ®Lﬁ(Rd) — R defined by (f,9), = [ga fgdp, where
St =1L

A well-known fact\is that the generator L of the time-reversed diffusion is the adjoint of the generator
under the above/duality pairing [51,[52], [1, Thm 4.3.2]. The adjoint L is implicitly defined by the relation

(FLg). = (Lf,9)u,Vf € DomL, g € DomL,
DomL = {f € L,(R?) | 3h € L,,(RY),Vg € DomL: (f,Lg), = (h,g)u}-

(The coneept of adjoint generalises the transpose of a matrix in linear algebra to operators on function
§paces). The proof of Lemma explicitly computes the adjoint and shows that it is a linear operator
L L} (R?) 4L} (R?) which equals

Lf=-b-Vf+2p'V-(Dp)-Vf+ DV Vf.

Notice how the first order part of the adjoint generator is the drift of the time-reversed diffusion, while the
second order part is its diffusion, as expected (cf. Theorem [3.5]).

12
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Much like we derived the Helmholtz decomposition of the drift by identifying the time-reversible and
irreversible parts (see the proof of Proposition , we proceed analogously at the level of the generator.
Indeed, just as any matrix can be decomposed into a sum of antisymmetric and symmetric matrices, we may
decompose the generator into a sum of antisymmetric and symmetric operators

L=A+S, A:=(L-L)/2, S:=(L+L)/2, DomA =DomS$ = Dom L/fiDom L. (16)

By its analogous construction, this decomposition coincides with the Helmholtzadecomposition; indeed,
the symmetric operator recovers the time-reversible part of the dynamic while the antisymmetric operator
recovers the time-irreversible part. In a nutshell, the Helmholtz decomposition ©of the generator is as follows

L=A+S, A=b,-V S=be V+DV.V,

Time-irreversible Time-reversible ~

where the summands are symmetric and antisymmetric operators begause they behave accordingly under
the duality pairing:

(Af,g)y=—(f,Ag)u VYf,geDomA, (Sf g),=fS9) | VfgecDomS.

Vv
Antisymmetric Symmetric

Noting that —S is a positive semi-definite operator, we cafirgo slightly further and decompose it into its
square roots. To summarise:

Proposition 3.12. We can rewrite the generator of the diffusiomprocess as L = A —X* Y where A is the
antisymmetric part of the generator, and — X" X is the symunetric part, as defined in . Here -* denotes
the adjoint with respect to the duality pairing(:,+),.. The operators have the following functional forms:
Af=by -V, V25 f=0"Vf, V2X g=-Viegp-ag—V - (0g).

A proof is provided in Appendix [A2.4]

3.5.3 Helmholtz decomposition of the backward Kolmogorov equation

We say that a real-valued function 6vex the state-space of the process f : R? — R is an observable. Intuitively,
this is a macroscopic quantity that_camybe measured or observed in a physical process (e.g., energy or
pressure) when the (microscopic) process is'mot easily accessible. The evolution of an observable f given
that the process is prepared at a deterministic initial condition is given by fi(x) = E[f(x¢)|xo = z].
The backward Kolmogorov equation is.a fundamental equation describing a Markov process, as it encodes
the motion of observables
Otft =L ft, fo=f€DomL.

In other words, f; = E[f(a;)|x0 ='&] solves the equation. This highlights the central importance of the
generator as providing a conecise summary of the process.
The Helmholtz déecompeosition entails a decomposition of the backward Kolmogorov equation

atut:Aft‘i’Sft:(A*E*E)ft, f():fGDOIIlL. (17)

This decomposition is appealing, as it allows us to further characterise the contributions of the time-reversible
and irreversible parts of the dynamic. Along the time-irreversible part of the backward Kolmogorov equation
O fe = A fgithe LE(RY-norm || - ||, is conserved. Indeed, since A is antisymmetric, (A f, f), = 0 for every
f € Dom(A, and hence

O fill2 = 2(A fi, 1), = 0.

On the other hand, along the time-reversible part of the backward Kolmogorov equation generated by — X* &,
the L2 (R4)-fiorm is dissipated:

O llfel’ = —2(S* S fi, fr), = —2|IS £l < 0.

This offers another perspective on the fact that the time-irreversible part of the dynamic is conservative,
while the time-reversible part is dissipative —of the L? (R?)-norm.

13
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Beyond this, hypocoercivity theory allows us to analyse the backward Kolmogorov equation, once oene has
written its Helmholtz decomposition. Hypocoercivity is a functional analytic theory developéed to,analyse
abstract evolution equations of the form , originally devised to systematically study the speed of. con-
vergence to stationary state of kinetic diffusion processes like the underdamped Langevin dynamics and the
Boltzmann equation. As an important result, the theory provides sufficient conditions on the operators A, X
to ensure an exponentially fast convergence of the backward Kolmogorov equation to a ‘fixed point |24, The-
orems 18 & 24|. Dually, these convergence rates quantify the speed of convergence of the process to its
stationary density from a given initial condition.

3.5.4 GENERIC decomposition of the Fokker-Planck equation

This perspective can also be examined directly from the Fokker-Planck equation. The Fokker-Planck equation
is another fundamental equation describing a diffusion process: it encodes thesevolution of the density of
the process over time (when it exists). The Fokker-Planck equation is the/L?(R%)-dual to the backward
Kolmogorov equation. It reads

Opr =L py =V - (=bp; + V- (Dpy)),

where L’ is the adjoint of the generator with respect to the standard duality pairing (-,-); in other words
<L/ fvg> = <f7Lg> where <fvg> = I]Rd fg(x) dx.

The Helmholtz decomposition implies a decomposition _of the Fokker-Planck equation into two terms:
assuming for now that ps, p > 0 (e.g., if the diffusion is elliptic)

Ope =V - (=birrpt) + V- (=brevpr + V2 (Dpy))
=V (=birepr) + ¥ A=pep” "V(Dp) + V - (Dpy))

(18)
=V (_birrpt) +V: (ptDv log ?) .
We will see that this decomposition casts the Fokker-Planck equation in pre-GENERIC form.

GENERIC (General Equations, for Non-Equilibrium Reversible-Irreversible Coupling) is an important
theory for analysing dynamical systems arising in nen-equilibrium statistical physics like the Fokker-Planck
equation. The framework rose to promimence through the seminal work of Ottinger [25] and was later
developed by the applied physics and engineering communities. Only recently, the framework developed into
a rigorous mathematical theory. We refer to |23] for mathematical details. The following Proposition shows
how we can rewrite the Fokker<Planck équation in pre-GENERIC form:

= W(p) —M,, (dHp | p]), (19)
—— —_——
time-irreversible time-reversible

Proposition 3.13 (GENERIC decomposition of the Fokker-Planck equation). The Fokker-Planck equation
is in pre-GENERIC form , with

W) ST (~bp), M (@) = (DT g ).
M,, (&) = X' (p2¢) = =V - (uDVE), dH[p; | p] = 1og% 41,

wheredH[- | :hnis_the relative entropy, - denotes the adjoint under the standard duality pairing (-,-), d is the
Fréchet derivative in L*(R?), and W, M, satisfy the following relations:
o _Orthogonality: (W(p.),dH[p: | p]) =0,

e Semi-positive definiteness: (M, (h),g) = (h,M,,(g9)), and (M,,(g),g) > 0.

14
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A proof is provided in Appendix

Writing the Fokker-Planck equation in pre-GENERIC form explicits the contributions ofithe time-
reversible and time-irreversible parts at the level of density dynamics. Indeed, the relative entropy functional
Hlp: | p] is conserved along the time-irreversible part of the Fokker-Planck equation 0:p; == W(p;)

dHl[py | p]

dt = (Ovpr, dHlpy | pl) = (W(ps),dH[p; | p]) = 0.

Contrariwise, the relative entropy is dissipated along the time-reversible part of the equation

dHlp: | p]

PP = (@upr, o | p]) = = (M, (AH[p: | ) dHlpd o) < 0

Aggregating these results, we obtain the well-known fact that the relative entrepy with respect to the
stationary density is a Lyapunov function of the Fokker-Planck equation;.aresult sometimes known as de
Bruijn’s identity or Boltzmann’s H-theorem [53, Proposition 1.1].

4 The ¢, of stationary diffusions

We are now ready to investigate the entropy production of stationary,diffusions. First, we give sufficient
conditions guaranteeing the mutual absolute continuity of the forward and time-reversed path space measures
and compute the entropy production rate. Second, wesdemonstrate that when these conditions fail the
entropy production is infinite. 4

4.1 Regular case

Theorem 4.1. Let an It6 SDE with coefficients satisfying Assumption 3.5 Assume that the solution
(w¢)eejo,r) s stationary with respect to a_density p satisfying Assumption (3.4 Denote by by, the time-
irreversible part of the drift (Proposition , andsby. - the Moore-Penrose matriz pseudo-inverse. Suppose
that:

1. For p-almost every x € RY, byp(a) € Range o(@), and
2. The product o~ by, : RY — R"4is Borel measurable (e.g., if 0 by, is continuous), and

3. fRd' bl D™ by p(z)dr < +oo0.

irr

Denote by P[O,T]aP[O,T] the path space measures of the forward and time-reversed diffusions, respectively, on
C([0,T),RY) (Deﬁnition. Then,

1. The path-space measures are equivalent Po 1) ~ f)[O,T]7 and

2. ep = Jpa b D i p(@)da

wrr

Under the assumptions of Theorem the e, is a quadratic form of the time-irreversible drift, see
Figure [2|

A proof of/Theorem [AT]is provided in Appendix [A:31] The idea of the proof is simple: in the elliptic
case, the approacli follows |1, Chapter 4] with some generalisations. In the non-elliptic case, the condition
birr () € Ramge o(). intuitively ensures that the solution to the SDE, when initialised at any point, evolves
on a sub‘manifold.of R? and is elliptic on this manifold (e.g., Figure . The pseudo-inverse of the diffusion
tensor is'essentially the inverse on this sub-manifold. Thus, a proof analogous to the elliptic case, but on the
sub-manifold (essentially replacing all matrix inverses by pseudo-inverses and making sure everything still
holds), showsithat the path space measures of the forward and backward processes initialised at a given point
are equivalent—and Girsanov’s theorem gives us their Radon-Nykodym derivative. Finally, Proposition [2.§]
gives usithe usual formula for the entropy production rate but with the matrix inverse replaced by the
pseudo-inverse. Please see Section for a geometric discussion of this proof.

Suppose either of assumptions 2] [3]of Theorem do not hold. Then we have the following more general
(and technical) result:

15
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Sample trajectory Sample trajectory
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Figure 2: Entropy production as a function of time-irreversible drift. This figure illustrates the behaviour of sample
paths and the entropy production rate as one scales the irreversible drift bi,; by a parameter §. The underlying process is a
two-dimensional Ornstein-Uhlenbeck process, for which exact sample paths and entropy production rate are available (Section
. The heat map represents the density of the associated Gaussian steady-state. One sees that a non-zero irreversible drift
induces circular, wandering behaviour around the contours of the steady-state, characteristic of a non-equilibrium steady-state
(top right and bottom left). This is accentuated by'increasing the strength of the irreversible drift. The entropy production rate
measures the amount of irreversibility of/the stationary, process. It grows quadratically as a function of the irreversible scaling
factor 6 (bottom right). When there is no irreversibility (top left), we witness an equilibrium steady-state. This is characterised
by a vanishing entropy production (bottomsright).

Theorem 4.2. Let (374 P) be a probability space and (wt),, a standard Wiener process on R™, with
respect to the filtration (Zy)e>0 Definition 2.1.12]. Consider the Ité SDE with coefficients satisfying
Assumption Consider _its unique strong solution (4)iec(o,r) with respect to the given Brownian motion
on the filtered probability space (2, F,(F)i>0, P). Assume that the solution is stationary with respect to a
density p satisfyingnAssumption . Denote by by, the time-irreversible part of the drift (Proposition ,
and by -~ the Moore-Penrose/matrix pseudo-inverse. Suppose that:

1. For p-almost gvery'w € RY, by, () € Rangeo(x), and
2. o~ bgg(@y) is anF; -adapted process (e.g., 0 by : RT — R™ is Borel measurable), and

3. The following holds

T
Ep[Z7] =1, Z7 = exp | —2 / (0 biue (), dwy) + |0 biee (a0 [2dt | - (20)
0

Denote by Py 1y, P[O,T] the path space measures on C([0,T],R?) of the forward and time-reversed diffusions,
respectively (Definition[2.9). Then,

16
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1. The path-space measures are equivalent P 1) ~ P[O’T], and

2. ep = Jpa by D birp(z)da.

rr

A proof is provided in Appendix The proof is similar to that of Theorem but much shorter,
since allows one to apply Girsanov’s theorem directly; in contrast, a large part of the proof of Theorem
[41]is dedicated to showing that indeed, a version of Girsanov’s theorem can be applied.

In relation to assumptionof Theorem note that if a matrix field o : R4 — R2X™ is Borelaeasurable,
then its pseudo-inverse o~ : R? — R™*? is also Borel measurable. We now give sufficient conditions for the
exponential condition .

Proposition 4.3. Consider a stochastic process (xt):cjo, 1) on the probability space (Q, F (Ft)i>0, P), which
is stationary at the density p. Assume that o~ by (1) is Fi-adapted. Thengeither %the following conditions

implies :

1. Z; = exp (—2f0t<a’birr(xs), dws) + |0*birr(xs)|2ds> ,t €[0,T] is amartingale on the probability space
(Qagz7 {’gzt}tZO;P)'

2. Ep (62 Js “’7birr(“)|2dt) < 400 (Novikov’s condition).
3. There exists 6 > 0 such that E, (e‘s|"7bi"(x)|2) < 400.

4. supyejo,r Ep [exp (— f(f(a_birr(xs),dws))} < 400 (Kazamakig criterion,).

5. There exists K <1 s.t. for allt € [0,T)

T 2
Ep [2/ ‘U_birr(xtﬂ ds
t

y] <K

6. The tail of |0~ bie(x)|?, 2 ~ p.decays exponentially fast, i.e., there exists positive constants c,C, R > 0
such that for allr > R

Pllo b ()2 > 1) < Ce™°. (21)

Furthermore, (3 or[4) = [1: [4 =% and|d= |3
A proof is provided in Appendix [A-3.1]

4.2 Singular case

When the time-irrevérsible part of the drift is not always in the range of the volatility matrix field, we have
a different result.

Theorem 4.4./ Suppose that the It6 SDE satisfies Assumption and that the volatility is twice con-
tinuously differentidble ¢ & G2 (R RX™).  Furthermore suppose that the solution (T¢)tejo,r) s stationary
with respect to adensity p satisfying Assumption . Denote by P[O,T]7P[0,T] the path space measures on
C([0,T), R*) of the forward and time-reversed processes, respectively (Deﬁm’tion. If by (z) € Rangeo(x)
does not hold for p=a.e. x € R?, then

P[O,T] 1 P[O,T] and e, = +00.

A proof is provided in Appendix [A:3:2] The proof uses a version of the Stroock-Varadhan support
theoremito’show that there are paths that can be taken by the forward diffusion process that cannot be
taken by the backward diffusion process—and vice-versa. Specifically, when considering the two processes
initialised at a point x € R? where b, (z) ¢ Range o (x), we can see that the derivatives of their respective
possible paths at time 0 span different tangent sub-spaces at x. Thus the path space measures Pf”()ﬂ, PC[DO,T]
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are mutually singular. Since such x occur with positive probability under the stationary density, it»follows
that the path space measures of the forward and time-reversed stationary processes P”[‘O’T],f’ﬁ)}T] are also
mutually singular. Finally, the relative entropy between two mutually singular measures is infinity, hence
the e, must be infinite.

By Theorem and we can readily see that the underdamped and generalised Langevin |10,
eq. 8.33| processes in phase-space have infinite entropy production. Expert statistical physicists will note
that this contrasts with previous results in the literature stating that these diffusions have finite entropy
production. There is no contradiction as physicists usually add an additional operator to the definition
of the entropy production in these systems (Remark . While obviously infermativerof the underlying
process, statistical physicists should take the results of Theorems and [I4] to be physically relevant to
entropy production insofar as the definition of entropy production we adopted (Definition is physically
meaningful for the system at hand. What if it is not? We will return to this in thexdisetission (Section .

In contrast to the underdamped and generalised Langevin equations, there exismypoelliptic7 non-elliptic
diffusions with finite entropy production. For example, consider the following volatility matrix field

o(x,y,z) =

o =8

1
1
1

By Hérmander’s theorem [16, Theorem 1.3], for any smooth, onfining (e.g); quadratic) potential V : R? — R,
the process solving the SDE

&4
Tt

dz, = —DVV (z;)dt + V- D()dt +0 (;)dw,

is hypoelliptic and non-elliptic. Furthermore; it is stationary and time-reversible at the Gibbs density
pl) ox exp(—V (z).

5 Examples and e, of numerieal,simulations

We illustrate these results for linear diffusion processes, underdamped Langevin dynamics and their numerical
simulations.

5.1 Linear diffusion processes

Given matrices B € R¥*? ¢ ¢ Rdxm,\nd asstandard Brownian motion (w¢)¢e(o,400) On R™, consider a linear
diffusion process (i.e., a multivariate Ornstein-Uhlenbeck process)

dxy =b(xg)dt + o(x)dw, blx) = —Bzx, ox)=o. (22)

This process arises, for example; in statistical physics as a model of the velocity of a massive Brownian
particle subject to friction |[54]; it covers the case of interacting particle systems when the interactions are
linear in the states (e.g., the one dimensional ferromagnetic Gaussian spin model [55]); or when one linearises
the equations of generic diffasion processes near the stationary density.

By solving/the lineardiffusion process (e.g., |55, Section 2.2]) one sees that the solution can be expressed
as a linear operation on/ Brownian motion—a Gaussian process—thus the process must itself be Gaussian,
and its stationary density as well (when it exists). Consider a Gaussian density p

1
p(x) = N(x;0,117Y), —logp(x) = ix—rﬂx,

where IT € R%¥? is the symmetric positive definite precision matrix. By the Helmholtz decomposition
(Propositions & 3.10), p is a stationary density if and only if we can decompose the drift as follows:

b= brev + birh brev(x) = 7DH$; birr(z) == 7QHI7

18
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where Q = —QT € R%*? is an arbitrary antisymmetric matrix, and, recall D = oo ' /2 € R is the
diffusion tensor. In particular, the drift of the forward and the time-reversed dynamic, are, respectively,

b(r)=—-Bz, B=(D+Q), bx)=-Czx, C:=(D-Q)IL

Suppose that by, (z) € Rangeo for any z € R%. By definiteness of II this is equivalent to Range Q C
Range 0. By Theorem [.1] and applying the trace trick to compute the Gaussian expectations of a bilinear
form, we obtailﬁ

ep = /Rd bl D bip(x)de = — /Rd z ' TIQ D~ QIlz p(x)de

=~ Ix(IIQD~QUII™!) = — Tx(D~QIQ) (25)
= —Ty(DBQ) + Te(D~DIQ) = - Tr(D”BQ). -~
=0

This expression for the entropy production is nice as it generalises the usualiformula to linear diffusion
processes to degenerate noise, simply by replacing inverses withspseudo-inverses, cf. |55, eqgs. 2.28-2.29]
and [56L[57].

Contrariwise, suppose that Range @ Z Rangeo. Then by Theorem 44}

ep = +00. (24)

5.1.1 Exact numerical simulation and entropy productionaate

Linear diffusion processes can be simulated exactly as their/transition kernels are known. Indeed, by solving
the process, one obtains the transition kernels of'the Markov semigroup as a function of the drift and
volatility [58, Theorem 9.1.1]. The forward and time-reserved transition kernels are the following:

pg(.’ (E) = N(e_anv SE)? Se = / e_tBUUTe_tBTdt,

- (25)

p=(2) = N(efecf, S's), S = / eftCUUTe*tCTdt.
0

Sampling from the transition kernelsrallows one to simulate the process exactly, and offers an alternative
way to express the entropy production rate, ‘Recall from Proposition [2.10] that the e, is the infinitesimal
limit of the entropy production rate of an exact numerical simulation e,(¢) with time-step ¢

1

ep = 1;?(’]1 ep(e’-:), ep(E) = EE:I:Np[H[ps('7x) |]55(,$)H

We can leverage the Gaussianity of the transition kernels to compute the relative entropy and obtain an
alternative formula for_the entropy,production rate:

Lemma 5.1. The entropy production rate of the stationary linear diffusion process can also be expressed as

ey = lim e, (<),
1 _ det*(S.)
ep(E) = ng TI'(Sa SE) — rankcr —+ log W(S’E) (26)

+Tr (H—l(e—sC _ e—sB)TSv—(e—sC _ e—sB))] ,

€

where_~ “isithe Moore-Penrose pseudo-inverse and det® is the pseudo-determinant.

A proof is provided in Appendix Computing the limit analytically, gives us back , ,
however, we will omit those details here. For our purposes, this gives us a way to numerically verify the
value of ezthat was obtained from theory. See Figures [3| and E| for illustrations.

4To obtain the last equality we used Tr(D~ DIIQ) = Tr(IIQ D~ D) = — Tr(DD~QII). By standard properties of the pseudo-
inverse DD~ is the orthogonal projector onto Range D = Rangeo. Thus, Range @ C Rangeo implies DD~ Q = Q. Finally,
the trace of a symmetric matrix IT times an antisymmetric matrix @ vanishes.
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Sample trajectory Transition kemels bj € Range o
by € Range o

Forward samples ~ pe(-, xo)

® Backward samples ~ pe(-, xg)
Principal components

Entropy production rate
bir ERangec

40

35

30

25

20

05| ==- epfromtheory

— eple) from exact simulation:
0.0

-2 -1 0

107 10 10 10
Time-step €

Figure 3: Exact simulation of linear diffusion process with by, (z) € Rangeo. This figure considers an OU process
in 3d space driven by degenerate noise,‘i.e:, rank o < 3. The coefficients are such that ¢ = @Q are of rank 2. In particular,
birr(z) € Range o holds for every . The process is not elliptic nor hypoelliptic, but it is elliptic over the subspace in which it
evolves. The upper-left panel shows a samplétrajéectory starting from zo = (1,1,1). The upper-right panel shows samples from
different trajectories after a time-step €. [There are only two principal components to this point cloud as the process evolves on
a two dimensional subspace. In the bottom panel, we verify the theoretically predicted value of e, by evaluating the entropy
production of an exact simulation e (€) wiQ time-step €. As predicted, we recover the true e, in the infinitesimal limit as the
time-step of the exact simulation ténds to zero & = 0. Furthermore, since the process is elliptic in its subspace, the entropy
production is finite.

5.2 Underdamped Langevin dynamics

In this sub-section, we consider the entropy production rate of underdamped Langevin dynamics and its
numerical simulations. Recall that the e, we compute here is defined without an additional momentum flip
operator on the path space measure of the time-reversed process (i.e., and not ), and may be a distinct
quantity from the entropy production that physicists usually consider in such systems (see the discussion in

Section .

Considersa, Hamiltonian H(q,p) function of positions ¢ € R™ and momenta p € R™ of the form

H(q,p) =V(q) + %pTM*lp (27)

for/some smgoth potential function V : R” — R and diagonal mass matrix M € R™*".
The underdamped Langevin process is the solution to the SDE [27) eq 2.41]

dq: = M_lptdt
dpy = =VV (q¢) dt — yM ' pedt 4+ /295~ dw,
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Sample trajectory Transition kemels b/ &Range o
by ¢Range o

Forward samples ~ pe(-, xo)

® Backward samples ~ pe(-, xg)
= Principal components

Entropy production rate
1e7 bi-€Range @

25
—— eple) from exact simulation

20

05

0.0

Time-step €

Figure 4: Exact simulation of linear diffusion process with b;;,(z) ¢ Rangeo. This figure considers an OU process in 3d
space driven by degenerate noise. The coefficients are such that Range b, is two-dimensional while Range o is one-dimensional,
and such that the process does not satisfy Hormander’s hypoellipticity condition. As such the process is hypoelliptic on a two-
dimensional subspace; see a sample trajectory in the upper-left panel. By hypoellipticity its transition kernels are equivalent
in the sense of measures, although far removed: On the upper right panel we show samples from different trajectories after a
time-step €. There are only two principal components to this data-cloud as the process evolves on a two dimensional subspace.
In the bottom panel, we verify the theoreti@ly predicted e, by evaluating the entropy production of an exact simulation ey (g)
with time-step €. As predicted, we/recover e, = 400 in the infinitessimal limit as the time-step of the exact simulation tends
to zero € | 0. This turns out to belas the transition kernels of the forward and time-reversed processes become more and more
mutually singular as the time-step ‘decreases.

for some friction coefficient,y >0.<This process arises in statistical physics, as a model of a particle coupled
to a heat bath [59], [10, Chapter 8]; in Markov chain Monte-Carlo as an accelerated sampling scheme |13]/45];
and also as a modeél of interacting kinetic particles.

The invariantrdensity;.assiming it exists, is [27, Section 2.2.3.1]

1 1
p(g,p) = Ee_ﬁH(‘”’) = e

~BV(@)g=5p M p,
Z

Since the noisefs additive the It6 interpretation of the SDE coincides with the Stratonovich interpretation,
thus the irreversible drift is in the range of the volatility if and only if the drift is in the range of the volatility
. Observe that when the momentum is non-zero p # 0 the drift is not in the image of the volatility: in
the ¢ components the drift is non-zero while the volatility vanishes. Since p # 0 has full measure under the
stationary density p(q,p) we obtain, from Theorem [4.4

ep = +00. (29)

Note that the entropy production of an exact numerical simulation with time-step € > 0 is usually finite
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Sample trajectory Transition kernels
underdamped Langevin dynamics underdamped Langevin dynamics

Forward samples ~ p, (-, z,)
®  Backward samples ~ p, (-,x,)
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0.0
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Figure 5: Exact simulation of underdamped Langevin dynamics. This figure plots underdamped Langevin dynamics in
a quadratic potential. Here, the process 4s two dimensional,i.e., positions and momenta evolve on the real line. We exploit the
fact that underdamped Langevin in a quadratic potential is an Ornstein-Uhlenbeck process to simulate sample paths exactly.
The choice of parameters was: V(q) = ¢?/2§M = 4.= 1. The upper left panel plots a sample trajectory. One observes that the
process is hypoelliptic: it is not confined to a prespecified region of space, cf. Figures @, @, even though random fluctuations
affect the momenta only. The upper right panel plots samples of the forward and time-reversed processes after a time-step of e.
In the bottom panel, we verify the theoretinIy predicted e, by evaluating the entropy production of an exact simulation ey (g)
with time-step €. As predicted, we/recover e, = 400 in the infinitessimal limit as the time-step of the exact simulation tends
to zero € | 0. This turns out to be/because the transition kernels of the forward and time-reversed processes become more and
more mutually singular as the time-step decreases.

by hypoellipticityﬂ
ey(e) < +o. (30)

Figure[5]illustrates this with.an exact simulation of underdamped Langevin dynamics in a quadratic potential.

When thel potential {is non-quadratic, the underdamped process is a non-linear diffusion and one is
usually unable %o simulate it exactly. Instead, one resolves to numerical approximations to the solution of
the process. We now turn to two common numerical discretisations of underdamped: the Euler-Maruyama
and BBK discretisations. We will examine whether these discretisations are good approximations to the true
processsby computing their entropy production rate.

S@D always holds in a quadratic potential, whence the process is a linear diffusion and the results from Section apply.
We ‘conjecture this to hold in the non-linear case as well, as hypoellipticity guarantees that the transition kernels are mutually
equivalent, in the sense of measures.
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5.2.1 Euler-Maruyama discretisation

In this section, we show that an Euler-Maruyama (E-M) discretisation of underdamped Langevin dynamics
at any time-step € > 0 has infinite entropy production

ey M (e) = +oo. (31)

To see this, we take a step back and consider an arbitrary It6 SDE in R?
dxy = b(xy)dt + o(zy)dw;

The Euler-Maruyama discretisation for some time-step € > 0 is

Tiv1 = o +b(x5)e + o(xi)wi,  w; ~ N(0,e1dg)s
This is a Markov chain with the following transition kernels

PEM (@igr, ) = N (@igr; @i + eb(w:), 26 Diay)),
~E-M E-M (32)
Pe - (Tiv1, i) =7 (T4, ig1)

where pZM denotes the transition kernel of the backward chai
It turns out that when the SDE is not elliptic the transition kernels p=™ (-, z), pE™ (-, x) tend to have
different supports:

Lemma 5.2. For any x € R?

&
supppE™ (-, z) = {y : y € 4+ eb(z) + Range D(x)}
suppﬁEE'M (,x) = {@y 2 € y + ab(y)+ Range D(y)}

Lemma is immediate from by noting that, the support of p£™ (-, x) is the closure of those elements
whose successor by the forward process can be .
Unpacking the result of Lemma in the case,of underdamped Langevin dynamics yields

supppE™ (2) = {y 1 yg = 7 +emp), supppr VN (x) = {y : yq +eYp = T4}

where x := (z,, z,) respectively denotéposition and momenta. One can see that p™ (-, z) L pEM (., 2) vz €
R¢. From Definition we deducerthat the entropy production rate of E-M applied to the underdamped
process is infinite for any time-step € > 0.

5.2.2 BBK discretisation
Contrariwise to Euler, the BBK integrator |26,27] is a splitting scheme that when applied to underdamped
Langevin yields absolutely continuoustransition kernels. The numerical scheme consists of three intermediate

steps
€
Pigr =i~ VV () 5

qi+1 = ¢ + MﬁlPH%s

€
- ’YMflpiE + V2787w,

g _ g
Pigr = Piy1 — VV (¢it1) 5~ M lp%i + V28 w1

with Wiy Wi 1~ N (0, 5 Id). Its stability and convergence properties were studied in [26,27] and its ergodic
properties in [60-62]:

It was shown in\[22, Theorem 4.3] that the BBK discretisation of the underdamped Langevin process is
quasi_time-reversible, so that

ey < Ofe). (33)

One sees from Figure [7] that the BBK integrator better approximates the transition kernels than E-M,
however 1t still is largely inaccurate from the point of view of the entropy production rate as the simulation
becomes reversible when the time-step tends to zero.

6Caution: this is different from the E-M discretisation of the time-reversed process.
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Sample trajectary
E-M discretisation of underdamped Langevin
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E-M discretisation of underdamped Langevin

Page 24 of 45

W Exact kemel pe(-, xp)
Forward samples ~ p ~M(-, xp)
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Figure 6: Euler-Maruyama simulation of underdamped Langevin dynamics. This figure €ompares the Euler-Maruyama
simulation of underdamped Langevin dynamics with the exact simulation available in Figure El The choice of parameters was
the same: V(q) = ¢%/2, M = v = 1. The upper left panel plots a sample trajectory of the numerical scheme. One observes that
the numerical scheme is not confined to a prespecified region of space like the true process. The upper right panel plots samples
of the numerical scheme after a time-step of € (in orange) given an initial«ondition atyeg (in red). This is superimposed onto
a heat map of the true transition kernel (in black). We see that samples from themumerical scheme are in the right region of
space, but are confined to a subspace which is not aligned with the heat, map of the true transition kernel. The support of the
transition kernel of the time-reversed scheme is shown in blue. One sees that the supports of forward and reverse transition
kernels are mutually singular, thus the entropy production of the aumerical discretisation is infinite for any time-step, which
differs from the true process which has finite entropy production for any positivéytime-step.

5.2.3 Summary

In summary, the underdamped Langevin process has infinite entropy production rate in phase spaceﬂ but
finite entropy production rate for any exactssimulationswith a positive time-step. When the potential is non-
quadratic, the process is a non-linear diffusion thatiene usually cannot simulate exactly. To simulate it as
accurately as possible, one should seek an approximating numerical scheme that has finite entropy production
for any time-step, and whose entropy. production tends to infinity for infinitesimally small time-steps.

Two well-known choices of numerical discretisation are the Euler-Maruyama and BBK schemes. By
comparing their transition kernels with an exact simulation, we saw that the BBK scheme is a much better
approximation to the true process than Euler-Maruyama. Analysis of the entropy production rate shows
how these discretisations still fax sh%t in capturing important statistical properties of the process: the E-
M discretisation has infinite entropy production for any time-step; while the BBK discretisation has finite
entropy production for any time-step, and vanishing entropy production for infinitesimally small time-steps.
Whenever possible, a geod way to cheose a time-step size for the BBK integrator might be matching its
entropy production rate with that of an exact simulation. These results indicate that employing a BBK
scheme with very smallstime-stepstmight be inadequate. Luckily, large step-sizes are usually preferred in
practice.

In conclusion, the entropy production rate is a useful statistic of stochastic processes that can be used as
a tool to devise ageurate.numerical schemes, particularly in a non-equilibrium statistical physics or sampling
context where preserving the amount of time-irreversibility is important. Future development of numerical
schemes should take entropy production into account; for example, in developing numerical schemes for
underdampedsLangevin; one should seek a finite entropy production rate for any positive time-step, which
tends to infinity when time-steps become infinitesimally small. Other numerical schemes should be analysed
in future work, such as those based on the lexicon for the approximation of the underdamped process
developed by Leimkiihler and Matthews |63, p. 269 & 271].

TRecall that the e, we computed here is defined without an additional momentum flip operator on the path space measure
of the time-reversed process, i.e., and not . See also the discussion in Section
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Figure 7: BBK simulation of underdamped Langevin dynamics. This figure compares the BBK simulation of un-
derdamped Langevin dynamics with the exact simulation available in Figure [f] The choice of parameters was the same:
V(q) = ¢*/2,M = v = 1. The upper left panel plots a sample trajectory of the numerical scheme. One observes that the
numerical scheme is not confined to a prespécified region of space like the true process. The upper right panel plots samples of
the numerical scheme after a time-step of € (in orange) given an initial condition at xg (in red). This is superimposed onto a
heat map of the true transition kernel (in black). We see that samples from the numerical scheme fit the true transition kernel
relatively well, but have a higher variance: The bottom panel estimates the entropy production rate of the numerical scheme for
several choices of time-step . Thisds done by discretising the state-space into a number of bins and numerically evaluating the
entropy production of the resulting Mark6v chdin using samples, see Section [2.1]for details. The numerical values are consistent
with the theoretical result .

6 Discussion

Briefly, we unpackéa couple of observations and possible extensions of this work.

6.1

A well-known, criterion for efficient sampling is time-irreversibility . Intuitively, non-reversible
processes' backtrack less often and thus furnish more diverse samples . Furthermore, the time-irreversible
part of the drift flows along the contours of the stationary probability density which yields mixing and
accelerates convergence to the target measure. It is well known that removing non-reversibility worsens the
spectral gap and the asymptotic variance of the MCMC estimator , which are two main indicators
of the speed of convergence to stationary state . Thus efficient samplers at non-equilibrium steady-state
have positive entropy production.

In elliptic linear diffusions, one can construct the optimal time-irreversible drift to optimise the spectral
gap or the asymptotic variance [64]. This indicates that one cannot optimise elliptic samplers by
simply increasing their entropy production at steady-state without any other constraints, as, we recall, e, is

e, and sampling efficiency
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a quadratic form of the strength of the time-irreversible drift (Figure .

Beyond this, the entropy production rate of general diffusions (Theorems bears aformal resem-
blance to the Donsker-Varadhan functional [20, Theorem 2.2], from which the asymptotic variance of MCMC
estimators is derived [20]. It is entirely possible that one might be able to relate the non-stationary entropy
production rate ( or |1, eq. 3.19]) to the Donsker-Varadhan functional, and thas give a more.complete
characterisation of sampling efficiency in terms of entropy production.

Many diffusion models of efficient sampling (the underdamped (7]) and generalised([10, eq. 8:33] Langevin
dynamics, the fastest converging linear diffusion [18]), and stochastic optimisation(stochastic gradient de-
scent in deep neural networks [14]) are not elliptic; that is, they are driven by dess Brownian drivers than
there are dimensions to their phase space. In particular, these processes have'their forward and backward
path space measures which are mutually singular, and infinite entropy productiorﬁ In light of this, we con-
jecture that mutual singularity of the forward and backward path space measuresiis.an important facet of
sampling efficiency (provided the process is ergodic). Mutual singularity apparentEexacerbates the mixing
effect that time-irreversibility introduces in the elliptic case. Heuristically, if'some paths can be taken by the
forward process and not by the backward process, these trajectories cannot, be geversed, thus the process is
constantly forced to visit new regions of phase space, which contributes to they(non-reversible) convergence
to steady-state.

If the above intuition holds, a useful statistic of samplingéfficiency might be the probability that the
forward process takes paths that cannot be taken by the backward process. By the Lebesgue decomposition
theorem we can decompose the forward path space measure P, into P.c; + Pging such that P < P and
Pging L P. This statistic is the non-negative real number

P({y € C((0,T), RY) : dP/dP(7) o) — B (C(10,T1, RY)

where dP/dP is the Lebesgue derivative between forward and backward path space measures. Note that
the linear diffusion that converges fastest to steady-statemaximises the latter (under the constraint that the
process remains ergodic) since it has only one Brownian driver |[18]. However, this statistic does not tell us all
since the direction of the Brownian driver with'respect to the drift and the stationary density is important to
determine sampling efficiency. Yet, these observations indicate that employing diffusions with less Brownian
drivers might be an advantage for sampling and optimisation (provided ergodicity is maintained). A careful
investigation of these relationships is left to future work.

6.2 Generalised non-reversibility and entropy production rate

Many diffusions studied in statistical’physics are not time-reversible but they are generalised reversible; that
is, they are time-reversible up to afone.to-one transformation 6 of phase-space which leaves the stationary
measure invariant [23, Section\5d], [27, eq. 2.32|. For example, the underdamped langevin equation is
generalised reversible—<t/is reversible/up to momentum reversal (Example ; the generalised Langevin
equation is also generalised reversible.

The entropy prodaction, as defined in Definition measures time-irreversibility as opposed to gen-
eralised non-reversibility. However, as pointed out in Remark the physically meaningful definition of
entropy production rate sometimes comprises additional operators applied to the path-space measure of the
time-reversed process. This‘modified notion of e,, which we refer to as generalised entropy production,
usually takes the form of:

1 _
en,0 .__ 71:
e% = lalﬁ')l g H [P[0,5]7 e#P[O’Eﬂ ) (34)

where 0 is the pushforward operator associated to an involution of phase-space 6 that leaves the stationary
distribution invariant. The generalised entropy production rate measures the generalised non-reversibility of
the process;that is, the extent to which the process is time-irreversible up to the one-to-one transformation

8 |14Section 5] shows that stochastic gradient descent is out of equilibrium. Furthermore, it shows empirically that the
rank of the diffusion matrix is about 1% of its dimension in deep neural networks. The sparsity of the noise with respect to the
highly out-of-equilibrium behaviour they observe conjectures b,y (z) ¢ Range o(z) and thus, mutual singularity of forward and
backward path space measures.
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0. Of course, generalised entropy production reduces to entropy production, as defined in Definition |2.6
when 6 = Id.

Since generalised entropy production can sometimes be more physically meaningful, we spend the rest of
this section computing it in a couple of examples.

It seems to be a general consensus in statistical physics that the physically relevant notionvef entropy
production for the underdamped Langevin process is the generalised entropy production when @yis the
momentum reversal [29431,/67]. It is then a by-product of Example that underdamped Langevin
dynamics has zero (generalised) entropy production e]g)enﬂ = 0, which contrasts with the infinite entropy
production one obtains in the non-generalised case (Section when one sets =1d.

Beyond this, generalised entropy production could be a useful construct/to quantify how far certain
diffusion processes are from being generalised reversible. For example we can quantify to what extent
certain time-irreversible perturbations of underdamped Langevin dynamics are fQ frem being generalised
reversible up to momentum reversal.

Example 6.1 (e%enve of perturbed underdamped Langevin dynamics).4@onsider thé following perturbations
of underdamped Langevin dynamics [68], eq. §]

dg = M~ 'p, dt — Q1VV (q;) dt
dpy = =VV (q) dt — QoM ~'p, dt — yMz py db+ /295~ dwy,

where Q1, Q2 € R?*? are constant antisymmetric matrices: By inspection this equation has a Helmholtz
decomposition that is similar to underdamped Langevin dynamicsy(cf. Example [3.11])

beev(4:) = DV log p(a.p).  Bire(afp) =@V log plg. p)
_ VV(q) _ 0 0 _ n—1 Ql - Idn
Vlogp(Qap) __ﬁ {Mlp ’ D& 0 ,yﬁfl Idn ) Q_ﬁ Idn QQ .
The time-reversed process solves the following SDE (Section

{dq-t = — M~1p,dt F Q, VVi(gy).dt

(35)

dpy = VV (@) dt + Q2 Mzlp, dt — vM ~'pydt + /2v8~ T dwy.

Define 6(q,p) = (q,—p) to be the momentum reversal transformation of phase space (that leaves under-
damped Langevin dynamics invariant-ashshown in Example [3.6)). Letting p; = —p;, the time-reversed
momentum-flipped equation looks like

{dqt = MAPidbebQ.VV () dt

36
dﬁt =+VV (qt) dt+Q2M71ﬁt dt-’yMﬁlﬁtdt"‘ AV 2')/571(1'[2&. ( )

Denote by e the veetor field whoseé sign changes after successively applying these two transformations:

0 -@Q1VV (¢
b (g, p) = [_Q2M_(1p) ~
It follows that thé fime-reversed, momentum-flipped equation does not induce the same path space
measure as the initial equation (35) unless @1 = Q2 = 0. To see this, we follow the proofs of Theorems
and to computesthe generalised entropy production rate

Qi#0=P L 4P = 5™ = to0,

Qi=0=P~0,P= ezg,en’e = / bE™? . D=5 p(q, p) dpdg

rr irr
Rn

=778 . (Q2M~"p)*p(p)dp
= =y 1B Tr (Q2M~'Q2) < +o0.

The last line equality follows from a standard result about expectations of bilinear forms under Gaussian
distributions, since p(p) is Gaussian with covariance matrix M. As usual, the generalised entropy production
rate is a quadratic form of the (generalised) irreversible drift.
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6.3 Geometric interpretation of results

Our main results concerning the value of entropy production have a straightforward geometric/interpretation.
The Stratonovich interpretation of the SDE

dxy = b°(x) + o(xt) o dwy

is the natural one to consider in a geometric context, when looking at the directions of the,drift 6% and
volatility vector fields 0.;,i =1,...,m (i.e., the columns of the volatility matrix field).

Recall from Remark[3.9|that the Stratonovich SDE also admits a Helmholtz deéomposition b = b5, +b3,,
with b7 = b, so that

rr

b°(z) € Rangeo(x) < b;

irr

(r) € Rangeo(r) <= b°(z) € Range o(@) for any x/€ supp i, (37)
~

where b is the drift of the time-reversed Stratonovich SDE. In particular, time-reversal is a transformation
that sends b° to b°, b2 to —b_, or, equivalently, adds —2b¢  to the drift:

irr irr? irr
Our main results can be summarised in a nutshell:

1 ({z € R*: b*(z) € Rangeo(2)}) = 1= ¢, = / by - DT bosdp (see Theorem [4.1| or |4.2] for details),
Rd

1 ({z € R*: b*(z) € Rangeo(2)}) < 1= ¢, = +oo (see Theorem [fd)for details).
(38)

We derived our main results using the It6 interpretation of an SDE'because this allowed us to make more
general statements, notably in the context of the general existence and uniqueness theorem of strong solutions
to Ité SDEs; it turns out, however, that these results are'meré naturally interpreted in the Stratonovich
context.

Consider the case where there is noise in the directiomef the vector field b°, (almost every-) where the
process is; in other words, assume that ({x € R¥:b%(z) € Range U(x)}) = 1. Consider the process at
any point x € supp u. In virtue of , the drifts of the forward and time reversed processes both live in
Range o (), the subset of the tangent space thatyis spanned by the volatility vector fields. Since the driving
fluctuations are Gaussian on Rangeo (), the time-reversal transformation will be reversed by the random
fluctuations with positive probability.. Thus, the forward and time-reversed Markov transition kernels (for
an infinitesimally small time-step) Mave theéssame support—they are mutually equivalent. Under sufficient
regularity, made explicit in Theorems or@, their relative entropy is finite. The e, is the relative entropy
between such Markov kernels on-an i{kﬁnitesimally small time-step (Proposition, so it too will be finite.

On the other hand, if there exists € supp p such that there is no noise in the direction of the vector
field b°, that is b°(z) ¢ Rangeo (&), then the direction of the forward and time-reversed dynamics in an
infinitesimal time-step lie oh different tangent spaces, b*(z)+Range o(z) and b*(z)+Range o(z), respectively.
This means that the forward and time-reversed transition kernels (for an infinitesimally small time-step) are
mutually singular and.their relativé entropy is infinite; thus, the e, is also infinite.

In particular, it should besstraightforward to extend these observations and calculations to diffusions on
manifolds.
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A Proofs

Here we provide proofs supporting the main text. v

A.1 The ¢, of stationary Markov processes
A.1.1 e, in terms of path space measures with deterministic initial condition

We prove Proposition |2.8

Proof. The proof is straightforward

1 _ 1 dP [0,¢]
=-H|P P = _"E, .p|l 1 (14
& =5 [Pio.g | Powa] Eounp {Og B0 (o)
1 dP [0 t]
= “Eyp |Eggeopz  |log ——(x,
7 Banp { B 4 [Og B0 €
dPT 1 _
j— [(),t] _ xr xr
- ;Eww ]Ez.~Pfo,t] log dpfso q (“"')H - ;Eww {H [P[o,t] | P[o,t]” :
O
A.1.2 ¢, in terms of transition kernels
We prove Propésition
Proof. By Propesition 2.8
1 dPFO,E}
€p = lglﬁ]l gEmNu Em'NPFo,s] log df)ifof}(x.)
. 1 dps(,l’)
=lim-E,. ~p (-2 |l0g ——=
EIJ%IEEI I {Ey pe () {og dp. () (y)
.1 _
—lim By [ () | 5ol 2)]).
O
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A.2 Time-reversal of stationary diffusions

A.2.1 Conditions for the reversibility of the diffusion property
We prove Lemma |3.2

Proof. Recall the following facts:

® (z¢)ico,1) is a Markov diffusion process. Its generator is an unbounded, linear operator given by

. oo (md d d —
L:CX(R?) C DomL C LE(RY) - LI(RY), 1<p<oo, Lf=#"V/HDV-Vi (39

e The time-reversal of a Markov process is also a Markov process. Let L-berthe generator of the time-
reversed process (Z¢)icjo,r)- It is known that L is the adjoint of &i. In.other words, we have the
identity

/Rdegdu:/Rng:fdu, Vf € DomL,g €BomL, (40)

where DomL = {f € L,,(R?) | 3h € L},(R?),Yg € Dom L :¢fgaf Lgdus [, hgdu}. This follows from
the fact that the Markov semigroup of the time-reversed processyis the adjoint semigroup |1, p. 113],
and thus the infinitesimal generator is the adjoint genérator [51L[52]; [1, Thm 4.3.2].

e L -functions define distributions, and hence admit distributiogal derivatives (which need not be func-
tions).

We identify the generator of the time-reverséd process by computing the adjoint of the generator. In the
following, all integrals are with respect to the d-dimensional Lebesgue measure. Let f,g € C°(R9). Noting
that fpb- Vg, fpDV - Vg € L'(R?), we have

/ngp=/ fpb-Vg+/ fpDV - Vg.
Rd Rd R4

On the one hand, noting that fpbpbc Li (R? R%))we have

loc

[ s vofe = [ o) = = [ atob-1+ 59 (ob)
Sl (b VS 4 £Y-5 - (oD)).
Rd

where the last equalitydollows from the stationary Fokker-Planck equation. (Recall that local boundedness
of coefficients b, o, and It6’s, formula imply that the stationary density p satisfies V- (=bp + V - (Dp)) =0
where the equality is insa,distributional sense).

On the other hand, noting that fpD, pD € Ll (R? R?*9) we have

loc
9 D= [ o0-V-Vg= [ g9V (fpD)
R4 Rd Rd
- /R gV (DS + V- (pD))
= [ 9@V (D) VF +pDV VS + V-V (1D)).
Finally, summing the previous two equations yields:

[ 1voo= [ g(-pb-97+2V-0p) 95400 -V = [ aLip
R4 R4

Rd

And thus, the generator of the time-reversed process satisfies pLf = —pb-V f+2V -(Dp)-V f+pDV -V f for
all f € C>°(R?). The time-reversed process is a diffusion if its generator is a second order differential operator
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1
2
3 with no constant part. This is the case here, except for the fact that the generator outputs distributions as
4 opposed to functions. For the generator to be a diffusion operator we need to assume that thedistributional
> derivative V - (Dp) is indeed a function (which is then necessarily in Li (R? R)). Thus, the following are
6 equivalent:
7
8 o V- (Dp) € Llloc(RdaRd)a
9 _ _
10 o Lf € L, (R for any f € C®(R?), where Lf = —b-Vf+2p"'V - (Dp)-Vf+DV-VFf,
n ® (Zt):epo,) is @ Markov diffusion process.
12
13 O
14
15 A.2.2 The time-reversed diffusion -
16
17 We prove Theorem |3.5
18 Proof. Since (T¢)ic[0,r) is @ Markov diffusion process with generator L, we hayve shown that its drift and
19 diffusion are indeed b, D, in the proof of Lemma
20 To show that any such diffusion process induces the path spacémeasure of the time-reversed process, it
21 suffices to show that the martingale problem associated to (L, p) is well-posed. First note that, by Assumption
22 the It6 SDE has a unique strong solution. Therefore itialso has a unique weak solution. Therefore,
23 (%¢)¢ejo,r] is the unique solution to the martingale probleni‘associated to the generator L = b-V+DV -V [69,
24 Theorem 1.1]. In other words, the martingale problem associated to4(L, p) is well-posed. It remains to show
25 that there is a one-to-one correspondence between stationary solutions to the martingale problem associated
26 to L and L.
27 Consider Markov processes (yt)ie(o, 7], (Ut)icloyr]s Yo = Y7t stationary at the density p. We show that
28 (Ut)tefo, 1) solves the martingale problem wrt L if and onlyif (y:):c(o, 7] solves the martingale problem wrt L.
29
30 ® (Jt)tefo,r) solves the martingale problem wrt Inif and only if for arbitrary 0 < s <t < T, f,g € C*(R?)
31
32 r ~ t B B ~ ~ s
33 E | f(@)= [ L@ )dr}5e,0<0<s|=f(7s)— [ Lf(z,)dr

L 0 0
34 Mark r t_ 5
35 w25 | (o) - [ PR 15| = 160 [ Lot

L 0 0
: e -
7 = )7 - [ L 1] —o
39 r b
pr oLz (@ 1) - [ Lmar) o] —o
41 L S
42 If we make the/change of variable ¢t < T — s,5 <~ T — t, so that 0 < s <t < T, this is equivalent to:
43
44 T-s
45 = E || flys) = flye) - / Lf(yr—r)dr | g(y:)| =0

T—t

46 .
v =8| (7~ F0 - [ Lwar) atw)] =0
49
50 e Repeating the equivalences in , (Yt)tefo, 1) solves the martingale problem wrt L if and only if for
51 arbitrary 0< s <t < T, f,g € C>(RY)
52

53 | (o0 - a0 - | t La(ur)dr ) £5.)] =0
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e Thus, it suffices to show that the two last expressions are equal, i.e.,
t t
| () = 10~ [ Loar) )| = | (00 = g0m) ~ [ Latwar)pim]

By stationarity, we have

E[(f(ys) = f(we) 9(ve)] = E[f(ys)g(ye) — f(ye)g(ys))
=E[f(ys)9(ye) — [(ys)g(ys)] = E(g(ve) — 9(ys)) f(ys)

Thus, it remains to show that

E V:g(yt)Lf(yr)dr} =E Ut f(ys)Lg(yT)er Y

We proceed to do this. On the one hand:

t

2 [ / t f(ys)Lg(yr)dT] E [£(y5) Lg(y)] ¥

Il
T

S

=N

E[E[f(ys) Lg(y:) | ysJldr

~+

E [f (y)E [Lglye) L gs]] dr

Lf (ys) Pros Lg(ys)] dr

Y

f(y)Py—s Lg(y)p(y)dydr (stationarity)
R4

(¥) / P, Lg(y)drp(y)dy

I
=

el
3

~

~ [ 76) (P =Po)sw)olu)dy (@1, = PiL)
W 90) (Pr—. ~ Po) S Wp(w)dy
~ R
On the other hand:
B [ PRt = [ 2 lootatun) ar

-

E [E [9(ye)Lf (yr) | ye]] dr

E [9(ye)E [Lf(yr) | ye]] dr

-

[9(yn)Pe—, Lf (y)] dr

Il

9(y)Pr—Lf(y)p(y)dydr (stationarity)

d

_ / o) / Py L (y)drp(y)dy
R4 s

%\ﬁ

= /Rd 9(y) (Pi—s — Po) f(y)p(y)dy (0:P: = P,L)
This shows the one-to-one correspondence and completes the proof.
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A.2.3 The Helmholtz decomposition
We prove Proposition

Proof. "=" We define the time-reversible and time-irreversible parts of the drift

H<:|l

b+b b—
brev = y birr = .
2 2

We now show that the have the predicted functional form. For z such that p(@).= Opbrey = (b+b) /2 =
0. For x such that p(z) >0

b+b
brev = % =p 'V (Dp)=p 'DVp+p 'pV-D =DV logp+V - D. (42)

For the time-irreversible drift, first note that the stationary density p solves the stationary Fokker-
Planck equation [10L[70]
V- (=bp+ V- (Dp)) =0.

Decomposing the drift into time-reversible and time-irreversible parts,from
—bp+V - (Dp) = —brevp — bigp+ V - (Dph= —birrp,

we obtain that the time-irreversible part produces’divergence-free (i.e., conservative) flow w.r.t. the
steady-state density y
V- (birrp) = 0.

From the time-reversible part of the drift satisfies the following identity
brevp = V - (Dp). (43)
It follows that the density p solves the stationary Fokker-Planck equation

V- <_bp +V- (Dp)) =V (_brevp - birrp +V- (Dp)) =V (_birrp) =0.

We prove Proposition N

Proof. "=" Recall that any smooth divergence-free vector field is the divergence of a smooth antisymmetric

"t

matrix field A = &A% |7,8,71L[72]
birrp =V A

This result holds most, generally a consequence of Poincaré duality in de Rham cohomology |72, Ap-
pendix D|. We define & new antisymmetric matrix field Q := p~*A. From the product rule for
divergences we can rewrite the time-irreversible drift as required

birr = QVIOgP‘i'VQ

Conversely, werdefine the auxiliary antisymmetric matrix field A := pQ. Using the product rule for
divergences it follows that
birr = p71V - A.

Finally;
Vo (bip) =V -(V-A)=0

as the matrix field A is smooth and antisymmetric.
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A.2.4 Multiple perspectives on the Helmholtz decomposition

We prove Proposition

Proof of Proposition[3.12 The proof is analogous to [24, Proposition 3|. In view of Section we only
need to check that: 1) if V2X f = 0"V f, then V2X* g = —V - (0g) — Vlog p- og; 2) the symmetriepart of
the generator factorises as S = —X*X..

1) For any f,g € C(RY) :
(fs \@E*EJ)Lg(Rd) = (V23f, 9z ®re) = /QUTVfP(x) dz
— [oap- Vi@ do = [ 1Y faune) d

~
— [~ V108p- agola) - 13 “Gaghi(o) do
= (f,=Vlogp-0g—V-(09))r2 @)
This implies v2%*g = —~Vlogp-og — V - (cg).
2) For any f € C°(R%):
Y'Y f=Vliogp - DVf+ V- (DVYf)
=Vlegp - DVf £ (V:D)-Mf+ DV -Vf
=brey  Vf+ DV, Vf =5f
where the penultimate equality follows sinceb,e.. = DNVlogp + V - D, p-a.e.

We now prove Proposition |3.13

Proof of Proposition[3.13. o We computerthe Fréchet derivative of H[- | p]. First of all, we compute its
Géateaux derivative in the direction of 7.

d d +e +e +e
7H[Pt+577|:0]:7/ (pt+6n)logudx=/ nlogu+ndz=/ n (log 2 1 1) da
de Jra P R4 P R4 P

de

By definition of the Fréchet derivative, we have < Hlp, +en | pl|._, = (dH[p; | p],n). This implies

dH][p; | p] = log % + 1 bysthe Riesz representation theorem.

e Recall, from Proposition that V2% = o1 V. We identify ¥'. For any f,g € C°(R%)
lgn2xf) = / go ' Vfde = / og-Vfder = —/ fV-(og)de.
R4 R4 R4

This yields v/28'g = =V - (6¢). And in particular, ¥/(p;X¢) = —V - (p; DVE).

o We define M, (§).:= X' (p:X€) = —V-(p: DVE) and verify that this is a symmetric semi-positive definite
operator. For any gyh€ C°(R?):

(M,, hyg) = (Zh, Bg) = (h, My, g),  (M,, g,9) = (3g,Xg),, > 0.
Alsog =M, (dH{p: | p]) = V - (p:DV log £) is immediate.

o We define Wi(p;) = V - (—birrpt) and verify the orthogonality relation:

(W(p:),dH][p; | p]) = / <log pe + 1> V- (=biwpr)dz = / birrpt V (log pe + 1> dz
R4 P R4 P

= / bmptﬁv <pf> dz = —/ V- (birrp)&dx =0,
R4 Pt P R4 P

where the last equality holds by Proposition
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A.3 The ¢, of stationary diffusions
A.3.1 Regular case
We prove Theorem [£.1}

Proof. By Assumption the It6 SDE has a unique non-explosive strong solution{(@y),~., with.respect
to the given Brownian motion (w;),~, on a filtered probability space (2, .%,{.%} &y, P). »(Even though
Assumption [3.3] ensures non-explosiveness of the solution on a finite time-interval, gtationarity implies that
we may prolong the solution up to arbitrary large times).

By Theorem [3.5] we know that a solution to the following SDE
dzr; = B(ft)dt + a(ft)dwt, To = Zo, (44)

~
induces the path space measure of the time-reversed process. By Proposition we can rewrite the (forward
and time-reversed) drifts as b = byey + biry and b = brey — bipr-

We define the localised coefficients

s =((0) )~ § et

and analogously for b(™ o(") bg@, bi(:?. Note that the assignment -() respects sums and products, in par-

ticular

b Z
D) = (brew + bier) ™ =) 4 5

v irr 45
B(n) = (brev B birr)(n) = bl(“g\z _ bl(:‘:‘) ( )

It is easy to see that the localised SDE
d:rgn) = b (:cgn))dt + 0(")(:5E"))dwt, xé") =z

also has a unique strong solution z{%) = (xﬁ"))tzo with respect to the given Brownian motion (w;):>o on the

probability space (2, 7, {#},~ , P)- This follows from the fact that the localised SDE has locally Lipschitz
continuous and bounded coefficientsthat satisfy the assumptions of Theorem [34, Theorem 3.1.1].
From assumption |1, we obtain that for p-awe. = € R?

bipr(x)"€ Range o(x) = by (x) = 00 by ()
b"(2) € Rafige 0™ () = b (z) = 0™ o™ 5 (2).

1re rr

Then, and imply that we ¢an rewrite the localised SDE as

rev

dxgn) = b (xgn))dt + a<")(x§")) [0(")71)5:;) (xﬁ”)) dt + dwt} , xgn) = x0.
By the definition of It6’s stochastic calculus, xi") is an %#;-adapted process. By assumption o~ by is Borel
measurable and thusit follows that the localised map o™~ bi(:? is Borel measurable. Thus —2¢(™) " bi(:;) (Jcﬁn))

., is bounded. Therefore,

is also an .%,-adapted process. In addition, by continuity and localisation, o
by |73, Pfoposition 10.17 (i)] applied to —25m~p{" (xg")>7

2" — exp [_2 / (o () cdw, )+ [ 6 (a8 M 20,

is a martingale on the probability space (Q, F A0 P). We define a new probability measure P, on
the sample space 2 through

=zM™, vt>o. (47)
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By Girsanov’s theorem |73, Theorem 10.14], $En) solves the SDE

rev

dxgn) = b (xgn))dt - 0(")(@”)) [a(")fbi(ﬁ) (xﬁ”)) dt + dwt} , xgn) = x0.
on the probability space (Q, 7, {t%}tzo ,Pn). Using , x,E”) solves

dasi") = p™ (chn))dt + a(")(xgn))dwt, xén) =z

on said probability space.
We define a sequence of stopping times 79 = 0 and 7,, = inf {t > 0 : |x¢| > n} for n >0."Since (x¢),- is

. . n
non-explosive, P-a.s. lim, o, 7, = +00. As x; = mg ) when t < 7,,, we have-a.s.

tAT, 4 B
Zt(/@n = exp {2/ <J*bm(xs),dw5> + |O’7birr(1§s)| ds] .
0

As Zt(nH)]l{KTn} = Zt(")]l{KTn}, we define the limit as n — 400

—+00
— ’I’L) . n . n)
Zy = Z_:lzt( ]l{T'rL71§t<Tn} = nEIJIrloo Zt( )]l{t<7'n} N nEIJTrlOO Zt(/\Tn'
By definition, Z; is a continuous local martingale on (Q, F, {yt}tzg’ P).
We compute Z;. Let’s write — log Zt(/@n = Mt(") + Y;("), AW,
tATH

tATn
Mt(n) _ 2/ <a*birr(x3),dw5>7 and, Y;(") = 2/ |07bm(zs)|2 ds.
0 0

We also define M; = 2f0t (07 by (w5), dwg) andeYy, = 2]5 |O'_birr($s)|2 ds.

From assumption [3] we have

1
/ ’U_birr(x)|2 p(l’)d,ﬁE = —/ bi—ltr[)_birrp(aj)daj < +00.
R4 2 R4

Thus, we obtain that

2

2\ t
IEF’ ‘Mt(n) y Mt‘ y— 4]EP / <Uﬁbirr('rs)]1{s>‘r"}7 dwé>
0

t
= 4IEP/ ‘U‘birr(ms)‘21{s>7n}ds (Ito’s isometry)
0

n—-+oo
—

0,

n—-+oo

t
Ep ’Yt(") - Yt‘ = 2]Ep/ |07birr(x3)|2 T(s>r,yds —— 0.
0

Thus, — log Z4 = My + Y;. By 1td calculus, M; is a martingale on the probability space (Q, F AT >0 5 P),
and in partieular Ep[Mi] = 0.

Let 7> 0. Let (C’([O, T],R%), 93) denote the path space, where 4 is the Borel sigma-algebra generated by
the sup norm || - || . Denote trajectories of the process by @e := (24)sej0,7) : @ — C([0,T], R?). By definition
of Ttosealculus, Zg is measurable with respect to (zs : 0 < ¢t < T, so there exists a positive measurable
function Z$ on the path space, such that P-a.s. Z$ (7e(w)) = Z7(w) for w € Q, i.e., the following diagram
commutes

C([0,T],R?)
Q ZT R>0.
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Note that the path space (C([0,T],R?), %) admits a canonical filtration (%;);c(0,7], Where
By = {A c C([0,T],RY) : Aljg 4 € Borel sigma-algebra on (C([0,4],RY), || - ||oo)} .

For any path v € C([0,T],R?) and n € N, we define the hitting time ¢, (7) = inf {t > 04|v| > n}:

Claim: These hitting times are stopping times wrt to the canonical filtration, i.es, {y € C ([0, THR?) :
tn(v) <t} € %, for any t € [0,T].

Proof of claim. Let A := {y € C([0,T],R?) : t,,(y) < t}. Then,

Al[O,t] ={ve C([Ovt]aRd) tta(y) <t}
={v € C([0,#],R?) : min{s > 0 : |ys| > n} <t} (comtinuity of ¥)
= {Py € C([Ovt]de) Voo > n}a -

which is clearly a Borel set in (C([0,t],R?), | - [|oc)- ]
Thus we can define stopping time sigma-algebras in the usual way

Brpt, = {A€ Br: An{y € C([0,T],RY) : T Adsiley) <th(%,,Vt € [0,T]}.

We showed above that, under P, P,, the distributiongyof = restric¢ted to (C([0,T),RY), Bras,) are
Piorat,) = P[O,T}|%TM“ and P rae,] = P[OvT”%mm’ respectively.
By inspection, we have, for any t > 0, &

{T<m}teFrc s ifT<t

T nrN{T AT, <tl=
(T <} T AT } {@c,%ifT>t.

Setting t = T A 7,,, we have {T' < 7,,} &Zrn-,, which also yields {T" > 7,} € 7, and {1,_1 < T <
Tn} S ]:T/\Tn'

Fix i > 0 and A € $Bray,. Then 271 A € % as z, is measurable. Thus 2 'AN{T < 7;} C Frar, and
2! AN{r-1 < T < 1,} C Prarsfor any n > i. Finally,

Ep [2§14] @ | Zgl,, 1 ]

—Er | Z0m | + io Ep | 281,01 n e,y <ran)]

n=i+1
+oo
:E_i |:]lw,_1Aﬂ{T<Ti}:| + Z Epn []]'x._lAﬂ{‘r,,L,lgT<‘rn}:|
n=i+1
+oo
= Ep (Ban{r<i}] + Z Ep [Langt, ,<r<t,}] = Ep [1a].
n=1+1

From the arbitrariness of ¢ and that lim,, .., 7, = +00 P-a.s., it follows that

dPior) _ ¢
dP[O)T] '
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Finally, we compute the relative entropy between the forward and backward path-space measures

H [Py, 1), Pro,7] = Ep |log == (7)}

=Ep -log (w(w))}
=0

—
=Ep [~ log Z§ (z(w))] = Ep [~ log Zr] = Ep [Mz]+Ep{Y7]

~ T .
=Ep 2/ |0—7birr(xs)| ds
0

= 2T/ ‘a’birr(x)|2p(x)dx
R4

~
=T / bl D™ by p(x)de,
Rd

where we used Tonelli’s theorem and stationarity for the penultimate equality./By Theorem [2.5] we obtain
the entropy production rate

1 _ .
ep = H (P71, Por] = /R . by D~ bigwp () d.

O
We now prove Theorem &
Proof. By assumption [1} for p-a.e. 2 € R?
birr(z) € Range o(@) = by, (x) = 00 by (). (48)

Then, implies that we can rewritéthe SDE ({5)) as
dxy = brev(x¢)dt + () [afbirr (z¢) dt + dwt] ,  Xg~ p.

By assumptions we may define a new probability measure P on the sample space  through the
relation N
dP

il -7 49
ap|,, = 7 (49)

N
and it follows by Girsanov’s théorem |73, Theorem 10.14] applied to the process —20 by, (z4), that (th)te[o,:r]
solves the SDE

dx: = brev(zy)dt — o(x+) [O'_birr (z¢) dt + dwt] ,  Tg ~ p.
on the probability space (R, %, {yt}tzo , P). Using , (xt>te[o,T] solves
dzs = b(xy)dt + o(z¢)dws, 9~ p

on said probability space. By Theorem ﬁ we know that under P, (wt)te[O,T] induces the path space measure
of the time-reversed process.

Let (C([0,T]yR?), %) denote the path space, where 2 is the Borel sigma-algebra generated by the sup
norm || - Jloc. Denotétrajectories of the process by @e := (#¢)ico,r] : @ — C([0,T],R?). In summary, we
showed that, undér P, P, the distribution of x4 on (C([0,T],R%), %) are P,y and P[O’T}, respectively.

By-definition of Ttd calculus, Zr is measurable with respect to (s : 0 <t < T, so there exists a positive
megsurable funetion Z$ on the path space, such that P-a.s. Z (7e(w)) = Zr(w) for w € Q, i.e., the following
diagram commutes

C([0,T),R?)
Q ZT R>0.
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Fix A € B. Then z, 1A € F as z, is measurable. Obviously,
Ep [2514) = Ep [ZTnx:lA] —E; [nx:lA} — Ep [14].
It follows that

P _ o

dP o 7 ’
Through this, we obtain the relative entropy between the forward and backward path-space measures
dP o7
W(W’)
o)
dP[O,T]
=Ep [— log Zg(x(w))] =Ep[-logZr]

T
2 / |0~ by (1) 2dt]
0

H [P(o.7), Pjo,77] = Ep |log
0,7

=Ep |log

T Ep

T
:]Ep 2/ <Uﬁbirr(zt)adwt>
0

:2T/ |a’bm(:z:)|2p(x)dx

Rd

=T / bl D™ byep(x)de.
Rd

The penultimate equality follows from the fact that Itd stochastic integrals are martingales (and hence
vanish in expectation), Tonelli’s theorem and stationarity. Finally, by Theorem we obtain the entropy
production rate

1 — _
ep = T H [P[O,T}»P[O,T]} = /Rd bIrD birrp(.’li)d.’lf.

We prove Proposition [£.3}

N
Proof. [ Follows as Zy = 1 and by definition of a martingale.
We define the #;-adapted process ¥y = —20 by (24).

[@ = [ This follows from |74, Theorem 1].

[@ By |73, Proposition 10.17 (ii)], a suflicient condition for (20) is the existence of a > 0 such that
supyepo,r Ep (e‘SW“Q) < +o00. By stationarity of z; at p, Ep 65|’/’f|2) =E, (e45|"7birr(x)|2), and so the
result followss

= [1} Follows from |74, Theorem 1].

=02 A, = %fg |1/)3|2 ds = 2f0t |a*birr(x3)|2 ds is a non-decreasing, F;-adapted process. By assumption,

Ep[Ar — Ag| Fi] < K for all ¢ € [0, T]. By |75, Theorem 105 (b)] Ep [exp(Ar)] < +o0.
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=[3 Let § € (0,c). The first equality follows a standard fact about non-negative random variables:
oo
E, [e‘slafb‘”(””?} :/ P (e‘sla*b‘”(x)lz > r) dr
0
< 1—|—/ P (e‘s“fb“'r(w)‘2 > r) dr
ecR

=1 +/ P (Jo" bige(2)[> > 6 logr) dr

cR
< 1+C’/ e dr (by@as 5 tlogr > R)
ecR

< +00.

A.3.2 Singularity
We prove Theorem [4.4}

Proof. Under the assumption that b () € Rangeo(x) does fiot holdfor p-a.e. € RY, we will show that
there are paths taken by the forward process that are not taken by the backward process—and vice-versa—
resulting in the mutual singularity of forward and backwardrpathispace measures.

Recall from Theorem that any solution to the following SDEy

dzy = b(z;)dt + o(z¢)dw, To ~ p, (50)

induces the path space measure of the time-reversed process.
We rewrite the forward and backward SDEs into, theirequivalent Stratonovich SDEs |10} eq. 3.31]
dxy =0°(@g)dt 4 o(@¢) o dws, o ~ p,
dzy = b*(B)dt + o(T¢) o dwy, To ~ p,
By Remark time-reversal and thetransformationfrom Ito to Stratonovich commute so b® is unambiguous,
and by, = b*(z) — b%(z). The volatility and Stratonovich drifts are locally Lipschitz as o € C2.

Consider an initial condition & = xg = g to the trajectories, with p(x) > 0. Consider trajectories in the
Cameron-Martin space

v €C =47 € AC(OgT: R™) | 7(0) =0 and ¥ € L* ([0, T);R™)}
Given such a trajectory, the approximating ODEs
dr, = b°(x)dt + o(z)dy, x ==,
d:ft = Es(ft)dt + O'(If’t)d’}/t, i’o =,

have a unique solution in [0, T}, with 7' > 0 uniform in ~.
We can thus apply the Stroock-Varadhan support theorem |76, Theorem 3.10] to state the possible paths
under the forward and backward protocols. These are as follows

t t
stopeir - (a7 = o [ vidias+ [otdsie o ec),

z T
supp Py ) = {:Ez =z +/ bs(77)ds —|—/ o(z3)y'(s)ds,t € [0,T] | v € C}.
0 0
where the closure is with respect to the supremum norm on C ([O,T ];Rd). The time derivatives of these
paths at ¢t =0 are
9 supp P 7y [t=0 = {0sa]]1=0 € R? |y € C} = {b°(2) + o(2)v |v € R%},
Oy supp 15?”0’7«] limo = {0:Z] |i—0 € RY | vy € C} = {b°(x) 4+ o(z)v | v € R%}.
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1
2
3 where the closure is with respect to the sup norm on R
4 Consider an initial condition & with b;,(z) € Rangeo(z). This implies that the forward and backward
> path space measures are mutually singular because the time derivatives of the possible paths differ at the
6 origin
7 —
8 2biry (z) = b°(z) — b° () & Range o(x)
9 <= b°(z) + Range o (z) # b°(z) + Range o(z)
10 9 supp P2 9, supp P2 d vi
1 < Oy supp Py 1) lt=0Z O supp (0,77 |t=o and vice-versa
12 = supp Pf”O’T] ¢ supp PfO’T] and vice-versa
12 =Pl L Pl
15 Finally, from Proposition 2.8 -
16
17 ep = Banp [H [P[zO,T] | PFO,T]H
18 _
19 >p ({33 eR’| P L Pfjo,T]}> 500
;? > p ({z € R : by (2) ¢ Rangeo(w)}) 00
22 >0
23 = +o00.
24 'S
25 H
26
27 A.4 Entropy production rate of the linear diffusion process
28
29 We require the following Lemma, which can be proved byradjusting the derivation of the relative entropy
30 between non-degenerate Gaussian distributions, cf. |77, Section 9.
31 Lemma A.1. On R?
32
det™ X
33 2HIN (1o, X0) | Mpr, X1)] = tr (EIEO) —rank Xy + log <e*1>
34 det Eo
T

22 + (p — o) Xy (1 — po) -
37 where -~ is the Moore-Penrosedpseudo-inverse and det* is the pseudo-determinant.
;8) Proof of Lemma[5.1. We insert, the definitions of the transition kernels into Lemma
2(1) ]Erwp[2H[ 5(',I) ‘ﬁe(vx)]]

_ det*(S:)
o (S7S:) —ranko + 0g S )
44 +E$~p [xT(e—EC _ e—sB)TS_vE—<e—eC _ 6_63)1']
45 - det* (S
46 = Tr(S-S.) — rank o + log det*ESE;
47 _ N
48 + TF(H71(€7€C _ efsB)TS‘; (6750 _ e*EB))
49 To obtain the last line, we used the trace trick for computing Gaussian integrals of bilinear forms. The proof
?1) follows by Preposition [2.10] O
52
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