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Continuous Model Applied to Multi-Disk and Multi-Bearing Rotors

1
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10
11 Abstract
12

13 This work aims at presenting a modeling approach to solve problems in rotordynamics. The method, named Continuous
15 Segment Method (CSM), is valid for systems with several stepped sections and multiple disks and bearings. The shaft
16 is modeled using 1D beam theory, and takes into account gyroscopic effect, rotary inertia and shear deformation.
18 The disks are modeled as concentrated masses with rotary inertia and the bearings can be anisotropic with either
long or short characteristics. Long bearings are modeled as elastic foundations whereas short bearings as point-wise
21 spring-damper systems. The basis of the method consist in solving the eigenvalue problem of the system and use
the eigenfunctions and eigenvalues to apply modal analysis to discretize the equations of motions. The eigenvalue
24 problem is solved by, firstly, dividing the domain and obtaining local problems. The solution of these, and the use
26 of continuity conditions, allows the obtention of global eigenfunctions and eigenvalues. The evaluation of the CSM
27 is done by comparing its results with the Finite Element Method (FEM) for three applications that are common in
29 rotordynamics: obtention of natural frequencies and mode shapes, response to unbalance and to nonlinear forces. The
comparison with the FEM shows that the CSM can be seen as a promising alternative to model complex rotor systems.

32 Keywords: Multi-stepped rotors; Rotordynamics; Anisotropic bearings; Modal analysis; Continuous system

34

35 1. Introduction

36

37 . .

38 Adequate mathematical models are often needed to study physical phenomena, as they help one to form an accurate

39 quantitative representation of the latter. The model provides not only knowledge about the phenomenon itself, but it
41 is also a useful tool to make predictions of the behavior of machines and mechanisms. Thus, the suitability of them
to the phenomenon at hand is essential. In rotordynamics, many of the early models were very simple, such as the
44  Jeffcott model, but adequate to explain some phenomena seen in real machinery such as critical speeds and forward
46 and backward whirl. In fact, this model is still used today to study complex rotordynamics effects such as rubbing
47 [1] and cracked rotors [2]. Although the Jeffcott model is a useful approach to rotordynamics, most of the design and
49 study of rotating machines is done by the Finite Element Method (FEM) [3|, 4, [5, [6]. The FEM has several options,
from 1D to 3D methods, and it offers many advantages, as it can be applied to rotors with complex geometries. The
52 main drawback is the high computational power required, specially for large turbomachines, and in some cases a

reduction method is needed [7].
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The FEM can be seen as a method to solve a partial differential equation, which are generally the equations
of motion of the system [8 [9]. In its most traditional form, the equations are written in the weak form, and the
displacement field is interpolated by means of a polynomial function, essentially discretizing the continuous system
into a lumped one. Another way to solve the equations of motion is using the separation of variables or the assumed
mode method. In these methods, an eigenfunction is obtained from an eigenvalue problem, or it is assumed as having
some form. The functions are then used to discretize the continuous system leading to the equations of motion for
the modal coordinates. The solutions by the separation of variables are sometimes said to be exact, because no
simplification is made in the system, and the equations of motion are solved in their full form. Thus, the solutions
using FEM are, in general, approximations of the ones obtained exactly by the separation of variables.

The most general way to model a rotating machine is using 3D models. In such cases, the separation of variables
is a rather cumbersome method as compared to the FEM, and is rarely used in the literature. However, a common
modeling strategy in rotordynamics is the use of 1D beam models to represent the real machine [10]. In such cases, the
bending of the cross section is independent in the two orthogonal directions, but these directions get coupled due to
the gyroscopic effect. The application of the separation of variables for beams is relatively easy and well documented
[I1]. One can also, consider the axial and torsional dynamics by this approach [12| 13, 14]. The bearings can be placed
as a spring-damper system and the disks as rigid masses with rotary inertia.

The main weakness of the separation of variables and assumed modes method is their limited applicability, because
they might lead to eigenvalue problems which do not always have solutions. In this manner, they are generally applied
for systems with uniform geometry and simple boundary conditions. In spite of this, their expansion to complex rotors
is readily possible, if the system posses stepped cross sections and lumped masses, as shown in [I5] 16l 17, 18 19} 20].
The basic procedure in this case is: (i) solve the eigenvalue problem for a single shaft segment, (ii) apply continuity
or compatibility conditions to relate the functions between segments and (iii) apply the boundary conditions to arrive
at the global eigenfunctions and eigenvalues. Nearly all methods proposed apply these, or similar steps, to arrive at a
solution using a separation of variables or assumed modes method. Here one can note that, if condition (i) is satisfied,
that is, one can solve the problem for each segment, very general rotors can be modeled by this approach.

A problem that arises in rotating systems is the presence of the gyroscopic effect, which makes the eigenvalue
problem a non-self-adjoint problem [I1]. In such case, the eigenfunctions are not orthogonal, and thus the discretization
leads to coupled modal equations. A way to overcome this was shown in [2I], where the modal equations were uncoupled
by means of an adjoint eigenfunction obtained from the solution of the adjoint eigenvalue problem. In the literature,
one does not find much application of modal analysis for continuous gyroscopic systems together with multi-stepped
rotors. References [22, 23] show the application of modal analysis for rotors discretized using the FEM. In the
case of rotors modeled as continuous systems, most works only consider free-vibration [I7], or turn to the frequency
domain [19]. Some exceptions are [24] 25| 26], where a method known as component modal expansion is used. With
modal analysis, however, the treatment of arbitrary external forces becomes possible, and thus expands the range of
application for the rotor model.

This work presents an expansion of previous ones [27], 28], which established the Continuous Segment Method

(CSM) for the modeling of rotor systems. In the previous conditions, the bearings were considered only isotropic and
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short. The CSM presented here expands the earlier works to account for general anisotropic bearings, with either
short or long characteristics. A very distinct approach is taken to solve the equations of motion, which is written
using complex coordinates. This makes the interpretation of the response as complex rotating vectors, and it is very
suitable for rotating machines [29]. Moreover, a great problem in rotordynamics is the obtention of reduced models
to accurately represent the machines. The method proposed in this work can be seen as an alternative to current
modeling reduction techniques [30].

The division of the paper is as follows: Section [2] presents the assumptions used to arrive at the equations of
motion and the basic problem in rotordynamics. Section |3 shows the CSM, and how it solves the problem stated in

the previous section. The results are presented in Sec. [d and the conclusions in Sec.

2. Problem statement

In rotordynamics, one is mostly concerned with the dynamics of the machines given certain external loads or
operation parameters. In order to accomplish that, one generally proposes a mathematical model to represent the
phenomena at hand, and, from the results of the model, understand the functioning of the real machine. The dynamics

of a great number of mechanical systems can be understood using equations of the form:

[m]{do(x, 8)} + [z, )} + [K{w(z, )} = {f(2,1)}. (1)

Here, [m], [¢] and [k] are matrix operators, and represent the mass, damping and/or gyroscopic effects, and stiffness,
respectively. The spatial domain x is assumed uni-dimensional, and bounded by the length of the shaft. The vectors
{w(z,t)} and {f(z,t)} are the displacement and external forces fields. To arrive at the specific expression of the terms

in Eq. , the following assumptions were adopted:
e The shaft is divided into segments, which are modeled as beams; axial and torsional movements are ignored;
e The beam model considers rotary inertia, gyroscopic effects and shear deformation (Timoshenko beam);
e The disks are modeled as concentrated masses with moments of inertia;
e The bearings are modeled as mass-less linear spring-damper systems.

Additionally, the equations are written using a complex notation, which is proven to be effective in the study of

rotating machines [22] [31]. Therefore, one has,

T

fw(@,)} = {wi(a,1) wT(x,t)}Tv {wi(e0) = {u(z,t) w0} - @)

@0y ={se0 g@n}, lo@nr={n@n o, (3)

m(z) 0 0 0
] = 0 () ) 0 0 @
0 0 m(x) 0
0 0 0 Ja(z)
3
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OO0 UOOUIOOITUORDBIMBREDIMIMDIADIMDIMDRANOWWWWWWWWWWNNNNNNNNNNRPRERPRERPRPRERRRE
OPRPWNRFPOOONOOPRAWNRFRPOOONOUOPRAWNPFPOOONOOORAWNRPFPOOONOUOIAWNPEPOOONOOORAWNEO

i = [ea]  [e2] el = cr(x) 0 el = e(z) 0 ’ 5)
(5] [] 0 —jQJy(x) 0 0
[k]_ [kl] [kg] [k]_ —% (HGA(x)aér)-i-kf(x) %(HGA(.%))
ks (k]| 1 —KGA(:@; —% <El_(x)a€; + kGA(z) ’
o) = |01 ©)
0 0

where * denotes the complex conjugate, u(z,t) and 1 (x,t) are the complex displacement and rotation fields along
the length of the shaft; fi(z,t) is the external distributed force; m(x), Ja(z) and J,(x) are the mass, diametral and
polar moments of inertia per unit length, respectively; A(z) is the cross sectional area; I(z) the second moment of
area; G, E, p, and k are the shear modulus, Young’s modulus, density and shear correction factor, respectively. These
parameters are distributed in a step-wise manner, that is, they are constant for each segment of the shaft. By using
the expressions of the matrices listed above, one can obtain the complex equations of motion.

The parameters of the bearings are encoded in the functions ky (), ks(z), &(z) and ¢;(x), which are given as,

@) = 5 (Fuy @)+ hes () = 3hyew) — by (2))),
() = 5 (con) + exe0) = ey (o) — e, -
Fo(e) = 5 (b (2) — Fen () + Ry (2) + By (0))),
(@) = 5 (e (1) — ()  3(ey= (@) + 2y (),

where the subscripts yy and zz denote the direct coefficients, while the remaining ones the cross-coupled coeflicients.
The form presented in Eq. allows the modeling of a large number of bearings used in rotating machines [32] [33].
In case one has isotropic bearings, it follows that ky(z) = &(x) = 0. The result of this is the decoupling of the
displacements and their complex conjugates in the equations of motion; thus, they need not to be solved simultaneously.
Note, however, that for general anisotropic bearings, this is not the case.

To solve Eq. , given the matrices and vectors listed in Egs. —@7 one firstly write it in a state-space form,
[M{W (2, 6)} = [K{W (2, )} + {F (2, 1)}, (8)
where,

W)} = {0} {we.0)} (9)

Py ={0 (7 0y} (10)

] = [0]2x2  [m] , (1)
[m] ]
4
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Next, one may assume a solution on the form,
{W(z,t)} =D {®i()}ai(t), (13)
i=1

being {®;(z)} a vector with the the ith vibration modes or eigenfunctions and ¢;(¢) the ith modal or generalized
coordinates. The method above is also known as a time-space separation procedure [34]. Upon substituting the

assumed solution in Eq. , one has,

Z[M]{(I)i(x)}%(t) = Z[K]{(I)i(x)}%’(t) +{F(z, 1)} (14)

In order to solve the above equation, one needs to perform a discretization procedure. One way of doing that,
is to take the internal product of it with a test function {@1(93)} This is essentially a projection of the equation of
motion in the space of functions {{éz(x)}} il. The solution of Eq. will be much easier if the projection leads
to uncoupled equations for the generalized coordinates ;. This can be done by ensuring that {®;(x)} and {®;(z)}

satisfy the following conditions:

([M{®i(2)}, {D(2)}) = i, (15a)

([E{2i(2)}, {@5(2)}) = Nidij, (15b)

where 0;; is the Kronecker delta, which is one if i = j and zero if ¢ # j; A; is the eigenvalue, and the operator (-)
denotes the internal product [I1I]. Note that the orthogonality conditions as given in Eqs. (15a]) and (15b)), imply a
normalization of the vectors {®;(z)} and {®;(x)}. By applying the internal product in Eq. with {®;(x)}, and

taking into account the orthogonality conditions above, one finds,

Gi(t) = Nigi(t) + ({F(z,0)}, {®i(2)}) for i=1,2,... . (16)

Equation consist of an infinite number of first-order differential equations, which solution gives the generalized
coordinates ¢;(t) given an external force {F'(x,t)}. The main difficulty in the above approach is the obtention of the
eigenfunctions {®;(z)} and test function {®;(x)}. They must be found by solving the following eigenvalue problems
129, 35),

AM{®(e)} = [K]{® ()}, (17)

NMH(2)} = [K}{®(2)}, (18)

where [M] = [M]* and [K] = [K]¥, being H the hermitian or complex conjugate transpose. Equation is derived
from the equation of motion and from the orthogonality conditions. The problems above are also subjected to

the boundary conditions of the rotor in both ends. The application of the boundary conditions will be shown later.
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With {®;(z)} and g¢;(t) at hand, one can obtain the displacement field from Eq. (I3). The next section presents a
method for the solution of the problem stated above.

Before moving on to the proposed method, it is worth mentioning alternatives that could have been adopted to solve
the same problem. The main method used in the literature is the FEM. Given the above formulation, the FEM would
differ in the assumed solution, Eq. (13), where the vector {®;(x)} would be a polynomial and g;(t) would represent
the physical displacements and rotations at certain locations of the shaft [32]. Since the form of {®;(x)} is assumed,
one does not need to solve an eigenvalue problem. Such functions are known in the literature as comparison functions
[I1]. Another approach is to adopt a simplified form for the matrices [M] and [K] in Eq. , making the obtention
of the eigenfunctions easier, and assuming {®;(z)} = {®;(x)}. This method is known as assumed modes method [36],
and the functions obtained from such methods are often called admissible functions [IT]. These alternative methods
can be seen as an approximate solution to the equations of motion. By adopting the approach presented in this paper,

one arrives at the exact solutions, given, of course, the assumptions adopted.

3. Continuous segment method

This section presents the CSM, that aims at solving the problem previously stated. Firstly, the system is divided
as shown in Fig. [T} Here one has a stepped and homogeneous shaft with n segments, each with constant cross section.
Each segment has a local coordinate &;, bounded by [0, L;], being L; the length of the segment and ¢ = 1,2,..,n. On
the segments, one can have a disk or a bearing, and their local coordinates are denoted by a and b, as illustrated in the
figure. The coordinate system and the direction of the displacements are also shown in the depiction, and the relation
between them and the complex displacements are u(z,t) = uy(x,t) + ju,(z,t) and Y(z,t) = . (z,t) — ji,(z,t), where
J is the imaginary number.

The eigenvalue problem as presented in Eq. cannot be solved, since the coefficients of the resulting differential
equations are not constant. However, one can write this problem for each segment separately. This allows the

solution to be obtained for each individual segment; the global solution will come from the application of continuity

Bearing

Disk —

Figure 1: Depiction of the system studied.
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or compatibility conditions. The vector of mode shapes can be written for local segments as,

‘ _ _ T
@& ={Mo') (6@} - (19)
with,
o'y = {oie) nite) o) wE)} - (20)
Here, the superscript ¢ denotes the ith segment, and the functions ¢1, ¢2, 71 and 72 are eigenfunctions to be found.

Using the above definition for {®*(¢;)}, Eq. can be expressed as,

Am{e' (&)} = Alm'{¢' (&)} (21a)

(X20m) + Al + ] {6 ()} = 0 (21b)

The trivial equation (21a)) arises due to the state-space formulation. The local matrices can be written as,

pA; + MF54(& — ar) 0 0 0
2 k _
] = 0 pAirs + J304(& — ax) kO 0 (22)
0 0 pAi + M 5d(§1 - ak) 0
0 0 0 pAir} + Jba(&i — ax)
: [e]  [e2] cr(&) 0 a&(&) 0
‘= ) = s = R 23
- [[@1 [c’ﬂ] o [ 0 —i(2pAu? + IE5u(6 - ak>>] - [ 0 0] )
9? . 0
- ’ 1= 2 )
(k3] [k1] —RGAZ-% —EL-% + kGA;
o] = |:kb(fi> 0] . (24)
0 0

The properties of the shaft for segment 7 are the cross-sectional areal A;, area moment of inertia I;, and radius of
gyration r;; M*, JC’f and J;f are the mass, diametral and polar moments of inertia of the kth disk; and §4 is the Dirac’s

delta function. In addition, the local functions of the bearings depend if they are modeled as long or short:
e Short bearings
kp(&) = kyba(& —b), ko(&) = kida(& — bi), e7(&) = cdal& —br), (&) = chdal& — br) (25a)
e Long bearings
k(&) =y, k(&) = ki, €5(&) = ¢, @l&) = (25b)

where [ denotes the Ith bearing and b; is the local coordinate of the bearing (see Fig. . Short bearings are modeled
as a massless spring-damper system positioned at a single point on the shaft. This approach is suitable for rotors with

fluid-film bearings with low length-to-diameter ratio (L : D < 1), or with rolling-element bearings. Long bearings
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are modeled as a distributed stiffness along the shaft, similar to an elastic foundation. For simplicity, the distributed
stiffness is considered acting on the whole segment instead of only on part of it. Thus, the length of the bearing can
be adjusted by changing the length of the segment. This approach is suited to rotors with fluid-film bearings that
posses high length-to-diameter ratio, or any other type of bearing that has a clamped-like effect in the shaft.

A further expansion of Eq. leads to,

X2 (pAs + MM3u(& — a1) ) 81(6) + KGA (11 (&) - 61(&))

) A | (262)
+ Ry () + 237 (€)] 61(6) + [Ro(&) + Aap(€0)] 65 (€)= 0,
A2 (?Az + M*64(& — %))fﬁé(&z + KGA; (7751(&) B é”(fi)) (26h)
+ [K7(&) + AcH(&)] 05(&) + [ki (&) + A6 (&)] ¢1(&) = 0,
0 (it TE84(6 = o) i (6) = AQ(20 i+ T8a(6 = ) i (6) 260)
~BLni" (&) + kG A (i (&) - 61/(6)) =0,
N2 (pAir? + T0a(6 — @) Jmal(&) + A2 20 407 + J50a(8 — ax) ) nb (&) 260

—ELns" (&) + rGA; (U%(fz) - ¢§/(§i)) =0.
Here, the prime denotes differentiation with respect to &;, that is, ' = d/d§;. An important fact from the above
equations is that, the first and second (or third and forth) are not complex conjugate equations only due to the
anisotropic bearing coefficients k;, and &. Thus, when one has k, = & = 0, only one pair of the equations needs to
be solved. This was done in the isotropic case treated in [27], 28]. For general anisotropic bearings, the four equations
need to be solved simultaneously. In addition, one may also notice that the direction of rotation (£2) is not the same

for the equations. This implies that the functions ¢; and 7, rotate in the opposite direction of ¢o and 7.

The solution of Eq. (21b)) or (26a)-(26d]) can be obtained through the Laplace transform, which gives,

[L]{"(s)} = {b}, (27)
where,
A~ ’L A . . A . - T
@6} = {45 (s ds) s} (28)
being s the spatial coordinate in the s-domain, and the hat symbol in qz@ﬁ(s), denotes the Laplace transform of the

function ¢ (&;), and similarly to the other quantities. The matrix [L] and the vector {b} will be different for short and

long bearings:

e Short bearing

[L1]  [0]axa pAN? — KGA,; s> kGA;s
[L] = ;o a] =
[0]4><4 [LQ] —kGA;s ()\2 — 2])\9) pAi’I“iQ — ICIZ'S2 + kGA;
pA N — KGA,;s* kGA;s
[Leo] = (29a)
—kGA;s (A2 +2jAQ) pAr? — BELs® + kG A;
8
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{o} =
e Long Bearing
L) = [L1]  [Le]
[Ls]  [La]
[La] =
(v} =

KGA; [:(0) = ¢1(0) = 56(0)] — A*M"y(ay)e "

3

(K} + Ach) d1ilbn) + (k) + Ach) bailbr) ) e

—kGA;i¢i(0) — ET; [j(0) + s1:(0)] — (N2 JF — jAQJIY) niax)e™ >
+ (ki + )\ci) m(bl)e_Sbl

KGA; [1:(0) — ¢5(0) — s¢(0)] — A M ¢;(ar)e™>

3

7( (k;* * Aci‘*) $2i(br) + (ké* + )\cé*) éf’u(bl))e*Sbl

—kGA;$:(0) — EL; [}(0) + sn;(0)] — (N2J]f + GAQIY) ni(ar)e >

+ (/ﬂi + )\cé) ni(bl)e_s’”

L] pAN — KGA;s* + (K + M) KGA;s
1 =
—kGA;s (/\2 — 2j)\Q) pAiriQ — EI;s®> + kGA;
ky 4+ Ach) 0 kit + Aey) 0
L) = (ki +2a) 0f [Ls] = (k" +Acty)
0 0 0 0
pAN — kGAis® + (K + M) KGA;s
—KkGA;s (A2 +25AQ) pAir? — EL;s* + kG A;

KGA; [0:(0) — ¢;(0) — 5¢(0)] — A2 M* i (ag)e >
—KGA;$:(0) — EI; /(0) + sm;(0)] — (NJJ — FAQIF) mi(ap)e >

RG A [1:(0) = 61(0) = 56(0)] = X2M* i (ap)e ™"

—KGA;$:(0) — EI; [[(0) + sn;(0)] — (NJJ + FAQIF) mi(ap)e >

(29b)

)

(30a)

(30b)

One can note that the problem for short and long bearings are very similar. The main difference is that, due to the

use of the Dirac delta, the bearing coefficients for the short bearing land on the vector {b}. This makes the matrix [L]

block diagonal, essentially decoupling the equations for qgll(s) and 7j1;(s) with égz(s) and 7j2;(s). On the other hand,

for long bearings, the coefficients are in the matrix [L], coupling the four equations.

In order to obtain the functions in the space domain, the Inverse Laplace Transform must be applied in Eq. .

Firstly, the equation must be solved for {®(s)}, which will require the inversion of the matrix [L]. Recalling that

the inverse of a matrix can be given as [L]~! = adj([L])/det([L]), where adj denotes the adjugate matrix and det the
determinant. Thus, Eq. can be written as:

(81(5)) = ST 0} = der((2) " )

(31)
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where {b} = adj([L]){b}. The determinant of the matrix [L] will be a polynomial function, and can be written as,

det([L]) = (5" — e;)(s” — €3,)(s* — €5,)(s* — €i;) (32)

being €;; (7 = 1,2,3,4) the roots of the equation det([L]) = 0. These roots are the mode shape parameters, also
known as wave numbers. With the roots €;; (7 = 1,2,3,4) at hand, the Inverse Laplace Transform can be applied in

Eq. . The functions of segment 7 in the space domain will have the following general form,

¢} (&) = [C (&)X (0)}, (33)
ni (&) = [D' (€)X (0)}, (34)
¢5(&) = [E'(&){X(0)}, (35)
773(&') = [Fi(fi)]{Xi(O)L (36)
where,
[CHO)] = [C1(&) C5(8) -+ C&(&)], [D'(9)] = [Di(§) D5(€) -~ Dg(é)], (37)
[E'(&)] = [Ei(§) E5(6) -- E3(&), [F'(&)] = [Fi(&) F3(8) --- F3(¢)], (38)
{X°(€)} = i (&) /(&) o1(&) &1/ (&) na(&) 5 (&) dh(&) o' (&)} (39)

The functions Cj;, Dj;, E;; and Fj; (j = 1,2,...,8) posses the information about the shaft’s properties and if the
segment 4 has a disk or a bearing. lists their full form.

Equations — are the solutions of the local eigenvalue problem, Equation . However, one still needs to
find the constants {X*(0)}, which are obtained through the application of boundary conditions. The next step is to
find a way to relate these functions, which are local for each segments, and obtain the global modes that are used in the
expansion . This can be done by means of the continuity conditions, which are the continuity of the displacement,

rotation, shearing force and bending moment across the segments. These conditions can be written as,

ui(fi = Lz7t) = ui+1(§’i+1 = Ovt)
P& = Li,t) = " (€41 = 0,1)

Bl o' (&; : L;,t) — Bl 31/’”1(5@%1 =0,1) (40)
i 851 8fz+1 i1
kG A; (W(& = L;,t) — W) = kGAip <W+1(§z‘+1 =0,t) — ou (ggjf O,t)>

Here u' and 1 are the displacement and slope in local coordinates of segment i. Note that the conditions do not

consider bearings or disks on the boundaries. By using the assumed solution shown in Eq. , together with Eq. ,

10
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in the conditions above, one arrives at,

1H0) = i (Le)
571(0) = ¢h(Ly)
1 (0) = i (Li)
157 (0) = mh (L)

ELani™(0

EIL 0™ (0) = EI
RG A1 (nf7(0) - 671(0)) =
fﬁGAiH(n; (0) — ZH’(O)) kG A,; (né

It’s worth mentioning that the continuity conditions for ¢§ and ni, as shown above, are uncoupled from (bé and 773

due to the symmetry of the shaft properties. For asymmetric shafts, for example, this will not be the case. Writing in

matrix form, Eq. can be stated as:

{(Xi1(0)} = [Hu[{Xi(Li)},

being,
1 0 0 O
(il [0]axa 0 Bi 0 0
[Hii] = o [hil =
0laxa  [hi] 0 01 0
1-— (67 0 0 (67

(42)

(43)

and B; = I;/I; 11, a; = A;/A; 11 and [0]4x4 is a 4 X 4 matrix with zeros. The matrix [h;] is taken directly from Eq. (41)),
+ +

and it takes into account the change in the geometry between segments. In case there is no change in the geometry,

the matrix becomes simply the identity matrix. By utilizing the relations shown in Eqgs. —, one has,

i (Li) [Ds(Li)|{Xi(0)}
m1i(Li) [Di(Ls)){X:(0)}
1i(Li Ci(Li){ X (0

R Ll O L
1i(Li) [Ci(Li)]{X:(0)}
5:(Li) [F (L) {X3(0)}

T
= |[Di(L)] (DAL - [FL)] {X00)
Therefore, Equation can be written as
X O = [ [Di(L) (DAL - (R X0 = X,

(45)

Equation essentially relates the unknowns parameters of segment ¢ with ¢ + 1 through a transfer matrix [H,],

which contains the properties of the geometry of the shaft as well as any disks or bearings contained in the segments.

This equation can also be used to relate the eigenfunctions of the different segments.

11
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The last step, requires the application of the boundary conditions, so that unique eigenfunctions and eigenvalues

are obtained. Here, only simple boundary conditions are considered, such as free-free, simply-supported or clamped.

Consider a shaft that is free at both ends. The conditions are shear force and bending moments zero at these locations,

thus,

EL

ET,

kGA, <¢1(§1

o (& = 0,1)
3
V" (6n = L 1)

kGA, ("/}n(gn = Lnut) -

=0

=0
0,t) — aul(%gl O’t)) =0
afn ) B

Through Eqgs. and , the above conditions can be written simply as,

m' 0) =ny'(0) = 07" (Ln) = 13’ (Ln) =

#1(0) ) =rGA; (7)2
o (78 (L) - ¢?<Ln>) = nGA, (13 (L

)0
% (La)) =0

(47)

Next, one can use Eq. (45)), to write the functions of segment n as:

07 (6n) = [Cul(&){Xn(0)} = [Cal€n)] ([Humt] X [Hn-s] x--- %
11 (€n) = [Da(€n) {Xn(0)} = [Da(§a)) ([Hat] x [Hnos] X+
03(6n) = [Bn(E){Xn(0)} = [En(€0)] ([Humt] X [Hnos] X+ x
15 (&) = [Fu(§){ X0 (0)} = [Fu(a)] ([Ha-

1)) {X:(0))
Hy){X:(0))
Hi){X(0)}

% [Hya) - ¢ [H1]) {X20))

By utilizing the above equations in , and writing the system of equations in matrix form, the following is obtained,

(D (Ln)]

[Dn (L

[Fn (Ln

n)] = [Ch(Ln)]
[ (Ln)]

)] - [E;z (Ln)}

(11 > [Homs)

X [H]){X:(0)} = 0 (18)

Lastly, one needs to apply the boundary conditions at = 0 in the above equation by altering the term [H1]{X7(0)}.

This can be done as,

[H1]{X1(0)} = [Hi]

3
=
—
e
=

3
:SLH:
_ =

=)

=

Sba'—‘@’—‘
— =
e =

=
N
L N
=)
~—

©-
D =
—~
e
=

1(0) 0 1 0 0

0 0000

1(0) 1.0 0 0] 610

V(0 0100 (0

1(0) ) ¢1'(0) e
¢'(0) 00 0 1] [¢0

0 0 0 0 0] [¢2(0)

$5(0) 0010

$3'(0) 0 0 0 1)

12
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Substituting the above expression in the previous one, one arrives at,
[A] (Hu 1] % [Hy -] -+ x [Ha] ) [B{X} = [GO){X} = 0. (49)

Note that, for different boundary conditions, one needs to change only the matrices [A] and [B], and the vector
of unknowns {X}. From the approach outlined, the expansion for the simply-supported and clamped boundary
conditions is straightforward. Equation can be identified as the system of equations to obtain the relative
amplitudes between the vibration modes [36]. In the present case, the modes are global, that is, for the entire stepped
shaft. The characteristic equation is obtained from the determinant of the matrix [G(A)], which must be zero for

non-trivial solutions to exist. The eigenvalues will have the form,

M=ol + 4wl fori=1,2,..; k=F, B; (50)

i =

where wf are the damped natural frequencies, JZ’-“ are the damping parameters and F' and B denote the forward and
backward modes, respectively. In rotordynamics, the division between forward and backward modes is useful, as the
latter case is generally avoided due to the stress distribution it generates along the shaft [37].

After obtaining the eigenvalues A, the vibration modes of each segment can be obtained using Egs. —

together with Egs. and . The global functions will be piecewise continuous, and can be expressed as,

#1(z) for x1 <a < a9
#3(x) for xo < x < 3
¢1(x) = , (51)
ot (x) for x, < T < Tpta
and the same form is true for ¢o(z), n1(x) and no(x). These functions can be assembled by means of Eq. to
obtain the global vector {®(z)}. With these global functions, one can solve the equations of motion for the generalized
coordinates ¢;(t), as presented in Eq. . Note, however, that one actually needs the vector {ti’(x)}, and not {®(x)},
which was the vector obtained in this section. This is not really a problem, since the process to obtain {®(x)} is
exactly the same, but one needs to change the matrices [M] and [K] for [M]? and [K]¥, respectively. After obtaining
{®(x)} and solving Eq. , the physical displacements can be obtained from , which leads to,

ufe,t) = 761 ()aih), (52)

oo

Wi, t) =Y 0\ @)a(), (53)

i=1
where the functions gbgi) and ngi) are global and the subscript () denotes here the ith mode; one must not be confused
with the local segments of Eq. . In addition, the horizontal (y) and vertical (z) components are simply the real
and imaginary parts of u(z,t) and ¥(z,t), respectively.

Here, the CSM is completely established, and it is an alternative to solve the problem of rotordynamics presented in
the previous section. As far as the system considered (a rotor with a stepped shaft, concentrated disks and bearings),
the solutions by the CSM are exact. It is important to note, however, that this does not limit the present approach,
as the model can be applied to more complicated rotors, but the solutions would then be approximate rather than

exact.

13
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4. Results and discussion

This section presents some examples of the method proposed in some practical applications commonly seen in rotor
dynamics, namely the obtention of natural frequencies and mode shapes, unbalance responses, and the behavior from
nonlinear forces. In the latter case, the rotor-stator rubbing was studied. In all applications, an equivalent model
based on the FEM is also developed for comparison. The results are obtained using the software Matlab. The natural
frequencies in the CSM are obtained by means of the function fsolve, while in the FEM the eig function is used. In
the unbalance response, both CSM and FEM models are solved analytically, while in the rubbing response, the ode/5

integrator is used in both cases.

4.1. Application 1: natural frequencies and mode shapes

In the first study, a simple uniform rotor is studied, with an off-centered disk and two bearings at the free ends,
as depicted in Figure The system is divided into three segments: segment 1 and 3 have the same length I; = 50
mm and are where the bearings are located; segment 2 has [ = 500 mm with a disk positioned at one-third of the
shaft length or @ = 150 mm in the local coordinate. The remaining parameters are listed in Table[I} The rotor was
considered with short and long bearings. For short bearings, the coordinates b; = b, = 25 mm are used, meaning
that the bearings are acting in the mid-span of the segment. The long bearings, however, act on the whole segments,
similar to an elastic foundation.

To evaluate the CSM, FEM model was developed. Figure [2b] shows the mesh used, which contains 24 finite
elements with 4 degrees of freedom per node. The elements are standard Timoshenko beams with gyroscopic effect.
The matrices used can be consulted in [32] or [38]. Similar to the CSM, the FEM rotor was considered with short and
long bearings. In the former case, the bearing coeflicients are simply summed in the stiffness and damping matrices
at their corresponding degrees of freedom, which was in nodes 2 and 24. When long bearings were used, they were
added at elements 1, 2, 23 and 24 as a distributed stiffness and damping. One is referred to [39] on how to introduce

long bearings in the finite element rotor.

25

(a) (b)

Figure 2: Uniform rotor: (a) CSM dimensions and (b) finite element mesh.
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In the following analysis, the bearings are considered anisotropic with no cross-coupled coefficients (that is, or-
thotropic bearings, with k,, = k., = ¢y. = ¢y = 0). The ratio between the horizontal and vertical stiffness are fixed
as k. /kyy = 0.8 and the damping is isotropic, or ¢,, = ¢,,. For the units to be consistent, given a bearing stiffness
for the short bearing, the distributed stiffness used in the long bearing model will be the coeflicient divided by the
bearing length (which in the present case is [; = 50 mm).

Figures and show the Campbell diagram of the uniform rotor with short bearings for different bearing
stiffness. This diagram represent the damped natural frequencies of the rotor with the increase of the shaft rotation

. In these figures and in the following ones, FW denotes the forward frequencies, which are the modes where the

Table 1: Parameters used in application 1.

Parameter Value
Shaft’s length 600 mm
Shaft’s diameter 24 mm
Segments’ 1 and 3 length 50 mm
Segment’s 2 length 500 mm
Density 7850 kg/m®
Elastic modulus 200 GPa
Poisson’s ratio 0.3
Shear modulus 76.92 GPa
Shear factor 0.8864
Disk thickness 15 mm
Disk external diameter 150 mm
Disk location (a) 150 mm
Bearing locations (b1, b2) 20 mm
25 mm

Table 2: Rotational frequencies of the uniform rotor with short bearing for ¢y, = 10% Ns/m and different stiffness.

Rotational Frequency (rpm)

Bearing
Stiffness (N /m) Q=0 Q = 5000 Q = 10000
Mode CSM FEM  Error (%) | CSM  FEM  Error (%) CSM FEM  Error (%)
1 BW 42124 42124 0.0000 4211.8 4211.8 0.0000 4209.99  4209.9 0.0001
6 1FW  4442.0 4442.0 0.0000 4442.0 44420 0.0001 44419  4441.9 0.0001
=10 2BW 11565 11565 0.0004 11494 11494 0.0004 11303 11303 0.0004
2 FW 12767 12767 0.0005 12810 12810 0.0005 12915 12915 0.0005
1 BW 5872.6 5874.9 0.0380 5823.4 58234 0.0000 5770.4  5770.4 0.0001
10 1 FW 5877.1 5874.9 0.0380 5924.7  5924.7 0.0000 5972.9  5973.0 0.0001
k=10 2 BW 27473 27499 0.0935 26894 26894 0.0018 26222 26222 0.0016
2FW 27524 27499 0.0890 28037 28037 0.0022 28513 28514 0.0023
15
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Figure 3: Damped natural frequencies of uniform rotor for ¢y, = 102 and: (a) kyy = 10° N/m (Short bearing), (b) kyy = 10° N/m (Short
bearing), (c) kyy = 10° N/m (Long bearing), (d) kyy = 10'° N/m (Long bearing). The gray dashed line is where wy, = Q.

rotor whirls in the same direction as the shaft rotation; and BW denotes the backward frequencies, where the whirl
is in the opposite direction of the rotation of the shaft. Since the rotor is anisotropic, the BW and FW frequencies
will be different for the rotor at rest (€2 = 0). The subsequent departure of the BW and FW modes is due to the
gyroscopic effect. It is seen from Fig. [3] that the increase in the stiffness increases the natural frequencies, as expected,
and the gyroscopic effect, since the difference between the FW and BW frequencies becomes greater. Table [2| shows
some values extracted from the figures at certain speeds. The relative errors are calculated considering the frequencies
of the finite element model as the exact value. As one can note from the figures and the low errors of the table, the
agreement between the CSM and FEM is very good for the cases shown.

Similar as before, Fig. Bk and Bl shows the Campbell diagram for the uniform rotor with different bearing stiffness,
but now with long bearings (Recall that for long bearings one has to divide the value by the length of the bearing,
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Table 3: Rotational frequencies of the uniform rotor with long bearing for ¢y, = 102 Ns/m and different stiffness.

Rotational Frequency (rpm)
Q=0 Q = 5000 ) = 10000
Model CSM  FEM  Error (%) | CSM  FEM  Error (%) | CSM  FEM  Error (%)
1 BW  4223.8 4223.8 0.0007 4223.2  4223.2 0.0007 4221.4 42214 0.0007
1 FW  4458.8 4458.8 0.0008 4458.7  4458.8 0.0006 44586 44586 0.0006

Bearing

Stiffness (N/m)

6
F=10 2BW 11572 11572 0.0009 11501 11501 0.0003 11310 11311 0.0009
2FW 12773 12773 0.0011 12816 12816 0.0017 12921 12922 0.0010
1 BW 13407 13446 0.2918 13291 13329 0.2817 13134 13170 0.2760
L — 1010 1 FW 13487 13525 0.2804 13594 13634 0.2901 13725 13766 0.2947

2BW 41274 41384 0.2655 40350 40448 0.2420 39204 39299 0.2420
2FW 41484 41575 0.2186 42279 42381 0.2414 43046 43150 0.2413

Iy = 50 mm). The results are very similar to the short bearing case seen before, the difference being only that now the
frequencies are a bit higher. Table [3| shows some values taken from the Campbell diagram. For the rotor with long
bearings, the errors between the CSM and FEM increase with the increase in the stiffness. However, they stay quite
the same for the same stiffness and different rotational frequencies. The results show that, for the finite element mesh
considered the CSM proved superior for rotors with long bearings, because they are better modeled as a continuous
system due to their distributed nature.

Figure 4| shows the logarithmic decrement for the rotor with short and long bearings. In this case, the stiffness
is fixed at ky, = 10° N/m, and the damping is varied. The logarithmic decrement denotes the amount of damping
in the system, and was calculated as § = —2mwRe[A]/Im][)\], being A the eigenvalue and Re[-] and I'm/[] the real and
imaginary parts, respectively. The parameter ¢§ is also useful to detect instabilities in rotating machines. Comparing
both damping cases, the backward modes appeared more damped then the forward ones, when higher damping is
present. This is true only for modes 3 and 2, however, since the first mode showed almost no difference. With these
results, the CSM shows similar damping to the FEM for either long or short bearings.

Lastly, the first undamped forward mode shape is shown in Figs. [§] and [6] for both types of bearings and different
bearing stiffness. The mode shapes are normalized by the maximum displacement and the shaft rotation is set to
Q) = 1000 rpm. Since the bearings are anisotropic, the vertical and horizontal mode shapes can be different. For a
bearing stiffness of k,, = 10° N/m, the mode shapes of the rotor with short and long bearings look almost the same.
For a higher bearing stiffness, however, this is not true, and the mode shapes start to look similar to a fixed-fixed
end shaft for long bearings, while the short bearings makes the mode shapes look like a hinged support. It is also
interesting to note that for higher stiffness, the vertical and horizontal mode shapes become almost identical, with
minor differences. The results show that the CSM and FEM agree well for the mode shapes.

Here some aspects of the numerical simlations are discussed before moving on to the next application. The natural
frequencies in the CSM are obtained from the determinant of [G(A)] in Eq. (49), which leads to transcendental
equations. Such types of equations are more difficult to solve than the polynomial equations in the FEM. To obtain

the Campbell diagrams, the natural frequency must be obtained in a wide range of speeds. Thus, in this regard, the
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Figure 4: Logarithmic decrement of the uniform rotor with ky, = 10° N/m and: (a) ¢,y = 102 Ns/m (Short bearing), (b) ¢yy = 10% Ns/m
(Short bearing), (c) ¢yy = 102 Ns/m (Long bearing) and (d) c¢yy = 10® Ns/m (Long bearing).

CSM is in general slower then the FEM. For instance, using a laptop with an Intel i7-7500U processor, to obtain the
results in Fig. [3] the CSM takes about ten seconds, while the FEM solution two to three seconds. In both methods, the
frequencies were obtained for a total of 50 speeds, with equal spacing between the points. However, for high bearing
stiffness, the mesh of the FEM must be refined to lower the errors between the CSM, and, for such a refined mesh, the
solution time between the methods becomes similar, as the finite element matrices becomes very large. In the CSM,
the addition of segments does not affect the results. This effect is more prominent in the rotor with long and stiff
bearings. In the rotor with long bearings with k = 10'° N/m, for example, in order for the errors of the FEM with
respect to the CSM to go below 0.1 %, the mesh needs to be refined to have 48 elements (which is double the size of
the mesh in Fig. |2b)), and the computation time for 50 frequency steps becomes the same as the CSM. Therefore, the

CSM proves to be a good alternative for rotors on stiff bearings, or when frequencies of higher modes are required.
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Figure 6: First undamped mode shape of the uniform rotor with long bearings for: (a) kyy = 10° N/m, (b) kyy = 10® N/m and (c)
kyy = 101 N/m.

4.2. Application 2: unbalance response

This example presents the application of the CSM to a multi-stepped rotor with several disks with the intention
of obtaining its response to unbalance. The finite element mesh is presented in Fig. and it is based on a real
turbo-machine. The rotor has a total length of L = 2.5 m, and the mesh consist of 26 finite elements considering
rotary inertia and shear deformation. This is the baseline model, and will be denoted as FEM M1. Table [4] lists
the lengths and diameters of the elements. The rotor has four disks positioned at nodes 12, 15, 17 and 19, and two
bearings at nodes 6 and 23. Table [5]lists the diameters of the disks. The material considered was steel with the same
density, Young’s modulus and Poisson’s ratio as the ones listed in Tab. [I] of the previous example. In addition, a less

refined mesh was developed using the FEM, as shown in Fig. [7h] and it is denoted as FEM M2. In this model, the
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diameters of elements 1 and 2 are the mean diameters of elements 1 to 8 of FEM M1. Similarly, the last two elements’
diameters are obtained from the mean of elements 21 to 26 of the mesh in Fig. The remaining mesh of FEM M2
is reduced to its minimum elements, given the location of the disks.

Two models based on the CSM were developed, they are shown in Figs. [7c| and and are denoted CSM M1
and CSM M2, respectively. Although it is possible to use every element in the mesh as a continuous segment, the
addition of segments in general increase the computation cost in the CSM to a higher degree than adding elements in

the FEM. For model CSM M1, the system consisted of eight segments, and the coordinates of the disks and bearings,

(c) (d)

Figure 7: Models of the Multi-stepped rotor: (a) FEM M1, (b) FEM M2, (¢) CSM M1 and (d) CSM M2.

Table 4: Finite element mesh data.

Element Length (mm) Diameter (mm) | Element Length (mm) Diameter (mm)
1 37.5 60 14 122 300
2 73.5 111.8 15 122 300
3 37.7 242 16 122 248
4 53.3 108.8 17 122 248
5 61 159.76 18 122 248
6 61 159.76 19 122 248
7 23.1 237 20 195.9 248
8 113.9 199.6 21 125 199.6
9 62.5 248 22 72.5 179.73
10 62.5 248 23 72.5 179.73
11 175.5 248 24 20 220
12 175.5 248 25 50 199.7
13 284 300 26 11 354
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Table 5: Disks and bearings dimensions.

Parameter Symbol  Value (mm)
Position ai 300.5
Disk 1 Diameter Dy 550
Length h1 351
Position a2 406
Disk 2 Diameter D, 350
Length ha 244
Position as 122
Disk 3 Diameter D3 400
Length hs 244
Position a4 122
Disk 4 Diameter Dy 450
Length ha 244
Bearing 1 Position b1 61
Bearing 2 Position ba 197.5

listed in Tab. [5] were set based on their corresponding nodes in the finite element mesh. Segments 1, 2, 3, represent
elements 1 through 8, and have diameters d; = 108.8 mm, ds = 159.76 mm and ds = 199.6 mm; while the lengths are
L1 =202 mm, Ly = 122 mm, L3z = 137 mm. The lengths of segments 4, 5, 6, and 7 are Ly = 476 mm, L; = 528 mm,
Lg = 244 mm and L; = 439.9 mm, and the diameters are the same as in the finite element model, that is, the
diameters of elements 9 through 12, 13 through 15, 16 through 17 and 18 through 20, respectively. Segment 8 has a
length of Lg = 351.1 mm and a diameter of dg = 222 mm, which was obtained as the mean of the diameters 21 to 26
of the finite element mesh. The model CSM M2 has similar characteristics as the CSM M1, but segments 1 to 3 in
the latter are transformed into a single segment, using the mean diameters of the finite element mesh from 1 to 8.

The purpose of all these different models based on FEM and CSM, is to evaluate what happens to their results as
the mesh gets worsen. The model of Fig. [Ta] represents a highly discretized mesh, and the other models are alternative
approaches to represent it with less computation.

Similar to the previous example, the rotor was considered with short and long bearings. For short bearings, the
coordinates b; and by are used in the CSM, while in the FEM they are placed in the corresponding nodes with bearings.
When long bearings are used, the segment is considered on an elastic foundation, and in the finite element model, the
elements have a distributed stiffness property. Also, segment 8 of CSM M1, and segments 1 and 6 of CSM M2, had
to be further divided to include long bearings in them. The length of the bearings are I = 122 mm and [, = 145 mm.
Thus, the segments are divided such that the central sub-segments have the lengths aforementioned. Similarly, for the
model FEM M2, two additional elements had to be included between elements 1 and 2 and 10 and 11, to place the
distributed stiffness. The coefficients used in both CSM and FEM were:

kLo okl 2.66  5.80 k2 k2 2.35 8.88
wweTeE = x 108 N/m, wweovE = x 108 N/m (54)
kL, kL. —6.93 1.53 k2, k2. —9.47 1.24
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kel 28.90 —6.37 2. 2 43.03 —5.61

veovE = x 10° Ns/m, A = x 10° Ns/m (55)
ct, i —6.37 31.91 2, 2. —5.61  44.60

where the superscripts denote the coefficients of bearings 1 (the left bearing) and 2 (the right bearing). These
coefficients are obtained from a journal bearing using short bearing theory, considering a fluid viscosity of 0.028 Pa-s
and a radial clearance of 90 ym. The coefficients can be consulted in [40], and the values were taken from a speed
of Q = 4000 rpm. Although the coefficients are from short bearing theory, the same values were used for the long
bearings, but the values were divided by the bearings lengths, which in this case were I; = 122 mm and /5 = 145 mm.

To study the forced response of the rotor, an unbalance moment of m,e = 0.0213 kg-m is placed at disk 2, at a

coordinate x,, = 1.343 m from the left free end, or in node 15 in the mesh. To obtain the forced responses, three modes
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Figure 8: Unbalance response of the multi-stepped rotor with short bearings at: (a) Unbalance point, (b) bearing 1 and (c) bearing 2.
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Figure 9: Errors in the amplitude relative to FEM M1, using short bearings, at: (a) Unbalance point, (b) bearing 1 and (c) bearing 2.
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Figure 10: Unbalance response of the multi-stepped rotor with long bearings at: (a) Unbalance point, (b) bearing 1 and (c) bearing 2.
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Figure 11: Errors in the amplitude relative to FEM M1, using long bearings, at: (a) Unbalance point, (b) bearing 1 and (c) bearing 2.

(three FW and three BW) were used in the CSM and all the degrees of freedom were considered in the FEM, that
is, no reduction was performed. Figures [§] and [I0] show the unbalance response at the bearings and unbalance point
(disk 2) from 1000 to 10000 rpm using both types of bearings. The figure shows the displacements of all the models
shown in Fig. m Additionally, Figures |§| and 11| show the errors in the amplitudes relative to FEM M1 (baseline). For
short bearings, the responses are almost indistinguishable, as seen from the amplitudes and the low relative errors.
The results for the rotor with long bearings were distinct for all models. The response closest to the baseline model
was the CSM M1. In the second critical speed, one can note that the CSM showed a little higher displacement than
the FEM, due to the difference in damping seen before. In addition, regarding the difference between the two types
of bearings, the results agree with [39], where the long bearings showed more damping in general, and decreased the

peak in amplitude at the critical speeds. This happens as the long bearings have a distributed damping, which have
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Figure 12: Obits of the rotor with short bearings at the first FW critical speed: (a) Unbalance point, (b) bearing 1 and (c) bearing 2.
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Figure 13: Obits of the rotor with long bearings at the first FW critical speed: (a) Unbalance point, (b) bearing 1 and (c) bearing 2.

a greater damping potential then the point-wise damping of the short bearing model. However, with regard to the
natural frequencies, it was shown no difference between the two bearings.

Figures [T2}[I5] show the orbits of the rotor at the same three locations, using both types of bearings and at the
first two FW critical speeds. These speeds correspond to the peaks in Figs. [§| and Just as before, the orbits
for short bearings were similar for all models. For long bearings, the CSM M1 showed the best results, following by
the CSM M2. The worst model was the FEM M2. The results presented in this section leads one to conclude that
simplified models using the CSM can be more effective than rougher meshes using the FEM. Thus, when it comes to

the reduction of the solution problem in rotor systems, the CSM proves to be a good alternative.
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Figure 14: Obits of the rotor with short bearings at the second FW critical speed: (a) Unbalance point, (b) bearing 1 and (c) bearing 2.
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Figure 15: Obits of the rotor with long bearings at the second FW critical speed: (a) Unbalance point, (b) bearing 1 and (c) bearing 2.
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4.8. Application 3: rotor-stator rubbing

Rotor-stator rubbing is a very important topic in rotordynamics. Since the gap between rotating and stationary
part have been ever decreasing due to power requirements, it is a phenomenon that might always be present. Therefore,

researchers and designers have been constantly trying to understand it, and many models have been employed in the
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literature. Some reviews on rubbing can be found in [41] 42].

Since the main objective here is to evaluate the CSM as an alternative for modeling rotors under nonlinear forces,
the analysis will be simple. The same rotor presented in the first application is used, with dimensions and properties
listed in Tab. [[I The unbalance moment is set to 0.37 kg'-mm. The same bearings parameters are also considered:
no cross-coupled coefficients, k.. /ky, = 0.8 and ¢,y = c,,. The values assumed were k,, = 108 N/m and ¢,y = 10*

Ns/m. The impact model is the same as presented in [43] [44]. The parameters for the rubbing model are the impact
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Table 6: Parameters used in the rotor-stator rubbing study.

Parameter Value
Impact stiffness 10" N/m
Friction at contact 0.02
Radial clearance 0.2 mm

Rubbing axial location 0.3 mm (midspan)

Unbalance moment 0.37 kg-mm
Bearing stiffness 10* N/m
Bearing damping 10* Ns/m

stiffness, friction coefficient and gap distance between rotor and stator, which were set as 107 N/m, 0.02 and 0.2 mm,
respectively. Also, the rubbing is considered to happen at the midspan of the shaft. The parameters used in the study
are also listed in Tab.[6] In addition, since a comparison with the full FEM was already made in the previous section,
here modal analysis (see [7]) was applied in the finite element’s model. This is done in order to reduce the number of
equations and to make a fair comparison with the CSM (which is a modal analysis, but with eigenfunctions instead
of eigenvectors).

In order to analyze the rotor under rubbing, the following parameter s = Q/w., was used, were w, is the first
forward critical speed. For the rotor with short and long bearings the critical speed is found to be w.. = 5910 rpm
and w., = 8357 rpm, respectively. For s < 1 one has a pre-resonance state, and for s > 1 a post-resonance state.

Figures [16| and [17] shows the rubbing responses for the rotor on short bearings using the CSM and FEM for the first
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Figure 16: Rubbing response for the rotor on short bearings with s = 0.8. The gray line represents the radial clearance.
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Figure 17: Rubbing response for the rotor on short bearings with s = 1.2.
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Figure 18: Comparison between the CSM with 10 modes and the full finite element method for the rotor on short bearings with s = 1.2.

1200 forcing cycles. The figures present the radial displacements and the rotor orbits during the rubbing phenomenon.
To obtain these responses, modal analysis was performed, considering n = 4 and n = 10 natural modes (where half
are forward modes and the other half backward modes). The speed was set to s = 0.8 and s = 1.2. From Fig. one

notes that the response using 4 modes with FEM was drastically different than using 10 modes. In contrast, 4 modes
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Figure 19: Frequency spectrum normalized by the speed Q of the rubbing response for the rotor on short bearings with: (a) s = 0.8 and

(b) s=1.2.

was already enough for the CSM to show very similar behavior to the response of the FEM with 10 modes. Figure [17]
shows the responses when s = 1.2. The higher complexity of the dynamics is evident in this case. To test if 10 modes
were enough with the CSM to represent the rubbing phenomenon, Figure [18]| shows a comparison between the CSM
with 10 modes and the integration of the full finite element equations, that is, with no modal analysis. Despite there
being no exact resemblance between the CSM and full FEM, one can note a similar behavior in the responses. Also,
this result validates the modal analysis applied in the finite element model in Figs. [16] and

The double-sided frequency spectrum for the CSM and FEM with 10 modes are shown in Fig. [I9] This figure
is obtained by applying the Fast Fourier Transform (FFT) in the complex signal, u, + ju., being u, and u, the
horizontal and vertical displacement, respectively. The frequency is shown as a ratio of the speed €2, and the negative
and positive frequencies correspond to backward and forward components. The effect of the rubbing is clearly seen in
the frequency domain by the multiple harmonics of the unbalance frequency, which is captured by both methods. One
notes that the amplitude of the harmonics in the FEM and CSM are slightly different, which explains the difference
seen in the time responses. Additionally, the agreement between the methods when s = 1.2 is better seen in the
frequency domain, Fig. [[0h, than the response in time, Fig [[7] Therefore, whether the analysis is focused on the
frequency spectrum or the displacement in time of the rotor, both the FEM and CSM can be used, as their results
are similar with reasonable accuracy.

In Figs. 20| and the rubbing response of the rotor with long bearings are shown. One may note, by comparing
to the case with short bearings, that the rubbing appears less severe. This is due to the higher damping provided by
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Figure 20: Rubbing response for the rotor on long bearings with s = 0.8.
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Figure 21: Rubbing response for the rotor on long bearings with s = 1.2.

the long bearing, as discussed in the previous section. The results of the CSM and FEM were also very similar for the
rotor with rubbing and long bearings, as the figures show. In both speed operations, s = 0.8 and s = 1.2, using only
4 modes was already enough to simulate the rubbing. Additionally, Fig. 22] presents the response of the rotor in the

frequency domain. Just as in the case of short bearings, the rubbing is seen by the appearance of multiple harmonics
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Figure 22: Frequency spectrum normalized by the speed 2 of the rubbing response for the rotor on long bearings with: (a) s = 0.8 and

(b) s=1.2.

Table 7: Computation time for the rotor under rubbing.

Model Fig.[16|  Fig.[17  Fig. 20|  Fig. 21

CSM (n =4) 0.74 min  0.92 min 0.58 min  0.52 min
FEM (n =4) 1.69 min  1.79 min 1.34 min  1.02 min
CSM (n=10) 1.11min 1.25min 0.84 min 0.72 min
FEM (n=10) 3.53 min 4.44 min 2.72 min  2.09 min

of the unbalance frequency. Here again, the amplitude of the harmonics differ by a small amount, which explains the
little difference in the time responses.

The results above show the application of the proposed method for a rotor subjected to a nonlinear force. The
comparison with the FEM shows good agreement, thus establishing the CSM as a viable alternative. Before continuing,
it worth mentioning some aspects of the numerical simulation. In both methods, the results were obtained by means
of the ode45 integrator of Matlab. The equations of motion were placed in matrix form, and directly integrated. To
apply the rubbing force, the Heaviside unit step function was used. In the CSM, the force location is set by defining
the z coordinate in the modal vector {®(z)} (see Eq. ) by means of the Dirac’s delta, while in the FEM the force
is applied only at the specific node. Table [7] shows the computation time needed to obtain the results of Figs
These results are taken from the mean values of several runs, and the computer used was the same of the previous

sections. The simulations for the rotor with long bearings took in general less time due to the higher damping. As
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the table indicates, the CSM needed much less computational cost than the FEM. Therefore, the application of the
CSM in nonlinear cases offers advantages in terms of numerical cost and shows similar accuracy when compared to

the FEM.

5. Conclusions

The present paper expands the work presented in [28] and [27], in which a novel method, namely the CSM, to
model multi-stepped rotor-bearings systems was introduced. The rotor can have several stepped sections, disks and
bearings. The expansion presented here now allows the CSM to account for anisotropic bearings with either long or
short characteristics.

In the CSM, the rotor system is modeled as beams with gyroscopic effect, rotary inertia and shear deformation taken
into account. The method divides the system into segments, each with constant cross-section. Then, the eigenvalue
problem of each segment is solved separately, and continuity conditions are applied to obtain the eigenfunctions and
eigenvalues of the entire system. Due to the anisotropy, additional equations need to be solved, that take into account
the shaft rotating in the opposite direction. After the eigenfunctions are obtained, modal analysis is applied to
discretize the equations of motion, allowing the forced response to be obtained. The solutions given by the CSM can
be considered exact for the system at hand (multi-stepped shaft modeled as 1D beam with disks and bearings), since
no simplification is made in the equations of motion that lead to the eigenvalue problem. In that sense, any method
that assumes a function to discretize the system will be an approximation, as in those cases the eigenvalue problem is
simplified (if admissible functions are used), or avoided all together (if comparison functions are used)[II]. It is also
worth noting that the CSM is mostly applicable when the rotating machine can be modeled as beams with lumped
disks and bearings. If the model adopted is more complex, requiring 3D solid models, a 3D FEM method is the only
tool available.

The evaluation of the method was done by means of the FEM for two systems: a uniform rotor and a multi-
stepped rotor. The effects of bearings stiffness and damping were evaluated for the long and short bearings. The results
consisted of Campbell diagrams, logarithmic decrements, mode shapes, unbalance response, and forced response under
rubbing. Due to their distributed nature, long bearings were better modeled by the CSM, as the mesh in the FEM
needs to be highly refined for the errors to reduce relative to the CSM, specially for stiffer bearings.

In the second numerical example, different models were established and compared to a baseline model. The idea
was to evaluate the capacity of the CSM to reduce the full system and still presents reliable results. By comparing a
FEM model with a rougher mesh with a reduced CSM model, the results showed that the latter is better to represent
the full system. Since in many applications in rotating machinery a fast reliable solution is often needed, the CSM
showed to be a good alternative to the FEM, and it can be used as an option to obtain reduced order models of rotors.

Lastly, the third application showed the use of the CSM and FEM to investigate the rotor-stator rubbing phe-
nomenon. For that matter, the same rotor of the first example was used, with both long and short bearings. The
results showed good agreement between the methods, and the CSM presented much less numerical cost as compared
with the FEM. Thus, the proposed method proves a interesting alternative in the analysis of rotors under nonlinear

forces.
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Appendix A. CSM functions

1
2 For a ith segment with a short bearing, the functions of the matrices [C;(§)], [D:i(§)], [F:(€)] and [F;(§)], are:
3
4 Cig(&) = £5(6) + [ 1008 (E) + g5 00AY )] H(& —b) for j=1,2,3,4; )
6 Cij (&) = f3(00)pT (&) H (& — b)) for j =5,6,7,8;
b
8 r T .
9 Di;(&) = 9;(&) + _fj(bl)Pglf(&) + g, (b1) ' (&) H(& —b) for j=1,2,34; (A2)
12 Dij (&) = f5(b)psy (&) H (& — b)) for j=5,6,7,8;
12 [ 1 .
13 Eij(&) = £i(&) + | £ 0005 (&) + g;(b)hg (&) | H(& — b))  for j=1,2,3,4; (A3)
1;1 Eij(&) = fi(00)psy (&) H(& —by) for j=5,6,7,8;
16 [ . N .
17 Fii(&) = f;(&) + _fj(bz)pif(&) + g5 (i)l (&) | H(& —bi) for j=1,2,3,4; (A4)
ig Fij (&) = fi(b)ply (§)H(& — b)) for j=5,6,7,8;
20 If the segment has a disk, one has,
21
22 {Cji(&) = [i(&) + [fi(an)py* (&) + g;(ar)hy* (&) H(& — ax)  for j=1,2,3,4 (A5)
23 _ -_ . '
54 Cij(&) =0 for j=5,6,7,8;
25
gg Dji(&) = g5(&) + [fi(ar)ps" (&) + g;(an)h3* (&) H (& — ax) for j=1,2,3,4 (A6)
28 DZJ(EZ) =0 for ] = 5767 77 87
29
30 5i(&:) J_(S) / (A7)
32 F]l(fl) :Dji(fl) J = 1527 58;
gi For a segments with long bearings, one simply has,
gg Cﬂ(fl) = f](gl) J= 1723 . 787
D‘i i) = 9j\Si b:1a27"'a87
g; ji(&i) = g5 (&) (A.8)
39 E.H(fl) = fj"rS(gi) .] = 1727 781
40 Fﬂ(fl) = gj+8(£i) ] = 13 2; a8a
41
42 For an arbitrary segment 4 along the rotor with a kth disk and Ith short bearing, the functions f;, g; (¢ = 1,2,3,4),
22 pi’y and hi’, are listed in [28]. The remaining functions are obtained as,
45
46 fi(&) = f;_4(&) for j=5,6,7,8 (A.9)
47
48
49 B _
51
52 where T means interchanging €2 to —€2, that is, reversing the rotation direction. In addition, one has,
53
gg Pt (&) = Pty (&) for j=3,4 (A.11)
56
57
58 Bo* (€)= R (&) for j = 3,4 (A.12)
59
60
61 35
62
63
64
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The functions, p;’ff, p?’f, p?’b and p;’.g, for j =1,2,3,4, are given as,

phyte) = T2 [atrie) - (Pt (v o) + "0 e | (A1
(60 = - (’ﬁf}‘) c(e) (A14)

phy(e) = L et e - (A (2 4 2in0) + ") el ge) (A15)
(6 = - (W) (&) (216

fie) = 20 [ e — (Lo (v - 2000) + "ot ) 6B (6) (A1)
&) = - (%gpé) a (&) (A18)

(e = A e e) - (200 (3 4 2900) + So2 ) 6 )| (.19
Py (&) = — (W) G (&) (A.20)

Where the functions Go, G; and G5 are shown in [28)].

For long bearings, the statement of the functions will not be productive due to their length. It is shown here the
process required to obtain them instead. From the vector {b'} in Eq. 7 one obtains several parameters multiplying
the terms 7% (0), ¢%(0), n5(0), and so on. The functions f, g, p and h, that appear in the matrices [C;(€)], [D;(€)],
[E;(¢)] and [F;(£)], comes from the inverse Laplace transform of these multiplying parameters. Consider, for example,
the terms multiplying 7% (0). To obtain fi(&;), one needs to gather the parameters that multiply 7} (0) in the first row

of {b'}, and apply the inverse transformation. In the case of fi(;), one may have,

0156 + 0234 + 0332 + Cy
- E%i)(82 - egi)(32 - 6%1)(52 - 64211')

where C; (j = 1,2, 3,4) are constants with the shaft properties. This transformation can be easily performed by means

h&)=c € (A.21)

of tabulated data [45]. The transformations needed for the remaining functions are similar in nature to the above, and
the whole process can be facilitated through the usage of a symbolic math software. Moreover, the following relations

are valid for long bearings,

fj (fz) = fj_—S(gi) for ] = 93 ceey 16 (A22)

9;(&) = g;_s(&) for j=9,...,16 (A.23)
where, besides interchanging 2 with —(2, one needs also to change the bearing coefficients (ky, ¢y, ky and ¢;) by their

complex conjugates (k}, ¢}, k and c).
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