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Liquid structure of bistable responsive
macromolecules using mean-field
density-functional theory

Arturo Moncho-Jordá, *ab Nils Göth c and Joachim Dzubiella *c

Macromolecular crowding typically applies to biomolecular and polymer-based systems in which the

individual particles often feature a two-state folded/unfolded or coil-to-globule transition, such as found

for proteins and peptides, DNA and RNA, or supramolecular polymers. Here, we employ a mean-field

density functional theory (DFT) of a model of soft and bistable responsive colloids (RCs) in which the

size of the macromolecule is explicitly resolved as a degree of freedom living in a bimodal ‘Landau’

energy landscape (exhibiting big and small states), thus directly responding to the crowding

environment. Using this RC-DFT we study the effects of self-crowding on the liquid bulk structure and

thermodynamics for different energy barriers and softnesses of the bimodal energy landscape, in

conditions close to the coil-to-globule transition. We find substantial crowding effects on the internal

distributions, a complex polydispersity behavior, and quasi-universal compression curves for increasing

(generalized) packing fractions. Moreover, we uncover distinct signatures of bimodal versus unimodal

behavior in the particle compression. Finally, the analysis of the pair structure – derived from the test

particle route – reveals that the microstructure of the liquid is quite inhomogeneous due to local deple-

tion effects, tuneable by particle softness.

1 Introduction

The phenomenon of macromolecular crowding in biomolecular
and polymer-based systems has attracted great attention during
the last decades due to its huge implications on the macromole-
cular structure, stability, as well as conformational transitions and
dynamics.1–7 All these properties have profound implications on
(bio)chemical reactions in physiological or synthetic media.8

Indeed, biological macromolecules have evolved and function
within intracellular environments that are surrounded by other
macromolecules at large concentrations. Within these crowded
environments, the interactions between macromolecules become
substantial, driven not only by volume exclusion effects, but
also by other nonspecific interactions, such as electrostatics
and hydrophobicity.3,9,10 Better understanding of the mechan-
isms and consequences of molecular crowding is not only
of fundamental and biological interest but will improve the

design of functional materials, e.g., synthetic cellular nano-
systems.11

Theoretical studies of macromolecular crowding usually
assume that the macromolecules are hard and stiff entities,
and have no internal degrees of freedom (DoFs). However, due
their polymeric nature the particles feature large conforma-
tional behavior and rather behave in many cases effectively as
soft and responsive, and so are able to modify their effective
size in response to the external stimuli. For instance, organelle
sizes inside the cell fluctuate in demand, swelling or shrinking,
to preserve the cell homeostasis,12 and soft and compressible
lipid vesicles undergo compaction by increasing the concen-
tration of high molecular weight PEG-based crowders.13

Furthermore, the conformation of biological or functional
macromolecules often displays a two-state behavior, such as in
folded/unfolded or globule/coil transitions of proteins and
polymers.5,14–19 Crowding leads to a restriction of the available
space that usually promotes the folded (deswollen or globular)
state.5,7,20 Simple models to explain two-state behavior are
either based on discrete state models14–16 or on continuous
bistable Landau-like models.21,22 However, the consequences of
bimodal behavior on the systems’ bulk structure and compres-
sion behavior are not well understood. In particular, playing
with particle softness/stiffness (defined as a measure of how
easily the particle size changes under pressure) and particle
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hardness (defined as a measure of the interparticle penetrability)
is expected to allow fine control and tuneability of the bulk
structure and thermodynamics, but is yet unexplored.

In this work, we consider systems formed by identical bi-
stable macromolecular species, each modeled by soft repulsive
spheres with a generic Landau-like bimodal size distribution.21,22

We employ the model of ‘Responsive Colloids’ (RCs) where
an internal DoF (here, the particle size, s) is explicitly resolved
in an one-body contribution to the Hamiltonian, defining an
internal ‘parent’ energy landscape, c(s).23 s represents an
internal coarse-grained property of the particle that is explicitly
altered by the environment and particle–particle interactions.
The RC model has already been applied, e.g., to study the
equilibrium structure and dynamics of unimodal, elastic
(‘Hertzian’) colloids in bulk using overdamped Brownian
dynamics (BD) simulations.24 The polydispersity in such a
model is dynamical, and interesting many-body correlations
and novel diffusion effects were uncovered, some in line with
earlier Monte-Carlo simulations of explicitly compressible
microgels.25 Moreover, using a bimodal parent landscape of
the colloidal size, the influence of crowding on the internal
switching kinetics was examined using BD simulations.26

However, the explicit effects of particle softness and hardness
on particle’s mean size, polydispersity, packing fraction and
other structural bulk properties have not been systematically
considered. In addition, it would be desirable to have comple-
mentary theoretical tools than BD simulations to study the
structure and thermodynamics of larger systems in equilibrium
and nonequilibrium more efficiently.27

For these purposes, we combine the RC model with classical
density-functional theory (DFT), which is a powerful machinery
to efficiently describe the structure and thermodynamics of
liquids.28 In equilibrium, the RC model is equivalent to con-
ventional polydisperse systems in the thermodynamic limit,23

for which DFT was successfully constructed.29,30 We note that
the research of polydisperse systems surprisingly calmed down,
and studies beyond hard spheres with simple unimodal Gaus-
sian parents have been rare since. As a noteworthy exception,
Schmidt and Denton showed, using DFT of models of colloid–
polymer mixtures which resolved the polymer size as an explicit
DoF, how crowding leads to polymer compression and shifts
the demixing fluid binodal compared to incompressible
systems.31 Here, we adapt and extend these methods in accor-
dance with our bistable RC model and solve it for soft, Gaussian
pair potentials assuming a mean-field approximation for the
inhomogeneous free energy functional. The RC-DFT machinery
is then employed to study bulk structure, polydispersity, and
pressure systematically for different forms of the bimodal energy
landscape characterized by its energy barrier and its softness.
By comparing to the unimodal case (no bistability),24,25 we find
large differences for the bistable colloids and some key signatures
of bistability in the compression curves.

Our model is sufficiently generic to describe the qualitative
behavior of a wide range of crowded soft systems and repre-
sents a first approximation to describe conformational (coil-to
globule) transitions of globular proteins and peptides having

two (e.g., folded/unfolded) conformations,32,33 including intrin-
sically disordered proteins17 or synthetic supramolecular
polymers,18 but also DNA or RNA chains,5,19 and prototypical
thermosensitive polymers.34–36

The paper is organized as follows. In Section 2 we introduce
the theory and present the main DFT mean-field equations
required to determine the one-body density profile, the local
size distribution and the microstructure of the RC model
(Section 3). We complement our numerical DFT study with
perturbation theory described in Section 4. Then, in Section 5
we apply this theoretical framework to investigate how particle
squeezing modifies the particle size and volume distribution,
the packing fraction, polydispersity, osmotic pressure, as well
as the colloidal microstructure (pair distribution functions) of
the homogeneous RC systems. We close with a brief summary,
concluding remarks, and an outlook on worthwhile future work.

2 Theory
2.1 Distributions of responsive colloids

In ordinary DFT, the equilibrium properties of a non-
responsive colloidal system immersed in an external potential,
uext(r), are determined by the inhomogeneous one-body density
profile, r(r), where r is the particle position. Integration over
the entire volume V of the system gives the total number of
particles,

Ð
V
rðrÞdr ¼ N. This framework assumes that the

particles forming the system do not have any internal DoFs.
In the more general case of responsive colloids (RCs), the

size of the colloids (s) changes in response to the interactions
with other particles or with an applied external potential.
In addition, this external field not only depends on position,
but also it could vary with the particle size, i.e. uext(r,s). In other
words, the external potential makes the colloidal system inho-
mogeneous in terms of position and also size distribution.
Therefore, we have to consider the joint distribution of the
particle position and size, r(r,s). In the following we briefly
recall the most basic statistical relations between distributions
and means.23

Integration over the four coordinates provides the total
number of particles, ð

V

dr

ð
dsrðr; sÞ ¼ N (1)

so r(r,s) is measured in units of length�4. In the absence of an
external field, the system becomes homogeneous. In addition,
in the limit of very low particle concentrations, the one-body
density can be written as

lim
r0!0

lim
uext!0

rðr; sÞ ¼ r0pðsÞ (2)

where r0 = N/V is the bulk number density, and p(s) is the
single-particle probability distribution of size, which is normal-
ized to unity,

Ð
pðsÞds ¼ 1. Hence, p(s) is the size distribution of

a single isolated responsive particle that does not interact with
external forces or with other particles. We can express p(s) as

p(s) = p0e�bc(s), (3)
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where b�1 = kBT (T is the absolute temperature and kB the
Boltzmann constant) and c(s) is the corresponding free-energy
landscape. It represents a coarse-grained conformational free
energy of the particle, i.e., the energy cost associated with
swelling of shrinking the particle size. p0 is a constant prefactor
required to fulfill the normalization of p(s). We will call p(s) the
parent size distribution.

If the particle concentration is increased beyond the dilute
regime and/or the external potential uext is turned on, inter-
actions with the surrounding particles and with the external
potential will affect this single-particle property distribution.
We denote by f (s) = N(s)/N the emergent probability distribution,
where N(s)ds is the number of particles with internal property
within [s,s + ds] in the system. In particular, in the absence of any
external field, we have

lim
uext!0

rðr; sÞ ¼ r0 f ðsÞ ¼ r0
NðsÞ
N

(4)

Integration of r(r,s) leads to partial distribution functions.
Integrating over the s-space provides the one-body number
density distribution of the RC fluid,

ð
dsrðr; sÞ ¼ rðrÞ (5)

The position dependent mean size is given by

sðrÞh i ¼ 1

rðrÞ

ð
dsrðr; sÞs (6)

In a similar way, integrating over the volume V we obtain the
size distribution

ð
V

drrðr; sÞ ¼ NðsÞ (7)

Finally, the position-dependent size distribution is

f ðr; sÞ � Nðr; sÞ
N

¼ rðr; sÞ
rðrÞ (8)

f (r,s) is normalized to 1, i.e.,
Ð
f ðr; sÞds ¼ 1; and provides the

local size distribution at position r. Its knowledge allows to
measure the effect of the applied external potential uext(r,s) on
the size distribution locally.

2.2 Density functional theory of a RC fluid

Let us consider a RC fluid immersed in the external potential,
uext(r,s). In the same way, the particle–particle pair potential
not only depends on the positions r and r0 of both particles, but
also has explicit dependence on the size of both interacting
particles, s and s0, that is u(r,r0;s,s0).

The inhomogeneous free energy functional of a RC fluid can
be written as23,30

F ½rðr; sÞ� ¼ kBT

ð
dr

ð
dsrðr; sÞ ln rðr; sÞL3

�
p0

� �
� 1

� �
þ
ð
dr

ð
dsrðr; sÞ uextðr; sÞ þ cðsÞ½ �

þ Fex½rðr; sÞ�

(9)

where L = h/(2pmkBT)1/2 is the thermal wavelength. The first
term of eqn (9) is the ideal gas free-energy functional. The
second term takes into account the interaction of the RC fluid
with the external potential. Note that c(s) can be viewed as an
additional external potential for the particle property s.23

Finally, the third contribution represents the excess free
energy of the fluid due to the existence of particle–particle
interactions.

The grand canonical potential energy functional of a RC
fluid is

O½rðr; sÞ� ¼ F ½rðr; sÞ� � m0

ð
dr

ð
dsrðr; sÞ (10)

where m0 is the (constant) chemical potential of the RC fluid.
The equilibrium density profile is the one that minimizes

the grand canonical functional

dO
drðr; sÞ ¼ 0 (11)

Applying this functional differentiation to eqn (10) and
using eqn (9) leads to the so-called Euler–Lagrange equation

kBT ln(r(r,s)L3/p0) + uext(r,s) + c(s) + mex(r,s) � m0 = 0
(12)

where the excess chemical potential mex(r,s) is obtained from
the functional differentiation of the excess free energy

mexðr; sÞ �
dFex

drðr; sÞ (13)

Solving eqn (12) for the particle density r(r,s), we find

rðr; sÞ ¼ ebm0p0

L3
exp �bcðsÞ � buextðr; sÞ � bmexðr; sÞð Þ (14)

The prefactor q = ebm0/L3 is a constant number with the
dimensions of length�3. Using eqn (3) for the single-particle
distribution property p(s) (which is assumed to be known) we
finally find

r(r,s) = qp(s)exp(�buext(r,s) � bmex(r,s)) (15)

The constant q can be calculated by normalization of the
density profile ð

dr

ð
dsrðr; sÞ ¼ N (16)

Eqn (15) and (16) must be solved iteratively until conver-
gence is achieved, leading to the equilibrium position and size
distribution req(r,s).
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2.3 Mean-field approximation

Although the exact expression of Fex is typically unknown, it is
confirmed that the mean-field approximation works quite well
for a wide range of bounded potentials representing soft
colloids, such as linear polymer chains, dendrimers, star poly-
mers or polyelectrolyte stars, becoming more accurate when
increasing the particle density.37,38 The mean-field excess free
energy functional is given by

Fex ¼
1

2

ðð
dr dr0

ðð
dsds0rðr; sÞr r0; s0ð Þu r; r0; s; s0ð Þ (17)

Performing the functional differentiation leads to the expli-
cit expression of the excess chemical potential

mexðr; sÞ ¼
ð
dr0
ð
ds0rðr0; s0Þuðr; r0; s; s0Þ (18)

Therefore, given the total number of particles in the system,
N, the equilibrium one-body density profile of the mean-field
RC is obtained by solving the following set of equations

rðr; sÞ ¼ qpðsÞ exp �buextðr; sÞð Þ

� exp �
ð
dr0
ð
ds0r r0; s0ð Þbu r; r0; s; s0ð Þ

� �

N ¼
ð
dr

ð
dsrðr; sÞ:

(19)

Since for spherical colloids the pair interaction potential
between particles depends on their relative distance, i.e.
u(r,r0;s,s0) = u(|r � r0|;s,s0), eqn (19) involves a convolution
integral over the position coordinate.

To determine the equilibrium density profiles with a finite
particle concentration r0 as input parameter, eqn (19) is solved
numerically starting from the uniform distribution r(r,s)|0 =
r0p(s). For this purpose, this initial guess is inserted into
the convolution integral of eqn (19) and then normalizedÐ Ð

rðr; sÞdrds ¼ N
� �

to calculate the next iteration, rðr; sÞj1.
This iterative procedure is repeated to obtain further interac-
tions, n. In order to improve the stability of the method, the
new solution is mixed with the old one, as r(r,s)|n+1 = ar(r,s)|n+1 +
(1 � a)r(r,s)|n, with a = 0.1. We consider that the procedure
has converged to the final equilibrium distribution whenÐ Ð

rðr; sÞj jn�rðr; sÞjn�1j2drdso 10�20. The r and s-space are
both discretized in intervals of 10�2s0.

In the particular of considering a homogeneous bulk sus-
pension of RCs (without any applied external field) eqn (19)
take the form

r0 f ðsÞ ¼ qpðsÞ exp �r0
ð
dr0
ð
ds0f ðs0Þbu r; r0; s; s0ð Þ

� �
; (20)

which has to be solved with the normalization conditionÐ
f ðsÞds ¼ 1.

2.4 Generalized radial distribution functions (RDFs)

The distribution functions that characterize the microstruc-
ture of a dispersion can be also generalized for the RC fluid. In

particular, the two-body distribution function is defined as23

rð2Þðr; r0; s; s0Þ ¼
XN
i¼1

XN
j¼1

d r� rið Þd r0 � rj
� �

d s� sið Þd s0 � sj
� �* +

(21)

It provides the conditional probability to find a particle with
property s0 located at r0 if the other one, with property s, is
located at r. The corresponding pair distribution function can
be defined as in standard liquid state theory

gð2Þ r; r0; s; s0ð Þ � rð2Þ r; r0; s; s0ð Þ
rðr; sÞr r0; s0ð Þ (22)

If the system is homogeneous and isotropic, then r(r,s) =
r0 f (s) and the pair distribution depends only on the distance
between particles, so we can define the radial pair–property
distribution function g(r;s,s0), where r represents the distance
between both RCs.

A powerful procedure to obtain g(r;s,s0) can be developed by
making use of the Test Particle Route (TPR).39,40 Within this
method, a test particle of size s0 is fixed at the origin r = 0. This
central particle acts as an external potential for the RC fluid, so
uext(r,s) = u(r;s,s0), where r here represents the distance to the
test particle. Solving iteratively the mean-field DFT expression
given by eqn (19) with this external potential provides the
resulting equilibrium density profile of the RCs around the
central test particle, r(r,s)|s0. Rewriting eqn (19) for the parti-
cular case radial symmetry we find

rðr; sÞjs0 ¼ qpðsÞ exp �bu r; s; s0ð Þ � bmexðr; sÞð Þ

N ¼ 4p
ð
ds
ðR
0

r2rðr; sÞdr
(23)

From this density profile, we can extract the RDF as
r(r,s)|s0 = r0f (s)g(r;s,s0). Using this method, the radial pair–
property distribution functions g(r;s,s0) can be calculated as

g r; s; s0ð Þ ¼ rðr; sÞjs0
r0 f ðsÞ

(24)

It can be shown that, for large values of r, g(r;s,s0) - 1.
In addition, for a very diluted system, we obtain

lim
r0!0

g r; s; s0ð Þ ¼ exp �bu r; s; s0ð Þð Þ: (25)

where we emphasize again that in the TPR method the external
potential is given by the pair potential exerted by a test particle
of size s0 located at r = 0.

To perform the TPR calculation, we chose a sufficiently large
cavity of radius R = 16s0 and confine the RC fluid inside. This
value of the radius is large enough to guarantee that r(r) is
uniform at the middle distance from the center of the cavity,
r = R/2. Then, the total number of RC particles was selected in
order to obtain the desired particle density r(r = R/2) = r0.
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3 RC model

We apply the mean-field DFT to investigate the compression
effects of an interacting fluid of bistable RCs in bulk solution
and investigate its microstructure making use of the TPR
described above. We now define our specific RC model.

In all cases, to model two-state behavior, we choose a generic
bimodal form of the explicit double-Gaussian function

pðsÞ ¼ A

2
ffiffiffiffiffiffiffiffiffiffi
2pt2
p exp � s� s1ð Þ2

2t2

 !
þ exp � s� s2ð Þ2

2t2

 !" #
(26)

with s1 = 0.63s0 and s2 = 1.37s0, where s0 represents the
reference particle size, that will be used as unit length for all
sizes and distances (s0 = 1). In order to avoid nonphysical
negative values and extremely large values of the particle size,
the range of s has been limited to be s A [0,2s0]. To satisfy the
normalization condition for p(s), we have included in eqn (26) a
corrective dimensionless prefactor A such that

Ð1
0 pðsÞds ¼ 1.

At this point, it is important to explain the physical meaning
of the parameter t. For this purpose, we show in Fig. 1 both,
p(s) and the corresponding elastic free-energy landscape, c(s),
for t = 0.1s0 and t = 0.2s0. As observed, t provides the thickness
of the size distribution. From the perspective of the energy land-
scape, decreasing t leads to a sharper energy landscape and to a
larger energy barrier separating the two potential wells located at s1

and s2. Therefore, t provides an estimate of the particle softness
(conversely, t�1 represents the stiffness of the RC). In other words,
the energy cost of compressing a RC is larger for small t.

In order to study how bimodality affects the compression
effects, we also explore RCs that follow an unimodal Gaussian
distribution, defined as

pgaussðsÞ ¼
Affiffiffiffiffiffiffiffiffiffi
2pt2
p exp � s� s0ð Þ2

2t2

 !
; (27)

which could also describe bistable macromolecules, but in
environmental conditions (or temperatures) far away from the

coil-to-globule transition, so that all of them are in only one of
the two states: folded or unfolded.41,42

We focus in our work on systems composed by soft inter-
penetrable responsive spherical colloids, for which we assume
the following size-dependent Gaussian pair potential for the
particle–particle pair interaction

bu(r,r0;s,s0) = e exp(�4|r � r0|2/(s + s0)2), (28)

where |r � r0| is the distance between the centers of both
particles, and s and s0 are the particle sizes of the both
interacting colloids, so that (s + s0) plays the role of the
interaction range. In fact, s represents in this interaction model
the effective diameter of the colloids. e 4 0 is the interparticle
repulsion strength, which represents a measurement of the
hardness of the RCs.

The choice of the Gaussian pair potential represents a good
approximation of the effective interaction between the centers
of mass of ultrasoft colloids such as linear polymers chains and
dendrimers.37,43–48 The equilibrium properties of soft Gaussian
particles described by eqn (28) are well represented by a weakly
correlated mean-field fluid over a surprisingly wide density
and temperature range, being more accurate for increasing
particle densities.37 In addition, the accuracy of mean-field
DFT approach for bistable systems has been recently probed
comparing the theoretical predictions for (active) two-state
switching Gaussian colloids to reactive Brownian Dynamics
simulation, finding good quantitative agreement.49–51

Note that the hardness e and the stiffness t�1 are typically
not independent quantities, as stiffer colloids also repel each
other more strongly. However, in order to investigate the role of
both parameters, we treat e and t as independent variables.
In particular, the calculations were performed choosing e = 0.2,
0.5, 1, and 2 for the particle hardness. In addition, we explore
particles softness values given by t/s0 = 0.2 (super soft), 0.1, 0.05
and 0.02 (super stiff). The corresponding free energy barriers
are 1kBT, 6.1kBT, 26.7kBT and 170kBT, respectively. In addition,
the particle density, r0, is also varied to study the role of
compression of the size distribution and RDFs in bulk.

4 Perturbation theory

To complement the numerical DFT results with approximate
analytical equations and limiting universal scaling laws, we
perform a perturbation theory. For this, we use the isolated RC
as basis and disturb it with a non-zero density r0.24 The mean
force of a particle with size s from particle–particle pair
interactions is

KðsÞ ¼ �r0
ð
ds0f ðs0Þ

ð
dr
@uðr; s; s0Þ

@s
g r; s; s0ð Þ; (29)

where the pair distribution function gives the probability for a
certain configuration of two particles and qu/qs being the
corresponding force for this configuration. In a next step we
employ the mean-field approximation, g(r;s,s0) E 1. By assuming

Fig. 1 Parent distribution of size, p(s), and its corresponding free-energy
landscape, c(s), for two values of the particle softness: t/s0 = 0.1 (red lines)
and t/s0 = 0.2 (black lines). In both cases, s1 = 0.63s0 and s2 = 1.37s0.
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that the interaction potential u can be written as a function of
z = 2|r � r0|/(s + s0), we obtain by substitution

KðsÞ ¼ � r0

ð
ds0f ðs0Þðsþ s0Þ2

� �
�p
2

ð1
0

dzz3
@uðzÞ
@z

� �
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

�k

¼ � r0k
ð
ds0f ðs0Þðsþ s0Þ2

(30)

with k being an interaction potential coefficient. Consequently,
this perturbation theory is universal for every interaction potential
u(z) = u(2r/(s + s0)) with the condition that k is finite. Because we
find only a r0k-dependency, a different interaction potential
(strength) just rescales with density. In our case of a Gaussian
potential it holds bk = 0.375p3/2e.

Eqn (30) can be written as expectation values of the emer-
gent distribution

K(s) = �r0k(s2 + 2hsis + hs2i). (31)

An integration leads to the free energy term from the inter-
actions

FðsÞ ¼ �
ðs
ds0Kðs0Þ ¼ r0k

3
s3 þ 3hsis2 þ 3 s2

� �
s

� �
: (32)

The total free energy ctot(s) = c(s) + F(s) is the sum of the
bimodal single-particle potential c(s) and the perturbation F(s)
which leads to the emergent distribution

ftot(s) = f0e�bctot(s) = f0e�bc(s)e�bF(s) = f0p(s)e�bF(s).
(33)

where p(s) is again the parent distribution consisting of two
Gaussian distributions. The cubic term in eqn (32) hinders us
to continue the analytical calculation. This is why we make a
second order Taylor expansion of this term around s0 which is
s3 E 3s0s

2 � 3s0
2s + const. In addition, we use in eqn (32)

the expectation values of the parent distribution hsi = s0 and
hs2i = t2 + (s1

2 + s2
2)/2, which leads to

FðsÞ ¼ r0k 2s0s2 þ s t2 � s20 þ
s12 þ s22

2

� �� �
: (34)

Consequently, eqn (33) is a multiplication and sum of different
Gaussians. Therefore, ftot(s) can be calculated analytically with
the technique of ‘completing the square’. The calculation is
shown in Appendix A and results in

ftotðsÞ ¼ A0 B1 exp �
s� ~s1ð Þ2

2~t2

" #
þ B2 exp �

s� ~s2ð Þ2

2~t2

" # !

with ~si ¼ ~t2
si
t2
� bkr0 t2 � s20 þ

s12 þ s22

2

� �� �
;

~t2 ¼ t2

1þ 4bs0t2r0k
; Bi ¼ exp

~si2

2~t2
� si2

2t2

 �
;

(35)

which is again the sum of two Gaussians, but with a new width
~t and each with a new center ~si and weight Bi. The prefactor A0

is just for normalization and is explicitly given in Appendix A.
For the mean size we finally obtain

hsi ¼ B1~s1 þ B2~s2
B1 þ B2

: (36)

5 Results and discussion
5.1 Compression effects on internal distributions and size

For a homogeneous bulk suspension without we need to solve
eqn (20). Using the Gaussian pair potential (eqn (28)) and
performing analytically the integral leads to the following
expression for f (s) (see Appendix B):

f ðsÞ ¼ q0pðsÞ exp �
p3=2

8
er0

ð1
0

ds0 sþ s0ð Þ3f s0ð Þ
� �

; (37)

being q0 � q/r0 a normalization constant. Another choice for
u(r;s,s0) such as the Hertzian pair potential leads to a similar
expression for f (s), but with a different numerical prefactor.
Consequently, the theoretical predictions presented below can
be easily generalized to other functional dependencies of
u(r;s,s0) by simply rescaling the particle density.

Fig. 2 shows the resulting size distributions for different
particle densities from r�0 � r0s

3
0 ¼ 0 to 5, for e = 2. Each plot

(from (a) to (d)) depicts the distributions for increasing particle
stiffness. We first analyze the case of a soft RC, t/s0 = 0.2
(Fig. 2(a)). As observed, increasing r0 modifies the bimodal
distribution in such a way that small sizes occur with a larger
probability than the big ones. For sufficiently large concentra-
tions such as r�0 ¼ 1:0, the peak originally located at s2 = 1.37s0

(large sizes) has completely disappeared due to compression,
and only small particles remain. In other words, crowding
promotes the deswollen state due to the volume exclusion
exerted by the soft RCs. This behavior has been reported in
many bistable macromolecules such as flexible polymer chains,
DNA and globular proteins.5,7,20,32,41,52

In addition to this particle redistribution, compression also
provokes the shift of both peaks to smaller s values. This effect
is clearly seen for r�0 4 1:0, for which the peak located initially
at s1 = 0.63s0 experiences a notable increase and shifts to
smaller sizes upon compression of the system. By increasing
the particle stiffness (Fig. 2(b)–(d)) we still observe the size
redistribution effect that converts big RC into small ones.
However, the shifting to smaller sizes diminishes and becomes
negligible in the limit of very stiff particles (t/s0 = 0.02), which
means that it is extremely difficult to compress the volume of
the RCs. This effect arises because the form of c(s) becomes
very steep upon decreasing t, so the energy cost of compressing
the soft colloids tends to be large, too.

Fig. 3(a) depicts the average particle diameter of the RC fluid
hsi ¼

Ð
sf ðsÞds

� �
as a function of the bulk concentration, r0,

for different values of the repulsion strength, e, assuming soft
RCs with t/s0 = 0.2. For dilute systems and large mean pair
distances, the compression effects are negligible, leading to
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hsis0 E 1. However, by increasing r0, the interparticle repul-
sion provokes a significant decrease of the mean size for larger
values of e.

By plotting hsi against the coupling parameter r0e, we find
that the different curves collapse onto a universal scaling curve
(see orange line in the inset of Fig. 3(a)). This scaling behavior
arises from the fact that the equilibrium distribution of a mean-
field fluid, given by eqn (37), depends on the product er0,
so increasing the interparticle interaction strength, e, at fixed r0

has exactly the same effect on the probability distribution of
sizes than increasing r0 at fixed e. At very large particle crowd-
ing, this scaling curve finally tends to follow an asymptotic
power law decay, given by hsi=s0 � ðr�0eÞ�0:4. Please note that
similar results for the mean size and the size distribution will
be obtained for any other non-Gaussian interparticle pair
potential because of the rescalability of the potential dependent
prefactor with the density r0. The effect of the particle stiffness
on hsi is displayed in Fig. 3(b). We first describe the results for
the bimodal p(s), given by eqn (26) (lines with symbols in
Fig. 3(b)). It occurs that the mean size decreases in two stages
due to two different processes: in the dilute regime conversion
of big colloids into small ones takes place, whereas in the dense
regime r�0e4 1

� �
particle compression dominates. For smaller

values of t both mechanisms become more and more separated.
In other words, the big-to-small switching still occurs in the dilute

regime, but the particle deswelling in the small state requires a
further increase of the particle density due to particle stiffness.
For sufficiently large densities, the scaling hsi=s0 � ðr�0eÞ�0:4 is
recovered, but larger compression is required to reach it (see for
instance the curve for t/s0 = 0.1). In the limit of very small t (such
as t/s0 = 0.02), the particles are so stiff that they are not able to
further reduce their volume under compression and we find a
plateau located at hsiE s1 = 0.63s0. We point out that, although
microgels cannot be modeled as ultrasoft Gaussian colloids, very
similar behavior has also been reported in simulations of soft
hollow microgels, which clearly show that deswelling of the
particles under compression also follows two stages, with an
intermediate region nearly having a plateau.53 Note that within
the validity of the mean-field approximation, other soft but non-
Gaussian interaction potentials would lead to the same scaling
behavior with r�0.

We remark here that the phase diagram of non-responsive
repulsive Gaussian colloids shows crystallization and a reen-
trant fluid phase at high densities, but only for interaction
strengths above e 4 100.54,55 However, the values of e explored
in our work are well below this threshold. In addition, we
believe that size responsiveness will promote even more the
fluid phase due to the inherent size polydispersity of the
system. Therefore, we do not expect the formation of solid
phases, no matter the particle density.

Fig. 2 Probability distributions of particle size for e = 2 and r�0 ¼ r0s0
3 = 0.05, 0.1, 0.2, 0.5, 1, 2 and 5. Plots from (a) to (d) show the distributions for

increasing the particle stiffness: (a) t/s0 = 0.2, (b) t/s0 = 0.1, (c) t/s0 = 0.05 and (d) t/s0 = 0.02. The single-particle property distribution, p(s), is plotted as a
reference (dashed lines).
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These results for the bimodal RCs can be compared to the
ones obtained for an unimodal Gaussian distribution (lines
with open symbols in Fig. 3(b)). In this case, the responsive
colloids are not able to adapt to the density increase by
converting big particles into small ones: the only possible
mechanism is to reduce the particle size by uniform compres-
sion. As a consequence of this, the curves only show a single
decay mode with r�0e, also exhibiting the same scaling behavior
for large compression of soft RCs. For the stiffer system
(t/s0 = 0.02), the reduction of the particle volume is almost
negligible, so the particles behaves effectively as uncompressi-
ble non-responsive colloids.

We complement this discussion comparing the results for
the mean size obtained with our mean-field responsive DFT
with the theoretical predictions attained by the analytical
perturbation theory (eqn (35) and (36) in Section 4), shown as
dashed lines in Fig. 3(b) for different stiffnesses as a function of

r�0e. For small t we find two decreases of hsi that are separated
by a plateau. Again, the interpretation is the same: the first one
characterizes the transition of large particles into the small
state, whereas the second decrease comes from the shrinking of
the small state particles. As observed, although perturbation
theory (involving low-density and mean-field approximation) is
not able to exactly match the DFT predictions nor the right
scaling trend for large r�0e; at least it provides an excellent
qualitative justification of the results in terms of an analytical
expression.

5.2 Polydispersity

Another interesting property to investigate is the polydispersity
of the size distribution, d, defined as the ratio between the

standard deviation and the mean size, i.e. d ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
hDsi2

p .
hsi �ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

hs2i � hsi2
p .

hsi. For the sake of simplicity, we start analysing

the behavior of the RC with the Gaussian parent distribution
(lines with open symbols in Fig. 4). As seen before, increasing
r�0 (or increasing e) involves a progressive decrease of the
particle mean size, especially for the softer colloids. Compres-
sion of the particles also entails a reduction of the absolute

value of the standard deviation,
ffiffiffiffiffiffiffiffiffiffiffiffi
hDsi2

p
; as expected (not

shown). However, the polydispersity d increases upon particle
compression due to the reduction of the mean size. This effect
is insignificant for the stiff systems (t/s0 = 0.02 and 0.05), but
becomes quite relevant for the softer system t/s0 = 0.2, for
which a significant increase of d arises for r�0e4 1. In other
words, increasing the particle concentration leads to more
polydisperse systems. This curious effect has been observed
also in BD simulations of RCs interacting with an elastic
Hertzian pair potential24 as well as in experiments of soft
microgel compression.56

Fig. 4 RC polydispersity, d = hDs2i1/2/hsi, as a function of r�0e for different
values of the particle softness: t/s0 = 0.02, 0.05, 0.1 and 0.2. Lines with
solid symbols corresponding to the bimodal distribution (eqn (26)) and
lines with open symbols to the unimodal Gaussian distribution (eqn (27)).

Fig. 3 (a) Average particle diameter, hsi, as a function of the particle
concentration, r�0, for e = 0.2, 0.5, 1 and 2. Inset: All curves for different e
collapse into a single curve when hsi is plotted against r�0e. For large

particle densities, hsi � ðr�0eÞ�1=3. (b) hsi as a function of r�0e for different

values of the particle softness: t/s0 = 0.02, 0.05, 0.1 and 0.2. Lines with
solid symbols correspond to the bimodal distribution (eqn (26)). Lines with
open symbols show the results for the unimodal Gaussian distribution
(eqn (27)). Dashed lines depict the predictions provided by the analytical
perturbation theory (eqn (35) and (36)).
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The behavior of the polydispersity d for the bimodal RC
system is more complex because of the two involved mechan-
isms (switching and compression) for the bistable particles.
The corresponding curves are depicted as lines with solid
symbols in Fig. 4. We first focus on the stiffer system, t/s0 =
0.02. For small particle densities (or weak interparticle inter-
action), in the regime r�0eo 0:2; the reduction of the mean size
due to the big-to-small conversion mechanism induces a slight
increase of the polydispersity. For 0:2or�0eo 1 the bimodal
distribution becomes completely unimodal, with a mean size
located at s1 = 0.63s0, which obviously entails a substantial
decrease of the polydispersity. In the regime r�0e4 1; the
polydispersity remains constant because the colloids are too
stiff. This last regime is different for the softer colloids, for
which the unimodal distribution obtained from switching from
big to small sizes is still able to shift leftwards due to particle
compression, giving rise to an increase of d. This effect is clearly
seen for t/s0 = 0.2, where a very important growth is observed
for r�0e4 2.

5.3 Packing fraction behavior

Particle compressibility can also be characterized by means of
the particle volume fraction, defined from the emergent mean
particle volume through

f ¼ p
6
r0

ð
f ðsÞs3ds: (38)

Alternatively, we can also use the so-called generalized
volume fraction, z, defined as the volume fraction of the soft
particles assuming that they do not interact with each other
(having the isolated particle distribution p(s)),25,57–59

z ¼ p
6
r0

ð
pðsÞs3ds: (39)

It is important to emphasize that the definition of the
packing fraction given in eqn (38) does not take into account
the mutual volume overlap or shape deformation of the soft
colloids upon compression, which cannot be accessed by
means of this theoretical framework. Therefore, eqn (38) repre-
sents only a possible reasonable definition for f that provides
an estimate of how particle squeezing depends on the density
and the softness for interacting systems.

Fig. 5(a) illustrates f(z) for our bistable RCs with t/s0 = 0.2.
At high dilution, particle interactions are so weak that particle
compression is practically negligible, leading to f = z. Increas-
ing the particle concentration, the compression of the soft
colloids leads to f o z. Please note that z can rise well above
1, which means that our RCs are able to significantly modify
their volume in presence of crowding or other external inter-
actions. This reduction in the particle volume becomes empha-
sized as we increase the interparticle repulsion strength.
Indeed, for e = 0.2 particle squeezing starts to become relevant
above z 4 0.3, whereas for e = 2 particle compression is
important already for z 4 0.1, and becomes even more signi-
ficant for larger z. In fact, soft colloids become about 15 times

smaller in volume for z = 1.5 due to particle interactions
for e = 2.

The behavior of the ratio f/z as a function of ze for a
fixed stiffness is plotted in Fig. 5(b) for different values of t
(solid symbols correspond to the bimodal distribution
and open symbols to the unimodal one). As observed, the
curves for the bimodal parent distribution (eqn (26)) follow
the same trends than the ones discussed for hsi: for ze o 0.7
(dilute or weakly interacting colloids), the particle volume
diminishes due to conversion of big colloids into small ones,
whereas for large enough ze the decrease in particle volume is
caused by the continuous shrinking of the particles. Again, the
curves scale into a common form due to the mean-field
character of our RC fluid. This is clearly seen in the inset
of Fig. 5(b), in which the orange line represents the
curves obtained for different values of e. For large particle
densities, the scaling finally tends to follow a power law decay
given by f/z B (ze)�1.1.

Fig. 5 (a) Particle volume fraction (f) as a function of the generalized
volume fraction (z) for t/s = 0.2, and for different values of the repulsion
strength: e = 0.2, 0.5, 1 and 2. (b) f/z as a function of ze for different
values of the particle softness: t/s0 = 0.02, 0.05, 0.1 and 0.2. Inset:
All curves obtained for t/s0 = 0.2 for different values of e collapse into a
common form when f/z is plotted against ze. For large particle densities,
f/z B (ze)�1.1.
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The results for the unimodal Gaussian parent distribution
(eqn (27)) do not show the big-to-small transition, as expected.
In this case, the curves have two well-defined regimes: in the
low-density regime ze o 0.3–0.4 the responsive colloids do not
reduce their internal volume. This regime corresponds to a
mutual interpenetration due to the overlap of the particles,
without particle compression. For larger concentrations, the
interpenetration regime saturates, and the only mechanism
able to accommodate the RCs is reducing their particle volume,
being more significant for softer colloids.

5.4 Osmotic pressure

In the mean-field approximation, the bulk pressure of a homo-
geneous multi-component colloidal system with M particle
species of different sizes si and with a total number density
r0 is

Pbulk ¼ r0kBT þ
1

2
r0

2
XM
i¼1

XM
j¼1

xixj

ð
u r; si; sj
� �

dr; (40)

where xi represents the fraction of particles of size si, and
u(r,si,sj) is the pair interaction potential between two particles
of sizes si and sj separated by a distance r. This expression can
be generalized for the mean-field RC fluid as

Pbulk ¼ r0kBT þ
1

2
r0

2

ð
ds
ð
ds0f ðsÞf s0ð Þ

ð
u r; s; s0ð Þdr; (41)

Inserting the Gaussian pair potential given by eqn (28) leads
to the following expression for the bulk pressure,

Pbulk ¼ r0kBT þ
p3=2

16
r0

2e
ð
ds
ð
ds0f ðsÞf s0ð Þ sþ s0ð Þ3 (42)

Fig. 6(a) shows the bulk pressure as a function of the particle
density for a bimodal distribution of particles (eqn (26)) with
t/s0 = 0.2 (soft colloids), for four different values of the
interaction strength, going from e = 0.2 to 2. As expected, Pbulk

increases with r0. In principle, one would expect to find an
increase of Pbulk also with the interparticle repulsion (that is,
the particle hardness), e. In fact, this would be the case for an
ordinary non-responsive system of colloids. However, we find
here a surprising observation: the equilibrium pressure is
rather insensitive to e in the range of studied particle densities.
This result implies that, when particle hardness is enhanced,
the RC fluid modifies the size distribution by conversion/
squeezing to smaller sizes in order to reduce the interparticle
repulsion, leading to a the pressure that remains almost
unaltered. Such a homeostatic effect is a characteristic feature
of responsive colloids and can also be observed e.g., for self-
diffusion.24

In Fig. 6(b) we plot the dependence of the bulk pressure on
density and varying the particle softness. As observed, decreas-
ing particle softness does not modify Pbulk for r�0 o 0:8, because
in this dilute regime the compression of the systems leads to a
rearrangement of the bimodal distribution in such a way that
the population of the big colloids decreases whereas the
population of the small ones increases. This redistribution of

sizes occurs independently of the particle stiffness, leading to
the same pressure of the system in all cases. The situation
changes when r�0 4 0:8. In this regime, big colloids have already
disappeared in the system, so increasing the particle concen-
tration only provokes the progressive compression of the small
colloids. Since squeezing stiff colloids involves an additional
energy cost compared to soft ones, we find that the bulk
pressure becomes dependent on the particle stiffness, with
larger Pbulk for smaller t.

5.5 Radial distribution functions (RDFs)

The RDFs are obtained solving iteratively eqn (23) and then
using eqn (24). The calculation of mex(r,s) for the particular
case of a Gaussian pair potential is shown in Appendix C
(see eqn (57)).

Fig. 7(a)–(c) shows the resulting g(r;s,s0) of a uniform RC
fluid for t/s0 = 0.2 and for several combinations of s and s0,
i.e. small–small (s1-s1), big–small (s1-s2), and big–big (s2-s2).
The RDFs usually feature an excluded-volume ‘correlation’ hole
at small distances that grows with the size of both particles.
This depletion region is the consequence of the existent soft
repulsive particle–particle interactions.37 In the regime of
low particle concentration r�0 � 1

� �
, the DFT results clearly

show that the equilibrium RDF tends to limr0!0 g r; s; s0ð Þ ¼
exp �bu r; s; s0ð Þð Þ, as expected. Increasing r0 yields a progressive

Fig. 6 (a) Bulk pressure of the RC fluid as a function of the particle
concentration for different values of the interparticle repulsion strength,
e = 0.2, 0.5, 1 and 2. In all cases t/s0 = 0.2. (b) Bulk pressure as a function
of the particle concentration for different values of the particle softness,
t/s0 = 0.02, 0.05, 0.1 and 0.2. In all cases e = 2.
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reduction of the soft correlation hole. This is a typical behavior of
finite core interacting colloids, which tend to overlap under
compression, leading to an ideal-gas-like behavior of g(r) in the
high density limit.37,49 Surprisingly, the RDF between two big
colloids develops a maximum at r = 0 upon increasing the particle
concentration (see blue curve in Fig. 7(c)), indicating the existence
of a depletion attraction between them. Indeed, for r�0 ¼ 1 the big
colloids are scarce in the system. So, when two big RC approach
each other, small particles are excluded from the region between
the big particles, inducing a depletion interaction given by
budepl(r) = � ln g(r;s2,s2).

It is important to emphasize that the size distribution of the
homogeneous RC fluid is position-dependent with respect to a
fixed test particle. In other words, the distribution changes

locally when we examine it close to one particle or far away
from it. This effect is visible in Fig. 8, where the position-
dependent size distribution ( f (r,s)) of the colloids surrounding
a central big particle with size s2 = 1.37s0 is plotted for the
particles located at r = 0 and at r -N (i.e. in bulk solution), for
r�0 ¼ 0:1, e = 2 and t/s0 = 0.2. The size distribution in bulk (red
curve) is in accordance with the results shown before in
Fig. 2(a). However, when approaching r = 0, the repulsion
exerted by the central big colloid induces a decrease of the
local density, as predicted by the depletion observed in
g(r;s1,s2). Since the concentration of particles is smaller in
this region, the RC fluid becomes less squeezed, allowing the
increase of population of big colloids, as seen in the black curve
of Fig. 8.

Finally, we explore the role of the particle stiffness on the
microstructure of the RC fluid. On the one hand, calculations
performed for different values of t show that the RDFs g(r;s,s0)
are barely dependent on the particle stiffness for dilute systems
r�0 o 0:8
� �

. Somehow, it happens that the effect of the stiffness
is compensated by the already discussed rearrangement of the
bimodal size distribution, leaving the bulk properties as well as
the pressure and the microstructure unaltered (results not
shown). On the other hand, for r�0 4 0:8, big colloids have
almost disappeared from the system, and the only way to react
under compression is by isotropic shrinking of the colloids. In
this regime, the microstructure becomes sensitive to the parti-
cle stiffness, as seen in Fig. 9. Indeed, increasing stiffness
makes the particle more repulsive, increasing the bulk pres-
sure, and pushing the colloids closer, which leads to a
reduction of the correlation hole of g(r,s1,s1) and g(r,s1,s2)
(see Fig. 9(a) and (b)). As a consequence of the reduction of
the depletion region of small colloids around the big ones,
the maximum observed in g(r;s2,s2) also decreases. This result
implies that softer colloids are able to induce stronger deple-
tion forces than stiff ones in RC fluids.

Fig. 7 Radial distribution functions (RDFs), g(r;s,s0) as a function of the
interparticle distance, r, for different values of the particle concentration,
and for different combinations of the sizes: (a) g(r,s1,s1), (b) g(r,s1,s2) and
(c) g(r,s2,s2), where s1 = 0.63s0 and s2 = 1.37s0. Black solid lines represent
the low density limit, g(r,s,s0) E exp(�bu(r,s,s0)). In all cases, e = 2 and
t/s0 = 0.2.

Fig. 8 Position-dependent size distribution of the RC fluid surrounding a
central colloid of size s2 = 1.37s0, calculated for r�0 ¼ 0:1, e = 2 and
t/s0 = 0.2. Black line shows the size distribution at r = 0, whereas the red
curve represents the distribution far away from the central colloid (bulk).
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6 Conclusions

In this work, we applied a mean-field DFT to characterize the
structural properties of a homogeneous fluid comprised by soft
(Gaussian) responsive colloids in which the particle size (s) is
explicitly responsive and bistable. This fundamental model
represents a first approach to describe macromolecular crowd-
ing effects in soft two-state biomolecules and polymer-based
systems, which are able to modify the particle internal con-
formation in response to changes in the particle concentration
and particle–particle interactions. The results show that com-
pressing the system shifts the bimodal free-energy landscape to
promote smaller sizes following a two-stage transition that can
be tuned by varying the particle softness. In the first stage, for
low particle densities, compression of the system shifts big
colloids into small ones. In the second stage, at high particle

densities, compression induces a progressive reduction of the
size of the small colloids. The separation between these two
compression regimes is enhanced by increasing the stiffness of
the individual particles. This behavior represents a new feature
that is not observed in simpler unimodal landscapes. In addition,
particle–particle interactions significantly lower volume fractions
compared to the ones observed in noninteracting systems. More
precisely, we find for both the mean size and the particle volume
fraction follow a scaling law in the regime of high densities with
particle concentration (r0) and interaction strength (e) as basis.
Furthermore, a study of the osmotic pressure demonstrates that
the bulk pressure is almost independent of the interaction
strength. This surprising effect is attributed to the responsiveness
of the soft particles. Finally, we show that mean-field DFT with the
Test Particle Route also provides micro-structural information of
the fluid of responsive colloids, through the radial pair–property
distribution, g(r;s,s0). Here, for increased densities the remaining
large particles possess an effective attraction to each other due to
depletion effects.

Overall, by comparing unimodal to bimodal size distribu-
tions in our model systems we uncover typical signatures of
bistability in the compression behavior. For example, saddle-
point like behavior in the mean size or packing fraction versus
density, or intriguing non-monotonicities in the particle
polydispersity.

Our model could also serve as a very preliminary description
of the physics behind microgel volume transitions arising close
to the LCST.60–62 In fact, experiments performed with a single
thermo-responsive microgel using optical tweezers clearly show
that the transition from the swollen to the collapsed state is
discontinuous, suggesting that this process represents a first-
order phase transition, and thus leading to a distinct two-state
behavior and hysteresis.63,64 In fact, hysteresis – as a marker for
bistability – in swelling–deswelling cycles of (ionized and non-
ionized) hydrogels were found induced by temperature,65–67

pH,22,66,68 or the addition of cosolutes.69,70 However, it is
important to emphasize that the application of our method to
the description of microgels implies important changes of the
model presented here. First, the Gaussian pair potential must
be replaced by a more adequate interaction model, such as the
Hertzian pair potential, and also include the size-dependence
on the interaction strength, e(s,s0), as suggested by Scotti
et al.53 Second, the mean-field approach described in the work
should be improved using a more accurate DFT to account for
the harder character of the particle interactions arising by the
presence of crosslinker inside the microgel particle. Finally,
experiments and simulations with squeezed microgel systems
indicate the existence of a deformation regime (faceting) that
appears between the interpenetration and the compression
regimes, in which the individual particles change their shapes
without reducing their volume.71–77 To account for faceting,
additional internal coarse-grained parameters beyond s should
also be included in the model.

In the future we would like to investigate how RC fluids
behave under different external potentials. The relevance of
external potentials is given in both in vitro and in vivo. They can

Fig. 9 RDFs, g(r;s,s0) as a function of the interparticle distance, r, for
different values of the particle softness, and for different combinations of
particle sizes: (a) g(r,s1,s1), (b) g(r,s1,s2) and (c) g(r,s2,s2), where s1 = 0.63s0

and s2 = 1.37s0. In all cases e = 2 and r�0 ¼ 0:1.
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exist either as an immutable present field (e.g., gravitation) or a
tuneable perturbation (e.g., light) to obtain a control mecha-
nism. Finally, we would like to study how the presence of
internal DoF affects the phase behavior of RC fluids in the
presence of interparticle attractions, for both unimodal and
bimodal distribution. For the case of repulsion, it is well known
that the phase diagram of non-responsive Gaussian colloids
shows crystallization and a reentrant fluid phase at large
enough densities for e 4 100.54,55 Therefore, it would be very
interesting to investigate how particle responsiveness modifies
this phase behavior as a function of the particle softness,
possibly enhancing the fluid phase and reducing the regions
with solid phases. Extending our method to other repulsive
ultrasoft repulsive potentials as the generalized exponential
models (GEM-n) would also allow to explore the effect of
responsiveness on the anomalous formation of microclusters
arranged into crystal structures observed in this kind of
systems.38,78–81
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Appendices

Appendix A: calculation of the
emergent distribution in the
perturbation theory

The goal of this calculation is to obtain the emergent distri-
bution ftot(s) from the perturbation theory (eqn (33) and (34)).
The last two equations read

ftot(s) = f0 p(s)e�bF(s), (43)

FðsÞ ¼ �r0k 2s0s2 þ s t2 � s20 þ
s12 þ s22

2

� �� �
; (44)

where p(s) is the parent distribution of the form (see eqn (26))

pðsÞ ¼ 1

2
ffiffiffiffiffiffiffiffiffiffi
2pt2
p exp � s� s1ð Þ2

2t2

 !
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

p1ðsÞ

þ exp � s� s2ð Þ2

2t2

 !
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

p2ðsÞ

2
66664

3
77775:
(45)

Consequently, the emergent distribution can be written as

ftot(s) = f0(p1(s) + p2(s))e�bF(s). (46)

with a normalization factor f0. One of the two terms can be
written as

p1ðsÞe�bFðsÞ ¼¼ exp � s� s1ð Þ2

2t2
� 2r0ks0s

2

"

�r0ks t2 � s02 þ
s12 þ s22

2t2

� �� (47)

¼ exp �s
2

2

1

t2
þ 4r0ks0

� �
|fflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflffl}

�1=~t2

2
6664

þs 2s1
2t2
� r0k t2 � s02 þ

s12 þ s22

2t2

� �� �
� s12

2t2

�
(48)

¼ exp � s2

2~t2
þ 2s
2~t2

~t2
s1
t2
� r0k t2 � s02 þ

s12 þ s22

2t2

� �� �
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

�~s1

� s21
2t2

2
6664

3
7775

(49)

¼ exp � s� ~s1ð Þ2

2~t2

" #
exp

~s12

2~t2
� s12

2t2

 �
|fflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflffl}

�B1

: (50)

Therewith, we obtain with an analogous calculation for
p2(s)e�bF(s) and a renormalization the solution for the emergent
distribution

ftotðsÞ ¼
1

B1 þ B2

1ffiffiffiffiffiffiffiffiffiffi
2p~t2
p|fflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflffl}

A0

B1 exp �
s� ~s1ð Þ2

2~t2

" # 

þB2 exp �
s� ~s2ð Þ2

2~t2

" #! (51)

which coincides again with eqn (35).

Appendix B: calculation of lex for an
homogeneous mean-field fluid

For a homogeneous RC fluid (no external fields), the particle
density can be written as r(r,s) = r0f (s), so it does not depend
on r. Consequently, the double integral involved in the calcula-
tion of mex(r,s) in the mean-field approximation can be
simplified as

mexðr; sÞ ¼
ð
dr0
ð
ds0r r0; s0ð Þu r; r0; s; s0ð Þ

¼ er0

ð
ds0f s0ð Þ

ð
dr0e�4jr�r

0 j2= sþs0ð Þ2

¼ er0

ð
ds0f s0ð Þ

ð1
0

4pr02e�4r
02
�

sþs0ð Þ2dr0

(52)

Soft Matter Paper

O
pe

n 
A

cc
es

s 
A

rt
ic

le
. P

ub
lis

he
d 

on
 1

7 
M

ar
ch

 2
02

3.
 D

ow
nl

oa
de

d 
on

 4
/1

8/
20

23
 9

:4
1:

27
 A

M
. 

 T
hi

s 
ar

tic
le

 is
 li

ce
ns

ed
 u

nd
er

 a
 C

re
at

iv
e 

C
om

m
on

s 
A

ttr
ib

ut
io

n-
N

on
C

om
m

er
ci

al
 3

.0
 U

np
or

te
d 

L
ic

en
ce

.
View Article Online

http://creativecommons.org/licenses/by-nc/3.0/
http://creativecommons.org/licenses/by-nc/3.0/
https://doi.org/10.1039/d2sm01523d


This journal is © The Royal Society of Chemistry 2023 Soft Matter, 2023, 19, 2832–2846 |  2845

Integration over the r0 radial coordinate leads to an excess
chemical potential that only depends on the particle size, s:

mexðr; sÞ ¼ mexðsÞ ¼
er0p

3=2

8

ð1
0

ds0 sþ s0ð Þ3f s0ð Þ: (53)

Appendix C: calculation of lex for a RC
fluid confined inside a spherical cavity

For spherical symmetry, the density profile depends on r(r,s) =
r(r,s), where r is the radial coordinate, or distance to the center
of the cavity. In this case, the excess chemical potential of a
mean-field fluid of Gaussian colloids is

r0mexðr; sÞ ¼ e
ð
dr0
ð
ds0r r0; s0ð Þe�4jr�r0 j2= sþs0ð Þ2 : (54)

Without the lose of generality, We can chose r to be oriented
in the z direction, r = rk̂, so

|r � r0|2 = r2 + r02 � 2rr0 cos y0, (55)

which leads to

mexðr; sÞ ¼ e
ð
ds0
ð2p
0

df0
ðp
0

dy0
ðR
0

r02dr0 sin y0r r0; s0ð Þ

� e�4r
2=ðsþs0Þ2 e�4r

02=ðsþs0Þ2 e8rr
0 cos y0=ðsþs0Þ2 ;

(56)

where R is the radius of the spherical compartment. Integrating
over f0 and y0 provides the final expression for mex(r,s)

mexðr; sÞ ¼
ep
2r

ð
ds0 sþ s0ð Þ2e�4r2=ðsþs0Þ2

�
ðR
0

dr0r0e�4r
02=ðsþs0Þ2 sinh

8rr0

sþ s0ð Þ2

 !
r r0; s0ð Þ

(57)
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