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1. Introduction

In this work we consider the periodic predator—prey Lotka—Volterra model:

{ a = u(a(t) = b(t)u — c(t)v), (1)
v = v(d(t) + e(t)u — f(t)v)

with u > 0, v > 0. All the coefficients are T-periodic, a,d € LP(Tr), p € [1,00], and b, ¢, e and f are positive
functions in C(Tr), where we denote the quotient set R/TZ as Tr. This model is a classical non-autonomous
model for predator—prey interaction studied by many authors (see [1] and the references therein). In [1]
the authors study the existence of coexistence states and in particular prove that if one among the trivial
and semi-trivial states is linear stable then it attracts all the solutions with positive initial conditions. As
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an immediate consequence, for the existence of a coexistence state it is necessary that the trivial and the
possible semi-trivial states are linearly unstable. In the same paper the authors prove that this is also a
sufficient condition.

Assuming the existence of a coexistence state, to know if it is stable or not is an important problem. In [2]
and in [3] the authors addressed this question and gave conditions for the existence of one stable coexistence
state.

The stability of the coexistence state was obtained using a homotopy from a non-autonomous linear
system to an autonomous one. In both results plays an important role to prove the non-existence of
2T -periodic solutions for a linear system of the form

i1 = —a11(t)r1 — ara(t) 22,
{ Ty = ag1(t)r1 — agn(t)rs, (2)

where the a;; are non negative. In order to guarantee this nonexistence, in [2] a condition which implies

1
1/2 1/2
Tllara |2 gy Nazal 22 gy + 3llan = azllpiey) <. (3)
is given while in [3] the analogous expression
1
1/2 1/2
larallimy Nazill g, + 5 llan = azliimg <2, (4)

but concerning the L!(0,7) norms, was obtained.

The main purpose of our paper is to extend these results allowing to use other LP norms, see Proposi-
tion 2.1 below. With this result we connect the results in [2,3]. We also give an example of a case in which
the results in [2] and in [3] do not apply but ours does with p = 2. Finally, as in the previous papers, we
give conditions for the local asymptotic stability of a coexistence state of (1).

2. Planar linear system: LP stability result

Our aim is to give a LP stability condition for the system

{ &1 = —a11(t)r1 — arz(t)wa, (5)
To = a1 (t)r1 — aza(t)ze,
where the coefficients a;; belong to LP(Ty) with p € [1, 00] and satisfy

@11 >0, @ >0 and alg(t) >4, 0,21(t) >4d ae teR, (6)

for some 6 > 0 where @;; = & fOT a;j(t)dt.
In order to do that we are going to give conditions which guarantee the nonexistence of 27T -periodic
solutions for this linear system in the next Proposition.

Proposition 2.1. The system (5) has no 2T-periodic solutions except x = 0 if the periodic coefficients a;;
satisfy (with Y/p+1/q=1):

1/2 1/2 1 J(q)
T arzl| ey oz | reyy + 5 llans = azzllpiing) < 557770 (7)
where
27 de ]
7= [ e a€llool and J(o0)= L J(o)
0 (\cos 0> + |sin 0|2q)
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Proof. We make a change of variables to the elliptic-polar coordinates with a weight p > 0 that will be
determined later: 1
x1 = \/urcosf, xy=——rsind.
\/> \/ﬁ

Then the equation of motion for the variable @ is,
. 1
0= ,u(lzl(t) cos? 0 + ;&12 (t) sin’ @ + (an(t) — 922 (t)) cos @ sin 6. (8)

From (8), we can write

11

o< <(,ua21(t), ialg(t)> , (cos? 6, sin? 9)> Jan (£) — ags(2)| <(2 2) , (cos? 6, sin’ 9)> Lo

First, let us consider p €]1,00[. By the Holder inequality in R?, we have

b < (((ua21(t))p + (iam(t))p)W +lans () — ass(8)] (;p )W) (jeostlt + |sm9\QQ)1/q. (10)

Let us integrate on an interval I € R where a solution of (5) is well defined,

40 1 pN 1/p 1-p
/ < / (Wm(t))u(m(t)) ) dt + 27 / 11 (t) — aza ()] dt,
o) (\Cosﬁ|2q+ \sin0|2q) ! H !

Now, by the Holder inequality in L-spaces norms , we have

dg 1/q » 1 p 1/1’
1/q < |I| (,uagl(t)) dt + *am(t) dt
6(I) <|COS(9|2q I I \HM

+ |sin 9|2q)

1—
+ QTP/\au(t)—agg(t)\ dr.
I

Let us assume that exists a non-trivial 2T-periodic solution of (5) (z1(t),z2(t)). We claim that every
non-trivial solution of (8) crosses the axes in a counter-clockwise sense. Intuitively, if the coefficients a12(t)
and ag (t) are continuous and we consider small neighborhoods of the axes, the angular evolution is always
positive since the sign in the right hand side of Eq. (8) is positive. In [3] the author gives a proof for
coefficients in L!(Tr). Therefore we have in the angular variable 0(t + 2T') = 0(t) + 2rk, being k a non-
negative integer. Take k = 0 and let us consider that the solution (x1(t),z2(t)) cross an axis. Due to the
periodicity it cannot cross the axis in a clockwise sense to came back. We conclude that the solution must
lie in an open quadrant, and we have two possibilities, either z;(t) - z2(t) > 0 or x1(¢) - z2(t) < 0 for t € R.
In the first case we divide the first equation in (5) by x; and integrate over a 27-period to get a;; < 0, in
contradiction with (6). The second case has an analog treatment considering the second equation. See [3]
for more details.

For k > 1, integrating from 0 to 27,

K7(q) < (211 ( / a7 dt 4 / " (iauu))pdt)

Additionally, we have dropped the equal sign since the equality in (9) only occurs when 6 = /4 + 7k. Now,

1/p . oT
o
e / a1 () — azs(t)] dt.
0

1/2
defining p? = (fOT @12t/ [ azy (tPat , we arrive to a contradiction with the hypothesis (7) in the more
restrictive case associated with k = 1.
Concerning the limiting cases, we can found a proof for the case p =1 in [3] and for p =00 in [2]. O

3
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In the next proposition we give a result which, together to the fact that J(1) = 2, allows us to conclude
that (7) connects the results in [2,3].

Proposition 2.2. We have that lim,—, - J(¢) = 8.

Proof. Let us study the limit of the integrand of J(q):
—1/q

F(6:q) = (|cos€|2q n |sin0|2q> . (11)
It is useful to write the function in two different ways
—1/q —1/q
£(0;q) = cos™20 (1 + |tan9|2q) —sin—20 (1 +|cot e\Zq) .
For 0 € [—7/4, 7 /4] U [37/4, 57 /4] we have that
. . 2 AN 2
lim f(6;¢) = lim cos™= ¢ (1 + [tan 6| ) =cos™ 0. (12)
q—ro0 q—o0

Indeed, for 6 € [—m/4,7/4] U [37 /4,57 /4],

_ —1/q
2~ 1 < (1 + tan? 0) 1/ < (1 + |tan0|2q) <1,

where we have used that tan®# < 1 and ¢ > 1 and the result follows. Analogously, for 6 € [r/4,3m/4] U
[ /4, 7w /4], we have that

-1/
lim f(0;q) = qlinolo sin=20 <1 + |cot0|2q) T~ sin20. (13)

q—o

Now, by Lebesgue’s dominated convergence theorem,

27 /4 /4
lim f(@;q)sz/ cos_29d9+-~-+/ sin"?0df=2+---+2=8. O

9= Jo —7/4 57 /4
From this convergence of J(q) we recover the condition in [3] for p =1,

1
1/2 1/2
lara gy oz e, + 5 lan — azllpir,) < 2. (14)

Additionally, we can check numerically that J(q) € [2, 8] for ¢ € [1, o0].
Remark 2.1. In the Hill’s equation
I+alt)r=0, a(t) >0 ae teR, (15)

our criterion becomes

MORNER
lalliser) < (505 ) vz = Br@. (16)

The classical stability criterion due to Lyapunov (see [4] or [3]) follows for ¢ = co. Additionally, if ¢ = 1, we
recover the condition in Lemma 4.4 of [2]. In [5], Zhang and Li extended the Lyapunov stability criterion
using LP norms, as follows

el Leeryy < Kr(2q) if 1 <p < oo, and ||a||L1(TT) < Krp(0) ifp=1. (17)

4
=7
4
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Fig. 1. Comparison of the Sobolev constant K(2q) (in red) with the upper bound B(gq) (in blue). On the left, for ¢ € [1,10]; on the
right, asymptotic behavior for large ¢, note that K(g) and B(g) tend to 4 according to the classical Lyapunov criterion.

Here, Kr(q) is the Sobolev constant defined as the optimal constant for the following inequality

Er(@lluliamy < 172,

where v is any function in the Sobolev space H}[0,T]. This Sobolev constant is given by

el )\
27 2 1 .
Kol = 5 (55) (F(é%)) S (18)
%, if q=o0.

I' is the usual Gamma function (see [6] for the proof). The upper bounds in (17) are best possible in the
sense that for any € > 0, there is some « such that

el eeryy < K7(29) + ¢,

while (15) is unstable. In Fig. 1 we compare numerically B(q) := T*+?/9Br(q) with K(q) := T**?/9K1(q).
It seems that our bound is not the best possible for the Hill’s equation since B(q) < K(2q) for 1 < g < oo.
In the cases ¢ = 1 and ¢ = oo both are equal.

We are willing to get our stability result as in [3], that is, using a homotopy argument. We consider the
family of continuous matrices {A,} as

Axt) = (1= NA@R)+AA

where A(t) is the coefficient matrix of the system (5) whose elements satisfy (6), the elements of the matrix
A are the average of a;; and the matrix A, (¢) is the coefficient matrix of the associated system in the plane

T = A)\(t).%‘. (19)
We have that VA € [0, 1],
611(',)\> >0, 622(-, )\) >0 and alg(t, )\) > 6, a21<t7)\) >0 ae teR. (20)

The continuous matrices Ag, A; will be called homotopic if the family of systems (19) is continuous on
A € [0,1] and has no 2T-periodic solutions excepting = 0. The continuity of {4} means that for each
element a;;(t,\) of Ay and X € [0,1], limp 0 ||a;;(t, A+ h) — aij(t,)\)HLl(TT) = 0. It is important to note
that requirement of non-existence of 27 -periodic solutions is crucial to guarantee the stability properties of
the family of systems (19) along the whole homotopy.

The following lemma establishes that A(t) and A can be connected by the homotopy Ay (t).

5



V. Ortega and C. Rebelo Applied Mathematics Letters 145 (2023) 108739

Lemma 2.1. Assume (7), then Ag = A(t) and A; = A are homotopic.

Proof. The family of systems (19) satisfies the criterion (7) of the previous section. The case A = 0 is
immediate. The case A = 1, easily follows when p = oo and for p € [1,00] is a consequence of the Holder
inequality as

@il o vy < TP Hasl prenpy < TP TV Y agjll 1o oy = llaisllze ey

The remaining details of the proof are easy to check. [

Finally, following the lines of the proof of Lemma 2.1 in [3] we obtain our main theorem, taking into
account that the system of constant coefficients i = Az is stable as we assume (6). The key idea of this proof
is the relation between the eigenvalues of the monodromy matrix X (7') associated to the periodic system
(5) and the non-existence of 27T-periodic solutions. It can be shown that the system (5) is asymptotically
stable if and only if the trace of X (T') satisfies

ltr X ()] < 1+ e~ @u+@22)T,

If [tr X (T)| = 1 + e~ (@1%322)T  the system (5) has a non-trivial 27-periodic solution since in that case
there is a real characteristic multiplier with absolute value equal to one. The homotopy between Ay = A(t)
and A; = A applied to A(\) == tr X (T, \), X € [0, 1] concludes the proof. The example 1.2 in [7] also helps to
understand this relation between the stability properties of a periodic system and the trace of the associated

monodromy matrix.

Theorem 2.1. Assume (7), then the system (5) is stable. Moreover, it is asymptotically stable if a11+ase > 0.

2.1. An example

In the following example we ask if there are coefficients a;;(¢) such that for some p €]1,00[ and some
T > 0 condition (7) is satisfied but the conditions (3) or (4) are not fulfilled.

Example 2.1. Let us consider a;2(t) = 14+d+sin (%), as1(t) = 1+0+cos (%) and p = 2. Also we assume
that a11(t) = all(%) and aga(t) = (122(%) and both are in L*(Tr). Then D(T) = %Hau — a22||L1(TT) is
a linear function, D(T') = a(a11, a22)T with a > 0. The conditions to fulfill become

1/2

F(T) = [(1 46+ 1] T+ afan,a) T — 2B <0, (£2m2ﬁ%)
g(T) == (14 6)T + a(ar1, a92) T — 2 > 0, (21)

MT)=24+0)T+ alarr,a22) T — 7 > 0.

Let us observe that the slope K of these linear functions is always positive and K; > Ky > K,. This
guarantees that the functions intersect each other. Analyzing the ordering of the zeros and the cross-points
of the previous functions with respect to the parameters § and «, we can prove that there exists non-empty
sets of possible values of T" where the three previous conditions hold simultaneously. The zeros are given by
the equations:

J(2)

23/2 T — 2 Th - ™

1/2 9 g — Y - Y

[(1+5)2+%]/+a I+6+a 2+d0+a

and we want that Ty > T, and Ty > T}, simultaneously. We can check that

T, =

6
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(i) Since 6 > 0 and « > 0, there are no restrictions to satisfy Ty > Ty,.
ii > 1j, holds 1 = +0)—m + > (7 — > t is easy to find a set
it) Ty > T, holds if (8) = Z2(2+0 1406)2 4+ 4]"? A a>0.1 find
of the form D = {(«,0) : a € [0,a*[,d €]41 (), d2(x )[ 10,64 [}, in which this inequality holds.
Here, o* 1/’(6';‘(13)) ~2 2.692, Omaz ~ 0,07145 and 64 = 3,729 is the positive root of ¢ ().
T332
(ili) On the other hand, T), > Ty = o > 2=7 ~ 0.752 and Ty > T), = o < 2%, § €0, 65(c)[C]0, 27 .

Consequently, it exists non-empty 1ntervals of possible periods where the conditions (21) are satisfied
simultaneously:
4—7 [
_9ov

T €Ty, Tflif e]%,a*[,é €)1 (), 62()[C]O, 04 ; T €T, Tylifa € [0 [ d €]0,d3(c)[C]0,
3. Stability result in the predator—prey Lotka—Volterra model

Let us consider once again (1) and assume that (u(t),v(t)) is a coexistence state. In [1] the authors give
sufficient and necessary conditions for the existence of such solutions of the system (1). The following theorem
gives an additional condition in LP spaces to guarantee the uniqueness and the asymptotic stability of the
T-periodic solution (coexistence state). Additionally, we give some estimates on the LP norm of this solution
(u(t),v(t)) in terms of the coefficients of system (1).

Theorem 3.1. Assume that all possible coexistence states satisfy

T J ()
Tl/q\/||€UHLP(TT)||CU||LP(TT) + 5||bu = follprryy < 221/ (22)

where p and q are conjugate indices and p,q € [1,00]. Then the T -periodic solution (u(t),v(t)) is unique and
asymptotically stable. In addition, for p € [1, 00[ we have the following upper bounds of this solution:
llall Lp (v1)

lallze(ry) 1l Lo (rpy + enr—,
< — < . 23
lull e Ty b vl L (ry) 7 (23)

where @, = minyco 1) ¢(t) and par = maxcpo,r) ©(t) for a T-periodic function, ¢(t).

Proof. The result of existence and uniqueness follows as [3] using the theorem of the previous section.
Concerning the estimates, let us multiply the first equation of system (1) by u?~2 and the second one by

vP~2, After integrating both equations over a period T and using the T-periodicity of (u(t),v(t)) together

with the following inequality for f,g € LP(Tr), p € [1,00, [[f*~'gllp1 (1) < ||f||]£;(1TT)||g||Lp(TT), we get:

1 ||CLHLP(T )
bl ey + e ol gy < el [l gy = Tullzncepy < 222,
for the first equation and
HaHLP(T )
_ _ ldllce(rry +em—5
F2 0By < Nd+ew) o lpsey) < 1A+ ewllzoimy) 015,y = lollsimy) < o

for the second one. O

Remark 3.1. By the previous proof, we conclude that the previous theorem holds if (22) is verified for all
u and v such that

llall Lo (77)
llallr(rp) ldll Lty + eM—5,
lullzeryy < ————=, lvllzeery) <
br fr
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