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abSTracT
In strategic subway scheduling stage, the conflict sometimes comes from different requirements of the 
subway operator. This study aims to investigate the significant factors concerning strategic subway 
scheduling problem and to develop an automatic procedure of feasibility analysis in subway schedul-
ing. To this end, accurate simulation of train movement (via a simulator, named haMleT) is applied 
first by considering the line geography, train performances, actual speed restrictions, etc. The critical 
elements of subway scheduling and their correlations are then studied and a bound structure of the criti-
cal factors is established. The feasibility of primary plan requirements is analysed with the restrictions 
of the bound structure. Infeasible aspects and possible adjustments are shortly discussed. Finally, the 
subsequent applications including schedule generation and optimization according to various objectives 
are indicated as well.
Keywords: factor analysis, feasibility evaluation, periodic scheduling, subway, train scheduling. 

1 INTrODucTION
There are several distinctive features of subway schedule: 

•	 Subway schedules are remarkably periodic. and the period of a subway schedule is actu-
ally short, typically ranging from tens of minutes to several hours. Thus, for both a train 
and a station the daily schedule they follow consists of multiple periods. each period of the 
schedule for a train is called a cycle of the train.

•	 The service of subway is required to be highly frequent. In other words, the intervals be-
tween trains are quite short.

•	 Within a certain travel zone, the satisfaction of passengers does not critically rely on the 
punctualities of all trains in the timetable (except the first and last trains on schedule), but 
the average waiting time and total travel time. 

•	 Only a few stations are equipped with siding tracks (for trains in failure); i.e. it is difficult 
to prevent the impact of some local failure to propagate into a global scope. 

•	 Possible conflicts come from multi-objective requirements of the subway operator. 

There are a wide variety of elements involved in railway scheduling. as in other kinds of 
scheduling problems, over a time, periodic event scheduling problem (PeSP) has played a 
dominant role in railway scheduling problem by considering the basic aspects, including 
the arrival and departure times of trains at each station and the assignment of train routes 
based on the infrastructure resource. For example, as an early study to exploit the PeSP to 
model and construct railway timetables, Odijk [1] first built a visual graph to express the 
timetable structure where a vertex represents an event and an arc represents a constraint. 
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The scheduling problem is solved by searching a feasible and good timetable in this con-
straint graph. Similarly liebchen et al. [2] also modelled a periodic timetable optimization 
task as a PeSP. besides, it takes the amount of rolling stock required, average passenger 
changing time (connection time), average speed of lines, etc., into account. 

besides the reasonable travel times and waiting times, other interests have also been con-
cerned. In the scheduling and rescheduling model proposed by [3], the total final delay and 
the cost associated with delays are considered. Miyatake et al. [4] investigated the relation 
between running time and the energy consumption in the whole section inter-stations and 
further proposed an adjustment law to minimize the total energy consumption by optimizing 
all running times. In this study the dwell time at each station is unchanged. In contrast, in 
order to optimize the utilization of regenerated energy in train braking stage, yang et al. [5] 
proposed a cooperative scheduling approach, which allows the dwell times to vary. It par-
ticularly considers the successive trains and allows the regenerated energy from the braking 
train to be used by the accelerating train simultaneously. In the earlier model, the energy is 
the primary factor being taken into consideration. Still in their subsequent work, an extension 
version using two-objective model was proposed where the energy saving is maximized and 
the passenger waiting time is minimized [6]. 

To sum up, in subway train scheduling, the main concerns are arrival times, stop and wait-
ing time at each station, passenger travel times, delays and energy consumption, etc. how-
ever, the minimum train intervals, train turning time at terminals and required number of 
trains are not widely discussed. Instead, these elements are supposed to be a set of static and 
known parameters in most subway scheduling problems. Thus, this paper studies these ele-
ments first at a more fundamental layer, integrating the physical properties of line and the 
comprehensive behaviours of train. Then it aims to develop an automatic procedure of feasi-
bility analysis in subway scheduling based on the investigation of the key factors in periodic 
subway scheduling problem. Furthermore, some experience rules to solve the infeasibility 
are shortly discussed in a demonstrative instance.

2 crITIcal FacTOrS OF SubWay ScheDulINg

2.1 accurate simulation of train movement

First, basic technical factors for accurate simulation of train movement are analysed to study 
the actual information required in real world. 

a simulation tool named haMleT (herramienta avanzada Multidisciplinar para líneas 
eléctricas de Trenes) is applied to reconstruct the infrastructure and signalling system and 
simulate the train behaviours. as described in the previous work of haMleT [7], aspects of 
infrastructure, train, and electrical and signalling systems are all considered (Fig. 1). 

There are two classes of infrastructure data of line. The static configurations include posi-
tions of key point, lengths, slopes, curves, tunnels and bridges, civil speed restrictions, seg-
ment operational speed limitation, feasible route table, etc. and the dynamic information 
here refers to the track description, which mainly depends on the signalling system and train 
movement on the lines. 

Signalling and electrical systems represent the most important trackside support systems. 
They are integrally designed to satisfy the applications of train control system. 

Train data mainly depend on the train type (locomotive and car specifications, the com-
position of train, weight, length, rated number of passengers, electrical and mechanical 
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parameters, etc.). The traction and braking curves are important references in the accurate 
simulation of a train. It is noted, however, that each train is considered to be as a whole and 
its specific performances are represented in the actual speed profile and energy consumption 
profile. 

actually, the input of haMleT can be a route description for a single train as well as 
a draft plan of multi-trains according to the user requirements. When it is a route descrip-
tion for a particular train type, the haMleT outputs the simulation results of this type of 
train based on the given routes, such as the running time on each piece of section, actual 
speed curves, driving modes, energy estimations, etc. besides, actions such as changing 
driving mode or using the temperate speed limitations can still be added to a draft plan, 
and correspondingly it leads to a distinct set of results of the train. Multi-train simulation 
is based on each single train performance, required plan (input), and track description 
and the control levels. Its outcomes may indicate the feasibility or even potential con-
flicts of the draft plan. 

2.2 Varied requirements

In many cases the uniform interval I0 between given trains is required by the subway operator 
once the information of line facility, signalling system and train types are known. The total 
number of needed trains N is the variable to be determined.

On the contrary, in some other cases, the feasible interval I is questioned whilst the total 
number of available trains N0 (and the composition of each train) is provided as a precondition. 

besides, the average stop and waiting time at stations W0 and the average time for changing 
train direction at terminals C0 are usually given. Nonetheless, some of the waiting times W 
and direction turning around times C in actual scheduling can be determined in any situation.

2.3 Fundamental factors 

Other critical factors considered to analyse and optimize the operating plans are expressed 
as follows: 

•	 In case there is more than one type of trains, synthetic train speed index vp of train type i 
is defined. It is a relative value that is calculated by
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Figure 1: System chart of haMleT.
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where V0 is the mean velocity of the referred train type and V
i
 is the average speed of train 

type i. as the trains for a line are known, vpi of each train type is determined. The index vpi  
values 1 if there is only a unique train type used in a line.

•	 Minimum operation times: waiting time at station Wmin , time to switch on the locomotive 
of the train Cmin, i.e. direction turning time for a train. 

•	 Minimum intervals Imin depend on the most restrictive conditions of key points, such as 
the limited speed and the additional operation time of a switch, etc. Thus, it should be a 
key point to obtain its minimum interval. as there usually are a set of key points on a line,
Imin is a vector. The finally adopted interval I of the general schedule is not smaller than 
the maximum value of Imin . 

•	 route decision r : r is the selected route set from the route table. If a route is selected, cor-
respondingly the running time set Br of all segments of the route (related to complement 
time and required interval and switch positions) is also referred.

2.4 Integral effect

There are some variables that can be only integers. a frequent one is the total number of 
trains planned to use in a particular line, i.e. N is an integer. 

as the periodic characteristic of subway schedule, the second cycle of the train that departs 
first has to be scheduled with the same interval I from the train that departs last; commonly 
an additional time has to be introduced to complement the difference between the schedule 
period and the single cycling time of train. This complement time tcomp is expressed by

 
= −t T tcyccomp , (2)

where tcyc is the total travel time of a particular train type to complete a cycle in a condition 
that the train path (a set of routes) and the basic time for waiting and for changing train direc-
tion are given. T is the schedule period.

 =T NI. (3)

The complement time sometimes can be a flexible buffer for slight delays. Nevertheless, it 
might also cause potential conflicts at terminals since in many cases the complement time is dis-
tributed to the train dwelling time or turning time at terminals and it increases the time to com-
plete the usage of the platforms for a train (the trains usually are not planned to enter the depot). 

3 FacTOr cOrrelaTIONS 
The critical factors can be further categorized into technical and decidable groups. as the 
train data are given, the minimum operation times Wmin and Cmin and the train speed index 
are determined. Taking the line data and signalling system into account, the interval restric-
tions Imin are technically definite, yet they are to be measured. by contrast, the waiting times, 
direction turning around times, intervals in service, total number of trains and even the train 
path are decidable, either by operator’s expectations or other objectives. Figure 2 shows the 
logical associations of these factors.

To determine the variables in the latter group, the correlations of factors are further stud-
ied by statistical analysis. correlation matrix of factors is shown in Table 1 where each row 
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implies how a decision variable depends on other factors and the bigger a correlation value 
indicates the more related that pair of factors. Some important correlations (bold values) are  
coincident with the common rules we obtain. First we note that between two order stops of 
train only the strictest key point is denoted by the index K. The frontal dwelling time (in the 
train movement direction) of key point K is denoted byCk orWk. Thus, some important cor-
relations showed in Table 1 can be partly explained as follows: 

•	 The minimum interval of a key point depends on the position and the type of train stop (to 
keep or to change the direction of train); besides, it is related to the average speed to travel 
through the key point. They are expressed, respectively, by

 
( ) = + +I k aW bvp ck imin , (4)

 
( ) = + +I k dC evp fk imin , (5)

where a b c d e f, ,  , ,  ,   are the parameters of a given system. 

•	 The final determined interval should not be smaller than the minimum allowed interval of 
any key point; that is,

 
{ }≥I Imax min . (6)

If the number of trains and the train performances are given, then 

 
≥I t N/cyc 0 , (7a)

or = +I t t N( ) /cyc comp 0 . (7b)

•	 In a contrary case the interval in service is known, and the number of trains satisfies 

 
= +N t t I( ) /cyc comp 0 . (8)

Figure 2: The principal associations of factors. 
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•	 When there are many types of trains to run on the line, the train type and its speed index 
are one of the influencing factors of the single cycling time of the train.

 
= +t h vp l cyc i . (9)

•	 route decision also has an effect on the train cycling time and the variable pair: the adopt-
ed number of trains N and interval I.

•	 last but not least, the complement time has to be distributed to the dwelling times and it 
satisfies eqns (10) and (11).

 ∑ ∑( ) ( )= − + −t W W C C     k kcomp 0 0 , (10)

 ∑( )( )< −t I I k  comp min , (11)

W0 and C0 are pre-defined andW W W, k0 min≥ ,C C C, k0 min≥ . 

4 PlaNNINg FeaSIbIlITy
The difficulty to estimate the feasibility of the user requirements lies on the correlative 
variation of the general restriction structure. In other words, all the restrictions are not 
constant. Fortunately, most factors can be related to the key factor, minimum interval 
vector Imin. To sum up, the procedure of feasibility evaluation may include the following 
steps: 

(s1) calculate Imin.
(s2) Obtain tcyc (on the basis of =W Wk 0 and =C Ck 0).

Table 1: correlation matrix of factors in statistical analysis.

Pos* Imin Ck. Wk Vi I0 N0 tcyc tcomp r. 

Pos 1.000 –0.387 –0.322 0.294 0.320 0.021 –0.028 –0.029 –0.004 –0.003

I
min

–0.387 1.000 0.401 –0.530 –0.670 0.213 –0.184 –0.043 –0.028 –0.079

C –0.322 0.401 1.000 –0.8 –0.049 –0.021 –0.072 –0.074

W 0.294 –0.530 –0.831 1.000 0.654 –0.006 0.014 0.019 0.006 0.038

V
i

0.320 –0.670 –0.499 0.654 1.000 0.052 –0.132 –0.209 –0.084 –0.139

I 0.021 0.213 0.033 –0.006 0.052 1.000 –0.890 –0.226 –0.127 –0.487

N –0.028 –0.184 –0.049 0.014 –0.132 –0.890 1.000 0.605 0.365 0.701

t
cyc

–0.029 –0.043 –0.021 0.019 –0.209 –0.226 0.605 1.000 0.325 0.779

t
comp

–0.004 –0.028 –0.072 0.006 –0.084 –0.127 0.365 0.325 1.000 0.092

r. –0.003 –0.079 –0.074 0.038 –0.139 –0.487 0.701 0.779 0.092 1.000
* Position of the key point on the line.
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(s3) Obtain the coefficients in eqns (4), (5) and (9).
(s4) check the feasibility by inequalities in eqns (6), (7a), (7b), (8) and (11).

 after step (s3), linear bounds of each desired variable may be visualized in a bound dia-
gram; e.g. Fig. 3 shows a bound diagram of acceptable interval of a line where the train 
performance and train path are definitive. 

Step (s4) deduces a conclusion by verifying all bounds of the variables. It results in a posi-
tive outcome when all requirements can be satisfied within the bounded domain. Otherwise, 
it identifies that the user requirements of plan are infeasible. The user may obtain inspired 
information to adjust the requirements.

Take the line given in Fig. 4 as an example. 21 key points of the line are taken into account 
in Imin investigation, among which 1, 3, 5 and 14 are the key points that can be related to the 
times to change train direction, i.e.Ck; others are related to the waiting timesWk. The avail-
able number of trains of certain type is known, =N 220 . It is queried whether it is feasible to 
schedule the trains at an interval of 100 s. 

When the average speeds of train types are not obviously different ( { }∈vp 1, 0.881i
in 

this example), some parameters appear as Table 2 shows. In detecting Imin the initial setting 

Figure 3: an instance of linear bounds of the interval (along a given train path).

Figure 4:  a subway line with 7 stations and trains can only change the direction and track at 
terminal stations; 3 train paths with corresponding key points and routes to be selected. 
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includes = = =W C vp30, 30, and  1i0 0 . Table 3 shows the results of feasibility estimation 
varying from train path decision. 

From the results we can conclude that the requirement of running trains at an interval of 
100 s in the given case is possible. It is infeasible only when there is no route set satisfying 
the requirement and restrictions. 

Table 2: Parameters of correlations and measured minimum intervals of partial key points.

a b c d e f h l,  , , , , , , I C_min 1. I C_min 3 I C_min 5 I C_min 14 { }I Wmax _min

1,0,45,1,–42,112,–866,2939 115 106 100 99 75

Table 3: Feasibility estimation by route set.

route set r 
  
tcyc I domain I N. ∑( )( )−I I k   min

 
Feasibility

1 1911 [115, Î]* 100 – – – No

2 1910 [106, Î] 100 – – – No

3 2053 [100, Î ] 100 21 47 401 yes

1&2** 1971 [75, +C 151 ] 100 20 +C321 1 yes

*Î is the maximum value of the acceptable interval, given by the user.
** 1&2 means successive trains alternately take the route set 1 and route set 2.

Figure 5: Distribution information of the intermediate variable Imin .
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besides further information of the minimum interval values we obtained by setting differ-
ent routes, train types or distributing different dwelling times are illustrated in Fig. 5, from 
which two experience rules are summed up. 

•	  #1: Only the key point whose ( )I kmin equals ( )Imax min  of certain route set directly affects 
the acceptable interval I of the route set; 

•	 #2: The acceptable interval I of a regular periodic schedule depends on Imin of the lower-
speed train type.

Thus, the user may decide whether to adjust the dwelling time related to this kind of key 
point in order to obtain an appropriate interval I. but certainly, other variables and restrictions 
may be re-analysed as well.

5 aPPlIcaTIONS
as shown in Fig. 6, further applications of feasibility evaluation include plan generation and 
optimization. actually, only when the general feasibility is verified, it comes to have practical 
significance to apply algorithms and methods to generate and optimize the plan.

To generate a feasible plan, we only have to follow two more steps after the feasibility 
evaluation steps (s1 to s4):

(s5) Determine the favourable route set r and corresponding tcomp.
(s6) Determine the feasible C and W by distributing tcomp.

here we consider the data of the train type(s) are pre-defined. 
To optimize the plan, objectives are to be clarified first. Some of the objectives concluded 

in Fig. 2 can only be achieved by combining with the train control (e.g. passenger comfort), 
and some can be approached by adding objective functions to the scheduling model. For 
example, functions (12) and (13) are, respectively, defined to minimize the total travel time 
and to maximize the robustness of the plan. 

 
B W kMinimise:               r ∑( )( )+  (12)

 
I I kMaximise:        min min( )( )−  (13)

Figure 6: Possible applications based on feasibility analysis.
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6 cONcluSIONS
actually, there are a number of factors to be concerned in practical subway scheduling pro-
cess. These factors are quite basic and detailed but sometimes difficult to obtain for their 
variability and correlations. In many subway scheduling models, detailed factors are not con-
sidered and constant parameters are commonly used to simplify the problem. In this research, 
we investigated the main factors which might be considered in periodic subway scheduling 
problem from a more fundamental level.

based on the correlation study of the critical factors, we established a set of internal restric-
tions among the factors, namely bound structure. Via this dynamic bound structure we real-
ized the feasibility evaluation of the original requirements proposed by the subway operator 
(the user). Subsequently, the subway schedule (plan) can be generated if the user require-
ments are practicable and further optimized according to particular objectives. Otherwise, 
infeasible aspects are analysed, and possible adjustments which might produce a feasible 
plan can be proposed according to the available resources of the system. 

Feasibility analysis is an indispensable part of work in practical subway scheduling, and 
more complex situations (such as multi-train type, more shared conjunctions on different 
routes, etc.) are to be included in the research.
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