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ABSTRACT An advantage of using the composite fading models (CFMs) is their ability to concurrently
address the impact of multi-path and shadowing phenomena on the system performance in wireless
communications. A Fisher-Snedecor (FS) F CFM has been recently proposed as an experimentally verified
and tractable fading model that can be efficiently applied for 5G and beyond 5G wireless communication
systems. This paper provides second-order (s-order) performance analysis of the product of N independent
but not identically distributed (i.n.i.d) FS F random variables (RVs). In particular, accurate and closed-
form approximations for level crossing rate (LCR) and average fade duration (AFD) of the product of
N i.n.i.d FS F (N-FS F) RVs are successfully derived by exploiting a general property of a Laplace
approximation method for evaluation of the N-folded integral-form LCR expression. Based on the obtained
s-order statistical results, the burst error rate and maximum symbol rate of the N-FS F distribution are
addressed and thoroughly examined. The numerical results of the considered performance measures are
discussed in relation to the N-FS F multi-path and shadowing severity parameters. Moreover, the impact
of the number of hops (N) of the N-FS F CFM on the s-order metrics, the burst error rate and maximum
symbol rate are numerically evaluated and investigated. The derived s-order statistical results can be
used to address the cooperative relay-assisted (RA) communications for vehicular systems. Monte-Carlo
(M-C) simulations for the addressed statistical measures are developed in order to confirm the provided
theoretical results.

INDEX TERMS 5G, 6G, burst error rate, composite fading model (CFM), Fisher-Snedecor (FS) F
distribution, second-order (s-order) statistics, vehicular communications.

I. INTRODUCTION

WIRELESS communications are one of the key tech-
nologies that shape our everyday life. The emergence

of wirelessly connected nodes for 5G and beyond not only
include mobile phones, but also vehicles, trains, unmanned-
aerial-vehicles (UAVs), machines and many other connected

devices. Channel characterization and performance analysis
of such devices become an essential task for designing and
deploying inter-connected wireless systems.
Wireless communications are highly affected by the prop-

agation environment mainly due to multi-path fading and
shadowing phenomena [1]. The importance of the composite
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fading models (CFMs) is crucial due to their property to
incorporate the simultaneous effect of the multi-path and
shadowing on the system performances. The CFMs that
are based on the mixture of log-normal random variables
(RVs) have been reported in [2], [3]. Although the log-
normal RVs are in accordance with the experiments for
the shadowing effect, the performance analysis and math-
ematical manipulations with log-normal RVs can often lead
to complex analytical expressions. In [4], [5], authors con-
sidered a Gamma-shadowed Nakagami-m distribution and
provided theoretical verification for the Gamma RV as an
adequate substitute for the log-normal RV. The commu-
nication systems over K and general-K composite fading
channels have been addressed in [6] and [7], respectively.
Moreover, the CFMs that can be applied in a variety of prop-
agation scenarios are based on the mixture of some general
and Gamma distributions [8], [9], [10].
The recently proposed composite Fisher-Snedecor (FS) F

fading distribution is modeled with Nakagami-m and inverse
Nakagami-m (I-Nakagami-m) RVs, where the average power
of a Nakagami-m RV is subjected to the variations caused
by an I-Nakagami-m RV [11]. It is important to note that
the Nakagami-m distribution is capable of approximating
the Rician distribution [12], which makes the FS F CFM
attractive for application in line-of-sight (LOS) as well as
non-LOS (N-LOS) multi-path/shadowing environments. The
FS F CFM is confirmed by experiments for wireless com-
munication between two nodes and has turned out to be
mathematically more tractable than other CFMs. Moreover,
FS F CFM has been efficiently applied for channel modeling
and performance evaluation of re-configurable intelligent
surface (RIS) assisted communications [13], [14], [15],
[16], [17]. In [18], simultaneous wireless information and
power transfer (SWIPT) networks in the presence of FS F
fading are addressed. The diversity reception with selection-
combining (SC) and switched-and-stayed-combining (SSC)
over the FS F fading channel have been explored in [19]
and [20], respectively. Furthermore, statistics of the sum
of FS F RVs with application to maximal-ratio-combining
(MRC) are addressed in [21], [22]. Performance evaluation
of dual-hop amplify-and-forward (AF) relay-assisted (RA)
communications over the FS F fading channels is con-
sidered in [23]. Considerable efforts have been made in
performance analysis of the channel capacity over FS F
composite fading channels. In particular, a comprehensive
study of the achievable channel capacity in the presence
of FS F channels under different channel-state-information
(CSI) availability assumptions has been explored in [24].
The ergodic channel capacity over the FS F fading under
different power adaptation schemes are thoroughly addressed
in [25], [26]. Furthermore, the effective channel capacity as
well as the effective channel capacity in high SNR regime for
single-input single-output (SISO) and multiple-input single-
output (MISO) configurations are investigated in [27], [28].
Effective rate and achievable fixed rate capacity over com-
posite F fading channels for emerging wireless systems

such as vehicular communications are provided in [29], [30].
Physical layer security (PLS) over FS F fading channels
are addressed in [31], [32]. Furthermore, the performance
evaluation of wireless multiple access communication links
over correlated FS F fading is investigated in [33]. The
energy detection based spectrum sensing by applying FS F
CFM is considered in [34]. In [35], authors introduced cas-
caded N-Fisher-Snedecor (N-FS) F distribution modeled as
the product of N independent but not identically distributed
(i.n.i.d) RVs and provided statistics such as probability den-
sity function (PDF), cumulative distribution function (CDF)
and moment generating function (MGF). Capitalizing on the
obtained results, [35] provided further outage probability and
bit error rate as the important system performance measures
of the cascaded N-FS F CFM. Moreover, the performance
analysis of products and ratio of the products of FS F RVs
and their applications to wireless communication scenar-
ios are investigated in [36], [37]. Indeed, the products and
the ratios of RVs play a significant role in wireless com-
munications, since the products can be used to assess the
performance of multi-hop relaying, keyhole MIMO com-
munications, RIS assisted communications, RFID systems
and multiple-scattered, multiple-shadowed fading environ-
ments [35], [36], [38], [39], [40], [41], [42], [43], while
the ratio of RVs can be used in interference limited
environments, spectrum sharing or full duplex communica-
tions [36], [37], [44], [45], [46].

However, the references mentioned above are only lim-
ited to the first-order (f-order) statistical performances of
the various fading models. In order to get a better insight
into the behaviour of time-variant channels, second-order
(s-order) statistical analysis is important. The level cross-
ing rate (LCR) and average fade duration (AFD) are widely
considered as s-order statistical measures since they can be
addressed through the integration of the first derivative of
N-FS F random process (RP) and take into account the
movement of the communicating objects [12], [47]. In par-
ticular, the LCR of N-FS F distribution is the time rate
of change of the composite faded signal, while the AFD
of N-FS F distribution is the mean time of the composite
faded signal’s being below a specified threshold. The s-order
performance analysis can be practically used for optimal
interleaver and channel coding design of wireless systems
over fading channels. Furthermore, the s-order statistics and
Doppler characterization provide useful knowledge of time-
variant composite fading channels for a variety of 5G and
beyond 5G scenarios [48], [49], [50], [51].
The s-order statistics of the composite F distribution are

considered in [52] whereas the s-order statistics of a bivari-
ate FS F CFM are considered in [53]. Furthermore, the
LCR and AFD of FS F turbulence induced fading chan-
nels for N-hop free-space-optical (FSO) communications and
dual-hop RIS assisted FSO communications are investigated
in [54], [55], respectively. The s-order statistics of CFM
has been reported in [56]. Additionally, the s-order met-
rics of cascaded and multi-hop communications have been
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extensively addressed in [57], [58], [59], [60], [61], [62]
while s-order statistics of cooperative multi-hop communica-
tions with parallel links are addressed in [63], [64]. Namely,
the available s-order statistical results of the N-hop cascaded
fading channels for radio-frequency (RF) communications
are only limited to N-Rayleigh and N-Nakagami-m channel
models [57], [58], [59], [60], [61], [62], [65]. However, to
the best of the authors’ knowledge there is no reported results
on the s-order statistics of the composite N-hop cascaded
radio-frequency (RF) fading channels.
This paper provides the mathematical framework for cal-

culation of novel, accurate and fast-to-compute closed-form
s-order statistical measures such as LCR and AFD of N-FS F
RF CFM. The general Laplace approximation (GLA) method
has been exploited for derivation of closed-form approxi-
mations for LCR and AFD. The derived s-order statistics
for the observed set of identically and non-identically dis-
tributed fading parameters are confirmed by Monte-Carlo
(M-C) simulations. Moreover, capitalizing on the derived
s-order statistical results and motivated by the fact that
the available results for the burst error rate of cascaded
fading channels are only limited to the dual-hop Nakagami-m
and N-Nakagami-m fading channels [61], [66], we pro-
vide the burst error rate and maximum symbol rate for
multi-hop communications over composite N-FS F fading
channels which are based on the experimentally verified FS
F CFM [11]. One need to have in mind that the N-FS F
CFM can be used to capture propagation conditions more
realistically if compared to N-Nakagami-m [61], since N-FS
F CFM takes into account the simultaneous effect of the
multi-path and shadowing on the multi-hop communication
system. In the numerical results, novel remarks on the impact
of N, multi-path and shadowing severity values of N-FS F
CFM on the s-order measures, the burst error rate and max-
imum symbol rate have been drawn, graphically presented
and analyzed in detail. Furthermore, the obtained s-order sta-
tistical measures of N-FS F distribution are compared to the
previously published s-order statistical results for the special
case when N = 1. Lastly, the obtained s-order results of N-FS
F CFM are directly applied to cooperative communications
established through independent direct link and indepen-
dent multi-hop AF-RA links with selection-strategy (S-S) at
reception.
The main contributions of this work are listed below:

• Derivation of novel closed-form mathematical expres-
sions for PDF and CDF of double FS F distribution,
modeled as the product of two i.n.i.d FS F RVs and
expressed in terms of hypergeometric functions.

• Derivation of novel integral-form mathematical expres-
sions for LCR and AFD of N-FS F distribution,
modeled as the product of N i.n.i.d FS F RVs.

• Derivation of the closed-form approximations for LCR
and AFD of N-FS F distribution using the general
Laplace approximation (GLA) formula and validation of
the obtained closed-form formulas through simulations.

• Performance analysis of the burst error rate and maxi-
mum symbol rate of AF-RA multi-hop communications
over FS F fading channels based on the s-order
statistics.

• S-order and burst error rate performance analysis of
cooperative communications established through direct
link and AF-RA multi-hop links over FS F channels
with S-S at reception.

• Analysis of the impact of N-FS F CFM system model
parameters on the s-order statistics and burst error rate
of the multi-hop and cooperative multi-hop AF-RA
communications where the novel remarks have been
provided.

In particular, the obtained s-order statistical results can be
useful in designing cooperative vehicular systems established
through independent direct, multi-hop and cooperative multi-
hop AF-RA links under LOS, N-LOS and N-LOS vehicle
(N-LOSv) conditions with S-S at the destination. Indeed,
vehicle-to-everything (V2X) 5G New Radio (NR) release
16 introduces the stochastic model for channel characteriza-
tion in V2X communications where a path-loss formula is
dependent on LOS, N-LOS and N-LOSv conditions [67]. The
N-LOSv communication conditions are introduced to address
the presence of blocking vehicles in V2X communications.
Thus, the AF-RA vehicle-to-vehicle (V2V) communications
can be used in vehicular networks in the absence of LOS
V2V conditions [68], [69], [70], [71]. Moreover, the selec-
tion and switching strategies can be efficiently deployed in
vehicular systems [49], [72], [73], [74], [75].
The paper is structured as follows. Sections II and III

introduce FS F and double FS F CFMs, respectively. The
s-order system performance analysis of N-FS F CFM mod-
eled as the product of N i.n.i.d FS F RVs is presented in
Section IV. In Section V, the s-order system performance
analysis of multi-hop and cooperative multi-hop communi-
cations is considered. The numerical results and simulation
results are given in Section VI. Lastly, Section VII concludes
this paper.
The abbreviations that are used throughout the text are

summarized in alphabetical order in Table 1.

II. FISHER-SNEDECOR F COMPOSITE FADING MODEL
The recently proposed Fisher-Snedecor (FS) F composite
fading distribution is modeled with independent but not iden-
tically distributed (i.n.i.d) Nakagami-m and I-Nakagami-m
RVs, where the average power of a Nakagami-m RV is sub-
jected to the variations caused by an I-Nakagami-m RV [11].
The FS F RP, ZF (t) can be expressed as

ZF (t) = Xnm(t)YInm(t) = Xnm(t)
1

Ynm(t)
(1)

where Xnm(t) and YInm(t) are Nakagami-m and
I-Nakagami-m RPs, respectively (where the time t is
omitted in the following text for simpler notation). Since
the I-Nakagami-m RV can be expressed as YInm = 1

Ynm
, the
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TABLE 1. Abbreviations used throughout the text.

PDF of Xnm and Ynm are [47, eq. (2.52)], respectively

pXnm(xnm) = 2(mm/�m)mm

�(mm)
x2mm−1
nm e− mm

�m
x2nm (2)

pYnm(ynm) = 2((ms − 1)/�s)
ms

�(ms)
y2ms−1
nm e− (ms−1)

�s
y2nm (3)

where �(·) is the Gamma function [76, (eq. (8.310.1)]. The
multi-path and shadowing severity parameters are mm and ms,
respectively whereas the average powers of Nakagami-m and
I-Nakagami-m RVs are �m and �s, respectively. The PDF
of ZF = Xnm

Ynm
is [45, eq. (25)]

pZF (zF ) =
∫ ∞

0
ynmpXnm(zF × ynm)pYnm(ynm)dynm (4)

From (2-4), and using [76, eq. (3.326.2)] and
[76, eq. (8.384.1)], respectively, the PDF of ZF can
be written as

pZF (zF ) =
2
(
mm
�m

)mm
(
ms−1
�s

)ms
(�s�m)mm+msz2mm−1

F
B(mm,ms)

(
�smmz2F + �m(ms − 1)

)mm+ms
(5)

where B(·, ·) is the Beta function [76, eq. (8.380.1)]. It can be
noticed that pZF (zF ) in (5) for �s = 1 and �m = � reduces
to the PDF of FS F distribution given by [35, eq. (3)]. The
closed-form CDF of ZF can be obtained from (5) by apply-
ing FZF (zF ) = ∫ zF

0 pZF (zF )dzF and [76, eq. (3.194.1)],
respectively as

FZF (zF ) =
(mm)mm−1

(
�s
�m

)mm
z2mm
F

β(mm,ms)(ms − 1)mm

× 2F1

(
mm + ms,mm,mm + 1;− mm�sz2F

(ms − 1)�m

)
(6)

where 2F1(·, ·; ·; ·) is a hypergeometric function
[76, eq. (9.100)]. Similarly, the FZF (zF ) in (6) for
�m = � and �s = 1, reduces to the CDF of FS F distri-
bution. Moreover, the composite FS F CFM reduces to the
fading models without shadowing such as Nakagami-m (for
ms →∞) and Rayleigh (for ms →∞ and mm = 1).

III. DOUBLE FISHER-SNEDECOR F COMPOSITE FADING
MODEL
The product of two i.n.i.d FS F RPs can be written as

ZFd = ZF1ZF2 = Xnm,1YInm,1Xnm,2YInm,2

= Xnm,1

Ynm,1

Xnm,2

Ynm,2
(7)

The PDFs of Xnm,i and Ynm,i = 1
YInm,i

, i = 1, 2 are,
respectively

pXnm,i

(
xnm,i

) =
2
(
mmi
�mi

)mmi
x
2mmi−1
n,i

�
(
mmi

) e
− mmi

�mi
x2nm,i (8)

pYnm,i

(
ynm,i

) =
2
(
msi−1
�si

)msi
y
2msi−1
nm,i

�
(
msi

) e
−
(msi−1

�si

)
y2nm,i (9)

where mmi and msi are the multi-path and shadowing severity
parameters of double FS F CFM, respectively, whereas �mi

= �i and �si = 1. The PDF of a double FS F RV ZFd =
ZF1ZF2 can be obtained from

pZFd

(
zFd

) =
∫ ∞

0

∣∣∣∣dzF1

dzFd

∣∣∣∣pZF1

(
zFd

zF2

)
pZF2

(
zF2

)
dzF2 (10)

where | dzF1
dzFd

| = z−1
F2

. After substituting (8) and (9) in (10)
and using [76, eq. (3.259.3)], closed-form PDF expression
of double FS F RV in terms of hypergeometric function
is derived and presented at the bottom of the next page.
Moreover, by transforming RVs, γFd = zFd

2, PDF of the
SNR is obtained and provided as (12), shown at the bottom
of the next page, where γ̄i = �i is the average SNR value of
double FS F CFM. The CDF of double FS F distribution
can be obtained from FZFd

(zFd ) = ∫ zFd
0 pZFd

(x)dx. By using
(8-10), the FZFd

(zFd ) can be written as

FZFd

(
zFd

) = 4mm1
mm1

(
ms1 − 1

)ms1

B
(
mm1 ,ms1

)
B
(
mm2 ,ms2

)
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× mm2
mm2

(
ms2 − 1

)ms2�1
ms1�2

ms2

×
∫ ∞

0
dzF2

z
2mm2+2ms1−1
F2(

mm2z
2
F2

+ (
ms2 − 1

)
�2

)mm2+ms2

×
∫ zFd

0

x2mm1−1dx(
mm1x

2 + z2F2

(
ms1 − 1

)
�1

)mm1+ms1
(13)

By applying the variable substitution, k = mm1x
2 +

z2F2
(ms1 − 1)�1 and then by applying the binomial for-

mula [76, eq. (1.111)] and [76, eq. (3.259.3)], the FZFd
(zFd )

closed form expression is derived for the integer values of
mm1 and presented as (14) shown at the bottom of the page.
Similarly, the closed-form SNR CDF expression FγFd

(γFd ),
where γ̄i = �i is given as (15), shown at the bottom of the
page. In [35], authors introduced N-FS F CFM and provided
the PDF and CDF of N-FS F distribution in terms of the

Meijer’s G functions. Although the Meijer’s G functions are
usually applied for obtaining useful and important analytical
expressions they need to satisfy specific conditions [76, eq.
(9.301)]. We provide useful and novel PDF and CDF expres-
sions of double FS F RV given in terms of hypergeometric
functions, where CDF is valid for integer values of mm1 .
Moreover, a similar analytical approach for derivation of the
PDF and CDF of FSO RIS assisted communications over
FS F turbulence channels has been performed in [55].

IV. N-FISHER-SNEDECOR F COMPOSITE FADING
MODEL
The faded signal at the destination of cascaded N-FS F
CFM can be modeled as the product of N i.n.i.d RPs

ZFN =
N∏
i=1

ZFi =
N∏
i=1

Xnm,iYInm,i =
N∏
i=1

Xnm,i

Ynm,i
(16)

pZFd

(
zFd

) = 2

(
mm1mm2(

ms1 − 1
)(
ms2 − 1

)
�1�2

)mm2 B
(
mm2 + ms1 ,mm1 + ms2

)
B
(
mm1 ,ms1

)
B
(
mm2 ,ms2

) z
2mm2−1
Fd

×2 F1

(
mm2 + ms2 ,mm2 + ms1;mm1 + ms1 + mm2 + ms2; 1 − mm1mm2zFd

2(
ms1 − 1

)(
ms2 − 1

)
�1�2

)
(11)

pγFd

(
γFd

) =
(

mm1mm2(
ms1 − 1

)(
ms2 − 1

)
γ̄1γ̄2

)mm2 B
(
mm2 + ms1 ,mm1 + ms2

)
B
(
mm1 ,ms1

)
B
(
mm2 ,ms2

) γ
mm2−1
Fd

×2 F1

(
mm2 + ms2 ,mm2 + ms1;mm1 + ms1 + mm2 + ms2; 1 − mm1mm2γFd(

ms1 − 1
)(
ms2 − 1

)
γ̄1γ̄2

)
(12)

FZFd

(
zFd

) =
(
ms1 − 1

)ms1mm2
mm2

(
ms2 − 1

)ms2

B
(
mm1 ,ms1

)
B
(
mm2 ,ms2

)
mm1−1∑
k=0

(
mm1 − 1

k

)
(−1)k

(
ms1 − 1

)k
ms1 + k

×
⎛
⎜⎝

(
1

mm2

)mm2
B
(
mm2 ,ms2

)
(
ms1 − 1

)ms1+k(
ms2 − 1

)ms2
−

(
1

ms1−1

)mm2+ms1+k
m
mm2
m1 zFd

2mm2B
(
mm2 + ms1 + k,ms2

)
(
ms2 − 1

)mm2+ms2 (�1�2)
mm2

⎞
⎟⎠

×2 F1

(
mm2 + ms2 ,mm2 + ms1 + k;ms1 + mm2 + ms2 + k; 1 − mm1mm2zFd

2(
ms1 − 1

)(
ms2 − 1

)
�1�2

)
(14)

FγFd

(
γFd

) =
(
ms1 − 1

)ms1mm2
mm2

(
ms2 − 1

)ms2

B
(
mm1 ,ms1

)
B
(
mm2 ,ms2

)
mm1−1∑
k=0

(
mm1 − 1

k

)
(−1)k

(
ms1 − 1

)k
ms1 + k

×
⎛
⎜⎝

(
1

mm2

)mm2
B
(
mm2 ,ms2

)
(
ms1 − 1

)ms1+k(
ms2 − 1

)ms2
−

(
1

ms1−1

)mm2+ms1+k
m
mm2
m1 γFd

mm2B
(
mm2 + ms1 + k,ms2

)
(
ms2 − 1

)mm2+ms2 (γ̄1γ̄2)
mm2

⎞
⎟⎠

×2 F1

(
mm2 + ms2 ,mm2 + ms1 + k;ms1 + mm2 + ms2 + k; 1 − mm1mm2γFd(

ms1 − 1
)(
ms2 − 1

)
γ̄1γ̄2

)
(15)
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where the PDFs of Xnm,i and Ynm,i for i = 1,N are,
respectively,

pXnm,i

(
xnm,i

) = 2
(
mmi/�mi

)mmi x
2mmi−1
nm,i

�
(
mmi

) e
− mmi

�mi
x2nm,i (17)

pYnm,i

(
ynm,i

) = 2
((
msi − 1

)
/�si

)msi y
2msi−1
nm,i

�
(
msi

) e
−msi−1

�si
y2nm,i (18)

The mmi and msi are N-FS F multi-path and shadowing
severity parameters of i-th hop, respectively, whereas �mi =
�i is the N-FS F average power of i-th hop and �si = 1.
Similarly, the composite N-FS F CFM becomes equivalent to
the cascaded N-Nakagami-m (for msi →∞) and N-Rayleigh
(for msi →∞ and mmi = 1) fading models.

A. LEVEL CROSSING RATE
Level crossing rate (LCR) of N-FS F CFM for a prede-
termined threshold zth can be obtained from the following
expression [52, eq. (4)], [77]

NZFN
(zth) =

∫ ∞

0
żFNpZFN ŻFN

(
zth, żFN

)
dżFN (19)

where, pZFN ŻFN
(zFN , żFN ) is the joint distribution of ZFN

and its first derivative ŻFN . From (16), Xnm,1 can be
expressed as

Xnm,1 = ZFN

∏N
i=1 Ynm,i∏N

i=2 Xnm,i
(20)

Moreover, pZFN ŻFN
(zFN , żFN ) can be written as 2N-1 folded,

integral-form expression of the joint PDF of i.n.i.d RVs,
ZFN , ŻFN ,Ynm,1,Xnm,2,Ynm,2, . . . ,Xnm,N and Ynm,N , as fol-
lows from [65, eq. (12)]. The equation is given at the
bottom of the next page, where pZFN ŻFN Ynm,1Xnm,2···Ynm,N

for
independent RVs can be written as [65, eq. (13)]

pZFN ŻFN Ynm,1Xnm,2···Ynm,N

(
zFN żFN ynm,1xnm,2 · · · ynm,N

)
= pŻFN |ZFN Ynm,1Xnm,2···Ynm,N

(
żFN |zFN ynm,1 · · · ynm,N

)
× pZFN |Ynm,1Xnm,2···Ynm,N

(
zFN |ynm,1xnm,2 · · · ynm,N

)
× pYnm,1

(
ynm,1

)
pXnm,2

(
xnm,2

) · · · pYnm,N

(
ynm,N

)
(22)

The pZFN |Ynm,1Xnm,2···Ynm,N (zFN |ynm,1xnm,2 · · · ynm,N) with a
help of (20) can be expressed further as

pZFN |Ynm,1Xnm,2···Ynm,N

(
zFN |ynm,1xnm,2 · · · ynm,N

)

=
∣∣∣∣dxnm,1

dzFN

∣∣∣∣pXnm,1

(
zFN

∏N
i=1 ynm,i∏N

i=2 xnm,i

)
(23)

From ((19)-(23)), the NZFN
(zth) of N-FS F CFM can be

written as expression (24), shown at the bottom of the page.
From (16), the first derivative of ZFN can be expressed as

ŻFN =
N∏
i=1

Xnm,i

Ynm,i

(
Ẋnm,1

Xnm,1
− Ẏnm,1

Ynm,1
+ Ẋnm,2

Xnm,2
− Ẏnm,2

Ynm,2

· · · + Ẋnm,N

Xnm,N
− Ẏnm,N

Ynm,N

)
(25)

It is important to note that the first derivatives
of 2N zero-mean (ZM) independent Gaussian RVs
Xnm,1,Ynm,1,Xnm,2,Ynm,2, . . . ,Xnm,N and Ynm,N denoted as,
respectively Ẋnm,1, Ẏnm,1, Ẋnm,2, Ẏnm,2, . . . , Ẋnm,N and Ẏnm,N

are also 2N ZM independent Gaussian RVs. Since the linear
transformation of independent Gaussian RVs is a Gaussian
RV, pŻFN |ZFN Ynm,1···Ynm,N

(żFN |zFN ynm,1 · · · ynm,N) has a con-

ditional Gaussian distribution with the variance σ 2
ŻF ,N

and
mean

¯̇ZFN =
N∏
i=1

Xnm,i

Ynm,i

( ¯̇Xnm,1

Xnm,1
−

¯̇Ynm,1

Ynm,1
+

¯̇Xnm,2

Xnm,2
−

¯̇Ynm,2

Ynm,2

· · · +
¯̇Xnm,N

Xnm,N
−

¯̇Ynm,N

Ynm,N

)
= 0 (26)

where ¯̇Xnm,1,
¯̇Ynm,1,

¯̇Xnm,2,
¯̇Ynm,2, . . . ,

¯̇Xnm,N and ¯̇Ynm,N are
the mean values of Ẋnm,1, Ẏnm,1, Ẋnm,2, Ẏnm,2, . . . , Ẋnm,N and
Ẏnm,N , respectively.
Based on (25) and with some additional mathematical

manipulations, the σ 2
ŻF ,N

can be expressed as (27), given

on the next page, where the variances σ 2
Ẋnm,i

, i = 1,N and

σ 2
Ẏnm,i

, i = 1,N are respectively, σ 2
Ẋnm,i

= π2f 2mxi
(
�mi
mmi

) and

σ 2
Ẏnm,i

= π2f 2myi
(

�si
msi−1 ) as provided in [78, eq. (4)] and [52],

pZFN ŻFN

(
zFN , żFN

) =
∫ ∞

0
dxnm,2 · · ·

∫ ∞

0
dxnm,N

∫ ∞

0
dynm,1

∫ ∞

0
dynm,2 · · ·

∫ ∞

0
dynm,N

× pZFN ŻFN Ynm,1Xnm,2···Ynm,N

(
zFN żFN ynm,1xnm,2 · · · ynm,N

)
(21)

NZFN
(zth) =

∫ ∞

0
dxnm,2

∫ ∞

0
dxnm,3 · · ·

∫ ∞

0
dxnm,N

∫ ∞

0
dynm,1

∫ ∞

0
dynm,2 · · ·

∫ ∞

0
dynm,N

×
∣∣∣∣dxnm,1

dzFN

∣∣∣∣pXnm,1

(
zth

∏N
i=1 ynm,i∏N

i=2 xnm,i

)
pXnm,2

(
xnm,2

) · · · pXnm,N

(
xnm,N

)

× pYnm,1

(
ynm,1

)
pYnm,2

(
ynm,2

) · · · pYnm,N

(
ynm,N

) ∫ ∞

0
żFN pŻFN |ZFN ···Ynm,N

(
żFN |zth · · · ynm,N

)
dżFN (24)
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respectively. Moreover, in the case of N-FS F CFM, �mi =
�i and �si = 1. It can be assumed further that the maximum
Doppler frequencies are fm = fmxi

= fmyi
.

In accordance with (25)-(26), the integral expression∫∞
0 żFN pŻFN |ZFN ···Ynm,N

(żFN |zth · · · ynm,N)dżFN in (24) for the
case when pŻFN |ZFN ···Ynm,N

(żFN |zth · · · ynm,N) has a condi-
tional ZM Gaussian distribution can be evaluated as∫ ∞

0
żFNpŻFN |ZFN ···Ynm,N

(
żFN |zth · · · ynm,N

)
dżFN

= 1√
2πσŻF ,N

∫ ∞

0
żFN e

− 1
2

ż2FN
σ2
ŻF ,N dżFN = σŻF ,N√

2π
(28)

It is important to note that a similar analytical approach
for derivation of (28) has been performed for the case of
the s-order statistical evaluation of the Nakagami-m RV
[79, eq. (16)], product of two independent Nakagami-m RVs
[78, eq. (8)], the ratio of two independent Nakagami-m RVs
[80, eq. (20)] and the product of N independent Rayleigh
RVs [65, eq. (17)].
After introducing (17), (18) and (28) in (24), the LCR of

N-FS F for a given threshold zth, yields

NZFN
(zth) = 22N√

2π

N∏
i=1

m
mmi
mi

(
msi − 1

)msi

�
mmi
i �

(
mmi

)
�
(
msi

) z2mm1−1
th L (29)

where, L is 2N-1 folded, I-F expression provided as (30)
shown at the bottom of the page.

1) EXACT LCR FOR N = 1

A closed-form LCR expression of FS F RV can be derived
from the integral-form LCR expression given by (29). From
(27-30), the LCR for N = 1 can be written as

NZF (zth) = 4m
mm1
m1

(
ms1 − 1

)ms1 z
2mm1−1
th√

2π�
mm1
1 �

(
mm1

)
�
(
ms1

) L1 (31)

where L1 is one-folded integral-form expression given by

L1 =
∫ ∞

0
dynm,1

√√√√√ 1

y2nm,1

σ 2
Ẋnm,1

⎛
⎝1 + z2th

σ 2
Ẏnm,1

σ 2
Ẋnm,1

⎞
⎠

× y
2ms1+2mm1−1
nm,1 e

−mm1
�1

z2thy
2
nm,1−

(
ms1−1

)
y2nm,1 (32)

Interestingly, the LCR of the N-FS F CFM provided in (31),
after using [76, eq. (3.381.4)] and some additional mathe-
matical manipulations reduces for N = 1 to the recently
published LCR expression of the composite F fading model
[52, eq. (13)]

NZF (zth) =
√
2π fm�

(
mm1 + ms1 − 1/2

)(
mm1

)mm1−1/2

�
(
mm1

)
�
(
ms1

)

×
((
ms1 − 1

)
�1

)ms1−1/2
z
2mm1−1
th(

�1
(
ms1 − 1

)+ mm1z
2
th

)mm1+ms1−1
(33)

The LCR expression of FS F can be useful for s-order
performance analysis between two communication nodes.

2) LCR APPROXIMATION FOR N=1

The general Laplace approximation (GLA) formula has been
initially proven by authors in [81], whereas in [82] authors
have shown that the GLA formula fits well with exact expres-
sions for the cases where the real-valued parameter γ takes
small values. It has also been used in practice as a reli-
able and fast-computing mathematical tool for evaluation of
many-folded integral-form expressions [54], [63], [65], [77],
[78], [83], [84], [85] such as (29). In order to pro-
vide a detailed application of the GLA for evaluation of
many-folded integral-form expressions, first we provide a
closed-form approximate LCR expressions for N = 1.
Although the exact closed-form LCR expression is already
provided in (33), here we present a derivation of an approx-
imate LCR expression using the GLA formula for N = 1,

σ 2
ŻF ,N

= 1

x2nm,1

N∏
i=1

x2nm,i

y2nm,i

σ 2
Ẋnm,1

(
1 + z2FN

x2nm,1

y2nm,1

N∏
i=1

y2nm,i

x2nm,i

σ 2
Ẏnm,1

/σ 2
Ẋnm,1

+ z2FN
x2nm,1

x2nm,2

N∏
i=1

y2nm,i

x2nm,i

σ 2
Ẋnm,2

/σ 2
Ẋnm,1

+ z2FN
x2nm,1

y2nm,2

N∏
i=1

y2nm,i

x2nm,i

σ 2
Ẏnm,2

/σ 2
Ẋnm,1

+ z2FN
x2nm,1

x2nm,3

N∏
i=1

y2nm,i

x2nm,i

σ 2
Ẋnm,3

/σ 2
Ẋnm,1

· · · + z2FN
x2nm,1

y2nm,N

N∏
i=1

y2nm,i

x2nm,i

σ 2
Ẋnm,N

/σ 2
Ẋnm,1

+ z2FN
x2nm,1

x2nm,N

N∏
i=1

y2nm,i

x2nm,i

σ 2
Ẏnm,N

/σ 2
Ẋnm,1

)
(27)

L =
∫ ∞

0
dxnm,2

∫ ∞

0
dxnm,3 · · ·

∫ ∞

0
dxnm,N

∫ ∞

0
dynm,1

∫ ∞

0
dynm,2 · · ·

∫ ∞

0
dynm,N

× x
2mm2−2mm1−1
nm,2 x

2mm3−2mm1−1
nm,3 · · · x2mmN−2mm1−1

nm,N y
2ms1+2mm1−1
nm,1 y

2ms2+2mm1−1
nm,2 · · · y2msN+2mm1−1

nm,N σŻF ,N

× e
−mm1

�1

z2th
∏N
i=1 y

2
nm,i∏N

i=2 x
2
nm,i

−mm
�2

x2nm,2−
mm3
�3

x2nm,3···−
mmN
�N

x2nm,N−(ms1−1
)
y2nm,1−

(
ms2−1

)
y2nm,2···−

(
msN−1

)
y2nm,N

(30)
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as the simplest case since the GLA formula will be further
utilized for derivation of an approximate closed-form LCR
expression for general N. The GLA formula for the evalua-
tion of one-folded integral expression in (32), can be written
as [78, eq. (12)]

∫ ∞

0
f1
(
ynm,1

)
e−γ f2(ynm,1)dynm,1

≈
(
2π

γ

) 1
2 f1

(
ỹnm,1

)
√

∂2f2(ỹnm,1)
∂y2nm,1

e−γ f2(ỹnm,1) (34)

where f1(ynm,1) and f2(ynm,1) are one-variate functions of
ynm,1, whereas γ is a real-valued parameter. After the
following transformation in (32)

y
2ms1+2mm1−2
nm,1 e

−mm1
�1

z2thy
2
nm,1−

(
ms1−1

)
y2nm,1

= e
−mm1

�1
z2thy

2
nm,1−

(
ms1−1

)
y2nm,1+

(
2ms1+2mm1−2

)
ln(ynm,1) (35)

and without loss of generality, we can set f1 = 1 and f2 =
mm1 z

2
thy

2
nm,1

�1
+ (ms1 − 1)y2nm,1 − (2ms1 + 2mm1 − 2)ln(ynm,1).

The ỹnm,1 in (34) is obtained as a real and positive value
from ∂f2(ynm,1)/∂ynm,1 = 0 for ỹnm,1 = ynm,1 as

ỹnm,1 =
√√√√ mm1 + ms1 − 1

z2thmm1
�1

+ ms1 − 1
(36)

Finally, the LCR approximation for N = 1 is given by

NZF (zth) ≈
4m

mm1
m1

(
ms1 − 1

)ms1σẊnm,1

(
1 + z2th

σ 2
Ẏnm,1

σ 2
Ẋnm,1

) 1
2

√
2π�

mm1
1 �

(
mm1

)
�
(
ms1

)

×
(
2π

γ

) 1
2 1√

∂2f2(ỹnm,1)
∂y2nm,1

e−γ f2(ỹnm,1). (37)

3) LCR APPROXIMATION FOR N=2

The integral-form LCR expression for N = 2 from (29) can
be written as

NZFd
(zth) = 16√

2π

m
mm1
m1 m

mm2
m2

(
ms1 − 1

)ms1

�
mm1
1 �

mm2
2 �

(
mm1

)
�
(
mm2

)

×
(
ms2 − 1

)ms2σẊnm,1

�
(
ms1

)
�
(
ms2

) z
2mm1−1
th L2 (38)

where L2 is the three-folded integral-form expression given
by (39) at the bottom of the page. In order to solve L2 we
can apply the GLA formula [85, eq. (47)]
∫ ∞

0
dxnm,2

∫ ∞

0
dynm,1

∫ ∞

0
f1
(
ynm,1, xnm,2, ynm,2

)

× e−γ f2(ynm,1,xnm,2,ynm,2)dynm,2

≈
(
2π

γ

) 3
2 f1

(
ỹnm,1, x̃nm,2, ỹnm,2

)
√
det

(
h̃
) e−γ f2(ỹnm,1,x̃nm,2,ỹnm,2) (40)

where f1(ynm,1, xnm,2, ynm,2) and f2(ynm,1, xnm,2, ynm,2) are
three-variate functions of ynm,1, xnm,2 and ynm,2. After
a similar transformation as in (35), we can define
f1(ynm,1, xnm,2, ynm,2) and f2(ynm,1, xnm,2, ynm,2) from (39),
respectively as

f1 =
⎛
⎝1 + z2th

y2nm,2σ
2
Ẏnm,1

x2nm,2σ
2
Ẋnm,1

+ z2th

y2nm,1y
2
nm,2σ

2
Ẋnm,2

x4nm,2σ
2
Ẋnm,1

+ z2th

y2nm,1σ
2
Ẏnm,2

x2nm,2σ
2
Ẋnm,1

⎞
⎠

1/2

(41)

f2 = mm1

�1

z2thy
2
nm,1y

2
nm,2

x2nm,2

+ (
ms1 − 1

)
y2nm,1 + mm2

�2
x2nm,2

+ (
ms2 − 1

)
y2nm,2 − (

2ms1 + 2mm1 − 2
)
ln
(
ynm,1

)
− (

2mm2 − 2mm1

)
ln
(
xnm,2

)− (
2ms2 + 2mm1 − 2

)
ln
(
ynm,2

)
(42)

The ỹnm,1, x̃nm,2 and ỹnm,2 are real and positive values
obtained from the following mathematical expressions:

∂f2
(
ynm,1, xnm,2, ynm,2

)
∂ynm,1

= 0

∂f2
(
ynm,1, xnm,2, ynm,2

)
∂xnm,2

= 0

∂f2
(
ynm,1, xnm,2, ynm,2

)
∂ynm,2

= 0 (43)

for ỹnm,1 = ynm,1, x̃nm,2 = xnm,2 and ỹnm,2 = ynm,2, whereas
the h̃ is a Hessian 3 × 3 matrix obtain from h given by

h =

⎡
⎢⎢⎢⎢⎣

∂2f2
∂y2nm,1

∂2f2
∂ynm,1∂xnm,2

∂2f2
∂ynm,1∂ynm,2

∂2f2
∂xnm,2∂ynm,1

∂2f2
∂x2nm,2

∂2f2
∂xnm,2∂ynm,2

∂2f2
∂ynm,2∂ynm,1

∂2f2
∂ynm,2∂xnm,2

∂2f2
∂y2nm,2

⎤
⎥⎥⎥⎥⎦ (44)

L2 =
∫ ∞

0
dynm,1

∫ ∞

0
dxnm,2

∫ ∞

0
dynm,2

⎛
⎝1 + z2th

y2nm,2σ
2
Ẏnm,1

x2nm,2σ
2
Ẋnm,1

+ z2th

y2nm,1y
2
nm,2σ

2
Ẋnm,2

x4nm,2σ
2
Ẋnm,1

+ z2th

y2nm,1σ
2
Ẏnm,2

x2nm,2σ
2
Ẋnm,1

⎞
⎠

1/2

× y
2ms1+2mm1−2
nm,1 x

2mm2−2mm1
nm,2 y

2ms2+2mm1−2
nm,2 e

−mm1
�1

z2thy
2
nm,1y

2
nm,2

x2nm,2
−(ms1−1

)
y2nm,1−

mm2
�2

x2nm,2−
(
ms2−1

)
y2nm,2

(39)
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for ỹnm,1 = ynm,1, x̃nm,2 = xnm,2 and ỹnm,2 = ynm,2. After
substituting f1(ỹnm,1, x̃nm,2, ỹnm,2), f2(ỹnm,1, x̃nm,2, ỹnm,2) and
h̃ in (40), the L2 is approximated as a closed-form expression.

4) LCR APPROXIMATION FOR GENERAL N

The GLA formula that can be used to evaluate the 2N-1 I-F
expression is [65, eq. (I.3)]∫ ∞

0
dxnm,2

∫ ∞

0
dxnm,3 · · ·

∫ ∞

0
dxnm,N

×
∫ ∞

0
dynm,1

∫ ∞

0
dynm,2 · · ·

∫ ∞

0
dynm,N

×
∫ ∞

0
f1
(
ynm,1, xnm,2, ynm,2, . . . , xnm,N, ynm,N

)

× e−γ f2(ynm,1,xnm,2,ynm,2,...,xnm,N ,ynm,N)dynm,N

≈
(
2π

γ

) 2N−1
2 f1

(
ỹnm,1, x̃nm,2, ỹnm,2, . . . , x̃nm,N, ỹnm,N

)
√
det

(
h̃
)

× e−γ f2(ỹnm,1,x̃nm,2,ỹnm,2,...,x̃nm,N ,ỹnm,N) (45)

where f1(ynm,1, xnm,2, ynm,2, . . . , xnm,N, ynm,N) and f2(ynm,1,

xnm,2, ynm,2, . . . , xnm,N, ynm,N) are multi-variate functions
of ynm,1, xnm,2, ynm,2, . . . , xnm,N and ynm,N , whereas γ is a
real-valued parameter. The ỹnm,1, x̃nm,2, ỹnm,2, . . . , x̃nm,N and
ỹnm,N are real and positive values obtained from the set of
2N − 1 differential equations,

∂f2
(
ynm,1, xnm,2, ynm,2, . . . , xnm,N, ynm,N

)
∂ynm,1

= 0,

∂f2
(
ynm,1, xnm,2, ynm,2, . . . , xnm,N, ynm,N

)
∂xnm,2

= 0,

...

∂f2
(
ynm,1, xnm,2, ynm,2, . . . , xnm,N, ynm,N

)
∂ynm,N

= 0 (46)

for ynm,i = ỹnm,i, i = 1,N and xnm,i = x̃nm,i, i = 2,N. The
h̃ is a Hessian (2N− 1) × (2N− 1) matrix obtained from h
in (47), provided at the bottom of the page, for ynm,i = ỹnm,i,

i = 1,N and xnm,i = x̃nm,i, i = 2,N. In order to apply the
GLA formula for evaluation of the 2N − 1 folded integral-
form expression L in (30), we set f1 and f2, respectively
as (48) and (49), where (49) is shown at the bottom of the
page.

f1
(
ynm,1, xnm,2, ynm,2, . . . , xnm,N, ynm,N

)

=
(
1 + z2thx

2
nm,1

y2nm,1

N∏
i=1

y2nm,i

x2nm,i

σ 2
Ẏnm,1

/σ 2
Ẋnm,1

+ z2thx
2
nm,1

x2nm,2

N∏
i=1

y2nm,i

x2nm,i

σ 2
Ẋnm,2

/σ 2
Ẋnm,1

+ z2thx
2
nm,1

y2nm,2

N∏
i=1

y2nm,i

x2nm,i

σ 2
Ẏnm,2

/σ 2
Ẋnm,1

+ z2thx
2
nm,1

x2nm,3

N∏
i=1

y2nm,i

x2nm,i

σ 2
Ẋnm,3

/σ 2
Ẋnm,1

· · · + z2thx
2
nm,1

y2nm,N

N∏
i=1

y2nm,i

x2nm,i

σ 2
Ẋnm,N

/σ 2
Ẋnm,1

+ z2thx
2
nm,1

x2nm,N

N∏
i=1

y2nm,i

x2nm,i

σ 2
Ẏnm,N

/σ 2
Ẋnm,1

)1/2

(48)

From (29)-(30) and (45)-(49), a closed-form approximate
LCR of N-FS F can be written as

NZFN
(zth) ≈

(
2π

γ

) 2N−1
2 22Nπ fm√

2π

(
�1

mm1

)1/2

×
N∏
i=1

(
mmi
�i

)mmi (
msi − 1

)msi

�
(
mmi

)
�
(
msi

) z
2mm1−1
th

× f1
(
ỹnm,1, x̃nm,2, ỹnm,2, . . . , x̃nm,N, ỹnm,N

)
√
det

(
h̃
)

× e−γ f2(ỹnm,1,x̃nm,2,ỹnm,2,...,x̃nm,N ,ỹnm,N). (50)

h =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

∂2f2(ynm,1,xnm,2,...,xnm,N ,ynm,N)
∂y2nm,1

∂2f2(ynm,1,xnm,2,...,xnm,N ,ynm,N)
∂ynm,1∂xnm,2

· · · ∂2f2(ynm,1,xnm,2,...,xnm,N ,ynm,N)
∂ynm,1∂ynm,N

∂2f2(ynm,1,xnm,2,...,xnm,N ,ynm,N)
∂xnm,2∂ynm,1

∂2f2(ynm,1,xnm,2,...,xnm,N ,ynm,N)
∂x2nm,2

· · · ∂2f2(ynm,1,xnm,2,...,xnm,N ,ynm,N)
∂xnm,2∂ynm,N

...
...

...
∂2f2(ynm,1,xnm,2,...,xnm,N ,ynm,N)

∂ynm,N∂ynm,1

∂2f2(ynm,1,xnm,2,...,xnm,N ,ynm,N)
∂ynm,N∂xnm,2

· · · ∂2f2(ynm,1,xnm,2,...,xnm,N ,ynm,N)
∂y2nm,N

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

(47)

f2
(
ynm,1, xnm,2, ynm,2, . . . , xnm,N, ynm,N

) = mm1

�1

z2th∏N
i=1 y

2
nm,i

∏N
i=2 x

2
nm,i

+ mm2

�2
x2nm,2 + mm3

�3
x2nm,3 · · · + mmN

�N
x2nm,N

+ (
ms1 − 1

)
y2nm,1 + (

ms2 − 1
)
y2nm,2 · · · + (

msN − 1
)
y2nm,N − (

2ms1 + 2mm1 − 2
)
ln
(
ynm,1

)− (
2mm2 − 2mm1

)
ln
(
xnm,2

)
− (

2ms2 + 2mm1 − 2
)
ln
(
ynm,2

)· · · − (
2mmN − 2mm1

)
ln
(
xnm,N

)− (
2msN + 2mm1 − 2

)
ln
(
ynm,N

)
(49)
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B. AVERAGE FADE DURATION
The average fade duration (AFD) is the faded signal’s aver-
age time below a threshold zth and for N-FS F CFM it can
be calculated as

AZFN
(zth) = FZFN

(zth)

NZFN
(zth)

(51)

where FZFN
is the CDF of N-FS F RP. Fortunately, the

CDF of N-FS F RP in terms of the Meijer’s G function has
been recently provided in [35, eq. (13)] and is given by (52)
shown at the bottom of the page. The approximate closed-
form expression for AFD of N-FS F CFM with respect
to (50)-(52) is written as (53), shown at the bottom of the
page.

C. BURST ERROR RATE
Deep fades can degrade the system performances of a wire-
less link. During a deep fade, the faded signal envelope is
below a predetermined threshold, zFD < zth which causes
symbol errors. The evaluation of the burst error rate can be
useful for interleaver design of error correction codes that are
usually applied as a preventive mechanism against the deep
fades. The burst error rate is a process of correlated errors
that are not like the f-order statistical analysis of uniformly
spreading errors along time as addressed in [11] and [35] for
FS F and N-FS F CFMs, respectively. Moreover, the 5G
and 6G systems add the ultra-reliable low-latency commu-
nication (URLLC) which demand the performance analysis
with respect to time. Indeed, the burst error rate analysis over
time-varying fading channels represents useful performance
metrics for various 5G and beyond 5G communication sce-
narios [86], [87], [88]. The burst error rate analysis based on
s-order statistics of dual-hop and multi-hop relay communi-
cations over cascaded Nakagami-m and Log-normal fading
channels has been considered in [61] and [66].
In this paper, the burst error rate analysis of the composite

N-FS F distribution is addressed through time dependent
s-order statistical measures NZFN

(zth) and AZFN
(zth) as a

function of zth. The burst error rate is likely to occur when
a time of fade duration AZFN

(zth) increases. Moreover, the
burst error rate has a similar behaviour to the outage prob-
ability FZFN

(zth) since the burst error rate is expected to
increase for higher zth values. In addition to the burst error
rate analysis carried out in terms of number of hops and

multi-path severities, provided in [61], [66], this paper pro-
vides the burst error rate analysis over N-FS F fading
channels addressed in terms of shadowing severities. We
evaluate the burst error rate of N-FS F CFM as [66, eq. (32)]

BEN(zth) =
LZFN

(zth)
⌈
NZFN

(zth)
⌉

Ds
(54)

The average number of lost symbols LZFN
(zth) are deter-

mined as the ratio of the AZFN
(zth) at a given threshold zth

to the symbol transmission time as

LZFN
(zth) =

⌈AZFN
(zth)

1/Ds

⌉
=
⌈
DsAZFN

(zth)
⌉

(55)

where Ds = 1/Ts is average transmission rate given in sym-
bols/sec, Ts is transmission time per symbol and �·� is the
ceiling function [89, eq. (04.02.02.0001.01)]. As observed
further in [66, eq. (32)] and [61, eq. (45)], the burst error
rate in (54) can’t exceed unity

BEN(zth) = min

⎧⎨
⎩1,

LZFN
(zth)

⌈
NZFN

(zth)
⌉

Ds

⎫⎬
⎭ (56)

Based on (54)-(56) it can be concluded that the burst error
rate presents an upper bound of the outage probability of
N-FS F distribution for a given threshold zth that can be
expressed as

PZFN
(zth) = PZFN

(
zFN ≤ zth

) = AZFN
(zth)NZFN

(zth) (57)

Moreover, the outage probability of N-FS F CFM is
PZFN

(zth) = FZFN
(zth), where FZFN

(zth) is the CDF of N-FS
F RV, already provided in (52). Since the minimum value
of LZFN

(zth) in (55) is unity, than the minimum average
number of lost symbols can be given as Ds ≤ 1

AZFN
(zth)

[61],

[66, eq. (34)]. The maximum symbol rate of N-FS F CFM,
which provides that one symbol on average is sent within
each fade duration, can be determined by

Ds = 1

AZFN
(zth)

(58)

FZFN

(
zFN

) = 1∏N
i=1 �

(
mmi

)
�
(
msi

)GN,N+1
N+1,N+1

(
z2FN

N∏
i=1

mmi

�imsi

∣∣∣∣1 − ms1 , 1 − ms2 , . . . , 1 − msN , 1
mm1 ,mm2 , . . . ,mmN , 0

)
(52)

AZFN
(zth) ≈

√
2π

(
mm1
�1

)1/2∏N
i=1 �

mm,i
i GN,N+1

N+1,N+1

(
z2th

∏N
i=1

mmi
�imsi

∣∣∣∣1 − ms1 , 1 − ms2 , . . . , 1 − msN , 1
mm1 ,mm2 , . . . ,mmN , 0

)√
det

(
h̃
)

22Nfmπ
(
2π
γ

) 2N−1
2 ∏N

i=1 m
mmi
mi m

msi
si z

2mm1−1
th f1

(
ỹnm,1, x̃nm,2, . . . , ỹnm,N

)
e−γ f2(ỹnm,1,x̃nm,2,...,ỹnm,N)

(53)
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FIGURE 1. Block scheme of multi-hop relaying system.

FIGURE 2. Cooperative multi-hop communications in NLOS conditions.

V. PERFORMANCE OF MULTI-HOP AND COOPERATIVE
MULTI-HOP COMMUNICATIONS
A. MULTI-HOP AF-RA COMMUNICATION SYSTEM
The simplified scheme of the considered N-hop AF relay-
ing system is presented on Fig. 1. The total fading gain of
N-hop communication link assisted by fixed-gain (FG) AF
relays over FS F channels can be modeled with the N-FS
F CFM, as previously observed for N-hop AF-RA system
over Rayleigh [65, eq. (39)] and Nakagami-m [61, eq. (4)]
channels. We observed the case when the gain of each relay
is constant and equal to one [90]. Thus, the total fading
gain can be given by G = ∏N

i=1 ZFi . The derived statisti-
cal results for NZFN

(zth), AZFN
(zth), BEN(zth) and Ds are

directly applied for performance assessment of N-hop FG
AF-relaying system over FS F channels and numerically
evaluated in the next section.

B. COOPERATIVE MULTI-HOP AF-RA COMMUNICATION
SYSTEM IN NLOS CONDITIONS
Cooperative N-hop communications in N-LOS propagation
conditions assisted by L parallel independent links with S-S
at reception is presented in Fig. 2. The signal envelope at the
output of the considered cooperative system can be given by
ZFL = max(ZFN

(1), . . . ,ZFN
(j), . . . ,ZFN

(L)) [63, eq. (7)],
where ZFN

(j) is the signal envelope of j-th parallel link mod-
eled with N-FS F distribution. The CDF at the output of
cooperative system established through L independent N-hop
AF-RA links with S-S at reception is [63, eqs. (8–9)]

FZFL

(
zFL

) =
(
FzFN

(
zFL

))L
(59)

where FZFN
is the CDF of N-FS F CFM provided in (52).

The LCR at the output of the observed cooperative system
for the threshold zth can be given by [63, eq. (23)]

NZFL
(zth) = L × NZFN

(zth)FZFN
(zth)

L−1 (60)

where the NZFN
(zth) is provided in (29). The AFD is obtained

from the previously derived expressions as

AZFL
(zth) = FZFL

(zth)

NZFL
(zth)

(61)

FIGURE 3. Cooperative multi-hop communications in LOS conditions.

Based on (54)-(56), the burst error rate for the considered
case can be written as

BEL(zth) = min

⎧⎨
⎩1,

⌈
DsAZFL

(zth)
⌉⌈

NZFL
(zth)

⌉

Ds

⎫⎬
⎭ (62)

The provided s-order statistics for NZFL
(zth), AZFL

(zth) and
BEL(zth) are directly applied to the cooperative communi-
cations in N-LOS propagation conditions and numerically
presented in the numerical and simulation results.

C. COOPERATIVE MULTI-HOP COMMUNICATIONS IN
LOS CONDITIONS
The cooperative communications in LOS propagation con-
ditions established through independent direct link and L
independent N-hop RA links over FS F channels with
S-S at reception is presented in Fig. 3. Similarly, the sig-
nal envelope at the output can be written as ZFD,L =
max(ZF ,ZFN

(1), . . . ZFN
(j), . . . ZFN

(L)), where ZF is the sig-
nal envelope given by (1). The CDF of the cooperative
scenario in the presence of the LOS conditions can be
written as

FZFD,L

(
zFD,L

) =
(
FzFN

(
zFD,L

))L
FzF

(
zFD,L

)
(63)

where FzF is provided in (6). The LCR of the cooperative
system under LOS conditions with S-S at reception over FS
F fading channels is [63, eq. (22)]

NZF ,D,L(zth) = NZF ,L(zth)FzF (zth) + NzF (zth)FZF ,D,L(zth)

(64)

where NzF is provided in (33). The AFD of the considered
cooperative system in LOS conditions can be given by

AZF ,D,L(zth) = FZF ,D,L(zth)

NZF ,D,L(zth)
(65)

Finally, the burst error rate for the considered case is

BED,L(zth) = min

⎧⎨
⎩1,

⌈
DsAZFD,L

(zth)
⌉⌈

NZFD,L
(zth)

⌉

Ds

⎫⎬
⎭ (66)

The NZFD,L
(zth), AZFD,L

(zth) and BED,L(zth) are directly used
for performance analysis of the cooperative communications
in LOS propagation conditions and graphically presented in
the following section.
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TABLE 2. Simulation parameters.

VI. NUMERICAL AND SIMULATION RESULTS
In this section we provide the numerically evaluated integral-
form and approximate closed-form results for multi-hop FG
AF-RA communications in terms of NZFN

(zth), AZFN
(zth),

BEN(zth) and Ds. Moreover, this section provides the
numerical results for cooperative multi-hop AF relay com-
munications assisted by L parallel links in NLOS conditions
for NZFL

(zth), AZFL
(zth), BEL(zth) a well as multi-hop AF

relay communications in LOS conditions for NZFD,L
(zth),

AZFD,L
(zth), BED,L(zth). The considered theoretical results for

the observed N-FS F CFM system parameters are compared
with M-C simulations, where the simulation parameters are
summarized in Table 2. We simulate a cooperative multi-
hop FG AF-relaying system for different number of hops
and different values of N-FS F CFM severity parameters.
The carrier frequency used for the simulation is fc = 1 GHz
while the source and destination relative velocities are taken
to be the same v = vs = vd = 80km/h. The maximum
Doppler frequencies of the source (fms) and destination (fmd)

nodes are calculated as fm = fms = fmd = vfc/c, where
c = 3 × 108 m/s. Moreover, similar simulation parameters
are used in [66].

A. LCR AND AFD OF MULTI-HOP COMMUNICATIONS
OVER N-FS F CHANNELS
Numerical results for s-order statistical measures in terms
of AFD and LCR of N-FS F distribution and their appli-
cation to multi-hop AF-RA communications for identically
and non-identically distributed fading parameters obtained
from exact integral-form and approximate closed-form math-
ematical expressions are presented in Figs. 4–8. It can be
noticed that the approximate expressions fit well with the
exact expressions for the γ = 1 and observed system values.
Although the complexity of the GLA formula for obtain-
ing the LCR approximations increases for higher N, it can
be efficiently implemented for the considered N with the
help of standardized software tools such as MATLAB or
MATHEMATICA. Moreover, the presented s-order results
are confirmed by M-C simulations.
Fig. 4. shows the normalized LCR for different values

of N, multi-path and shadowing severities of N-FS F
CFM. As expected, more severe multi-path and shadow-
ing fading conditions (e.g., when all mmi = msi = 2) cause
NZFN

(zth)/fm to take higher values in the low threshold area.

FIGURE 4. Normalized LCR of N-Fisher-Snedecor F CFM observed for various N
and various values of identically distributed fading parameters.

FIGURE 5. Normalized AFD of N-Fisher-Snedecor F CFM observed for various N
and various values of identically distributed fading parameters.

A change of multi-path and shadowing severity conditions
(e.g., shift from mmi = msi = 2 to mmi = msi = 4) causes
a decrease of NZFN

(zth)/fm for low zth values. Contrary, the
increase in the number of hops (N) causes the normalised
NZFN

(zth) to increase in the low threshold area. The values of
AZFN

(zth) multiplied by fm for the various system values of
cascaded N-FS F CFM in the case of identically distributed
fading parameters are presented in Fig. 5. It can be seen
that by increasing the value of N, AZFN

(zth)fm increases for
lower threshold values while it decreases for higher thresh-
old values. It can be further observed that by increasing
N-FS F CFM multi-path and shadowing severity parameters,
AZFN

(zth)fm decreases for lower threshold values. Moreover,
the impact of N on AZFN

(zth)fm for lower zth is stronger than
N-FS F CFM multi-path and shadowing severities, while the
impact of severities is more dominant for higher zth. It can
be concluded that s-order system performance improvement
for lower thresholds can be achieved for lower values of
N (e.g., when N = 1) and higher values of multi-path and
shadowing severities.
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FIGURE 6. Normalized LCR of N-Fisher-Snedecor F CFM observed for various N
and various identically and non-identically distributed fading parameters.

FIGURE 7. Normalized AFD of N-Fisher-Snedecor F CFM observed for various N
and various identically and non-identically distributed fading parameters.

Fig. 6 shows NZFN
(zth)/fm for different values of N, multi-

path and shadowing severities. Moreover, Fig. 6 includes the
cases of non-identically distributed fading parameters of N-
FS F CFM. It can be observed that NZFN

(zth)/fm increases in
the region of lower threshold when multi-path fading condi-
tions shift from less severe to severe (e.g., shift from mm1 = 1
to mm1 = 3). As observed previously for identically dis-
tributed FS F fading channels, an increase in N (e.g., change
from N = 2 to N = 1) causes NZFN

(zth)/fm to decrease,
especially for lower zth. It can be noticed that NZFN

(zth)/fm
for N = 1 and mm1 = 1, ms1 = 2 as well as for N = 1
and mm1 = 3, ms1 = 2 coincides with the LCR for the same
set of multi-path and shadowing severities provided in [52],
as expected. The exact and approximate AZFN

(zth)fm expres-
sions for different values of N, multi-path and shadowing
severities with non-identically distributed fading parameters
of FS F CFM are presented in Fig. 7. One can notice that
AZFN

(zth)fm decreases in the region of lower threshold for
lower values of N while a decrease in multi-path fading con-
ditions from less severe to severe (e.g., shift from mm1 = 3
to mm1 = 1) causes a slight increase in AZFN

(zth)fm for

FIGURE 8. Normalized LCR of N-Fisher-Snedecor F CFM versus � observed for
N = 2, various zth values and various N-FS F CFM fading parameters.

lower thresholds. The values of AZFN
(zth)fm for the special

case of (N = 1, mm1 = 1, ms1 = 2) and (N = 1, mm1 = 3,
ms1 = 2) has the same behavior as the AFD, already reported
in [52]. Fig. 8 presents the normalized NZFN

as a function
of � (� = �1 = �2) for N = 2 and for different N-FS
F CFM multi-path and shadowing severity conditions. The
normalised NZFN

takes small values in boundary regions. It
can be expected that for the small values of �, zFN < zth,
while for the higher values of �, zFN > zth. It can be noticed
that the normalized NZFN

in a high average power region
is influenced by N-FS F CFM multi-path and shadowing
severity conditions. Namely, less severe fading conditions
(e.g., when mm1 = mm2 = ms1 = ms2 = 4) provide less
number of crossings if compared with more severe fading
conditions (e.g., when mm1 = mm2 = ms1 = ms2 = 4). As
expected, the lower zth values decrease the normalized NZFN

.

B. BURST ERROR RATE AND MAXIMUM SYMBOL RATE
OF MULTI-HOP COMMUNICATIONS OVER N-FS F
CHANNELS
The numerical results for the burst error rate and maximum
data rate of N-FS F distribution for various sets of system
model parameters evaluated from exact integral-form and
approximate closed-form expressions are compared with M-
C simulations on Figures 9–11, respectively. The burst error
rate is evaluated for constant fm = 74.0741 Hz and Ds = 105

symbols/s and for different N-FS F CFM parameters. It can
be observed on Fig. 9. that the system performance improve-
ment in relation to the burst error rate can be achieved by
decreasing the number of hops and by increasing the val-
ues of multi-path and fading severity parameters of N-FS
F CFM, since the burst error rate decreases. A similar
observation for the burst error rate behaviour in relation
to multi-path severity parameters has been noticed in [66]
while the decrease of the burst error rate with increase of
number of hops has been noticed in [61]. Fig. 10 shows
the burst error rate as a function of � for N = 2 and
for different N-FS F CFM system model parameters. It is
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FIGURE 9. Burst Error Rate of N-Fisher-Snedecor F CFM for various N , various
fading severities and constant fm = 74.0741 Hz and Ds = 105 symbols/s.

FIGURE 10. Burst Error Rate of N-Fisher-Snedecor F CFM versus � for N = 2,
various zth values, various fading severities and constant fm = 74.0741 Hz and
Ds = 105 symbols/s.

obvious that the high average power region is influenced by
N-FS F CFM severity conditions. The system performance
improvement in relation to BEN in high average power region
can be achieved in less severe composite fading conditions,
as expected. The lower zth values cause decrease in the
BEN . The maximum symbol rate over N-FS F CFM for
a set of different system model parameters and constant
fm = 74.0741 Hz is observed in Fig. 11. The maximum sym-
bol rate is evaluated as Ds = 1/AZFN

(zth). The maximum Ds

is limited by the threshold value and is dependant on N-FS
F CFM fading severity parameters and number of hops.
As expected, the maximum Ds increases with a decrease
in the number of hops and increase in fading severity
values.

C. S-ORDER STATISTICS AND BURST ERROR RATE OF
COOPERATIVE MULTI-HOP COMMUNICATIONS OVER
N-FS F CHANNELS
The NZF ,L versus zth for N = 2, N-FS F CFM severities
(mm1 = 2, ms1 = 2, mm2 = 2, ms2 = 2), average powers
(�1 = �2 = 1) and different L as well as NZF ,D,L versus

FIGURE 11. Maximum Symbol Rate of N-Fisher-Snedecor F CFM observed for
various N , various fading severities values and constant fm = 74.0741 Hz.

FIGURE 12. Normalized LCR for cooperative multi-hop scenario observed for N = 2
and different link settings.

zth for N = 2, N-FS F CFM severities (mm1 = 2, ms1 = 2,
mm2 = 2, ms2 = 2), FS F CFM severities (mm = 2 and
ms = 2), average powers (� = �1 = �2 = 1) and different
L are presented on Fig. 12. As expected, the NZF ,D,L(zth)
provides lower normalized LCR values for lower thresholds
than NZF ,L(zth). Moreover, the impact of the absence of
direct LOS link on the LCR of cooperative AF-RA multi-
hop communications with S-S at reception is stronger for
lower zth dB values and for lower number of redundant
(parallel) dual-hop AF-RA links. The BEL and BED,L versus
zth for N = 2, N-FS F severities (mm,1 = 2, ms,1 = 2,
mm,2 = 2, ms,2 = 2), FS F severities (m = 2 and ms = 2),
average powers (� = �1 = �2 = 1) and different L are
presented on Fig. 13. The burst error rate for the observed
system model configuration can be decreased by increasing
the number of available dual-hop parallel links. Moreover,
the absence of direct LOS link on the burst error rate can
be compensated by adding one or more dual-hop redundant
links (e.g., BED,L of a cooperative system with direct link
assisted by one dual-hop AF-RA link has a similar behavior
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FIGURE 13. Burst Error Rate for cooperative multi-hop scenario observed for N = 2,
constant fm = 74.0741 Hz, Ds = 105 symbols/s and different link settings.

as BEL of a cooperative system established through three
parallel dual-hop AF-RA links).
The s-order statistics and burst error rate of the observed

dual-hop and cooperative dual-hop AF-RA communications
(when N = 2) are derived and numerically evaluated by using
novel analytical expressions of double FS F CFM (e.g., the
CDF of double FS F CFM provided in (14) has been directly
used for the derivation and numerical evaluation of the AFD
expressions provided in (51), (61) and (65) as well as for the
burst error rate expressions provided in (56), (62) and (66)
for the special case when N = 2).
Although the derived s-order statistical results are

developed for isotropic scattering conditions, as previously
observed for different mobile and vehicular systems
in [49], [61], [62], [63], [64], [65], [66], they can be
useful for s-order and burst error rate performance anal-
ysis of cooperative multi-hop AF-RA V2X systems over
composite fading channels in LOS, N-LOS and N-LOSv
communication conditions.

VII. CONCLUSION
This paper provides accurate closed-form approximations
for LCR and AFD of N-FS F distribution. The novel
and fast-computing s-order statistical closed-form approx-
imate results fit well with the exact integral-form results
and M-C simulations. The mathematical proof that the LCR
formula of N-FS F distribution for N = 1 reduces to the
recently published results of composite F fading model has
been provided. Capitalizing on the derived s-order statis-
tical expressions, analytical and numerical results for the
bust error rate and maximum data rate of N-FS F CFM
are provided and applied to the multi-hop and coopera-
tive multi-hop AF-RA communications established trough
independent direct and L parallel links with S-S at desti-
nation. In general, the system performance improvement of
the AF-RA multi-hop communication system in the lower
threshold regime can be achieved by shifting from severe
to less severe multi-path and shadowing fading conditions

and by decreasing the number of hops, since AFD and burst
error rate decrease. Numerical results for AF-RA multi-hop
communications point out that the maximum symbol rate
can be increased for lower thresholds in less severe multi-
path and shadowing fading conditions and for small number
of hops. The cooperative AF-RA multi-hop communication
performance improvement in terms of the burst error rate can
be achieved by adding more redundant (parallel) multi-hop
links. Moreover, the impact of the absence of direct LOS
link on the burst error rate can be decreased by adding more
redundant links. The provided s-order statistical results for
cooperative multi-hop AF-RA communications assisted by
L parallel links with and without direct LOS link over FS
F CFM with S-S at destination can be useful for designing
V2X systems in LOS, N-LOS and N-LOSv communication
conditions.
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