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An equivariant pullback structure of trimmable graph
C �-algebras

Francesca Arici, Francesco D’Andrea, Piotr M. Hajac, and
Mariusz Tobolski

Abstract. To unravel the structure of fundamental examples studied in noncommutative topology,
we prove that the graph C�-algebra C�.E/ of a trimmable graph E is U.1/-equivariantly iso-
morphic to a pullback C�-algebra of a subgraph C�-algebra C�.E 00/ and the C�-algebra of func-
tions on a circle tensored with another subgraph C�-algebra C�.E 0/. This allows us to approach
the structure and K-theory of the fixed-point subalgebra C�.E/U.1/ through the (typically simpler)
C�-algebras C�.E 0/, C�.E 00/ and C�.E 00/U.1/. As examples of trimmable graphs, we consider
one-loop extensions of the standard graphs encoding respectively the Cuntz algebra O2 and the
Toeplitz algebra T . Then we analyze equivariant pullback structures of trimmable graphs yielding
the C�-algebras of the Vaksman–Soibelman quantum sphere S2nC1q and the quantum lens space
L3q.l I 1; l/, respectively.

1. Introduction and preliminaries

Graph C �-algebras are remarkable examples of “operator algebras that one can see” [35].
In particular, they proved to be extremely useful in determining the K-theory of non-
commutative deformations of interesting topological spaces. They come equipped with
a natural circle action (called the gauge action), and their gauge-invariant subalgebras
describe some fundamental examples of noncommutative topology [9, 27, 28].

The goal of this paper is to analyze trimmable graphs (see Definition 2.1) naturally
occurring in noncommutative topology, such as graphs giving the C �-algebras of the
Vaksman–Soibelman quantum sphere S2nC1q and the quantum lens space L3q.l I 1; l/, re-
spectively. The gauge-invariant subalgebra of the formerC�-algebra defines the Vaksman–
Soibelman quantum complex projective space CPnq , and the gauge-invariant subalgebra of
the latter C �-algebra defines the quantum teardrop W P1q.1; l/. Although much is already
known (generators included) about both the K-theory of C.CPnq/ and C.W P1q.1; l//,
revealing pullback structures of these C �-algebras allows us to view projections whose
classes generate the even K-groups as Milnor idempotents. Thus we obtain the noncom-
mutative vector bundles defined by these projections as given by a clutching of noncom-
mutative vector bundles.
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We enter a new territory by approaching graph C �-algebras as pullback algebras.
More precisely, we present U.1/-C �-algebras from a large class of trimmable graph C �-
algebras as U.1/-equivariant pullbacks, so as to determine a pullback structure of their
fixed-point subalgebras. The following is the main theorem of the paper.

Theorem. Let E be a Nv-trimmable graph. Denote by E 0 the subgraph of E obtained by
removing the unique outgoing edge (loop) of Nv, and by E 00 the subgraph of E 0 obtained
by removing the vertex Nv and all edges ending in Nv. Then, there exist U.1/-equivariant
�-homomorphisms making the diagram

C �.E/

uu **

C �.E 00/

))

C �.E 0/˝ C.S1/

tt

C �.E 00/˝ C.S1/

a pullback diagram of U.1/-C �-algebras. Here C �.E/ and C �.E 00/ are considered as
U.1/-C �-algebras with respect to the gauge action, whereas the tensor product algebras
are viewed as U.1/-C �-algebras with respect to the standard U.1/-action on C.S1/.

To focus attention and to follow motivating examples, we prove the above theorem
in the setting of finite one-rank graphs and with only one loop being trimmed. We hope
that this opens up a new venue of research with the setting enlarged to infinite higher-rank
graphs with many loops to trim.

The induced pullback structure of the fixed-point subalgebra of a trimmable graph
C �-algebra yields a Mayer–Vietoris six-term exact sequence in K-theory allowing us to
express the even K-group of this C �-algebra in terms of the K-theory of simpler C �-
algebras.

Corollary. There is the following Mayer–Vietoris six-term exact sequence in K-theory:

K0
�
C �.E/U.1/

�
// K0

�
C �.E 00/U.1/

�
˚K0

�
C �.E 0/

�
// K0

�
C �.E 00/

�
��

K1
�
C �.E 00/

�@10

OO

K1
�
C �.E 0/

�
oo 0:oo

The K-theory of graph C �-algebras is very well developed by now [10, 14, 35–37].
However, our approach to the matter does bring its own benefits as illustrated in the fol-
lowing:

• The K-theory of fixed-point subalgebras of higher-rank graph C �-algebras [24] can
be quite difficult to study. It was shown in [17,21] how equivariant pullback structures
of graph C �-algebras provided by the above theorem can be used to reduce the K-
theory computations for higher-rank graphs to far more doable K-theory calculations
for usual graphs.
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• Although the gauge-invariant subalgebra of a graph C �-algebra is an approximately
finite-dimensional (AF) algebra, and thus its K-groups are, in principle, computable
[39], the above corollary makes this computation more effective by shifting it to sim-
pler graphs.

• The Milnor connecting homomorphism @10 in the above corollary unravels generators
of the even K-group of the gauge-invariant subalgebra of a graph C �-algebra, so it
might be useful even when the gauge-invariant algebra is again a graph C �-algebra.

Furthermore, when the gauge-invariant subalgebra of a graph C �-algebra is only
Morita equivalent to a graph C �-algebra [39, Theorem 1], it is tricky to describe it expli-
citly, so having it as a pullback C �-algebra (see Corollary 2.5) remedies the problem
whenever the gauge-invariant subalgebra of the trimmed graph C �-algebra is known.

A one-loop extension (see Definition 2.2) of any finite graph E 00 automatically be-
comes a trimmable graph E, and E 0 is simply a one-sink extension of E 00 (see [37]).
Thus we can “grow” trimmable graphs from any finite graph. In one case we take as E 00

the standard graph encoding the Cuntz algebra O2, and in another case we take as E 00

the standard graph encoding the Toeplitz algebra T . Then, in both cases, using the above
corollary, not only can we determine the even K-group of the gauge-invariant subalgebra
C �.E/U.1/ (the odd K-group vanishes), but also see where its generators come from.

1.1. Introduction

Pushout diagrams in topology provide a systematic way of “gluing” of topological spaces,
in particular in the category of compact Hausdorff spaces. The latter is dualized by the
Gelfand transform to the category of commutative unital C �-algebras with pushout dia-
grams of spaces translated into pullback diagrams of algebras.

Our motivating example came from the following U.1/-equivariant pushout diagram
concerning spheres and the 2n-ball:

S2nC1

S2n�1

66

B2n � S1

ii

S2n�1 � S1:

hh 55
(1.1)

The equivariance of the above diagram allows it to descend to the quotient spaces:

CPn

CPn�1

77

B2n

gg

S2n�1:

gg 77
(1.2)

Thus we obtain a diagram that manifests the CW-complex structure of complex projective
spaces CPn.
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For n D 1, a q-deformed version of the diagram (1.1) was considered in [25] and
proved to be a U.1/-equivariant pullback diagram of C �-algebras. This pullback structure
provided therein an alternative way for computing an index pairing for noncommutative
line bundles over the standard Podleś quantum sphere [22, 34]. For n D 2, an analogous
result was called for in [21] in the context of the multipullback noncommutative deforma-
tion of complex projective spaces. This led to obtaining the general result for an arbitrary
n in this paper: a U.1/-equivariant pullback structure of the C �-algebra of the Vaksman–
Soibelman quantum sphere S2nC1q is a prototype of our main theorem herein.

The theorem is based on a general concept of a trimmable graph [23]: a finite graph
E is Nv-trimmable iff it consists of a subgraph E 00 emitting at least one edge to an external
vertex Nv whose only outgoing edge Ne is a loop and such that all edges other than Ne that
end in Nv begin in a vertex emitting an edge that ends not in Nv. A trimmable graph E can
be trimmed to its subgraph E 00. There is an intermediate subgraph E 0 of E that is a one-
sink extension of E 00. Much as one defines a one-sink extension, we can define a one-loop
extension, so that a one-loop extension of any finite graph is automatically a trimmable
graph.

The paper is organized as follows. To make it self-contained, we start by recalling
some results on graph C �-algebras in the preliminaries. Then we proceed to Section 2
where we prove the main result and study general K-theoretical benefits of decompos-
ing a trimmable graph C �-algebra into simpler building blocks. The last two sections are
devoted to four examples of two different types. The first two examples are in the spirit
of abstract graph algebras (one-loop extensions of the Cuntz algebra O2 and the Toeplitz
algebra T ), whereas the remaining two are our major applications. These are examples
in the spirit of noncommutative topology (q-deformations of spheres, balls, complex pro-
jective spaces, lens spaces, and teardrops).

1.2. Preliminaries

In this section, we recall some general results from the theory of graph C �-algebras. Our
main references are [1,4,35]. We adopt the conventions of [4], i.e., the roles of source and
range maps are exchanged with respect to [35].

Let E WD .E0; E1; s; r/ be a directed graph, where E0 is the set of vertices, E1 is the
set of edges, and s WE1!E0 and r WE1!E0 are the source and range map, respectively.
A directed graph is called row-finite iff s�1.v/ WD ¹e 2 E1 j s.e/ D vº is a finite set for
every v 2 E0. It is called finite if both sets E0 and E1 are finite. A sink is a vertex v
with no outgoing edges, that is with s�1.v/ D ¿. By a path e of length jej D k � 1 we
mean a directed path, i.e., a sequence of edges e WD e1 � � � ek , with r.ei / D s.eiC1/ for all
i D 1; : : : ; k � 1. It is standard to view vertices as paths of length zero, and one commonly
refers to any positive-length path that begins and ends at the same vertex as a cycle or a
loop. However, throughout this paper a loop is always an edge that begins and ends at the
same vertex. We denote the set of all paths in E by Path.E/. We extend the maps r and
s to Path.E/ by setting sP .e/ WD s.e1/ and rP .e/ WD r.ek/ for all e of length k � 1, and
sP .v/ WD v DW rP .v/ for all paths v of length zero.
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Definition 1.1. The graph C �-algebra C �.E/ of a row-finite graph E is the universal
C �-algebra generated by mutually orthogonal projections ¹Pv j v 2 E0º DW P and partial
isometries ¹Se j e 2 E1º DW S satisfying the Cuntz–Krieger relations:

S�e Se D Pr.e/ for all e 2 E1; and (CK1)X
e2s�1.v/

SeS
�
e D Pv for all v 2 E0 that are not sinks: (CK2)

The datum ¹S;P º is called a Cuntz–Krieger E-family.

Any graph C �-algebra C �.E/ can be endowed with a natural circle action

˛ W U.1/! Aut
�
C �.E/

�
; (1.3)

called the gauge action. Using the universality of C �.E/, it is defined by being set on the
generators as follows:

˛�.Pv/ D Pv; ˛�.Se/ D �Se; where � 2 U.1/; v 2 E0; e 2 E1: (1.4)

The fixed-point subalgebra under the gauge action is an AF-subalgebra of the form (e.g.,
see [35, Corollary 3.3])

C �.E/U.1/ D span
®
SxS

�
y j x; y 2 Path.E/; rP .x/ D rP .y/; jxj D jyj

¯
: (1.5)

Here for a path x WD x1x2 � � �xn we set Sx WD Sx1Sx2 � � �Sxn , and for a path v of length 0
we put Sv WD Pv .

The gauge action is a central ingredient in the gauge-invariant uniqueness theorem
proved by an Huef and Raeburn [1, Theorem 2.1] in the context of Cuntz–Krieger algeb-
ras [16], and then generalized to graph C �-algebras of row-finite graphs by Bates, Pask,
Raeburn, and Szymański [4, Theorem 2.1]. This theorem, together with the universality
of graph C �-algebras with respect to the Cuntz–Krieger relations, is an essential tool in
proving that a given C �-algebra is isomorphic to a graph C �-algebra. We give here a
slight reformulation of the result, more suitable for the purposes of this work.

Theorem 1.2 (Gauge-invariant uniqueness theorem [1,4], [35, Theorem 2.2]). LetE be a
row-finite graph with the Cuntz–Krieger family ¹S;P º, let A be a C �-algebra with a con-
tinuous action of U.1/, and let � W C �.E/! A be a U.1/-equivariant �-homomorphism.
If �.Pv/ ¤ 0 for all v 2 E0, then � is injective.

To understand gauge-invariant ideals of graph C �-algebras, we need to introduce two
kinds of subsets of the set of vertices. Recall that given two vertices v;w 2 E0, whenever
w is reachable from v, that is whenever there is a path from v to w, we write v � w. A
subset H of E0 is called hereditary iff v � w and v 2 H imply w 2 H . A subset H is
saturated iff every vertex which feeds into H and only into H is again in H . We denote
by xH the saturation of a subset H , that is the smallest saturated subset containing H .
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It follows from [4, Lemma 4.3] that, for any hereditary subsetH , the (algebraic) ideal
generated by ¹Pv j v 2 H º is of the form

IE .H/ D span
®
SxS

�
y j x; y 2 Path.E/; rP .x/ D rP .y/ 2 xH

¯
: (1.6)

Equation (1.6) will play an essential role in the proof of Theorem 2.4.
By [4, Theorem 4.1 (a)], given a row-finite graph E, the gauge-invariant closed ideals

in the graph algebra C �.E/ are in one-to-one correspondence with saturated hereditary
subsets of E0. By [4, Theorem 4.1 (b)], quotients by closed ideals generated by saturated
hereditary subsets can be realised also as graph C �-algebras by constructing a suitable
subgraph. Given a saturated hereditary subset H of E0, the subgraph E=H is the graph
obtained by removing from E all the vertices inH and all the edges whose range is inH ,
i.e., .E=H/0 WD E0 nH and .E=H/1 WD ¹e 2 E1 j r.e/ … H º. As a consequence, we
have a U.1/-equivariant isomorphism

C �.E/=IE .H/ Š C
�.E=H/; (1.7)

where IE .H/ is the norm closure of IE .H/.

2. Trimmable graph C �-algebras

The following notion of a trimmable graph was introduced in [23, Definition 3.1] in the
context of Leavitt path algebras.

Definition 2.1 ([23]). LetE be a finite graph with a distinguished vertex Nv emitting a loop
Ne. A graph E is called Nv-trimmable iff the pair .E; Nv/ satisfies the following conditions:

s�1. Nv/ D ¹Neº; r�1. Nv/ n ¹ Neº ¤ ¿; (T1)

8v 2 s
�
r�1. Nv/ n ¹ Neº

�
W s�1.v/ n r�1. Nv/ ¤ ¿: (T2)

We call C �.E/ a Nv-trimmable graph C �-algebra iff E is Nv-trimmable.

Note that conditions (T1) and (T2) imply that ¹ Nvº is a saturated hereditary subset of
E0. Furthermore, if (T2) were not satisfied, i.e., for some v 2 s.r�1. Nv/ n ¹ Neº/ the set dif-
ference s�1.v/ n r�1. Nv/ was empty, then the quotient map C �.E/! C �.E=¹ Nvº/ would
not be well defined as it would map all elements Sy , where y 2 r�1. Nv/, to zero, thus
violating the Cuntz–Krieger relations for C �.E=¹ Nvº/.

There is an ample supply of trimmable graphs because, given any finite graph E 00, we
can create a trimmable graph E by taking a one-loop extension of E 00. We define one-loop
extensions in the spirit of one-sink extensions defined in [37, Definition 1.1].

Definition 2.2. Let E 00 be a finite graph. A finite graph E WD .E0; E1; s; r/ is called a
one-loop extension of E 00 iff the following conditions are satisfied:

(1) E 00 is a subgraph of E,

(2) E0 nE 000 D ¹Nvº (there is only one vertex outside of E 00),

(3) s�1. Nv/ D ¹Neº and r. Ne/ D Nv (the only edge outgoing from Nv is a loop),
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(4) r�1. Nv/ n ¹ Neº ¤ ¿ (there is at least edge connecting E 00 with Nv),

(5) if v is a sink in E 00, then it remains a sink in E (equivalent to the condition (T2)).

Note that, for any trimmable graph E, there is an intermediate graph E 0 that is a
subgraph of E and a one-sink extension of E 00.

2.1. A K1-generator for trimmable graphs without sinks

Given a Nv-trimmable graph E, the Cuntz–Krieger relations imply that the partial isometry
associated to the loop Ne based at Nv is a normal operator. This fact can be used to construct
a distinguished class in K1.C �.E//.

Proposition 2.3. Let E be a Nv-trimmable graph without sinks. Then the element

U WD S Ne C .1 � S NeS
�
Ne /

of C �.E/ is unitary and generates a copy of Z as a direct summand in K1.C �.E//.

Proof. Let ei , i D 1; : : : ; n� 1, be the edges of E different from Ne (recall that E is finite).
By the trimmability conditions (T1) and (T2) in Definition 2.1, the edge matrix BE for
the graph E (e.g., see [35, p. 18]) is an n � n matrix of the form

BE D

0BBB@
1 0 0 � � � 0 0

B.1; 0/
::: BE 0

B.n � 1; 0/

1CCCA : (2.1)

Here the edge Ne is listed first, and BE 0 is the edge matrix of the subgraph E 0. The values
of the entries B.i; 0/ do not matter in our proof. It follows from (2.1) that the first column
of the matrix 1 � B tE contains only zeros. Therefore, the vector .1; 0; : : : ; 0/ generates
a direct summand in ker.1 � B tE / isomorphic to Z. Furthermore, since the graph E has
no sinks, the C �-algebra C �.E/ is isomorphic to the Cuntz–Krieger algebra of the edge
matrix BE of the graph (again, see [35, p. 18]), so ker.1 � B tE / Š K1.C

�.E// by [14,
Proposition 3.1].

Next, let us consider the partial isometry S Ne associated to the loop Ne based at the
distinguished vertex Nv. Since Nv does not emit any other edge besides the loop Ne, we deduce
from the Cuntz–Krieger relations that S Ne is a normal element. Then one readily checks
that the element U is unitary. Finally, the argument outlined in [38, Section 2] allows us to
conclude that U generates a copy of Z as a direct summand inK1.C �.E// corresponding
to the vector .1; 0; : : : ; 0/.

2.2. An equivariant pullback structure

In this section, we prove that every Nv-trimmable graph C �-algebra C �.E/ is U.1/-equiv-
ariantly isomorphic to the pullback C �-algebra of C �.E 0/ ˝ C.S1/ and C �.E 00/ over
C �.E 00/˝ C.S1/, where E 0 is the subgraph of E obtained by removing the loop Ne and
E 00 WD E=¹ Nvº. For this statement, we need to introduce U.1/-equivariant �-homomor-
phisms which give the aforementioned pullback structure.
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We begin with the map that dualizes the gauge action ˛, namely the gauge coaction

ı W C �.E 00/! C �.E 00/˝ C.S1/; (2.2)

given on generators by

ı.Se/ D Se ˝ u; ı.Pv/ D Pv ˝ 1; for all e 2 E 001 and v 2 E 000 : (2.3)

Here we denote by u the standard unitary generator of C.S1/ and by ¹S; P º the Cuntz–
Krieger E 00-family. The gauge coaction is U.1/-equivariant with respect to the gauge
action on C �.E 00/ and the action on C �.E 00/˝C.S1/ given by the standard action on the
rightmost tensorand.

The singleton set ¹ Nvº is a saturated hereditary subset of both E0 and E 00 (note that
E=¹ Nvº D E 0=¹ Nvº) and, by the one-to-one correspondence of gauge-invariant ideals and
saturated hereditary subsets, the quotient maps

�1 W C
�.E/! C �.E 00/ and �2 W C

�.E 0/! C �.E 00/ (2.4)

are U.1/-equivariant with respect to the gauge actions on C �.E/, C �.E 0/, and C �.E 00/.
In the forthcoming theorem, we will consider the �-homomorphism

�2 ˝ id W C �.E 0/˝ C.S1/! C �.E 00/˝ C.S1/ (2.5)

viewed as a U.1/-equivariant map with respect to the standard U.1/-action on C.S1/.
Finally, using the condition (T1), one readily verifies that the assignment

f .Pv/ D Pv ˝ 1; v 2 E0; f .Se/ D

´
P Nv ˝ u if e D Ne;

Se ˝ u if e 2 E 01;
(2.6)

defines a map
f WC �.E/! C �.E 0/˝ C.S1/; (2.7)

as it preserves the relations (CK1)–(CK2) of the graph C �-algebra C �.E/. It is equally
straightforward to check that f is equivariant with respect to the gauge action on C �.E/
and the action onC�.E 0/˝C.S1/ given by the standard action on the rightmost tensorand.

Theorem 2.4. Let E be a Nv-trimmable graph, E 0 the subgraph of E obtained by remov-
ing the unique outgoing loop Ne, and E 00 the subgraph of E 0 obtained by removing the
vertex Nv and all edges ending in Nv. Then the following diagram of the above-defined
U.1/-equivariant �-homomorphisms

C �.E/

�1

ww

f

))

C �.E 00/

ı
''

C �.E 0/˝ C.S1/

�2˝id
uu

C �.E 00/˝ C.S1/

(2.8)

is a pullback diagram of U.1/-C �-algebras.
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Proof. The above diagram is clearly commutative, so there is a �-homomorphism F map-
pingC �.E/ into the pullbackC �-algebra. The injectivity of F follows from the injectivity
of f , which is a consequence of the gauge-invariant uniqueness theorem (Theorem 1.2).
Furthermore, since �1 and �2 ˝ id are surjective, using a C �-algebraic incarnation [33,
Proposition 3.1] of a well-known characterization of when a commutative diagram is a
pullback diagram (e.g., see [23, Lemma 4.1]) to prove the surjectivity of F , it only remains
to check whether

ker.�2 ˝ id/ � f
�

ker.�1/
�
: (2.9)

Again, we observe that ¹ Nvº is a saturated hereditary subset of both E0 and E 00. There-
fore, it generates gauge-invariant ideals IE . Nv/ and IE 0. Nv/ in C �.E/ and C �.E 0/, respect-
ively. It follows from (1.7) that

ker.�1/ D IE . Nv/ and ker.�2/ D IE 0. Nv/; (2.10)

so, by (1.6), every element in IE 0. Nv/˝ CŒu; u�1� is a linear combination of elements of
the form� nX

iD1

kiSxiS
�
yi

�
˝ um; ki 2 C; xi ; yi 2 Path.E 0/; rP .xi / D rP .yi / D Nv; m 2 Z:

Given an element as above, we can show that it belongs to f .IE . Nv// using the following
equality:

nX
iD1

f
�
kiSxiS

m�.jxi j�jyi j/
Ne S�yi

�
D

� nX
iD1

kiSxiS
�
yi

�
˝ um: (2.11)

Hence IE 0. Nv/˝CŒu; u�1� � f .IE . Nv//. Finally, to prove (2.9), we compute

ker.�2 ˝ id/ D ker.�2/˝ C.S1/ D IE 0. Nv/˝CŒu; u�1� � f
�
IE . Nv/

�
D f

�
ker.�1/

�
:

Here the last equality follows from the fact that the image of a C �-algebra under any
�-homomorphism is closed.

As a corollary, by the equivariance of all maps in diagram (2.8) and the compactness
of U.1/, we obtain a pullback diagram at the level of fixed-point subalgebras illustrated in
the following corollary.

Corollary 2.5. The diagram of �-homomorphisms

C �.E/U.1/e�1
vv

zf

''

C �.E 00/U.1/

� ))

C �.E 0/

�2vv

C �.E 00/

(2.12)

is a pullback diagram of C �-algebras. Here f�1 and zf denote �-homomorphisms that are
restrictions of �1 and f , respectively, and � is the subalgebra inclusion.
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2.3. Mayer–Vietoris exact sequences in K-theory

Any one-surjective pullback diagram of unital C �-algebras induces a six-term exact se-
quence in K-theory that goes under the name of the Mayer–Vietoris exact sequence (see
for example [5, Section 1.3], [6, Section 1.2.3], and [7, Theorem 21.5.1]). In this sub-
section, we describe the Mayer–Vietoris exact sequence for trimmable graph C �-algebras
and their gauge-invariant subalgebras.

LetE be a Nv-trimmable graph. The Mayer–Vietoris six-term exact sequence associated
to the diagram (2.8) reads

K0
�
C �.E/

� .�1� ;f�/ //K0
�
C �.E 00/

�
˚K0

�
C �.E 0/˝C.S1/

� .ı� ;�.�2˝id/�/
//K0

�
C �.E 00/˝C.S1/

�
@01

��

K1
�
C �.E 00/˝C.S1/

�@10

OO

K1
�
C �.E 00/

�
˚K1

�
C �.E 0/˝C.S1/

�
.ı� ;�.�2˝id/�/
oo K1

�
C �.E/

�
:

.�1� ;f�/

oo

(2.13)
Here @10 is a Milnor connecting homomorphism and @01 is a Bott connecting homomorph-
ism. Furthermore, the pullback diagram (2.12) of fixed-point subalgebras leads to another
six-term exact sequence in K-theory:

K0
�
C �.E/U.1/

� .e�1�; zf�/ // K0�C �.E 00/U.1/�˚K0�C �.E 0/� .��;��2�/ // K0
�
C �.E 00/

�
@01

��

K1
�
C �.E 00/

�@10

OO

K1
�
C �.E 00/U.1/

�
˚K1

�
C �.E 0/

�
.��;��2�/

oo K1
�
C �.E/U.1/

�
:

.e�1�; zf�/oo

(2.14)

Next, since gauge-invariant subalgebras of graph C �-algebras are always AF-algebras,
their odd-K-groups vanish, so we obtain a simpler six-term exact sequence:

K0
�
C �.E/U.1/

� .e�1�; zf�/ // K0�C �.E 00/U.1/�˚K0�C �.E 0/� .��;��2�/ // K0
�
C �.E 00/

�
��

K1
�
C �.E 00/

�@10

OO

K1
�
C �.E 0/

�
.��;��2�/

oo 0:oo

(2.15)

3. Examples

3.1. A one-loop extension of the Cuntz algebra O2

Recall that the Cuntz algebra O2 can be viewed as the graph C �-algebra of the graph ƒ00

consisting of two loops starting at the unique vertex w. Let us now consider the one-loop
extensionƒ of this graph obtained by adding one outgoing edge from w to Nv and one loop
at Nv (see Figure 1).
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w Nv

Figure 1. The graph ƒ.

Denote by ƒ0 the one-sink extension of ƒ00 obtained by adding one outgoing edge
from w to Nv. By Theorem 2.4, we have the following U.1/-equivariant pullback structure:

C �.ƒ/

yy ((

O2

%%

C �.ƒ0/˝ C.S1/:

vv

O2 ˝ C.S
1/

(3.1)

The fixed-point subalgebra O
U.1/
2 is isomorphic to the CAR algebra M21.C/ (see

[12, §1.5]). Hence, by Corollary 2.5, we have another pullback diagram:

C �.ƒ/U.1/

xx &&

M21.C/

&&

C �.ƒ0/:

xx
O2

(3.2)

The exact sequence (2.15) for this example reads

K0
�
C �.ƒ/U.1/

�
// K0

�
M21.C/

�
˚K0

�
C �.ƒ0/

�
// K0.O2/

��

K1.O2/

OO

K1
�
C �.ƒ0/

�
oo 0:oo

(3.3)

Now, to compute K0.C �.ƒ/U.1//, we observe that

(1) K0.O2/ D 0 D K1.O2/ (see [13], [15, Theorems 3.7 and 3.8]),

(2) K0.M21.C// Š Z.1
2
/, where Z.1

2
/ is the group of dyadic rationals (e.g., see

[19, Example IV.3.4]), and

(3) K0.C �.ƒ0// D ZŒP Nv� and K1.C �.ƒ0// D 0, where P Nv is the vertex projection
of Nv.
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v00

v10 v11

Figure 2. The graph Q2.

By the general theory of graph C �-algebras, here the last statement follows from the facts
that ƒ0 is a one-sink extension of ƒ00 and Ki .C �.ƒ00// D 0, i D 0; 1. Hence, from the
diagram (3.3), we conclude the following proposition.

Proposition 3.1. Let C �.ƒ/ be the graph C �-algebra of the graph given by Figure 1. The
gauge-invariant subalgebra C �.ƒ/U.1/ has the following even K-group:

K0
�
C �.ƒ/U.1/

�
Š K0

�
M21.C/

�
˚K0

�
C �.ƒ0/

�
Š Z

�
1

2

�
˚ ZŒP Nv�:

Since ƒ is finite and without sinks, the above result must agree with [32, Proposi-
tion 4.1.2], where the K-theory of gauge-invariant subalgebras of arbitrary Cuntz–Krieger
algebras was computed.

3.2. A one-loop extension of the Toeplitz algebra T

Let us now consider an example that goes beyond [32, Proposition 4.1.2] and connects
with Section 4.2.2. To this end, we take the standard graph Q002 encoding the Toeplitz
algebra T , that is the graph consisting of two vertices v00 and v11 , one loop e00 based at
v00 , and one edge e011 from v00 to v11 . Note that v11 is a sink, so T is not a Cuntz–Krieger
algebra. Next, we consider the one-loop extension Q2 of this graph obtained by adding a
vertex v10 , an edge from v00 to v10 , and a loop at v10 (see Figure 2).

Denote by Q02 the one-sink extension of Q002 obtained by removing from Q2 the loop
at v10 . The C �-algebra of the graph Q02 is isomorphic to the C �-algebra of the equatorial
Podleś quantum sphere S2q1 (see [27,34]). By Theorem 2.4, we have the following U.1/-
equivariant pullback structure:

C �.Q2/

zz
((

T

$$

C.S2q1/˝ C.S
1/:

vv

T ˝ C.S1/

(3.4)
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To compute the fixed-point subalgebra T U.1/, we take advantage of (1.5) and combine
it with the fact that T is the unital universal C �-algebra generated by a single isometry s
[11]. Indeed, identifying the isometry s with the sum of partial isometries Se00 C Se011 ,
one easily computes that T U.1/ D span¹sk.s�/k j k 2 Nº, where s0.s�/0 D 1. Hence,
T U.1/ is a unital commutative AF-algebra generated by 1 and countably infinitely many
orthogonal projections ¹pkºk2N , where pk WD sk.1� ss�/.s�/k , so it is isomorphic to the
C �-algebra of continuous complex-valued functions on the one-point compactification of
natural numbers N�. Thus, by Corollary 2.5, we have another pullback diagram:

C �.Q2/
U.1/

yy &&

C.N�/

&&

C.S2q1/:

xx
T

(3.5)

The exact sequence (2.15) for this example reads

K0
�
C �.Q2/

U.1/
�

// K0
�
C.N�/

�
˚K0

�
C.S2q1/

�
// K0.T /

��

K1.T /

OO

K1
�
C.S2q1/

�
oo 0:oo

(3.6)

The K-groups of all the algebras involved here, except for C �.Q2/U.1/, are as follows:

(1) K0.T / D ZŒ1� and K1.T / D 0,

(2) K0.C.N�// D
L
k2N ZŒpk �˚ ZŒ1�, and

(3) K0.C.S2q1//DZŒˇ�˚ZŒ1� (where ˇ is the Bott generator) and K1.C.S2q1//D0
(see [31, Section 4]).

Hence, there is a short exact sequence

0! K0
�
C �.Q2/

U.1/
�
!

M
k2N

ZŒpk �˚ ZŒ1�˚ ZŒˇ�˚ ZŒ1�! ZŒ1�! 0; (3.7)

so K0.C �.Q2/U.1// is a countably generated subgroup of a free abelian group. Further-
more, one can easily check that both Œpk �, k 2 N, and Œˇ� are mapped to 0 in (3.7).
Consequently, we conclude the following proposition.

Proposition 3.2. Let C �.Q2/ be the graph C �-algebra of the graph given by Figure 2.
The gauge-invariant subalgebra C �.Q2/U.1/ has the following even K-group:

K0
�
C �.Q2/

U.1/
�
Š

M
k2N

Z
�
.pk ; 0/

�
˚Z

�
.0; ˇ/

�
˚Z

�
.1; 1/

�
� K0

�
C.N�/˚ C.S2q1/

�
:
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v0 vn

en

Figure 3. The graph L2nC1 of C.S2nC1q /.

4. Applications

4.1. The Vaksman–Soibelman quantum spheres and projective spaces

In 1990,Vaksman and Soibelman [40] defined a class of odd-dimensional quantum spheres
S2nC1q for a non-negative integer n. Their C �-algebras can be viewed as q-deformations
of the C �-algebras of continuous functions on odd-dimensional spheres S2nC1, where
q 2 Œ0; 1� is a deformation parameter. About a decade later, Hong and Szymański [27]
showed that, in any dimension and for any q 2 Œ0; 1/, these spheres can be realised as
graph C �-algebras. In the same paper, they define even-dimensional noncommutative
balls C.B2nq / using noncommutative double suspension, and in [30] they give their graph-
algebraic presentations.

4.1.1. Spheres. The C �-algebra C.S2nC1q / of the .2nC 1/-dimensional quantum sphere
is isomorphic, for any q 2 Œ0; 1/, to the graph C �-algebra of the graph L2nC1 [27, The-
orem 4.4] (see Figure 3) with

� nC 1 vertices ¹v0; v1; : : : ; vnº,

� one edge ei;j from vi to vj for all 0 � i < j � n,

� one loop ei over each vertex vi for all 0 � i � n.

To simplify notation for the Cuntz–Krieger L2nC1-family, we set

Si;j WD Sei;j ; Sk WD Sek ; Pk WD Pvk ; where 0 � i < j � n; 0 � k � n: (4.1)

Furthermore, the C �-algebra C.B2nq / (see Figure 4) of the Hong–Szymański 2n-
dimensional quantum ball [29, 30] can be viewed as the graph C �-algebra of the graph
�2n obtained from L2nC1 by removing the loop en.
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v0 vn

Figure 4. The graph �2n of C.B2nq /.

Since the graph L2nC1 giving the Vaksman–Soibelman .2n C 1/-sphere is vn-trim-
mable, we immediately conclude from Theorem 2.4 that the diagram

C.S2nC1q /

�n1

vv

f n

))

C.S2n�1q /

ın

((

C.B2nq /˝ C.S
1/

�n2˝id

uu

C.S2n�1q /˝ C.S1/

(4.2)

is a pullback diagram of U.1/-C �-algebras. All the maps in the above diagram are special
cases of the maps in the diagram (2.8). In this example, the six-term exact sequence (2.13)
reads

K0
�
C.S2nC1q /

� .�n1 �
;f n�/

//K0
�
C.S2n�1q /

�
˚K0

�
C.B2nq /˝C.S

1/
�.ın� ;�.�n2˝id/�/

// K0
�
C.S2n�1q /˝C.S1/

�
@01

��

K1
�
C.S2n�1q /˝C.S1/

�
@10

OO

K1
�
C.S2n�1q /

�
˚K1

�
C.B2nq /˝C.S

1/
�

.ın� ;�.�
n
2˝id/�/

oo K1
�
C.S2nC1q /

�
:

.�n1 �
;f n�/

oo

Using Proposition 2.3, one obtains explicit formulas for theK1-generators of the quantum
odd spheres, which can be compared with results in [26, Section 4.3]. Then one can use
the above exact sequence to unravel inductive relations between these generators.

4.1.2. Projective spaces. The C �-algebra C.CPnq/ of the Vaksman–Soibelman quantum
complex projective space CPnq (see [40]) is defined as the fixed-point subalgebra of
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v0 vn
1 1 1 1

1

1

1

1

1

1
1

Figure 5. The graph Mn of C.CPnq/.

C.S2nC1q / under the gauge action of U.1/. It can be viewed as the graph C �-algebra
of the graph Mn consisting of the same vertices v0; : : : ; vn as in the graph L2nC1 (vertex
projections are gauge invariant), with no loops, and countably infinitely many edges from
vi to vj for any i < j (see Figure 5).

From the equivariance of the diagram (4.2), we conclude the following proposition.

Proposition 4.1. The C �-algebra of the Vaksman–Soibelman quantum complex project-
ive space C.CPnq/ has the following pullback structure:

C.CPnq/e�n1
xx

ef n
%%

C.CPn�1q /

�n
&&

C.B2nq /;

�n2yy

C.S2n�1q /

(4.3)

where all the maps above are special cases of the maps in the diagram (2.12). Further-
more, we obtain

K0
�
C.CPnq/

�
Š K0

�
C.CPn�1q /

�
˚ @10

�
K1
�
C.S2n�1q /

��
; (4.4)

where @10 is Milnor’s connecting homomorphism.

Proof. The first part of the statement follows from Corollary 2.5. Recall from [40] and
[29, 30] that, for all n � 1, we have that K0.C.S2n�1q // D ZŒ1�, K1.C.S2n�1q // Š Z,
and that K0.C.B2nq // D ZŒ1� and K1.C.B2nq // D 0. Note also that there is a short exact
sequence (e.g., see [27])

0 �! I.vn/ ŠK �! C.CPnq/
e�n1
��! C.CPn�1q / �! 0; (4.5)

where K is the C �-algebra of compact operators. Now, the associated six-term exact
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sequence and the vanishing of K1.K/ imply that

K0
�
C.CPnq/

�
Š ZnC1 and K1

�
C.CPnq/

�
D 0; (4.6)

and that the map f�n1 � W K0.C.CPnq//! K0.C.CPn�1q // is surjective.
Let us consider the Mayer–Vietoris six-term exact sequence induced by the pullback

diagram (4.3):

K0
�
C.CPnq/

�.e�n1 �;ef n�/// K0�C.CPn�1q /
�
˚K0

�
C.B2nq /

�
// K0

�
C.S2n�1q /

�
��

K1
�
C.S2n�1q /

�@10

OO

K1
�
C.CPn�1q /

�
˚K1

�
C.B2nq /

�
oo K1

�
C.CPnq/

�
:oo

(4.7)

We are going to prove (4.4) by extracting from (4.7) the following split short exact se-
quence:

0 �! K1
�
C.S2n�1q /

� @10
��! K0

�
C.CPnq/

� e�n1 �
���! K0

�
C.CPn�1q /

�
�! 0: (4.8)

We already know that f�n1 � is surjective, so to prove the exactness of (4.8), it suffices to
show that the kernel of .f�n1 �;ff n�/ is the same as the kernel of f�n1 �. To this end, since

ker.f�n1 �;ff n�/ D kerf�n1 � \ ker ff n�; (4.9)

we want to show the inclusion ker f�n1 � � ker ff n�. It follows from the pullback diagram
(4.3) and the functoriality of K-theory that

kerf�n1 � � ker.�n� ıf�n1 �/ D ker
�
.�n2 /� ı

ef n�� D ker.ff n�/: (4.10)

Here the last equality holds because .�n2 /� is an isomorphism. Finally, the exact sequence
(4.8) splits by the freeness of the Z-module K0.C.CPn�1q //.

4.1.3. Milnor’s clutching construction for generators of K0.C.CPn
q//. Throughout

this section, we keep the notation of (4.1). First, recall that there are .nC 1/-many projec-
tions P0; P1; : : : ; Pn 2 C �.Mn/ Š C.CPnq/. Therefore, since K0.C.CPnq// Š ZnC1 and
the K0-group of a graph C �-algebra is generated by its vertex projections (see [10, Pro-
position 3.8 (1)]), we infer that

K0
�
C.CPnq/

�
D ZŒP0�˚ ZŒP1�˚ � � � ˚ ZŒPn�: (4.11)

We will now compute the explicit value of Milnor’s connecting homomorphism @10
on a generator of K1.C.S2n�1q //. Let us first recall that, by Proposition 2.3, the generator
of K1.C.S2n�1q // Š Z is given by the K1-class of the unitary

U D Sn�1 C .1 � Pn�1/: (4.12)
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Next, following [20, Section 2.1], we use the pullback structure of C.CPnq/ to find C;D 2
C.B2nq / such that �n2 .C / D U and �n2 .D/ D U

�, i.e.

C D Sn�1 C Sn�1;n C .1 � Pn�1 � Pn/; (4.13)

D D C � D S�n�1 C S
�
n�1;n C .1 � Pn�1 � Pn/; (4.14)

and compute the following 2 by 2 matrix with entries in C.CPnq/:

pU D

"�
1; C.2 �DC/D

� �
0; C.2 �DC/.1 �DC/

��
0; .1 �DC/D

� �
0; .1 �DC/2

� #
D

"
.1; 1 � Pn/ .0; 0/

.0; 0/ .0; 0/

#
: (4.15)

By [20, Theorem 2.2], the element @10.ŒU �/ D ŒpU � � Œ1� is a generator of K0.C.CPnq//.
Observe that in the above formula for pU we can remove all the entries except the top left
one without changing its class in K0.C.CPn�1q //, namely Œ1� � ŒpU � D Œ1� � Œp�, where
p WD .1; 1 � Pn/ D .1; 1/ � .0; Pn/ is a projection in C.CPnq/. Furthermore, since p and
1 � p are orthogonal, we have Œp�C Œ1 � p� D Œ1�, so

� @10
�
ŒU �

�
D Œ1� � Œp� D Œ1 � p� D

�
.0; Pn/

�
D ŒPn�: (4.16)

Here the rightmost projection Pn is viewed as the vertex projection corresponding to the
vertex vn in the graph of C.CPnq/, and the rightmost equality follows from the fact that
the isomorphism from C.CPnq/ to the pullback C �-algebra of the diagram (4.3) maps Pn
to .0; Pn/.

Finally, let us observe that Milnor’s idempotent in the above calculation is

pU Š 1 � Pn D P0 C P1 C � � � C Pn�1: (4.17)

Hence the projective module it defines can be understood as the section module of a non-
commutative vector bundle obtained by the Milnor clutching construction.

4.2. Quantum lens spaces and quantum teardrops

Quantum lens spaces, both weighted and unweighted, have been the subject of increas-
ing interest in the last years. Their realisation as graph C �-algebras has been first proven
in [28], and then further generalised in [9] under less stringent assumptions. In the rest
of the paper, we focus on the three-dimensional quantum lens spaces L3q.l I 1; l/. In [18],
generators for the K-theory and K-homology of multi-dimensional quantum weighted pro-
jective spaces were constructed, leading to an extension of the K-theoretic computations
for quantum weighted lens spaces in [2] in the Cuntz–Pimsner picture [3].

4.2.1. Lens spaces. Our starting point is the C �-algebra C.L3q.l I 1; l// of the quantum
lens space L3q.l I 1; l/. As explained in [9, Example 2.1], C.L3q.l I 1; l//, for any q 2 Œ0; 1/,
can be viewed as the graph C �-algebra of the graph L3

l
(see Figure 6) with

� l C 1 vertices ¹v00 ; v
1
0 ; : : : ; v

1
l�1
º,

� one edge e01i from v00 to v1i for all 0 � i � l � 1,

� a loop e00 over the vertex v00 and one loop e1i over each vertex v1i for all 0 � i � l � 1.
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� � �

v00

v10 v11 v1
l�2

v1
l�1

Figure 6. The graph L3
l

.

� � �

v00

v10 v11 v1
l�2

v1
l�1

Figure 7. The graph Ql .

Observe thatC �.L31/ŠC.S
3
q / (e.g., see [27]). To simplify notation for the Cuntz–Krieger

L3
l
-family, we set

S01j WD Se01j
; S ij WD Seij

and P ij WD Pvij ; where 0 � i � 1 and 0 � j � l � 1: (4.18)

Clearly, the graph L3
l

is v1j -trimmable for 0 � j � l � 1. Let us choose the vertex
v1
l�1

, and construct a new graph by removing the loop e1
l�1

. We denote the thus obtained
graph by Ql (see Figure 7). Note that the graph Ql and its C �-algebra do not depend on
our choice of a vertex.

By Theorem 2.4, we obtain the following U.1/-equivariant pullback structure of the
C �-algebra C.L3q.l I 1; l// Š C

�.L3
l
/:

C �.L3
l
/

vv ))

C �.L3
l�1
/

((

C �.Ql /˝ C.S
1/:

uu

C �.L3
l�1
/˝ C.S1/

(4.19)

Here all the maps are special cases of the maps used in Theorem 2.4.
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� � �

v00

v10 v11 v1
l�2

v1
l�1

11 1 1

Figure 8. The graph Wl of C.W P1q.1; l//.

4.2.2. Teardrops. Recall that the C �-algebra C.W P1q.1; l// of the weighted projective
space W P1q.1; l/ (see [8]) is defined as a U.1/-fixed-point subalgebra of C.L3q.l I 1; l//.
It can be viewed as the graph C �-algebra of the graph Wl consisting of the same vertices
v00 ; : : : ; v

1
l�1

as in the graph L3
l

(vertex projections are gauge invariant), with no loops,
and countably infinitely many edges from v00 to all the other vertices [9] (see Figure 8).

As discussed in Section 2.2, since the U.1/-action defining C.W P1q.1; l// is the gauge
action on C �.L3

l
/, from (4.19) we obtain another pullback diagram of fixed-point subal-

gebras:
C �.Wl /

ww ''

C �.Wl�1/

''

C �.Ql /:

�1

xx

C �.L3
l�1
/

(4.20)

Here �1 is the quotient map by the ideal I.v1
l�1
/.

Next, let us introduce two more quotient maps needed for Lemma 4.2 below. Define

�2 W C
�.Ql / �! C �.Ql=H/ (4.21)

to be the quotient map given by the ideal generated by the saturated hereditary subset
H WD ¹v10 ; v

1
1 ; : : : ; v

1
l�2
º � .Ql /0, and g W C �.L3

l�1
/! C �.L3

l�1
=H/ to be the quotient

map given by the ideal generated by H considered as a subset in .L3
l�1
/0.

Lemma 4.2. The following diagram of the above-defined U.1/-equivariant �-homomor-
phisms

C �.Ql /

�1

xx

�2

##
C �.L3

l�1
/

g
&&

T

�
{{

C.S1/

(4.22)

is a pullback diagram. Here T is the Toeplitz algebra and � W T ! C.S1/ is the symbol
map.
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Proof. Recall that the Toeplitz algebra T is isomorphic to the graph C �-algebra corres-
ponding to the subgraph Ql=H and the isomorphism is given by s 7! S00 C S

01
l�1

(e.g.,
see [30]), where we use the notation (4.18) and s is the isometry generating T .

By [33, Proposition 3.1] and the surjectivity of g and � , it suffices to show that
ker�1 \ ker�2 D ¹0º and that �2.ker�1/� ker� . To prove the first condition, recall that,
since ker�1 and ker�2 are closed ideals in a C �-algebra, we have that ker�1 \ ker�2 D
ker�1 ker�2. Next, ¹v1

l�1
º and H are saturated hereditary subsets of .Ql /0, so

ker�1 D IQl .v
1
l�1
/ and ker�2 D IQl .H/: (4.23)

Using (1.6), one can observe that ker �1 ker �2 is the closed linear span of elements of
the form S˛S

�
ˇ
SS

�
ı

, where ˛; ˇ 2 Path.Ql / with rP .˛/ D v1
l�1
D rP .ˇ/ and ; ı 2

Path.Ql / with rP ./ D rP .ı/ 2 H . The claim follows from the analysis of all possible
paths satisfying the above conditions.

To prove the second condition, notice that ker � D IQl=H .v
1
l�1
/. Any element of

IQl=H .v
1
l�1
/ is an element of IQl .v

1
l�1
/, and �2.S˛/ D S˛ for all ˛ 2 Path.Ql=H/.

Hence �2.IQl .v
1
l�1
// � IQl=H .v

1
l�1
/. Furthermore, since �2 is a �-homomorphism, we

can argue as in the proof of Theorem 2.4 to conclude that �2.ker�1/ � ker � .

Remark 4.3. Let q 2 Œ0; 1/. Note that for l D 2, we get the graph Q2 considered in Sec-
tion 3.2. By Lemma 4.2, the C �-algebra C �.Q2/ has the following U.1/-equivariant
pullback structure:

C �.Q2/

{{ !!

C.S3q /

##

T :

}}

C.S1/

(4.24)

The equivariance of the above diagram allows it to descend to the fixed-point subalgebras:

C �.Q2/
U.1/

yy $$

C.CP1q/

%%

T U.1/:

yy
C

(4.25)

The Mayer–Vietoris six-term exact sequence in K-theory associated to this diagram gives
the K-groups of C �.Q2/U.1/ as in Proposition 3.2.
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Next, with the help of (4.20) and Lemma 4.2 along with [33, Proposition 2.7], the
analogous reasoning as in the proof of Proposition 4.1 yields the following proposition.

Proposition 4.4. The C �-algebra C.W P1q.1; l//, q 2 Œ0; 1/, has the following pullback
structure:

C
�
W P1q.1; l/

�
vv

%%
C
�
W P1q.1; l � 1/

�
((

T :

yy

C.S1/

(4.26)

Furthermore, we obtain

K0
�
C
�
W P1q.1; l/

��
Š K0

�
C
�
W P1q.1; l � 1/

��
˚ @10

�
K1
�
C.S1/

��
Š ZlC1; (4.27)

where @10 is Milnor’s connecting homomorphism.

4.2.3. Milnor’s clutching construction for generators of K0.C.W P1
q.1; l///. Through-

out this section, we keep the notation of (4.18). First, recall that there are .l C 1/-many
projections P 00 ; P

1
0 ; : : : ; P

1
l�1

, in the graph Wl whose graph algebra is C.W P1.1; l//.
Therefore, since K0.C.W P1.1; l/// Š ZlC1 and the K0-group of a graph C �-algebra is
generated by its vertex projections (see [10, Proposition 3.8 (1)]), we infer that

K0
�
C
�
W P1.1; l/

��
D ZŒP 00 �˚ ZŒP 10 �˚ � � � ˚ ZŒP 1l�1�: (4.28)

Next, we compute the value of Milnor’s connecting homomorphism on the generator
Œu� 2 K1.C.S

1//, where u is the standard generator of C.S1/. This computation closely
follows an analogous computation in Section 4.1.3. First, we find c; d 2 T such that
�.c/ D u and �.d/ D u�, i.e.

c D S00 C S
1
l�1; d D c� D .S00 /

�
C .S1l�1/

�; (4.29)

and, using the formula (4.15), we compute the following 2 by 2 matrix with entries in
C.W P1q.1; l//:

pu D

"�
1; P 00

�
.0; 0/

.0; 0/ .0; 0/

#
: (4.30)

The element @10.Œu�/D Œpu�� Œ1� is a generator ofK0.C.W P1q.1; l///. We have that Œ1��
Œpu�D Œ1�� Œp�, where p WD .1;P 00 /D .1;1/� .0;P

1
l�1
/ is a projection in C.W P1q.1; l//.

Notice that
� @10

�
Œu�
�
D Œ1� � Œp� D

�
.0; P 1l�1/

�
D ŒP 1l�1�; (4.31)

where the rightmost P 1
l�1

is viewed as an element of C.W P1q.1; l//.
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Finally, as we did in Section 4.1.3, let us observe that Milnor’s idempotent in the above
calculation is

pu Š 1 � P
1
l�1 D P

0
0 C P

1
0 C � � � C P

1
l�2: (4.32)
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