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1 | INTRODUCTION

Exact numerical schemes for delay models, and nonstandard finite difference (NSFD) methods derived from them, have
been previously proposed for some first order delay differential equations (DDE) and systems. Garba et al. [1] considered
the first order scalar initial value DDE problem

X'(t) = ax(t) + bx(t — 1), t>0, €))
x(t) = f(1), -7 <t<0, (2)

proposing a numerical method that was exact in the first interval 0 < ¢ < 7, and then switched to a NSFD scheme of
second order at best. Garcia et al. [2] constructed an exact numerical solution for problem (1)-(2) valid in the whole
domain of definition, and proposed a derived family of increasing order NSFD methods. These authors generalized their
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work in Garcia et al. [3] to coupled linear delay systems,
X'(t) = AX(t) + BX(t — 1), t>0, 3)
X =F@), -7=<t<0, 4)

with X(¢) and F(t) being d-dimensional real vector functions, and A and B being d X d real matrices, in general not
simultaneously diagonalisable, but under the condition that they commuted. It was also shown in previous works [2, 3]
that the proposed NSFD methods were consistent with dynamic properties of the continuous problems.

Castro et al. [4] considered problem (3)—(4) in the general case of non-commuting matrix coefficients A and B. They pro-
vided an expression for the exact numerical solution of (3)-(4) involving infinite series, which were truncated to construct
NSFD methods of any desire order. Although it was suggested by numerical examples that the proposed methods pre-
served the delay-dependent stability of the corresponding continuous problems, that is, that they seemed to be 7(0)-stable
[5], the proof of this property was not attempted there.

It was suggested in Castro et al. [4] that the expressions given there could be used to obtain closed form exact numerical
solutions for particular problems, depending on the structure of the specific coefficient matrices, and in particular that
they could provide the basis to tackle higher order scalar problems by reducing them to first order vector problems, as the
resulting coefficient matrices would be in general non-commuting. In the present work, we show that this strategy can
be successfully applied to the second order initial-value DDE problem

X'(t) = ax(t) + bx(t — 1), t>0, 5)

x(t) = f(0), -7<t<0, (6)

wherea,b € R,z > 0,and f : [-7,0] —» R is a continuous function.

Different types of representations for the solution of DDE linear systems have been proposed, including solutions by def-
inite integrals and series expansions [6], convolutions with particular solutions or fundamental systems obtained through
the method of steps or by Laplace transform [3, 4, 7-9], or infinite series involving matrix Lambert function [10]. Repre-
sentations of the exact solution of problem (5)-(6) in the case of pure delay, that is, with a = 0, have been given in terms
of delayed sine and cosine functions [11], and of delayed exponentials [12]. An expression for the exact solution of (5)-(6)
was presented in Rodriguez et al. [13], as a preliminary problem resulting from applying the method of separation of vari-
ables to an unidimensional wave equation with delay. In that context, the condition a < 0 was assumed, writing a = —a?,
but, as shown in Jornet [14], where it was applied to solve a more general multidimensional wave equation, it is straight-
forward to adapt the expression given in Rodriguez et al. [13] to the case a > 0. Notwithstanding, these expressions do not
seem to be suitable for constructing an exact numerical scheme, and so providing the basis for an efficient computational
method.

The structure of this paper is as follows. In the next section, we transform problem (5)-(6) into a vector problem of the
form (3)-(4), and use the results in Castro et al. [4] as the basis to derive an exact numerical solution in the form of a
perturbed difference system. Next, in Section 3, a family of NSFD methods, of any desired order of accuracy, are proposed,
which are proved to be dynamically consistent with the asymptotic delay-dependent stability of the original continuous
problem in Section 4. In the final section, the results are summarized and discussed.

2 | EXACT NUMERICAL SOLUTIONS

In the next Lemma, we recall a result from Theorem 1 in Castro et al. [4] providing an expression for the exact solution
of the general vector problem (5)—(6).

Lemma 1. Consider the vector problem (3)-(4) with F € C'[-7,0]. LetI € R pe the identity matrix, C = A™'B, and

assume A and I + C invertible. Write

t

QM =(e"-1)T+0C), Qu= / e 9IBQy_1(s)ds, m > 1, (7)

0
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and define the matrix constants K;f‘p, Vm > 1, by

K%:O,r<p; K%:A’,VZO;

8
Km  =AK" +BK" | 1<p<m-1; Km =K" B ®
Let X(t) = F(t) fort € [-7,0] and
m (o] h
X(t+h) =X+ ) (Z %KW;,) X(t—pr) + / Qm(h — )T + C)"'CF'(t — mt + s)ds, 9)
p=1 \r=p °° 0

form>1and (m—1)r <t <t+h < mr. Then, X(t) is a well-defined function satisfying (3) and (4).

We also recall that, from Lemma 2 in Castro et al. [4], the infinite sums in (9) are absolutely convergent, and that the
matrices defined in (7) satisfy

Qi) =AQi()) + A + B, Q(t) = AQi(D) + BQy—1(0), k > 2. (10)

From Lemma 1, considering a regular mesh of amplitude h = /N, for some integer N > 1, an exact numerical scheme
can be immediately derived [4, Theorem 2]. Writing ¢, = nh and X, = X(t,,), for n > —N, an exact numerical solution is
given by X, = F(t,), for —-N < n <0, and, for im — 1)t < nh < mr and m > 1, by

p=1 \r=p

h
(v K _
Xpi1 = X, + ) (Z 71(:{;,) Xppn + / Qm(h — )T + CY LCF (tn_my + S)ds. (11)
0

The expressions given in (9) and (11) are not quite satisfactory, as they include infinite sums that, in general, cannot be
reduced to finite expressions. However, for some particular problems, it can provide the basis to obtain finitely expressed
explicit solutions, as will be shown next for problem (5)—(6).

To this end, write the second order scalar problem (5)-(6) in the form of the first order vector problem (3)—(4), by writing

(X _(0a _(0b (O
xo= (19) 4= (28). 5= (22, ro= (42) .
Now, using the relations
A?=al, B> =0, AB+ BA =bl, BAB = bB, ABA = bA — aB, (13)
where 0 as a matrix denotes the null matrix, explicit expressions for the constant matrices K", defined in (8) can be

obtained, as given in our next Lemma.

Lemma 2. For equation (3) with coefficients A and B as given in (12), corresponding to vector form for the scalar second
order delay equation (5), the constant matrices K, defined in (8), with r > p, can be expressed as follows, depending on
beingp =0,

k
m _ ) a’l, r=2k,
K”O_{akA,r=2k+1, k20, (14)
1 <p <m -1, inwhich case
0, r<2(p-1,
bP1B, r=2p-1,
k
Kr’i’b=< (k_p>ak‘PbPI,r=2k, k> p, (15)
k P k _
<k+1_p>ak+1pbp1B+<k_p>akaPA,r=2k+1,kZP,
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orp=m,
0, r<2m-1),
k-1 ket m—1
K, = <k_m>a b" B, r=2k-1, k> m, (16)
< lf—_r}1 ) ak-mpm=1AB r = 2k, k > m.

Proof. The expressions for K™ given in (14) are immediate, since K™ = A" and A? = al. The rest of the expressions
can be proved by induction on the different indices involved.

Thus, for m = 1, since Krl1 = Krl_1 B> using the expressions in (14) for r — 1 one has

k-1
1 a“'B, r=2k-1,
= >
K { a*1AB, r = 2k, k21,

as given in (16).

Now consider m > 2 and p = 1. From (8) and (13) it is immediate that Kgfl =0, K{’fl = BK{{’O + AKgfl = B,
K7, = BK{|, + AK", = BA+ AB = bI, and Ky, = BK}, + AKT, = aB+ bA, as given in (15).

Assume now that the expressions in (15) are valid for p = 1 and up to a certain k > 1. Then, for k + 1 one has, since
K™ =BK™  +AK"

r—1,0 r—1,1°

_ _ ik k k=1p Ay k
K1 = BK, o+ AKY: | = d“BA + A(a*B + ka*"'bA) = (k + 1)a"bI,
and hence,
_ _ k+1 ka7 _ okl k
K;me,l = BK;'ZkH)’O +AK£'(11¢+1>,1 = a"*"'BI + (k + 1)a"bAI = a**'B + (k + 1)a“bA,

as given in (15).
We assume now, for m > 2, that the expressions in (15) are valid up to a certain p, with 1 < p < m — 1, and prove
that they also hold for p + 1.
Since Kr’Z)H = BKr"ij + AKr"inH, taking into account that BKr"ij =0forr <2p-1,and KZ,H =0forr <p,it
follows that K =0 for r < 2p. Then, for r = 2p + 1 one has

— — p - _ -1
K} o =BKy  +AKD = < ) aPPHPBI + A0 = bV B.

Now, for k = p + 1, one has

_ _ -1 _ _ pptl
K ipe1 = BEo oy, +AKS L) = B(pabP™'B + bPA) + bPAB = bP(BA + AB) = "1,
and hence,
— _ +1
Kgn(p+1)+1,p+1 = BK;’(“DH),P + AK;"(pH)’pH =(p+ 1)ab’B + bPT A,

according to (15). Thus, assuming that the expressions in (15) are valid for p + 1 up to a certain k > p + 1, one gets

m — m m
Kz(k+1),p+1 - BK2k+1,p + AK2k+1,p+1

_ k k+1-pp,p—1 k k-p k k—p k k—(p+1),p+1
_B<(k+l—p>a bP B+<k—p>a bPA | +A k—p a“PbPB + k—(p+1) a bPT A

_ k k=p k k—(p+1)1,p+1 42
_<k—p)a bp(BA+AB)+<k_(p+1)>a A

k k k—ppp+1 k+1 k+1—(p+1) pp+1
pPHI = (P+Dpp+1 [
<<k—p>+<k—(p+1)>>a <k+1—(p+1)>a ’
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and hence,
k+1 k+1- k+1 ket 1—(p+1) pp+1
KD iirpns = BKy, +AKD = <k T _p) B+ (L) e BPHIAL
_ k+1 QD=+ pE+D-1g k+1 Q- PHDpp 4
k+D+1-(p+1 k+1-(+1) ’

as given in (15).
Finally, consider the case p = m, with m > 2. For r < 2(m — 1) one has KJ’}' = 0, so that K"*! = K"*! B = 0.

r.m+1 r—-1m

Also, for r = 2(m + 1 — 1) = 2m, one has K;”J}nﬂ = K;"Wfll B=b""B*=0. Thus Kr’"yz}rl =0forr<2(m+1-1).
Fork > m+1and r = 2k — 1 one has
k-1 k-1
m+1 _ pm+l _ k—-1-mypm _ k—(m+1) j,(m+1)—1
Kyt =K l)mB—(k_l_m>a bIB_<k_(m+1)>a pm+O-1B,

and for r = 2k one gets

k-1 k-1
m+1 m+1 _ k=1+1-mypm—1 k—1-mpm
Koems1 = K2k—1,mB_<<k_1+1_m>a b B+<k—1—m>a bA>B

— < k-1 ) ak_(m+1)b(m+l)_1AB,

which are the expressions for m + 1 in (16). O

Using the expressions in Lemma 2 for the constant matrices K:”p, we can obtain closed forms for the infinite series
in (11). Although this task can be carried out for general values of the coefficients in (5), in what follows, we will consider
the case a < 0, which is a necessary condition for the solution of (5) to be asymptotically stable [15]. To make this case
explicit, and simplify some results, we will consider equation (5) with coefficients a = —a? and b = §, with a, § € R.

We note that, although the matrix constants K}, given in Lemma 1 might in general depend on m, the expressions
obtained in Lemma 2 for our particular problem do not depend on the super-index m, so that it will be dropped henceforth.

Writing G,(h) = Zr_p h, K, p, integrating by parts and noting that F(t,_nn) = Xn—mn, We write (11) in the form

m—1

Xpi1 = "Xy + Y Gp(WXypy + Rn(B) + (Gin() = Qu(h)I + €)' C) Xy, an
p=1

where R,,(h) = /Oh Q) (h — )T + C)LCF(ty—mn + $)ds, and the summation is assumed to be empty for m = 1.
In the next Lemma, we give expressions for the matrices G,(h) in terms of Bessel and hypergeometric functions (see,
e.g., previous works [16-18], for general properties of these special functions).

Lemma 3. The matrices Gp(h) in (17) can be expressed in the form

Nkt 2p
Gp(h) = — T (Jp_; (ah)I + . (ah)A + —J 1 ((xh)B> (18)
p|2 E P—E 2 ﬁ
for1<p<m and
\/;hm—%ﬂm—l h*™F, <m m+1,m+ - ——azhz)
Gnth)y= ——— - J,, 1 (ah) B+ ’ p"AB, (19)
(m _ 1)!(2a)m—2 2 (21’)’1)
where J,(ah) are Bessel functions of the first kind and 1 F, <m m+1lm+ - ——a2h2> is a generalized hypergeometric

function.
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Proof. Since the series defining G,(h) are absolutely convergent, they can be rearranged by summing separately the
terms multiplying different matrices, so that, for 1 < p < m, Gp(h) = Y, I+ Y,,A + Y, B, where, taking into account
that K, , = 0forr < 2(p — 1),

N k) e Nk e
zll_kz:;,(zk)! <k—p>( “I ;_,;,(zkﬂ)! <k—p>( wr

and
had p2k+1

— k _ 2\k+1=p pp—1 _ - th_l <k_1> _ ,2\k=p pp—1
Z_k§1(2k+1)!<k+1—p>(a) P _é@k—l)! k-p) T

3

Now, using the duplication formula for the Gamma function [17, p. 138], so that

23 )1 <k+ %)F<k+ 1y %) 221 <k+ %)k!

(2k)!=l“(2(k+%>>= 7 = N

and, similarly,

221 <k+ g) k! 2211 (k+ %) (k —1)!
2k +1)! = T2k + 1)) = 2k —1)! = [(2k) = ,

Ve Ve

and taking into account the series expansions of the Bessel function of the first kind [17, p. 217],

( ]_) z 2k+v
7@ = Zk'r(k+v+1)<> :

one gets, with some rearrangements and simplifications,

= = p—1 (ah),

a 2k, p—- 1
2= Z VIR Cipraion et & CD(%) VIR

P12 yok- P>F< )(k p)! p!2p+§ap‘§ k=0 k!’ <k+p— S+ 1) pI2PtighT

2k+p+5
) \/;ﬂph2p+1 (—l)k‘P(ah)Z(k‘P) \/;ﬁphp+§ ) (—1)k<%> \/_hp+2ﬁp J 1 (ah)

Z = Z P P)F< - [ Z o

= )(k P pl2PtiaP*i (S kr (k+p+§+1) pI2P*iaP™s

and

@ 2k+p—%
Z Z \/_ﬁp 1p2p-1 (_1)k—p(ah)2(k—p) _ p\/;ﬁp_lhp_% 0 (_1)k<7h>

(P = D2% Sogpp (k+ %) (k—p)!  p2P3aPi (kT (k +p—;+ 1)

hP*3 e 2
_ YR 2p T, 1(ah).
p!2er >} ph
Similarly, writing G,,(h) = },B + ).,AB, where
o h¥1 (k 1) e < h* (k-1 P
— (a)mml — (_aZ)mml’
2= 2 " 2= 2w k- '
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and taking into account the definition of generalized hypergeometric functions [17, p. 404], so that

©  [(m+kCm+ 1T <m + %) (=D¥(ah)*

i Cm)[(m + 1 + k)T <m .. k) 22Kk

s

1 1
1F, <m;m+ 1, m+ 5;—Za2h2> =

one gets

2

2k+m—
I R A VUL N (A v (%)
& (m = 1D)122" 1 ogmp (k + %) (k—m) (m—1!Qa)"3 i= kIl (k +m-— % + 1)

_ VR

- 1 Jm_l (ah)’
(m—-1!Qa)":  °

1

and, using again the duplication formula for the Gamma function, for (2m)! and (2k)!,

r (m + %) I'(m+1)2°m \/;ﬂm—thm o F(k)(_1)k—mh2(k—m)a2(k—m)
; Va@m)! rm & (k + %) T (k+1) 22T (k — m + 1)

o T(m+k(m+1r (m +1

m—1},2m _1\k 2k m—11,2m
_ "' EDMa™ _ ™ h 1F2(

mim+1,m+ L —la2h2> .
Gl @ Tk +m+ DU (k+m+ 1) 2K (@m)! 4

2

O

From Lemma 3, and the structure of the matrices I, A, B, and AB, it is immediate to write down the elements of the
matrices Gp(h), as given in the next corollary.

Corollary 1. Let Gy(h) = (Pgij(h)), i,j=1,2;,p=1... m. Then,for1 <p<m,

ﬂhp+§ﬂp ﬂ'l’lp+§ﬁp 1
Pgi(h) = Pgypn(h) = %Jp_l (ah), Pgun(h) = %—Jml (ah),
pl2P*tighz = 2 pl2Ptighma @ 7 2
hp+§ P 2
Pgia(h) = M (—aJp+1 (ah) + Wp‘] _1 (ah)> ,
pI2P+ighTs 2 :
and
m m m \/;h’"—%ﬂm m thﬁm 1 1 21,2
guh) = "gn(h) =0, "gp(h) = —lfm_% (ah), "gxn(h) = WIFZ (m, m+1,m+ 3% h ) .

(m—-1)1Qa)"2

Remark 1. The coefficient of X, in (17), e*", can be easily computed, since A2 = —a?I,

an_ N CDR@P 1 (DR@h 1.
©T ,{Z::‘) @t 25 @ ksl A cos@hl+ Tsin(ah)a,

and we note that this expression is recovered taking p = 0 in (18),

h3
Go(h) = \{; : (J_l (@) I+ 1n (ah)A) L (J_l (@) T+ L7, (ah)A),
2 a 2 2 2 a 2

22 2
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since J_1 (ah) = 4/ ih cos(ah), and J1 (ah) = 4/ ih sin(ah) [17, p. 228]. Hence, the term corresponding to X, can be
2 o 2 a

grouped with the summation in (17) by writing Z;L_Ol Gp(WX,_pN.

Next, we will show that the coefficients of X,_,y in (17) cancel each other, and so this term can be dropped.

Lemma 4. The matrices G,,(h) and Qp,(h) in (17) satisfy

Gm(h) = QuiI + O)7'C, m > 1. (20)
Proof. Let Qu(h) = ("qy;(h)), i, j = 1,2. Since

. 0 0
I+C) C=<0 L>,

p—a?
it follows that
A~ B 0 "q12(h)
Qm(h)(I +C)C= = 2 <0 mQ22(h) s
and we only need to prove that "g;;(h) = 5 _ﬂaz mgix(h), fori = 1, 2. In fact, as will be shown next, it holds that ’”g’zz(h) =

Mg1,(h) and ’"q’zz(h) = "qj,(h), so that checking the previous relation between ™g,,(h) and ™q,,(h) will suffice to
prove (20).

From the expressions for the elements of G,,(h) given in Corollary 1, using a differentiation formula for the gener-
alized hypergeometric function [17, p. 405, 16.3.4], and the relation between functions J, and oF; [17, p. 228, 10.16.9],
one gets, writing z = —(ah/2)?,

my gy~ 92 _2"B" d (o . 1 \\_ _ah 227" . 1,
gzz(h)— dh " 2m)] d2 (z 1F, (m,m+1,m+2,z>> = > a2m(2m)!mz 1F> (m,m,m+2,z)
mi,2m—1 mi,2m—1 r }'}’l+1 2m—%
= I (—im L L) = 2 ( 2>1 T2 (ah)
m)! 2° 71 @m-DI gyt :
mym-t A/l (m+1) 273 =t om
_ (m+) T, (ah) = \/;—ﬁljm_l (ah) = g1y (h).
™3 (m—1)T (m+§)22m—1 : (m—1)1Q2a)"5

The corresponding relation for matrices Q,,(h) can be easily checked for m = 1, since, from their definition in (7),

cos(at)—1 —asin(at) (1 — a%)

0= At_I I+C)=
Qu(t) = (e )d+0) isin(at) (COS(‘”)_D<1_£>

(21)

and it is immediate that 1qu(h) = 1g1,(h). For m > 1, from the recursive definition in (7), and taking into account that

s 0 pcos(a(h—ys))
"B = (o gsin(a(h—s))>*

it follows that

h h
"qi2(h) = p / cos (a (h —s)) "'q2, (s)ds, "qaa(h) = g / sin (a (h —s)) "'q2, (5) ds,
0

0

and it is also immediate that "q’,(h) = "q12(h).
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B
p-o
respective values. From the value of !g,,(h) shown in (21), one gets

To complete the proof, we only need to show that gy, (h) = "q,2(h). For m = 1, we can directly compute the

p
p-

gt = L1 = cos(ahy),
a

which is the same that can be obtained for 1g,(h), either from the expression in Corollary 1,

h? 31
lgn(h) = ﬁT 1P <1;2, E;—Zazh2>

_ ph?2(1 —cos(ah)) _ B B
= TW = E(l COS(ah)),

or particularizing for m = 1 the series corresponding to "g,,(h),

m _°° hzk k-1 _ 2\k—-m gm
gzz(h)—;n@k)! (k_m>( oy, (22)

Next, we will show that both sequences of functions, {"gx(h)},,5; and {"q22(h)},,»;, satisfy the sequence of initial
value problems,

m (W) == fu (W) + ffn-1 (), h >0,

Sm (0) =0, (23)
fm(©0)=0,
for m > 1, with f1(h) = gy (h) = —£= ¢,,(h), which will complete the proof.

p-
The initial conditions are obvious for both sequences. The series in (22) can be differentiated term-by-term, and one

gets,form > 1,

ad _1yk-mp2k
—a? "gn(h) + f g (h) = — " Y < k=1 ) CVRT )

E\k-m) @b
R k-1 (=) 2k 2(k-m+1)
P k;_1<k—m+1> el

om m_z hZ(m—l) - ©0 (_1)k—m+lh2ka2(k—m+1) k—l k—l
=/ ( 0 >(2(m—1))!+ﬂ k;n (2k)! <<k—m>+<k—m+1>>

m(m-—1 h2m-1) m - k (_l)k_m+1h2k 2(k—m+1)
p ( 0 > am-nyn P 2 <k—m+1> e

k=m

mx (k=1 (=D mhk-2 e
-! kz(k_m)Wa - gzz(h)-
=m

For m > 1, from "q,,(h) = g foh sin (a (h — 5)) ™1q,2 (s) ds, one gets

h
"q,(h) = p / cos (a (h — 5)) " 1q5 (s) ds,
0

h
"q),(h) = —ap / sin(a (h —s)) "qaa (s)ds + f " qaa(h) = —a® "gun(h) + B " qaa(h).
0

From (17) and the previous Lemmas, the main result of this section follows immediately.
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(A) (B)

FIGURE 1 Continuous solution (lines) and exact numerical solution computed with the exact scheme defined in Theorem 1 (points) (A)
for the problem of Example 1, that is, problem (5)-(6) with coefficients a = —a? = —4, b = f = 0.5, delay 7 = 1, and initial function
f(®) = (t+ 1)2, and (B) for the first derivative. [Colour figure can be viewed at wileyonlinelibrary.com]

Theorem 1. An exact numerical solution of (5)-(6), witha = —a? and b = p, in the regular mesh t, = nh, withh = t /N,
forn > —N,is given by X, (t) = F(t,), for —-N < n <0, and

m—1

Xp1 = ), Gp(W X pn + Rn(h), (24)
p=0

h
for(m —1)N < n < mN and m > 1, where R,(h) = f Q) (h — )T + CO)"LCF(ty—mn + S)ds.
0

Remark 2. We note that the results of Lemma 4 provide explicit expressions for the otherwise recursively defined
matrices Q),,(h — s)(I + C)"1C in Ry, (h), so that, for m > 1,

) aA~_ B 0™"q,()\ _ (0™, _ (0 —a?"gn()+p ™ g2()
Qm(OI+0O)"C= b — a2 <0 mqii(.)) - <0 mgij(.) > - <0 "g12() > ’

Example 1. Figure 1 presents a numerical example of application of the results of this section, showing the contin-
uous solution given by Theorem 6 in Rodriguez et al. [13] (lines) and the exact numerical solution of Theorem 1 with
N = 10 (points), for the problem (5)-(6) with coefficients a = —a? = —4, b = # = 0.5, delay = = 1 and initial function
f(®) = (t+1)2 It is also shown the first derivative of the solution (Fig. 1, (b)), with continuous values obtained by
analytically differentiating the expression in Theorem 6 in Rodriguez et al. [13] and with numerical values given by
the first component of X, in the exact numerical solution of Theorem 1.

3 | HIGH ORDER NONSTANDARD FINITE DIFFERENCE SCHEMES

Although the exact numerical solution given by Theorem 1 avoids the infinite sums present in the solution of the general
problem (3)-(4) given in Theorem 2 in Castro et al. [4], recalled in (11), it still includes an integral term, R,,(h), which
in general needs to be numerically approximated, except for particular initial functions F(¢) that could allow an exact
computation. Therefore, in our next Theorem, we propose two families of nonstandard methods of as high precision as
needed, by the same approach previously developed in Garcia et al. [3] for coupled systems with commuting coefficients,
computing in the first M intervals the exact solution, and then discarding the integral term in the following intervals,
either computing the full sum in (24) or truncating it up to the M term.
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Theorem 2. Let N > 1and h = ¢ /N. Fix M > 1, and assume that the values of X,,, forn = —N ... MN, are computed
using the exact scheme of Theorem 1. Then, for m > M, the numerical schemes Fy; and Ty defined by

m—1 M
Far i= Xpor = ). Gp(WXnpns Tit 2= Xns1 = ), Gpy(WXn_pn, (m—1)7 < nh < mz, (25)
p=0 p=0

have local error O(h*M*1) and order 2M.

In the proof of Theorem 2, we will use the bounds given in the next Lemma. In what follows, || || denotes the maximum
vector norm and the corresponding compatible norm for matrices.

Lemma 5. The matrices Gp(h) and R,,(h) in (24) satisfy

2p-1 2
||Gp<h>||si”—p<ﬁ> max(hﬂ iy I ) 26)
F(p+%>p! 2 2 22p+D P2 2p+1
C m 2m—-1
[IRn(MW|| < V/7Cr 4 <g> maxe,%), 27)

F(me ) D

where Cp = maXie(—r0) (IF@O)|)) = maxie—-0) (IO, 1S/ (©)]).

Proof. From the expressions for the elements of G,(h) given in Corollary 1, and using the bound for Bessel functions
[17, p. 227]

0,00 < — (x)  xeR,

Tv+1)\2
one gets
P 2p D 2p+1
'pg“(h)'z'pg”(h)'sil%@) T %@) ,
)" re)?
D 2p-1 25,2
|pg12(h)|Siﬂ—'<g> <% +p>_
r(p+;)P~ @p+1)

Therefore, since [|G,(h)| = max (|Pgu ()] + |Pg(h)]. |Pgx ()] + |Pg2(h)]), (26) is obtained.
Similarly, from the expressions for the integrand in R,,(h) given in Remark 2, one has

h h
IRn(h)|| < Crmax /I”‘g’u(h—S)Ids,/I’"glz(h—S)Ids .
0 0

Therefore, using a formula for the derivative of the Bessel functions [17, p. 222], and the same bounds as above, one
gets

(h—s)""3 pm s
mgl (h—s) = ﬁ—(a(h — )", s (alh - 5)),

1

(m—-1)1Qa)">

so that,
h Vr p" ’ h—s\" N pm n\ 2!
/|’”g12<h—s>|dss 1,/< - > ds = 1’(§> ,
A ar(m_”(m— )! ; ar(m+%>(m— )!
and also , ,
m _ 2m—1 m 2m
/lmg”(h_s)'dsS \/;1 (mﬁ—l)'/<hzs> ds:#%@) ’
and thus, (27) is obtained. O
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Proof of Theorem 2. Assuming that || X(tx) — Xi|| = O(h*M*!) for k < n, which is the case for nh < Mz, we will show
that the scheme 73, maintains this bound, and hence, a fortiori, also the scheme F,.
Form > M + 1 and (m — 1)t < nh < mr, from (24) and (25), one gets

M m—1
IX(tns1) = Xl € D NGopIIX tnopr) = Xnpnll + D NG IIXEapm)ll + IR,
p=0 p=M+1

where the second summation is assumed to be empty for M = m— 1. The first summation is O(h**1) by the induction
hypothesis. From the bounds for ||G,(h)|| obtained in Lemma 5, the second one, when it exists, is also O(h?M+1) since
the first term in the sum is the one corresponding to M + 1, with [|G,(h)|| = O(h*™+D~1) and the rest of the terms are
of lower order. Finally, also from Lemma 5, ||R,,(h)|| = O(h*™ 1) = O(h**1), since m > M. O

A schematic pseudocode for computing the numerical solutions given in Theorem 2 is shown in the Appendix A. Next
figures illustrate the error analysis of the schemes defined in Theorem 2. Figure 2 (top) shows the errors of numerical
solutions for Example 1, computed using 7, schemes (left) and 7y, schemes (right), with M = 3, for three different mesh
sizes. The respective errors relative to the expected order, that is, errors divided by h°, are shown in Figure 2 (bottom),
with graphics overlapping, in agreement with the expected order given by Theorem 2.

Figure 3 presents the errors for numerical solutions of Example 1 computed using 7, and Fys schemes of three different
orders.

10710
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ST R Lo \ /-—
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/
T -15 |
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I
i
[
10720+ 1020+
2 4 8 10 2 4 6 8 10
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10 N -‘" fm
Y
10710+
10710}
—h=0.20 —h=0.20
=-=-h=0.10 =-=-h=0.10
h=0.05 h=0.05
2 4 6 8 10 2 4 6 8 10

©

FIGURE 2 Absolute errors (log-scale) of the numerical solution for Example 1, computed using 7, (A) and 7y, (B) schemes, with M = 3,
for three different mesh sizes. (C, D): Errors divided by hS, that is, relative to the expected order from Theorem 2. [Colour figure can be

viewed at wileyonlinelibrary.com|
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FIGURE 3 Errors (log-scale) of numerical solutions for Example 1, computed with three different 73, (A) and 7y, (B) schemes, with
h = 0.1. [Colour figure can be viewed at wileyonlinelibrary.com]

4 | DELAY-DEPENDENT STABILITY

In this section, we analyze the consistency of the numerical solutions resulting from applying the 7, and 7, schemes
defined in Theorem 2 with respect to the delay-dependent asymptotic stability properties of the corresponding continuous
solutions of problem (5)-(6), which are recalled in the next Lemma.

Lemma 6. The zero solution of (5) is asymptotically stable if and only ifa < 0, b > 0, and there is a nonnegative k € Z
such that 2kz < \/=ar < (2k + 1)z, and br? < min (—ar? — 2kz)?, 2k + 1?7 + az?).

When the zero solution of (5) is asymptotically stable for some © > 0, there are a finite number of stability switches
between instability and stability as the delay increases, until a value of delay beyond which the solution remains unstable.

Proof. The results in this Lemma are particular cases of the results for the more general second order retarded and
neutral delay differential equations analyzed in Cahlon and Schmidt [15] and Kuang [19, pp. 74-77]. O

Our next Theorem shows that the numerical solutions of problem (5)—(6) obtained with the F); schemes defined in
Theorem 2 preserve the stability properties of the continuous solution.

Theorem 3. Consider problem (5)-(6), witha = —a? and b = f, and the Fy; schemes defined in Theorem 2. The numer-
ical solutions computed using F) schemes are asymptotically stable if and only if the zero solution of (5) is asymptotically
stable.

Proof. The trivial solution of (5) is asymptotically stable if and only if all the roots 4; of the characteristic equation
Pta?—pet =0 (28)

have negative real part.
The system of difference equations that defines the 7, scheme in (25) can be expressed in the form of a Volterra
system of convolution type,

n
Xn+1 = 2 Ban—ra (29)
r=0

by writing

=10 if r#pN, _
B’_{Gr/N(h) if r=pN P=01 ..

Hence, using the Z transform method, a necessary and sufficient condition for the asymptotic stability of (29) is [20,
Theorem 5.21]

P(z) = det(zl — B(z)) £ 0, forall |z| > 1, (30)
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where B(z) is the Z transform of the sequence {B,}, Bz) = Yo, B,z™", that is
Bz) = )’ Gp(z ™, (1)
p=0

and, from the expressions in Corollary 1 and Remark 1, we can proceed to compute the elements of the matrix
B(z) = (b))
Using the Lommel's expansion for Bessel functions [18, p. 140]

2 - tm
= cos( 2zt> =) —J, 1 ( (32)
nZ = m! 2

one has for by; = bs,, since Pgyi(h) = Pgp(h), withz = ah and t = — in (32),

B 0 \/_l’lp+2ﬁp " —pN rah 1
ii I;}p'zp_'__ ! p—- 1 (ah)z \ 5 2 <2azN> p-1 (ah)

(33)
= cos <\/(ah)2 - 2(ah)%> = cos <h\/ a? — ﬁz‘N) .

The other elements in B(z) can be immediately obtained, by noting that ngl(h) = Pgy;(h) and Pgéz(h) = Pgy,(h), and
that the corresponding series can be term-by-term differentiated and integrated. In effect, using suitable formulae for
the derivative of Bessel functions [17, p. 222], with the relation

4t @ =27 @),
dz

with z = ah, one gets

ke h"*zﬂp

py2P+§aP—2

VP  dah) d
p!2P+§a2p+1 dh d(ah)

vg(h) = (@hf*2,,s @) = Jp1 (@) = Pguh),

and with the relation,
L1@ =11 @+ 21, @,
< <

it follows that

1
pb—3

pg! p—; 1 p+ —-J .1 S 1

g, (h) = ,2p+2aP 3 << >h J,_1(ah) +h < JP+5 (ah) + o Jp_E (ah)>>

A T = S
1 —a .1 4+ —=J 1
P!2P+zap : o Tot () @ (@) + s (ak)

ppPt
= ﬁﬁ—( 1<ah)+ h Jp-t (ah>> = Pgiy(h).

1
pl2P*igP s

As a consequence, we deduce that

512 =—va? - pzNsin (l’l\/Ol2 pz- ) b21 = ,
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FIGURE 4 Maximum absolute values, in each interval of  amplitude, of the numerical solutions computed with method 73 for Example 1

with increasing values of delays, from (A) to (O). Unstable and stable behaviors (up and down trends, respectively) are consistent with the

delay-dependent stability of the continuous solution.
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and hence, P(z) = 72 — 2 cos (h a?— pz N ) Z + 1, or, equivalently,
P) = (Z 3 ei(h\/m)> (Z B e—i(hW)) _

Therefore,

PR =0 e g = eti(AVETET)

so that, writing Az = %i (h Vaz— ﬂz—N> N, one has zV = e** for any root of P(z), and, since Nh = r,

(Ar)* = -2 (@® - pzV),

or, equivalently, A% + o — fe~** = 0, that is, (28). Hence, a root z of P(z) satisfies |z| > 1 if and only if there is a root A
of (28) with R(A) > 0. This completes the proof. O

In the proof of Theorem 3 it has been essential the possibility of expressing F); schemes in the form of Volterra sys-
tems of convolution type, which is not the case for 7,; schemes. Notwithstanding, although we cannot guarantee that
Tum schemes also preserve delay-dependent stability, numerical examples show that they seem to behave rather well in
this aspect.

Figure 4 shows the long-term behavior of the numerical solutions computed with method 73, with N = 5, for the same
problem in Example 1 with increasing delay values. Eq. (5) with coefficients a = —e? and b = § as in Example 1 represents
a demanding test of the delay-dependent preserving properties of numerical methods, the solution becoming stable for
7 > 0 and then presenting seven stability switches, from stability to instability at 7; = 2i + 1)z /\/a*?+ §,i =0, ... ,3,
and from instability to stability at 7] = 2iz/y/a®> — f,i =1, ... , 3. Thus, rounding to three decimal places, it is stable at
7 € (0,1.481) U (3.358,4.443) U (6.717,7.404) U (10.075, 10.367), and unstable otherwise. As shown in the set of graphs in
Figure 4, where the maximum absolute value of the numerical solution in each interval of = amplitude is represented for
a sequence of delay values very close to the stability switches, the numerical solutions provided by the7; scheme faithfully
reflect the delay-dependent behavior of the continuous solutions.

5 | CONCLUSIONS

Models based on DDEs, and specifically on second order DDEs, appear in numerous scientific and technical problems
(see, e.g., Kolmanovskii and Myshkis [21] and references therein), and NSFD methods [22] have been proposed for differ-
ent problems with delay (e.g., previous studies [23-26]). However, the construction of exact numerical schemes for DDEs,
and NSFD methods derived from them, has been limited, with the exact scheme defined in Theorem 1 being the first, to
our knowledge, for a second order DDE.

The 7y and 73, schemes defined in Theorem 2 provide numerical solutions for problem (5)-(6) with as high accuracy as
needed, similarly to the methods previously developed for first order scalar delay equations and systems with commuting
coefficients [2,3], but with order O(h?M) instead of the O(h™) order achieved in the previous problems. Although higher
order schemes possess the obvious advantage of their greater precision, they also have some drawbacks, as a scheme of
order 2M requires computing the exact solution for the mesh points in the first M intervals, as given in Theorem 1, which
can be demanding for large M.

As shown in Theorem 3, ), schemes faithfully preserve the delay-dependent asymptotic stability of the exact solutions,
a property difficult to prove and not common in numerical methods for DDEs [27]. Although this property has not been
proven for 73, schemes, it has been shown by numerical examples that they may also reproduce consistently the dynamic
behavior of the exact solutions, with the same accuracy as 7, schemes and with some reduced computational effort.

The coefficients of the exact numerical solution in Theorem 1, presented in Corollary 1, are expressed in terms of Bessel
and hypergeometric functions. It is suggestive that representations of solutions for problem (5)-(6) connected to these
special functions could also be obtained.
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The results of this work validate the strategy of using the expressions developed in Castro et al. [4] for general first order
DDE systems to tackle different problems where the matrix coefficients in (3) have particular structures, and specifically
for higher order DDE systems.
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APPENDIX A

A.1 | Pseudocode for the numerical schemes defined in Theorem 2:

Define problem data: parametersa,fl,7,and initial function f(f)
Create matrices A and B, and vector F(t)
Define numerical solution data: mesh size,hor N =t/h, scheme type, Fy or Ty, M, and final

time, Tmax OF Npax = Tinax/h

Compute initial values:X,=Fmh),n=-N ... 0

Compute exact numerical values in the next M intervals, X, for n = 1... MN, from 24 in
Theorem™1

Compute approximate values until final time, X, forn=MN+1 ... Nyg, from25in Theorem™2
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