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Dxfwlrqv iru H{wud Fdsdflw| lq dq
Roljrsrolvwlf Pdunhw zlwk Qhwzrun H�hfwv�

Vdqghu Rqghuvwdo|
Dsulo 43/ 5335

Devwudfw
Zh vwxg| dxfwlrqv lq zklfk �upv fdq zlq d olfhqvh iru h{wud fd0

sdflw| lq dq roljrsrolvwlf pdunhw zlwk qhwzrun h�hfwv1 Zkhq wrwdo
pdunhw sur�w grhv qrw ghshqg rq wkh zlqqhu ri wkh h{wud fdsdflw|/
wkh odujhvw �up zlqv wkh olfhqvh lq d �uvw0sulfh vhdohg0elg dxfwlrq1
Pruhryhu/ iru hdfk �up dq dxfwlrq phfkdqlvp h{lvwv wkdw dvvljqv wkh
olfhqvh wr wkh �up/ lv grplqdqw vwudwhj| lpsohphqwdeoh/ dqg pd{l0
pl}hv uhyhqxh1 Erwk dxfwlrq phfkdqlvpv duh frooxvlrq surri1 Wkhvh
uhvxowv gr qrw qhfhvvdulo| krog zkhq wrwdo pdunhw sur�w lv qrw �{hg1
Zh dsso| wkh ghyhorshg wkhru| wr wkh pdunhw ri shwuro vwdwlrqv lq wkh
Qhwkhuodqgv1

4 Lqwurgxfwlrq

Lq Iheuxdu| 4<<</ dq PGZ0vwxg| jurxs dgylvhg wkh Gxwfk jryhuqphqw wkdw
wkh pdunhw iru shwuro dorqj wkh Gxwfk kljkzd|v odfnv vhulrxv frpshwlwlrq14

�Wkdqnv wr= P| vxshuylvruv Hulf ydq Gdpph dqg Sklolssh Mhklho/ Plfkdho Fduwhu/
sduwlflsdqwv dw wkh VHG frqihuhqfh 5333/ dqg vhplqdu sduwlflsdqwv dw Wloexuj Xqlyhuvlw|1
Ilqdqfldo vxssruw ri wkh Qhwkhuodqgv Rujdql}dwlrq ri Vflhqwl�f Uhvhdufk +QZR, HVU0
judqw 843 343 834 lv judwhixoo| dfnqrzohgjhg1

|FSEQhwkhuodqgv Exuhdx iru Hfrqrplf Srolf| Dqdo|vlv/ S1R1 Er{ ;3843/ 583; JPGhq
Kddj/ Wkh Qhwkhuodqgv/ .640:3066;09449/ id{ .640:3066;06683/ D1P1RqghuvwdoCfse1qo/
kwws=22zzz1fse1qo2hqj2jhqhudo2ruj2krphsdjhv2dpr21 Wkh pdlq sduw ri wklv zrun zdv
frqgxfwhg zkloh Rqghuvwdo zdv d!oldwhg zlwk FhqwHU/ Wloexuj Xqlyhuvlw|1

4Wkh uhsruw/ zklfk lv lq Gxwfk/ lv dydlodeoh rq lqwhuqhw dw
kwws=22zzz1h}1qo2sxeolfdwlhv2sgiv244E;;1sgi1

4



Wkh pdunhw lv fkdudfwhul}hg e| kljk ohyhov ri pdunhw frqfhqwudwlrq zlwk d
Khu�qgdko0Kluvfkpdq Lqgh{ ri 6468/ dqg d wrwdo pdunhw vkduh ri wkh odujhvw
irxu �upv htxdo wr :8(1 Pruhryhu/ wkh pdujlq rq d olwhu shwuro lv kljkhu
wkdq lq vxuurxqglqj frxqwulhv dv vkrzq lq Wdeoh 51 Wkh odfn ri frpshwlwlrq
lq wkh pdunhw zruulhg wkh vwxg| jurxs/ dqg rqh ri wkh vxjjhvwlrqv wr wkh
Gxwfk jryhuqphqw zdv wr dxfwlrq qhz olfhqvhv iru shwuro vwdwlrqv lq rughu wr
ohw qhz �upv hqwhu wkh pdunhw/ ru jlyh vpdoo �upv wkh rssruwxqlw| wr jurz1

Wkh Qhwkhuodqgv Ehojlxp Jhupdq| Iudqfh Xqlwhg Nlqjgrp
3147 3147 3145 313< 3138

Wdeoh 51 Sur�w pdujlqv rq shwuro dv d iudfwlrq ri wkh sulfh/ phdvxuhg
lq 4<<91 Vrxufh= Frrshuv ) O|eudqg +4<<9,1 �Lqyhvwljdwlrq rq wkh Sulfh
Vwuxfwxuh ri Hxur <8 dqg Glhvho Rlo lq Wkh Qhwkhuodqgv/ Ehojlxp/ Jhupdq|/
Iudqfh dqg Juhdw Eulwdlq1� +Lq Gxwfk,1

Wkh vwxg| jurxs frqmhfwxuhg wkdw d vwdqgdug dxfwlrq zloo qrw ohdg wr dq
hfrqrplfdoo| h!flhqw rxwfrph/ ehfdxvh frpshwlwlrq zloo eh ghfuhdvhg dv wkh
odujhvw �upv lq wkh pdunhw +Vkhoo/ Hvvr/ ES dqg Wh{dfr, zloo zlq doo wkh qhz
olfhqvhv1 Wkhuh duh wzr uhdvrqv zk| wklv lv olnho|1 Iluvw/ ehfdxvh ri qhwzrun
h�hfwv/ wkh zloolqjqhvv0wr0sd| iru d olfhqvh lv kljkhu iru d odujh �up wkdq iru d
vpdoo �up1 Zlwk qhwzrun h�hfwv zh phdq wkdw d odujh �up lv fhwhulv sdulexv
deoh wr jdlq pruh sur�w shu rxwohw wkdq d vpdoo �up1 Lq wkh shwuro pdunhw/
wkh qhwzrun h�hfwv duh suredeo| gxh wr or|dow| vfkhphv ru dgyhuwlvlqj/ zklfk
duh erwk pruh h�hfwlyh iru odujh �upv wkdq iru vpdoo1 Vhfrqg/ d ghfuhdvh lq
frpshwlwlrq zloo ohdg wr kljkhu sur�wv/ vr wkdw wkhuh lv dq lqfhqwlyh iru odujh
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�upv wr suhhpsw wkh pdunhw/ l1h1/ wr ex| olfhqvhv zlwk wkh dlp ri suhyhqwlqj
qhz frpshwlwruv wr hqwhu wkh pdunhw1 Wkh hfrqrplf olwhudwxuh vxjjhvwv wkdw
lq vwdqgdug dxfwlrqv/ wkh fkdqfhv iru vpdoo �upv wr zlq fdsdflw| duh vpdoo1
Iru lqvwdqfh/ Jloehuw dqg Qhzehu| +4<;5, vkrz wkdw prqrsro| shuvlvwv zkhq
wkh lqfxpehqw prqrsrolvw dqg d srwhqwldo qhzfrphu frpshwh wr jhw d sdwhqw1
Lq d uhodwhg vwxg|/ Mhklho dqg Progrydqx +5333d, �qg wkdw zkhq erwk lq0
fxpehqwv dqg srwhqwldo hqwudqwv elg iru vhyhudo olfhqvhv/ doo olfhqvhv zloo eh
vrog wr lqfxpehqwv lq fdvh wkh qxpehu ri lqfxpehqwv h{fhhgv wkh qxpehu ri
olfhqvhv/ ru doo lqfxpehqwv dftxluh d olfhqvh li wkh qxpehu ri olfhqvhv h{fhhgv
wkh qxpehu ri lqfxpehqwv15

Zh shuiruphg dq hpslulfdo dqdo|vlv lq rughu wr whvw iru wkh suhvhqfh ri
qhwzrun h�hfwv lq wkh shwuro pdunhw dorqj wkh Gxwfk kljkzd|v1 Zh prghoohg
wkh vdohv 8 E?� shu sdvvlqj yhklfoh shu shwuro vwdwlrq ri d �up zlwk ? shwuro
vwdwlrqv orfdwhg dw wkh Gxwfk kljkzd|v zlwk wkh iroorzlqj h{suhvvlrq1

8 E?� ' kn q?n[
�

��%� n #�

Wkh %�*v duh wkh fkdudfwhulvwlfv ri wkh shwuro vwdwlrq/ vxfk dv orfdwlrq zlwk
uhvshfw wr wkh qhduhvw flw|/ orfdo frpshwlwlrq/ dqg idflolwlhv dw wkh vlwh1 k/ q/
dqg wkh ��*v duh rqh0glphqvlrqdo sdudphwhuv/ dqg # lv d glvwxuedqfh whup iru
zklfk wkh vwdqgdug ROV dvvxpswlrqv duh dvvxphg wr dsso|1 Xvlqj gdwd iurp
shwuro vwdwlrqv dorqj wkh Gxwfk kljkzd|/ zh hvwlpdwhg q wr eh vljql�fdqwo|
odujhu wkdq 31 Zh frqfoxghg wkdw lqghhg qhwzrun h�hfwv duh suhvhqw lq wkh

5Krzhyhu/ Nulvkqd +4<<6/ 4<<<, �qgv wkdw qhzfrphuv pd| eh deoh wr ehdw lqfxpehqwv
zkhq olfhqvhv duh dxfwlrqhg vhtxhqwldoo|1
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shwuro pdunhw16/7
Wkh dlp ri wklv sdshu lv wr dqvzhu wzr txhvwlrqv iru dq hqylurqphqw

zlwk qhwzrun h�hfwv1 Iluvw/ grhv wkh odujhvw �up lq wkh pdunhw zlq d ol0
fhqvh zkhq wkh olfhqvh lv vrog lq wkh �uvw0sulfh vhdohg0elg dxfwlrqB Vhfrqg/
lv wkhuh d ihdvleoh dxfwlrq phfkdqlvp zklfk lpsohphqwv irxu wdujhwv lq dq
hqylurqphqw zlwk qhwzrun h�hfwv/ qdpho| +4, wkh phfkdqlvp jxdudqwhhv dq
hfrqrplfdoo| h!flhqw rxwfrph/ +5, lw jhqhudwhv dv pxfk uhyhqxhv dv srvvleoh
iru wkh jryhuqphqw/ +6, lw lv qrw vhqvlwlyh wr frooxvlrq/ dqg +7, lw lv hdv| wr
lpsohphqwB

Zh zloo dqvzhu wkhvh txhvwlrqv lq d frpsohwh lqirupdwlrq prgho/ zklfk
lv jlyhq lq Vhfwlrq 51 Zh dvvxph wkdw wkhuh lv d vhoohu/ zkr ghvluhv wr vhoo
d olfhqvh wr rqh �up rxw ri d vhw ri vhyhudo �upv/ zklfk frpshwh lq dq
roljrsrolvwlf pdunhw fkdudfwhul}hg e| qhwzrun h�hfwv1 Wkh �up zklfk df0
txluhv wkh olfhqvh lpsrvhv d qhjdwlyh h{whuqdolw| rq doo lwv frpshwlwruv e|
vwhdolqj sduw ri wkhlu pdunhw vkduh1 Lq rughu wr lqfrusrudwh wkh qhwzrun hi0
ihfwv/ wkh sur�w shu rxwohw iru d jlyhq �up lv lqfuhdvlqj lq lwv wrwdo qxpehu
ri rxwohwv1 Wkh vl}h ri wkh �slh� +wrwdo pdunhw sur�wv, wr eh glylghg dprqj
wkh �upv ghshqgv rq zklfk �up jhwv wkh olfhqvh1 Zh dvvxph wkdw wkh vl}h ri
wkh slh lv lqfuhdvlqj lq wkh vl}h ri wkh zlqqlqj �up1

Lq wklv prgho/ wkh irxu wdujhwv duh irupdol}hg dv iroorzv1 Iluvw ri doo/ zh
gr qrw h{solflwo| fdofxodwh d phdvxuh iru h!flhqf| ri wkh ihdvleoh dxfwlrq

6Wkh vwxg| zdv shuiruphg dv sduw ri wkh surmhfw ri wkh Plqlvwu| ri Ilqdqfh/
dqg fdq dovr eh irxqg lq wkh uhsruw/ zklfk fdq eh irxqg rq wkh lqwhuqhw dw
kwws=22zzz1h}1qo2sxeolfdwlhv2sgiv244E;;1sgi1

7Wkhuh duh vhyhudo rwkhu hpslulfdo vwxglhv rq qhwzrun h�hfwv1 Jdqgdo +4<<7, revhuyhv
wkdw qhwzrun h�hfwv h{lvw lq wkh pdunhw iru frpsxwhu vsuhdgvkhhw surjudpv1 Lq d vwxg|
rq wkh dgrswlrq e| edqnv ri dxwrpdwhg whoohu pdfklqhv/ Vdorqhu dqg Vkhsdug +4<<8, �qg
qhwzrun h�hfwv lq wkh edqn vhfwru1
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phfkdqlvp1 Lqvwhdg/ zh dvvxph wkdw h!flhqf| uhtxluhv wkdw wkh odujhvw �up
grhv qrw zlq wkh olfhqvh1 Vhfrqgo|/ wkh uhyhqxh wdujhw lv vwudljkwiruzdug=
wkh ihdvleoh dxfwlrq phfkdqlvp vkrxog pd{lpl}h uhyhqxh ryhu doo ihdvleoh
dxfwlrq phfkdqlvpv1 Wklugo|/ iroorzlqj Mhklho dqg Progrydqx +4<<9,/ zh
xvh wkh hpswlqhvv ri wkh k0fruh dv d phdvxuh iru frooxvlrq surriqhvv ri wkh
vwxglhg ihdvleoh dxfwlrq phfkdqlvpv1 Ilqdoo|/ d ihdvleoh dxfwlrq phfkdqlvp
lv hdv| wr lpsohphqw li wkh elgglqj �upv sod| d grplqdqw vwudwhj|1

Lq Vhfwlrq 6/ zh glvfxvv wkh rxwfrphv ri wkh prgho lq wkh sxuh qhwzrun
h�hfwv fdvh/ l1h1/ zkhq wkh vl}h ri wkh slh grhv qrw ghshqg rq zklfk �up zlqv
wkh olfhqvh1 Zlwk wkuhh ru pruh �upv/ wkh odujhvw �up zlqv wkh olfhqvh lq wkh
�uvw0sulfh vhdohg0elg dxfwlrq lq dq| Qdvk htxloleulxp/ vr wkdw wkh rxwfrph
ri wkh dxfwlrq lv qrw h!flhqw1 Krzhyhu/ zh �qg wkdw iru hdfk �up �/ wkhuh
h{lvw d ihdvleoh dxfwlrq phfkdqlvp lq zklfk �up � zlqv wkh olfhqvh/ dqg zklfk
lpsohphqwv +doprvw, uhyhqxh pd{lpl}dwlrq lq vwulfwo| grplqdqw vwudwhjlhv1
Wklv ihdvleoh dxfwlrq phfkdqlvp lv d wdnh0lw0ru0ohdyh0lw phfkdqlvp/ lq zklfk
wkh vhoohu/ zkhq d �up fkrrvhv qrw wr sduwlflsdwh/ dvvljqv wkh olfhqvh wr wkh
�up wkdw lpsrvhv wkh zruvw wkuhdw rq lw +lq whupv ri orvw pdunhw vkduh,1
Ilqdoo|/ dv wkh k0fruh lv hpsw|/ wkh wdnh0lw0ru0ohdyh0lw phfkdqlvp lv frooxvlrq
surri/ vr wkdw wkh irxu wdujhwv duh uhdfkhg1

Lq Vhfwlrq 7/ zh vwxg| wkh pdunhw zkhq wkh vl}h ri wkh slh ydulhv zlwk wkh
lghqwlw| ri wkh zlqqhu ri wkh olfhqvh1 Wkhuh lv dq htxloleulxp lq zklfk wkh
odujhvw �up zlqv wkh olfhqvh1 Krzhyhu/ zh frqvwuxfw dq h{dpsoh lq zklfk lw lv
qrw wkh odujhvw �up zkr zlqv wkh olfhqvh lq wkh �uvw0sulfh vhdohg0elg dxfwlrq1
Exw/ lq htxloleulxp/ wkh vhfrqg kljkhvw elgghu vxeplwv d elg wkdw h{fhhgv lwv
zloolqjqhvv0wr0sd| djdlqvw wkh zlqqhu/ dqg zh zloo vkrz wkdw wklv htxloleulxp
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fdq eh h{foxghg e| lwhudwhg ghohwlrq ri zhdno| grplqdwhg vwudwhjlhv1 Zh
frqmhfwxuh wkdw rqo| Qdvk htxloleuld h{lvw lq zklfk wkh odujhvw �up zlqv
vxuylyh lwhudwhg ghohwlrq ri zhdno| grplqdwhg vwudwhjlhv/ zklfk lpsolhv wkdw
wkh rxwfrph ri wkh �uvw0sulfh vhdohg0elg dxfwlrq lv qrw h!flhqw1 Pruhryhu/ zh
vkrz wkdw dq| ihdvleoh dxfwlrq phfkdqlvp wkdw +doprvw, pd{lpl}hv uhyhqxh/
pxvw qhfhvvdulo| dvvljq wkh olfhqvh wr wkh odujhvw �up/ vr wkdw lq rxu prgho
doo irxu wdujhwv fdqqrw eh uhdfkhg dw rqfh/ dv wkhuh lv d frq lfw ehwzhhq
h!flhqf| dqg uhyhqxh pd{lpl}dwlrq1 Dovr/ zh �qg wkdw wkh k0fruh qhhg qrw
eh hpsw|/ vr wkdw wkhuh qhhg qrw h{lvw d frooxvlrq0surri dxfwlrq phfkdqlvp1

5 Wkh prgho

D vhoohu rzqv d olfhqvh iru dq rxwohw lq dq roljrsrolvwlf pdunhw zlwk ? lqfxp0
ehqw �upv/ odehohg �c ���c ?1 Ohw

� � i�c ���c ?j
ghqrwh wkh vhw ri �upv1 Zh zloo xvh �c �c & dqg , wr uhsuhvhqw w|slfdo �upv lq
� 1 Li wkh pdunhw vlwxdwlrq lv vxfk wkdw �up � kdv 6� rxwohwv lq wkh pdunhw/
� ' �c ���c ?/ wkhq �up �*v sur�w lv jlyhq e|

��E4� � 7�E4� � � E4�
zlwk 4 � E6�c ���c6?� wkh yhfwru ri qxpehu ri rxwohwv/ � E4� wrwdo pdunhw
sur�wv/ dqg 7�E4� �up �*v sur�w vkduh1

Zh dvvxph wkdw �up �*v sur�w vkduh lv jlyhq e|
7�E4� � sE6��

?S
,'�

sE6,�
/ +4,
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zkhuh s kdv wkh iroorzlqj surshuwlhv1
sEf� ' f/ +5,

sE6�� : sE6�� li 6� : 6� / dqg +6,
sE6� n ��� sE6�� : sE6� n ��� sE6�� li 6� : 6� +7,

Htxdwlrq +5, lqglfdwhv wkdw d �up zlwk qr rxwohwv lq wkh pdunhw pdnhv qr
sur�w/ +6, lqglfdwhv wkdw sur�w iru d �up lv lqfuhdvlqj lq wkh qxpehu ri lwv
rxwohwv/ dqg +7, lv d frqyh{lw| frqglwlrq rq s 1

Htxdwlrqv +4,0+7, duh vx!flhqw wr hvwdeolvk qhwzrun h�hfwv lq wkh pdunhw
lq wkh vhqvh wkdw wkh sur�w shu rxwohw iru d �up lv lqfuhdvlqj lq wkh wrwdo
qxpehu ri rxwohwv wkh �up kdv1 Sursrvlwlrq 4 vkrzv wkdw +4,0+7, lpso| wkdw
sur�w shu rxwohw lv lqfuhdvlqj lq wkh qxpehu ri rxwohwv1
Sursrvlwlrq 4 Vxssrvh wkdw +4,0+7, duh vdwlv�hg1 Li6� : 6�/ wkhq ��E4�*6� :
��E4�*6�1

Surri1 Ohw 6� : 6� 1 Wkhq wkh uhvxow iroorzv lpphgldwho| zlwk wkh
iroorzlqj revhuydwlrq1

sE6��
6�

' �
6�

6�[
�'�

dsE��� sE�� ��o

: �
6�

6�[
�'�

dsE��� sE�� ��o n 6� �6�
6�

dsE6��� sE6� � ��o

: �
6�

6�[
�'�

dsE��� sE�� ��o n 6� �6�
6�6�

6�[
�'�

dsE��� sE�� ��o

' �
6�

6�[
�'�

dsE��� sE�� ��o

' sE6��
6�

1
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Wkh vhoohu sodqv wr vhoo wkh olfhqvh xvlqj dq dxfwlrq1 Ohw 76� ghqrwh wkh
qxpehu ri rxwohwv �up � kdv lq wkh pdunhw ehiruh wkh olfhqvh lv vrog1 Zh
dvvxph 76� : 762 : ��� : 76?18 Ohw 74 � E 76�c ���c 76?� dqg i� eh wkh yhfwru
zlwk wkh �wk hqwu| htxdo wr 4/ dqg wkh rwkhu hqwulhv htxdo wr }hur1 Zh pdnh
wkh iroorzlqj dvvxpswlrq rq � 1

� E 74n i�� � � E 74n i�� li 76� : 76�1

Lq zrugv= wkh odujhu wkh �up wkdw zlqv wkh olfhqvh wkh odujhu wrwdo pdunhw
sur�wv1 Gh�qh

L�E�� � ��E 74n i��� ��E 74�
dv wkh xwlolw| ri �up � zkhq �up � zlqv wkh olfhqvh1 Wkh zloolqjqhvv0wr0sd|
iru d �up � ghshqgv rq zklfk �up lv frqvlghuhg e| �up � dv lwv rssrqhqw1
Zh zloo vd| wkdw �up � lv zloolqj wr sd| d vshfl�f dprxqw �djdlqvw� �up �/
zkhuh wkh zloolqjqhvv0wr0sd| lv jlyhq e| wkh gl�huhqfh lq xwlolw| iru �up �
zkhq lw jhwv wkh olfhqvh/ dqg zkhq �up � jhwv wkh olfhqvh/ l1h1/ L�E��� L�E��1

Lq dq dxfwlrq/ hdfk �up � vlpxowdqhrxvo| dqg lqghshqghqwo| vxeplwv d
elg K� 5 ��/ zkhuh �� lv wkh vhw ri elgv iru �up �1 Lq sduwlfxodu/ zh zloo
vwxg| wkh �uvw0sulfh vhdohg0elg dxfwlrq dqg d wdnh0lw0ru0ohdyh0lw phfkdqlvp1
Lq fdvh wkh dxfwlrq lv wkh �uvw0sulfh vhdohg0elg dxfwlrq/ zh dvvxph wkh vhwv
ri srwhqwldo elgv �� wr kdyh wkh irup

�� ' ifc "c 2"c ���j
8Wklv lv zlwk vrph orvv ri jhqhudolw|1 Wkh qrqjhqhulf fdvhv fdq eh wuhdwhg lq d frp0

sohwho| dqdorjrxv zd|/ exw wkh fdvh gl�huhqwldwlrq lv pruh whglrxv1

;



zlwk " wkh vpdoohvw prqh| xqlw/9 zkhuh " lv yhu| vpdoo uhodwlyh wr doo wkh rwkhu
sdudphwhuv1 Lq wkh wdnh0lw0ru0ohdyh0lw phfkdqlvp/ �� kdv wkh irup

�� ' i�sduwlflsdwh�c �qrw sduwlflsdwh�j/

zklfk lqglfdwhv wkdw hdfk �up fdq hlwkhu sduwlflsdwh ru qrw1
Dq dxfwlrq kdv wkh iroorzlqj rxwfrph ixqfwlrqv

eR G �� � �����? $ dfc �o?

zlwk [
�

eR�EK�c ���c K?� � �/

dqg
e% G �� � ���� �? $ ??�

Li M ' EK�c ���c K?�/ wkhq eR�EM� lv lqwhusuhwhg dv wkh suredelolw| wkdw �up � jhwv
wkh olfhqvh/ dqg e%�EM� lv wkh h{shfwhg sd|phqw ri �up � wr wkh vhoohu1 Iru
vlpsolflw|/ zh dvvxph wkdw wkh e%�*v duh pxowlsohv ri "1 Zkhq �up � fkrrvhv
�qrw sduwlflsdwh� lq wkh wdnh0lw0ru0ohdyh0lw phfkdqlvp/ eR�EM� ' e%�EM� ' f1
Zh uhihu wr wklv dvvxpswlrq dv wkh �qr0gxpslqj dvvxpswlrq�1 Wkh �upv duh
ulvn qhxwudo dqg kdyh dgglwlyho| vhsdudeoh xwlolw| ixqfwlrq iru prqh| dqg wkh
doorfdwlrq ri wkh remhfw/ vr wkdw li M lv vxeplwwhg/ �up �*v xwlolw| lv jlyhq e|

?[
,'�

eR,EM�L�E,�� e%�EM�1

D vwudwhj| iru d �up � lv wkh fkrlfh ri d elg +ru d udqgrpl}dwlrq ryhu vhyhudo
elgv, iurp wkh vhw ��1 D ihdvleoh dxfwlrq phfkdqlvp lv dq dxfwlrq lqfoxglqj

9Iroorzlqj Mhklho dqg Progrydqx +4<<9,/ zh pdnh wklv dvvxpswlrq lq rughu wr dyrlg
sureohpv uhodwhg wr wkh h{lvwhqfh ri d Qdvk htxloleulxp lq sxuh vwudwhjlhv1

<



vwudwhjlhv/ zklfk irup d Qdvk htxloleulxp ri wkh dxfwlrq1 Dq rswlpdo dxfwlrq
lv d ihdvleoh dxfwlrq phfkdqlvp wkdw jlyhv wkh vhoohu wkh kljkhvw h{shfwhg
uhyhqxh1 Dq doprvw rswlpdo dxfwlrq lv d ihdvleoh dxfwlrq phfkdqlvp wkdw
jlyhv wkh vhoohu wkh kljkhvw h{shfwhg uhyhqxh plqxv dw prvw ?"1 Zh vd|
wkdw dq +doprvw, rswlpdo dxfwlrq lv grplqdqw vwudwhj| lpsohphqwdeoh li hdfk
�up sod|v d vwulfwo| grplqdqw vwudwhj|1 Grplqdqw vwudwhj| lpsohphqwdwlrq
lpsolhv wkdw wkh dxfwlrq jdph lv hdv| wr sod| e| d �up/ dv lwv rswlpdo elg
grhv qrw ghshqg rq wkh vwudwhjlhv ri wkh rwkhu �upv1

Iroorzlqj Mhklho dqg Progrydqx +4<<9,/ zh xvh wkh frqfhsw ri k0fruh
iurp frrshudwlyh jdph wkhru| wr gh�qh frooxvlrq surriqhvv ri wkh vwxglhg
ihdvleoh dxfwlrq phfkdqlvpv1 Wkh k0fruh lv wkh fruh ri wkh k0jdph/ zklfk lv
d WX jdph lq zklfk wkh sod|hu vhw frqvlvwv ri wkh vhoohu dqg wkh ? �upv1 Wkh
fkdudfwhulvwlf ixqfwlrq lv iru hdfk frdolwlrq gh�qhg dv wkh pd{lpdo xwlolw| wkh
frdolwlrq lv deoh wr rewdlq xqghu wkh dvvxpswlrq wkdw wkh frpsohphqw wdnhv
wkh zruvw dfwlrq djdlqvw wkh frdolwlrq1

Irupdoo|/ ohw sod|hu f ghqrwh wkh vhoohu/ dqg ohw � G 2tf��� $ ? eh wkh
fkdudfwhulvwlf ixqfwlrq ri wkh k0jdph1 Ohw 7 � ifj ^� 1 Zh glvwlqjxlvk wzr
vlwxdwlrqv/ qdpho| f 5 7/ dqg f *5 71 Lq wkh fdvh f 5 7/ wkh frpsohphqw kdv
qr rswlrqv dydlodeoh/ dqg wkh ehvw wklqj wkh frdolwlrq 7 fdq gr lv wudqvihu wkh
olfhqvh wr wkh �up zklfk pd{lpl}hv wrwdo xwlolw| ri wkh �upv lq 7/ vr wkdw
�E7� � 4@ �M7 S�M7.tf� L�E��1 Lq wkh fdvh wkdw f *5 7/ wkh zruvw dfwlrq wkh
frpsohphqw fdq wdnh lv dvvljq wkh olfhqvh wr �up � *5 7 wkdw lpsrvhv wkh
�zruvw wkuhdw� rq wkh �upv lq 71 Khqfh/ �E7� � 4�?�*M7 S�M7 L�E��1 Wkhq
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% � E%fc %�c ���c %?� 5 ??n� lv dq hohphqw ri wkh k0fruh li dqg rqo| li
[
�M7

%� � �E7�

iru doo 7 � ifj ^� / dqg
[

�Mtf���
%� ' �Eifj ^��1

Hdfk ihdvleoh dxfwlrq phfkdqlvp lv fdoohg frooxvlrq0surri li wkh k0fruh
lv hpsw|1 Zh xvh wkh hpswlqhvv ri wkh k0fruh dv d phdvxuh iru frooxvlrq0
surriqhvv dv lw lqglfdwhv wkdw qr frrshudwlyh djuhhphqw lv vwdeoh djdlqvw
d ghyldwlrq iurp d frdolwlrq1 Dq lpsolflw dvvxpswlrq wkdw zh zloo pdnh
wkurxjkrxw wkh sdshu lv wkdw wkh vhoohu kdv frpsohwh frpplwphqw srzhu/ lq
wkh vhqvh wkdw kh lv deoh frpplw wr dq| ihdvleoh dxfwlrq phfkdqlvp kh ghvluhv1
Zh kdyh wr pdnh wklv dvvxpswlrq/ dv wkh hpswlqhvv ri wkh k0fruh vxjjhvwv
wkdw vxfk frpplwphqw lv qrw vwdeoh1 Wkh vwuhqjwk ri wkh k0fruh olhv lq wkh
idfw wkdw lw lv wkh ohdvw vkdus fruh frqfhsw/ vr wkdw li wkh k0fruh lv hpsw|/
rwkhu fruhv duh hpsw| dv zhoo +Mhklho dqg Progrydqx/ 4<<9,1

6 Frqvwdqw wrwdo pdunhw sur�wv
Vxssrvh wkdw wrwdo pdunhw sur�w lv frqvwdqw/ l1h1/ wrwdo pdunhw sur�w grhv
qrw ghshqg rq wkh glvwulexwlrq ri wkh rxwohwv ryhu wkh �upv1 Zlwkrxw ixuwkhu
orvv ri jhqhudoo|/ zh dvvxph

� � �1
Ehiruh zh hvwdeolvk htxloleulxp elgglqj lq wkh �uvw0sulfh vhdohg0elg dxf0

wlrq/ zh ghulyh wzr xvhixo ohppdv1 Ohppd 5 lqglfdwhv wkdw lq wkh fdvh ri
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wkuhh ru pruh �upv/ hdfk �up jhwv pruh xwlolw| zkhq d vpdoo frpshwlwru
zlqv wkdq zkhq d odujh frpshwlwru zlqv1 Ohppd 6 vkrzv wkdw �up 4 lv
dozd|v zloolqj wr sd| pruh djdlqvw �up � 9' � +dv lwv zloolqjqhvv0wr0sd| lv
jlyhq e| L�E�� � L�E��,/ wkdq �up � lv zloolqj wr sd| djdlqvw �up 4 +dv lwv
zloolqjqhvv0wr0sd| lv jlyhq e| L�E��� L�E��,1

Ohppd 5 Ohw ? � �1 Iru doo �c �c & 5 �/ � 9' � 9' & 9' �/ zlwk 76� 	 76&/

L�E�� : L�E&��

Surri1 Ohw �c �c & 5 � / � 9' � 9' & 9' �/ zlwk 76� 	 76&1 E| +7,/

sE 76&� n sE 76� n �� 	 sE 76& n �� n sE 76��

vr wkdw
sE 76��

sE 76&� n sE 76� n �� n S
, �'&c�

sE 76,�
: sE 76��

sE 76& n �� n sE 76�� n S
, �'&c�

sE 76,�

zklfk lpsolhv

��E 74n i�����E 74� : ��E 74n i&�� ��E 74�

zklfk lv e| gh�qlwlrq htxlydohqw wr

L�E�� : L�E&�1

Ohppd 6 Ohw ? � �1 Iru doo � 5 �qi�j/

L�E��� L�E�� 	 L�E��� L�E��1
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Surri1 Ohw � 5 �qi�j1 E| +7,/

sE 76�� n sE 76� n �� 	 sE 76� n �� n sE 76��

ru/ htxlydohqwo|/ zlwk +5, dqg +6,
�

� n S
, �'�c�

sE 76,�*dsE 76�� n sE 76� n ��o 	
�

� n S
, �'�c�

sE 76,�*dsE 76� n �� n sE 76��o
1

Zlwk vrph pdqlsxodwlrq zh rewdlq

��E 74n i��� ��E 74n i�� 	 ��E 74n i�����E 74n i��

zklfk lv htxlydohqw wr

L�E��� L�E�� 	 L�E��� L�E���

Sursrvlwlrq 7 vkrzv wkdw zkhq wkh vhoohu vhoov wkh olfhqvh xvlqj wkh �uvw0
sulfh vhdohg0elg dxfwlrq/ lq fdvh ri wkuhh ru pruh �upv/ �up 4 zlqv wkh olfhqvh
lq dq| Qdvk htxloleulxp1 Lq wkh fdvh ri wzr �upv/ wkhuh lv dq htxloleulxp
lq zklfk hdfk �up zlqv zlwk suredelolw| �

2 1 Wkh �uvw sduw ri wkh sursrvlwlrq
iroorzv lqwxlwlyho| iurp Ohppd 6/ dv lq wkh fdvh wkdw �up 4 dqg dq| �up
� 9' � duh lq gluhfw frpshwlwlrq/ �up 4 lv suhsduhg wr sd| pruh iru wkh olfhqvh
wkdq �up �1

Sursrvlwlrq 7 Vxssrvh � � �1 Ohw ? � �1 Wkhq/ lq dq| Qdvk htxloleulxp
ri wkh �uvw0sulfh vhdohg0elg dxfwlrq/ �up 4 zlqv wkh olfhqvh1 Li ? ' 2/ wkhq
wkhuh lv d Qdvk htxloleulxp lq zklfk hdfk �up zlqv zlwk suredelolw| �

2 1
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Surri1 Ohw ? � �1 Ohw ER�c ���c R?� ghqrwh d Qdvk htxloleulxp1 Zh suryh
wkh sursrvlwlrq e| frqwudglfwlrq1 Lq rughu qrw wr shuirup d whglrxv fdvh
gl�huhqwldwlrq/ zh vxssrvh wkh iroorzlqj krogv iru vrph � 5 �qi�j/ vrph
� 5 �qi�j dqg doo , 5 �qi�c �j +rwkhu fdvhv surfhhg lq dq dqdorjrxv zd|,1

R� : R� : R,1

Li wkhvh vwudwhjlhv duh sod|hg/ dqrwkhu �up wkdq �up 4 zlqv wkh dxfwlrq1
Wkhvh elgv frqvwlwxwh d Qdvk htxloleulxp li

L�E��� R� � L�E�� +8,

dqg
L&E�� � L&E&�� R� iru hyhu| & 5 �qi�j +9,

duh vdwlv�hg1 Frqglwlrq +8, lqglfdwhv wkdw �up � kdv qr lqfhqwlyh wr vxeplw
d elg vwulfwo| orzhu wkdq R�1 Frqglwlrq +9, lqglfdwhv wkdw qrqh ri wkh �upv
rwkhu wkdq � lv zloolqj wr ryhuelg wkh elg ri �1

Wkh frqwudglfwlrq lv hvwdeolvkhg/ dv +8, dqg +9, lpso|

R� � L�E��� L�E��
� L�E��� L�E��
	 L�E��� L�E��
� R�

zkhuh wkh vhfrqg lqhtxdolw| iroorzv iurp Ohppd 5/ dqg wkh wklug lqhtxdolw|
iurp Ohppd 61 D vlplodu dujxphqw hvwdeolvkhv wkdw wkhuh lv qr htxloleulxp
lqyroylqj pl{hg vwudwhjlhv/ lq zklfk d �up rwkhu wkdq �up 4 zlqv wkh olfhqvh
zlwk vwulfwo| srvlwlyh suredelolw|1
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Iru ? ' 2/ lw lv uhdglo| fkhfnhg wkdw d Qdvk htxloleulxp lv hvwdeolvkhg
zkhq erwk �upv vxeplw d elg htxdo wr

sE 76� n ��
sE 76� n �� n sE 762� �

sE 76��
sE 76�� n sE 762 n �� 1

Frqvlghu iru hdfk � 5 � / wdnh0lw0ru0ohdyh0lw phfkdqlvp � �/ zklfk kdv wkh
iroorzlqj uxohv1: Wkh �upv vlpxowdqhrxvo| ghflgh zkhwkhu wr sduwlflsdwh ru
qrw1 Ohw A � � ghqrwh wkh vhw ri �upv zkr ghflgh wr sduwlflsdwh/ dqg ohw

�E�� 5 @h}4�?
& �'�

L�E&�

ghqrwh wkh �up wkdw lpsrvhv wkh �zruvw wkuhdw� rq �up �1 Iru hdfk A � � /
zh gh�qh wkh zlqqhu ri wkh olfhqvh dqg wkh sd|phqwv pdgh wr2e| wkh vhoohu1

+4, Li mA m � ? � 2/ wkhq wkh vhoohu nhhsv wkh olfhqvh/ dqg doo �upv zkr
sduwlflsdwh uhfhlyh "1

+5, Li A ' �qi&j/ wkhq wkh zlqqhu lv �E&�1 Hdfk �up � 5 A lv uhtxluhg
wr sd| L�E�E&��� " +zkhuh d qhjdwlyh dprxqw lqglfdwhv wkdw �up � uhfhlyhv
prqh| iurp wkh vhoohu,1

+6, Li A ' � / wkhq wkh vhoohu jlyhv wkh olfhqvh wr �up �1 Hdfk �up � lv
uhtxluhg wr sd| L�E��� L�E�E���� "1

Sursrvlwlrq 8 vkrzv wkdw lpsohphqwlqj d ihdvleoh dxfwlrq phfkdqlvp
zklfk uhvxowv lq dqrwkhu �up wkdq �up 4 wr zlq wkh olfhqvh grhv qrw qhf0
hvvdulo| ohdg wr d orvv lq uhyhqxh frpsduhg wr wkh rswlpdo dxfwlrq lq zklfk

:Wklv wdnh0lw0ru0ohdyh0lw phfkdqlvp/ lq d vrphzkdw gl�huhqw irup/ zdv lqwurgxfhg e|
Mhklho hw do1 +4<<9, lq d vlwxdwlrq zlwk qhjdwlyh h{whuqdolwlhv1
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�up 4 zlqv1 Wkh lqwxlwlrq ehklqg Sursrvlwlrq 8 lv wkh iroorzlqj1 Iluvw ri doo/
hdfk wdnh0lw0ru0ohdyh0lw phfkdqlvp � � lv gh�qhg vxfk wkdw wkh vhoohu wudqv0
ihuv2dvnv prqh| wr2iurp hdfk sduwlflsdwlqj �up vxfk wkdw wkh �up*v xwlolw|
lv " kljkhu frpsduhg wr wkh vlwxdwlrq lq zklfk lw grhv qrw sduwlflsdwh/ vr wkdw
iru hdfk �up sduwlflsdwlrq lv d vwulfwo| grplqdqw vwudwhj|1 Vhfrqgo|/ li doo
�upv sduwlflsdwh/ hdfk �up � sd|v L�E�� � L�E�E��� � " wr wkh vhoohu1 Wkh
vxp ri wkh xwlolwlhv ri doo �upv iurp wkh doorfdwlrq ri wkh olfhqvh wr �up � lv
}hur/ dv pdunhw sur�w uhpdlqv frqvwdqw1 Wkhuhiruh/ S� L�E�� ' f iru doo �1 Dv
L�E�E��� grhv qrw ghshqg rq �/ wrwdo sd|phqwv wr wkh vhoohu gr qrw ghshqg
rq � dv zhoo1 Ilqdoo|/ L�E��� L�E�E���/ lv wkh pd{lpdo zloolqjqhvv wr sd| iru
�up � jlyhq wkdw �up � zlqv wkh olfhqvh/ vr wkdw S� iL�E��� L�E�E���� "j
lv wkh kljkhvw srvvleoh uhyhqxh iurp dq| phfkdqlvp plqxv ?"1

Sursrvlwlrq 8 Vxssrvh � � �1 Wkhq iru hdfk � 5 � / � � lv d ihdvleoh dxf0
wlrq phfkdqlvp wkdw +4, dvvljqv �up � wkh olfhqvh/ +5, lv grplqdqw vwudwhj|
lpsohphqwdeoh/ dqg +6, lv doprvw rswlpdo1

Surri1 Zh vwduw e| vkrzlqj wkdw iru hdfk �up/ sduwlflsdwlrq lq � � lv
d vwulfwo| grplqdqw vwudwhj|1 Frqvlghu �up �/ dqg dvvxph wkdw wkh �upv lq
�qi�j sod| d sxuh vwudwhj| sur�oh vxfk wkdw wkh vhw ri sduwlflsdwlqj �upv lv
d vhw A � � �qi�j1 Wkhuh duh wkuhh srvvleoh fdvhv1

+4, A � ' �qi�j1 Li �up � grhv qrw sduwlflsdwh/ lwv xwlolw| lv L�E�E���1 Li
� sduwlflsdwhv/ wkhq lwv xwlolw| htxdov

L�E��� dL�E��� L�E�E���� "o ' L�E�E��� n "1
+5, A � ' �qi�c &j1 Li �up � grhv qrw sduwlflsdwh/ lwv xwlolw| lv 31 Li �

sduwlflsdwhv/ wkhq wkh olfhqvh lv doorfdwhg wr �E&�/ dqg � lv uhtxluhg wr sd|
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L�E�E&��� "1 Lwv xwlolw| htxdov

L�E�E&��� dL�E�E&��� "o ' "1

+6, mA �m 	 ? � 21 Li �up � grhv qrw sduwlflsdwh/ lwv xwlolw| lv 31 Li �
sduwlflsdwhv/ wkhq lwv xwlolw| htxdov "1

Sduwlflsdwlrq lv vwulfwo| ehwwhu iru �up � wkdq qrqsduwlflsdwlrq lq hdfk
ri wkh wkuhh srvvleoh fdvhv1 Wkhuhiruh/ sduwlflsdwlrq lv d vwulfwo| grplqdqw
vwudwhj|1

Wkh vhoohu*v uhyhqxh ri � � zkhq doo �upv sod| wkhlu grplqdqw vwudwhj| lv
jlyhq e|

-E� �� '
?[

�'�

dL�E��� L�E�E���� "o

' �
?[

�'�

L�E�E���� ?"

� -1

Wkh �uvw htxdwlrq iroorzv dv
?[

�'�

L�E�� '
?[

�'�

��E 74n i���
?[

�'�

��E 74�

'
?[

�'�

7�E 74n i�� � � E 74n i���
?[

�'�

7�E 74� � � E 74�

'
?[

�'�

7�E 74n i���
?[

�'�

7�E 74�
' f

e| gh�qlwlrq ri wkh 7�*v dqg wkh dvvxpswlrq � � �1
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Wkh kljkhvw h{shfwhg uhyhqxh wkh vhoohu fdq rewdlq jlyhq wkdw �up � zlqv
wkh olfhqvh/ lv jlyhq e|

?[
�'�

dL�E��� L�E�E���o ' �

?[
�'�

L�E�E���
' -n ?"1

Wklv h{suhvvlrq iroorzv lpphgldwho| zkhq wdnlqj lqwr dffrxqw wkdw iru hdfk
�up � wkh pd{lpdo zloolqjqhvv0wr0sd| iru kdylqj �up � zlq wkh olfhqvh lv
L�E�� � L�E�E���1 Wkhuhiruh/ wkh h{shfwhg uhyhqxh iurp � � lv dw prvw ?"
orzhu wkdq iurp dq| rwkhu ihdvleoh dxfwlrq phfkdqlvp1

Wkh �uvw0sulfh vhdohg0elg dxfwlrq dqg wkh wdnh0lw0ru0ohdyh0lw phfkdqlvpv
� � duh frooxvlrq surri1 Wklv iroorzv lpphgldwho| iurp wkh iroorzlqj sursr0
vlwlrq/ zklfk vkrzv wkdw wkh k0fruh lv hpsw|1 Zh suryh wklv sursrvlwlrq e|
frqwudglfwlrq1 Hdfk frdolwlrq frqvlvwlqj ri wkh vhoohu dqg rqh wkh �upv re0
wdlqv vwulfwo| srvlwlyh xwlolw| zkhq wkh vhoohu wudqvihuv wkh olfhqvh wr wkh �up1
Pruhryhu/ wkh frdolwlrq frqvlvwlqj ri doo �upv/ exw zlwkrxw wkh vhoohu/ fdq re0
wdlq dw prvw }hur xwlolw|/ dv wkh olfhqvh fdqqrw eh wudqvihuuhg/ dqg wkh vhoohu
kdv qr �wkuhdw� dydlodeoh/ ehfdxvh e| wkh qr0gxpslqj dvvxpswlrq/ kh fdqqrw
wudqvihu wkh olfhqvh wr rqh ri wkh �upv1 Wkhvh wzr surshuwlhv wrjhwkhu lpso|
wkdw wkh judqg frdolwlrq vkrxog jhw d vwulfwo| srvlwlyh sd|phqw1 Krzhyhu/
wkh judqg frdolwlrq jhwv dw prvw }hur xwlolw|/ dv wrwdo pdunhw sur�wv duh dv0
vxphg wr eh lqghshqghqw ri zkrp rzqv wkh olfhqvh/ vr wkdw d frqwudglfwlrq
lv hvwdeolvkhg1

Sursrvlwlrq 9 Vxssrvh � � �1 Wkhq wkh k0fruh lv hpsw|1
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Surri1 Wkh fkdudfwhulvwlf ixqfwlrq kdv wkh iroorzlqj surshuwlhv1 Wkh
ehvw d frdolwlrq ri wkh vhoohu dqg rqh ri wkh �upv fdq gr lv wudqvihu wkh olfhqvh
iurp wkh vhoohu wr wkh �up1 Wkhuhiruh/ iru doo � ' �c ���c ?/

�Eifc �j� ' L�E��1

Wkh frdolwlrq ri doo �upv |lhogv }hur xwlolw|/ dv wkh zruvw wkuhdw ri wkh vhoohu
djdlqvw wklv frdolwlrq lv wr nhhs wkh olfhqvh +lq idfw/ e| wkh qr0gxpslqj dv0
vxpswlrq/ wkh vhoohu kdv qr rwkhu rswlrqv,/ vr wkdw

�E�� ' f1

Pruhryhu/ wkh judqg frdolwlrq jhwv }hur xwlolw|/ dv wrwdo pdunhw sur�w lv �
uhjdugohvv zkr +wkh vhoohu ru rqh ri wkh �upv, rzqv wkh olfhqvh1 Wkhuhiruh

�Eifj ^�� ' f1

Zh suryh wkh sursrvlwlrq e| frqwudglfwlrq1 Vxssrvh wkdw wkh k0fruh lv qrw
hpsw|1 Ohw % � E%fc %�c ���c %?� eh dq hohphqw ri wkh k0fruh1 Wkh iroorzlqj
lqhtxdolwlhv pxvw krog1

%f n %� � �Eifc �j� ' L�E��/ � 5 � / +:,
?[

�'�
%� � �E�� ' f/ +;,

dqg
%f n

?[
�'�

%� ' �Eifj ^�� ' f1 +<,

Htxdwlrq +:, lpsolhv/ e| dgglqj ryhu doo � ' �c ���c ?/

?%f n
?[

�'�
%� �

?[
�'�

L�E��1

4<



Wkhq/ xvlqj +;,/ zh jhw

?%f n ?
?[

�'�
%� �

?[
�'�

L�E��

ru/ htxlydohqwo|
%f n

?[
�'�

%� � �
?

?[
�'�

L�E��1 +43,

Lw lv hdvlo| fkhfnhg wkdw +6, lpsolhv wkdw L�E�� : f iru doo � 5 � 1 Exw wkhq
+43, frqwudglfwv +<,1 Wkhuhiruh/ wkh k0fruh pxvw eh hpsw|1

7 Jhqhudo wrwdo pdunhw sur�wv
Dvvxph wkdw wkh vl}h ri wkh slh pd| ydu| zlwk wkh lghqwlw| ri wkh zlqqhu ri
wkh olfhqvh1 Zh dvvxph

� E 74n i�� : � E 74n i�� iru doo � 9' �/ +44,

vr wkdw zkhq �up 4 zlqv wkh olfhqvh/ wrwdo pdunhw sur�wv duh pd{lpl}hg1;
Lw vhhpv yhu| olnho| wkdw �up 4 zlqv wkh �uvw0sulfh vhdohg0elg dxfwlrq/

jlyhq wkh idfw wkdw �up 4 zlqv wkh olfhqvh lq dq| Qdvk htxloleulxp lq wkh
fdvh wkdw wrwdo pdunhw sur�wv duh frqvwdqw1 Lqghhg/ dffruglqj wr Sursrvlwlrq
:/ wkhuh lv dw ohdvw rqh Qdvk htxloleulxp lq zklfk �up 4 zlqv wkh olfhqvh1

Sursrvlwlrq : Vxssrvh +44, krogv wuxh1 Wkhuh lv d Qdvk htxloleulxp ri wkh
�uvw0sulfh vhdohg0elg dxfwlrq lq zklfk �up 4 zlqv wkh olfhqvh1

;Wklv dvvxpswlrq lv zlwk vrph orvv ri jhqhudolw|/ dv wkh qrq0jhqhulf fdvh S + �p. h4, @
S + �p. h5, lv h{foxghg1

53



Surri1 Ohw R� eh wkh elg iru �up � 5 � 1 Lw lv uhdglo| fkhfnhg wkdw wkh
iroorzlqj elgv frqvwlwxwh d Qdvk htxloleulxp lq zklfk �up 4 zlqv wkh olfhqvh1

R� ' L2E2�� L2E��/
R2 ' R� � "/ dqg
R& ' f/ & 5 �qi�c 2j1

Lq wkh fdvh ri wzr �upv/ �up 4 dozd|v zlqv wkh olfhqvh1 Wkh uhdvrq lv
wkdw wkh zloolqjqhvv wr sd| iru �up 4 djdlqvw �up 5 lv vwulfwo| odujhu wkdq wkh
zloolqjqhvv wr sd| iru �up 5 djdlqvw �up 41

Sursrvlwlrq ; Vxssrvh +44, krogv wuxh/ dqg ? ' 21 Wkhq/ lq dq| Qdvk
htxloleulxp ri wkh �uvw0sulfh vhdohg0elg dxfwlrq/ �up 4 zlqv wkh olfhqvh1

Surri1 Wkh surri lv e| frqwudglfwlrq1 Ohw R� dqg R2 eh wkh elgv ri �up 4
dqg �up 5 lq d Qdvk htxloleulxp/ zlwk R2 � R�1 Wklv lv dq htxloleulxp rqo|
li

L�E2� � L�E��� R2/
dqg

L2E2�� R2 � L2E��1
Qrwh wkdw wkh �uvw +vhfrqg, frqglwlrq uhihuv wr �up 4 +5, kdylqj qr lqfhqwlyh
wr ghyldwh wr d elg deryh R2 +ehorz R�,1 Wkhvh frqglwlrqv wrjhwkhu lpso|
wkdw dq htxloleulxp lq zklfk �up 5 zlqv rqo| h{lvwv li

L�E��� L�E2� � L2E2�� L2E��1 +45,
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Krzhyhu/ e| dvvxpswlrq/

� E 76n e�� : � E 76n e2�

vr wkdw

� E 76n e��E7�E 76n e�� n 72E 76n e��� : � E 76n e2�E7�E 76n e2� n 72E 76n e2��

dv 7�n72 ' � e| gh�qlwlrq1 Wkhq/ zlwk vrph vwudljkwiruzdug pdqlsxodwlrq/

L�E��� L�E2� : L2E2�� L2E��/

zklfk frqwudglfwv +45,1

Krzhyhu/ lq H{dpsoh </ zh �qg dq htxloleulxp ri wkh �uvw0sulfh vhdohg0elg
dxfwlrq/ lq zklfk lw lv qrw wkh odujhvw �up wkdw zlqv wkh olfhqvh1

H{dpsoh < Frqvlghu wkh pdunhw zlwk wkuhh lqfxpehqw �upv dqg d srwhqwldo
hqwudqw/ zlwk 76� ' �/ 762 ' 2/ 76� ' �/ dqg 76e ' f1 Wkh vwdwxv txr wrwdo
pdunhw sur�w htxdov 4/ l1h1/

� E 74� ' �1
Zkhq wkh wzr odujhvw �upv dftxluh wkh olfhqvh/ wrwdo pdunhw sur�w uhpdlqv dw
wkh lqlwldo ohyho/ vr wkdw

� E 74n i�� ' �/ dqg
� E 74n i2� ' �1

Zkhq wkh vpdoohvw lqfxpehqw �up jhwv wkh olfhqvh/ wkh �slh� zloo vkulqn wr
��
�D / l1h1/

� E 74n i�� ' ��
�D1
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Li wkh srwhqwldo hqwudqw rewdlqv wkh olfhqvh/ qr sur�w zloo eh pdgh lq wkh
pdunhw/ vr wkdw

� E 74n ie� ' f1
Wkh rwkhu uhohydqw sdudphwhuv duh jlyhq e|

sEf� ' f/
sE�� ' ./
sE2� ' �D/
sE�� ' 2e/ dqg
sEe� ' �e1

Ohw `A� E�c �� ghqrwh krz pxfk �up � lv zloolqj wr sd| iru wkh olfhqvh lq
rughu wr suhyhqw �up � iurp zlqqlqj lw1 E| gh�qlwlrq/ `A� E�c �� fdq eh
zulwwhq dv

`A� E�c �� � L�E��� L�E��1
Zh �qg wkdw

`A� E�c 2� ' �e
�e n �D n . �

2e
2e n 2e n . � f��./

`A� E2c �� ' 2e
2e n 2e n . �

��
�D �

�D
2e n �D n �D � f�2f/

`A� E�c 2� ' ��
�D �

�D
2e n �D n �D �

.
2e n 2e n . � f���/ dqg

`A� E�c e� ' ��
�D �

�D
2e n �D n �D � f�2e1

Vxssrvh wkdw �up � elgv R�1 Wkhq lw lv uhdglo| yhul�hg wkdw wkh iroorzlqj vhw
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ri elgv hvwdeolvk d Qdvk htxloleulxp1

R� ' Re ' f/
R2 ' `A� E�c 2� n "/ dqg
R� ' `A� E�c 2�1

Qrwh wkdw wkh htxloleulxp zklfk zh ghulyh lq H{dpsoh < fdq eh h{foxghg
e| lwhudwhg ghohwlrq ri zhdno| grplqdwhg vwudwhjlhv1 Ilup 6 vhhpv wr sod|
d udwkhu irrolvk vwudwhj| lq wkh vhqvh wkdw lw lv elgglqj pxfk pruh wkdw lw
zrxog eh zloolqj wr elg lq rughu wr suhyhqw �up 5 iurp zlqqlqj wkh olfhqvh/
exw lw grhv qrw sod| d grplqdwhg vwudwhj|1 Wklv iroorzv iurp wkh idfw wkdw
�up 6*v zloolqjqhvv0wr0sd| djdlqvw �up 7 lv kljkhu wkdq lwv htxloleulxp elg1
Krzhyhu/ doo �up 7*v elgv deryh }hur duh zhdno| grplqdwhg e| d elg ri }hur/
vr wkdw �up 6*v vwudwhj| lv ghohwhg lq wkh vhfrqg lwhudwlrq ri ghohwlrq ri zhdno|
grplqdwhg vwudwhjlhv1

H{dpsoh < dqg Sursrvlwlrqv 7 dqg ; wrjhwkhu mxvwli| wkh iroorzlqj frq0
mhfwxuh1

Frqmhfwxuh 43 Vxssrvh +44, krogv wuxh1 Wkhq lq dq| Qdvk htxloleulxp
ri wkh �uvw0sulfh vhdohg0elg dxfwlrq wkdw vxuylyhv lwhudwhg ghohwlrq ri zhdno|
grplqdwhg vwudwhjlhv/ wkh odujhvw �up zlqv wkh olfhqvh1

Sursrvlwlrq 44 vkrzv wkdw/ lq frqwudvw wr wkh vlwxdwlrq zlwk frqvwdqw wrwdo
pdunhw sur�wv/ wkhuh lv qr +doprvw, rswlpdo dxfwlrq lq zklfk dqrwkhu �up
wkdq �up 4 zlqv wkh olfhqvh1 Wkh surri iroorzv wkh iroorzlqj olqhv1 Wkh
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pd{lpdo sd|phqw d �up � lv zloolqj wr pdnh jlyhq wkdw �up � zlqv lv jlyhq
e| L�E�� � L�E�E���/ vr wkdw wkh pd{lpdo uhyhqxh iru wkh vhoohu/ xqghu wkh
uhvwulfwlrq wkdw �up � zlqv wkh olfhqvh/ htxdov ?S

�'�
dL�E���L�E�E���o1 Zh vkrz

wkdw wkh kljkhvw srvvleoh uhyhqxh jlyhq wkdw �up 4 zlqv lv vwulfwo| kljkhu
wkdq wkh kljkhvw srvvleoh uhyhqxh jlyhq wkdw dq| rwkhu �up zlqv1 Zh �qlvk
wkh surri e| vkrzlqj wkdw wdnh0lw0ru0ohdyh0lw phfkdqlvp��/ zklfk lv gh�qhg
deryh dqg zklfk dvvljqv wkh olfhqvh wr �up 4/ lv doprvw uhyhqxh pd{lpl}lqj1

Sursrvlwlrq 44 Vxssrvh +44, krogv wuxh1 Rqo| iru � ' � wkhuh h{lvwv d ihd0
vleoh dxfwlrq phfkdqlvp wkdw +4, dvvljqv �up � wkh olfhqvh/ +5, lv dq +doprvw,
rswlpdo dxfwlrq1 Wkh pd{lpdo h{shfwhg uhyhqxh htxdov

� E 74n i���
?[

�'�
��E 74n i�E���1 +46,

zkhuh
�E�� 5 @h}4�?

& �'�
L�E&�

ghqrwhv wkh �up wkdw lpsrvhv wkh �zruvw wkuhdw� rq �up �1

Surri1 Wkh kljkhvw h{shfwhg uhyhqxh wkh vhoohu fdq rewdlq jlyhq wkdw
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�up � 9' � zlqv wkh olfhqvh/ lv jlyhq e|
?[

�'�
dL�E��� L�E�E���o '

?[
�'�

d��E 74n i��� ��E 74n i�E���o

'
?[

�'�
d7�E 74n i�� � � E 74n i��� ��E 74n i�E���o

' � E 74n i���
?[

�'�
��E 74n i�E���

	 � E 74n i���
?[

�'�
��E 74n i�E���

'
?[

�'�
dL�E��� L�E�E���o1

Wkh odvw lqhtxdolw| iroorzv e| wkh dvvxpswlrqv rq � 1 Wkhuhiruh/ wkh rswlpdo
dxfwlrq dvvljqv �up � wkh olfhqvh1 Wkh rqo| wklqj wkdw lv ohiw wr fkhfn lv
zkhwkhu dq dxfwlrq h{lvwv zklfk lv doprvw rswlpdo/ dqg dvvljqv �up 4 wkh
olfhqvh1 Frqvlghu wdnh0lw0ru0ohdyh0lw phfkdqlvp ��/ zklfk lv gh�qhg lq wkh
surri ri Sursrvlwlrq 81 Lq wklv dxfwlrq/ hdfk �up kdv d vwulfwo| grplqdqw
vwudwhj| wr fkrrvh �sduwlflsdwh�/ dqg li wkh| gr vr/ �up 4 lv wkh zlqqhu ri
wkh olfhqvh1 Wkh uhyhqxh ri �� lv htxdo wr

?[
�'�

dL�E��� L�E�E���o� ?"/

vr wkdw �� lv dq doprvw rswlpdo dxfwlrq lq zklfk �up 4 zlqv wkh olfhqvh1

Iru jhqhulf � / wkh k0fruh qhhg qrw eh hpsw|1 Wklv lv hvwdeolvkhg e|
H{dpsoh 45/ lq zklfk wkh k0fruh lv qrw hpsw|/ dqg lq zklfk zh vkrz krz
dq hohphqw lq wkh k0fruh fdq eh hvwdeolvkhg e| d wdnh0lw0ru0ohdyh0lw r�hu iurp
wkh vhoohu wr �up 41
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H{dpsoh 45 Wkhuh duh wzr �upv lq wkh pdunhw1 Lq wkh vwdwxv txr vlwxdwlrq/
�up 4 kdv 5 rxwohwv/ l1h1/ 6� ' 2/ dqg �up 5 kdv 4 rxwohw/ l1h1/ 62 ' �1
Vxssrvh wkdw s lv jlyhq e|

sE&� ' &2 iru doo & 5 C1

Wkh vwdwxv txr wrwdo pdunhw sur�w lv 4/ l1h1/

� E2c �� ' �1
Vxssrvh wkdw li �up 4 zlqv wkh olfhqvh/ wrwdo pdunhw sur�w jurzv wr 5/ l1h1/

� E�c �� ' 21
dqg wkdw wrwdo pdunhw sur�w uhpdlqv xqfkdqjhg li �up 5 zlqv wkh olfhqvh/
l1h1/

� E2c 2� ' �1
Zlwk wkhvh sdudphwhuv/ zh hvwdeolvk wkh iroorzlqj xwlolwlhv1

L�E�� ' �/
L2E�� ' f/
L�E2� ' � �

�f / dqg
L2E2� ' e

�f1
Wkh fkdudfwhulvwlf ixqfwlrq ri wkh uhodwhg k0jdph lv wkhq gh�qhg dv iroorzv

�Ef� ' �E2� ' �E�c 2� ' f
�Efc �� ' �Efc �c 2� ' �

�E�� ' � �
�f

�Efc 2� ' e
�f 1
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Wkh k0fruh lv qrw hpsw|1 Lw lv uhdglo| fkhfnhg wkdw wkh k0fruh lv jlyhq e| doo
yhfwruv E%fc %�c %2� 5 ?� zlwk

%f n %� ' �/
%f � e

�f /
%� � f/ dqg
%2 ' f1

Rqh hohphqw ri wkh k0fruh lv E� � "c "c f�1 Wklv rxwfrph lv iru lqvwdqfh hv0
wdeolvkhg zlwk d wdnh0lw0ru0ohdyh0lw r�hu iurp wkh vhoohu wr �up 4 wr ex| wkh
olfhqvh iru d sulfh htxdo wr �� "/ zkhuh lw lv lq �up 4*v lqwhuhvw wr dffhsw wkh
r�hu1

8 Frqfoxglqj uhpdunv
Wkh dqdo|vlv kdv frq�uphg wkh frqmhfwxuh ri wkh PGZ0vwxg| jurxs dgylvlqj
wkh Gxwfk jryhuqphqw wkdw d vwdqgdug dxfwlrq zloo ohdg wr dq lqfuhdvh ri
pdunhw frqfhqwudwlrq udwkhu wkdq d ghfuhdvh wkh Gxwfk jryhuqphqw dlpv dw/
vr wkdw wkh rxwfrph ri wkh dxfwlrq lv lqh!flhqw1 Wkh lqh!flhqf| lv fdxvhg
e| wkh idfw wkdw wkh frqvxphuv gr qrw sduwlflsdwh lq wkh dxfwlrq +vhh dovr
Mhklho dqg Progrydqx/ 5333d,1 Ri frxuvh/ wkh lvvxh ri lqfuhdvlqj pdunhw
frqfhqwudwlrq gxh wr dxfwlrqv ri olfhqvhv lv qrw uhvwulfwhg wr wkh shwuro vhfwru1
Iru lqvwdqfh/ sduwlflsdwlqj lq wkh XPWV dxfwlrqv wkdw wrrn sodfh lq Hxursh
lq 5333 dqg 5334 vhhphg wr eh pxfk pruh lqwhuhvwlqj iru lqfxpehqwv wkdq
iru hqwudqwv +Mhklho dqg Progrydqx/ 5333e> Nohpshuhu/ 5334> Ydq Gdpph/
5334,1
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Wkh dvvxpswlrq ri d frqvwdqw slh pd| qrw eh dv xquhdolvwlf dv lw vhhpv1
Lq wkh Gxwfk shwuro pdunhw/ wkh �upv ghyhorshg dq lqwhuhvwlqj zd| ri fr0
ruglqdwlqj rq kljk shwuro sulfhv1 Zkhq Vkhoo/ wkh pdunhw ohdghu/ ghflghv
wr fkdqjh lwv sulfh/ lw dqqrxqfhv wklv lq wkh suhvv1 Zlwklq d ihz gd|v/ doo
wkh rwkhu �upv iroorz Vkhoo*v h{dpsoh1 Iru hdfk �up/ wklv frruglqdwlrq lv
yhu| sur�wdeoh dv lw ohdgv wr kljk sulfhv/ dqg wkhuh lv qr uhdvrq wr eholhyh
wkdw �upv zloo ghyldwh iurp wklv frruglqdwlrq lq fdvh wkh pdunhw vwuxfwxuh
fkdqjhv vrphzkdw1 Wkhuhiruh/ lqghshqghqw ri zklfk �up zlqv wkh olfhqvh/
wrwdo pdunhw sur�wv zloo qrw eh d�hfwhg1

H{dpsoh 45 pd| fdvw vrph grxew rq wkh xvhixoqhvv ri wkh k0fruh dv d frq0
fhsw iru vwudwhj| surriqhvv ri ihdvleoh dxfwlrq phfkdqlvpv1 Pruh vshfl�fdoo|/
zh zrxog dujxh wkdw dq hpsw| k0fruh grhv lqglfdwh frooxvlrq0surriqhvv/ exw
d qrq0hpsw| k0fruh qhhgv qrw lpso| wkdw dxfwlrqv duh qrw frooxvlrq surri1
Lq H{dpsoh 45/ qrqh ri wkh vwdqgdug frdolwlrq djuhhphqwv djdlqvw wkh vhoohu
vhhp wr zrun djdlqvw wkh sursrvhg wdnh0lw0ru0ohdyh0lw r�hu ri wkh vhoohu/ lq
zklfk kh lv deoh wr h{wudfw doprvw wkh hqwluh vxusoxv ri �up 4= Lw lv qrw lq
�up 4*v lqwhuhvw wr uhmhfw wkh wdnh0lw0ru0ohdyh0lw r�hu> �up 5 lv qrw zloolqj wr
frpshqvdwh �up 4 iru uhmhfwlqj wkh r�hu> �up 5 lv qrw zloolqj wr euleh wkh
vhoohu qrw wr vhoo wkh olfhqvh wr �up 4> lw lv qrw lq wkh lqwhuhvw ri wkh �upv wr
irup d fduwho djdlqvw wkh vhoohu/ lq zklfk wkh| djuhh wkdw �up 4 grhv qrw df0
fhsw wkh r�hu> dqg vr iruwk1 Lq idfw/ wkh qrq0hpswlqhvv ri wkh k0fruh lqglfdwhv
wkh vwdelolw| ri wkh djuhhphqw ehwzhhq wkh vhoohu dqg �up 41 Lq frqwudvw/ vxfk
dq djuhhphqw zrxog qrw eh vwdeoh lq wkh fdvh ri dq hpsw| k0fruh1 Lq wkdw
fdvh zh kdyh wr pdnh vwurqj dvvxpswlrqv rq wkh frpplwphqw ri wkh vhoohu wr
wkh dxfwlrq phfkdqlvp kh fkrrvhv wr wudqvihu wkh olfhqvh wr rqh ri wkh �upv1
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D vlplodu uhdvrq wkdw wkh k0fruh pd| qrw eh dq dghtxdwh frqfhsw iru
vwudwhj| surriqhvv iroorzv iurp wkh glvfxvvlrq lq wkh sdshu ri PfDihh dqg
PfPloodq +4<<5, rq wkh irupdwlrq ri fduwhov lq dxfwlrqv1 Lw lv hdvlo| vkrzq
wkdw wkh k0fruh lv qrw hpsw| lq dxfwlrq prghov lq zklfk qr h{whuqdolwlhv duh
dvvxphg1 Vwloo/ lq wklv vhwwlqj/ PfDihh dqgPfPloodq dvvxph wkh srvvlelolw| ri
fduwhov ri �upv wkdw frrshudwh djdlqvw wkh vhoohu1 Wkh| uho| rq wkh dvvxpswlrq
wkdw wkhuh lv dq hqirufhphqw phfkdqlvp wkdw irufhv wkh fduwho phpehuv qrw
wr ghyldwh iurp wkh fduwho djuhhphqw1 Ghyldwruv pd| eh gluhfwo| sxqlvkhg/ ru
lqgluhfwo| wkurxjk julp0wuljjhu vwudwhjlhv1 Dv suhyhqwlqj frooxvlyh ehkdylru
lv rqh ri wkh pdmru lvvxhv lq dxfwlrq ghvljq +Fudpwrq dqg Vfkzduw}/ 4<<<>
Nohpshuhu/ 5334,/ ixwxuh uhvhdufk vkrxog ohdg wr wkh frqvwuxfwlrq ri d ehwwhu
phdvxuh iru wkh vwdelolw| ri frooxvlrq djdlqvw wkh vhoohu1

9 Uhihuhqfhv

Fudpwrq/ S1/ dqg Vfkzduw}/ M1 D1 +4<<<,1 �Frooxvlyh Elgglqj= Ohvvrqv iurp
wkh IFF Vshfwuxp Dxfwlrqv/� zrunlqj sdshu/ Xqlyhuvlw| ri Pdu|odqg1

Jdqgdo/ Q1 +4<<6,1 �Khgrqlf Sulfh Lqgh{hv iru Vsuhdgvkhhwv dqg dq Hp0
slulfdo Whvw iru Qhwzrun H{whuqdolwlhv/� UDQG M1 Hfrq1 58/ 49304:31

Jdqgdo/ Q1 +4<<:,1 �Vhtxhqwldo Dxfwlrqv ri Lqwhughshqghqw Remhfwv= Lv0
udhol Fdeoh Whohylvlrq Olfhqvhv/� M1 Lqg1 Hfrq1 78/ 55:05771

Jloehuw/ U1/ dqg Qhzehu|/ G1 +4<;5,1 �Suhhpswlyh Sdwhqwlqj dqg wkh
Shuvlvwhqfh ri Prqrsro|/� Dphu1 Hfrq1 Uhy1 :5/ 84708591

Mhklho/ S1/ dqg Progrydqx/ E1 +4<<9,1 �Vwudwhjlf Qrqsduwlflsdwlrq/�
UDQG M1 Hfrq1 5:/ ;70<;1
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Mhklho/ S1/ dqg Progrydqx/ E1 +5333d,1 �Olfhqvh Dxfwlrqv dqg Pdunhw
Vwuxfwxuh/� zrunlqj sdshu/ Xqlyhuvlw| ri Pdqqkhlp1

Mhklho/ S1/ dqg Progrydqx/ E1 +5333e,1 �Wkh Hxurshdq XPWV2LPW05333
Olfhqvh Dxfwlrqv/� FHSU Glvfxvvlrq Sdshu 5;431

Mhklho/ S1/ Progrydqx/ E1/ dqg Vwdffkhwwl/ H1 +4<<9,1 �Krz +Qrw, wr Vhoo
Qxfohdu Zhdsrqv/� Dphu1 Hfrq1 Uhy1 ;9/ ;470;5<1

Nohpshuhu/ S1 +5334,1 �Zkdw Uhdoo|Pdwwhuv lq Dxfwlrq Ghvljq/� zrunlqj
sdshu/ R{irug Xqlyhuvlw|1

Nulvkqd/ N1 +4<<6,1 �Dxfwlrqv zlwk Hqgrjhqrxv Ydoxdwlrqv= Wkh Shuvlv0
whqfh ri Prqrsro| Uhylvlwhg/� Dphu1 Hfrq1 Uhy1 ;6/ 47:04931

Nulvkqd/ N1 +4<<<,1 �Dxfwlrqv zlwk Hqgrjhqrxv Ydoxdwlrqv= Wkh Vqrz0
edoo H�hfw Uhylvlwhg/� Hfrq1 Wkhru| 46/ 6::06<41

PfDihh/ U1 S1/ dqg PfPloodq/ M1 +4<<5,1 �Elgglqj Ulqjv/� Dphu1 Hfrq1
Uhy1 ;5/ 8:<08<<1

Vdorqhu/ J1/ dqg Vkhsdug/ D1 +4<<8,1 �Dgrswlrq ri Whfkqrorjlhv zlwk
Qhwzrun H�hfwv= Dq Hpslulfdo H{dplqdwlrq ri Dxwrpdwhg Whoohu Pdfklqhv/�
UDQG M1 Hfrq1 59/ 7:<08341
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