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Summary

The goal of this PhD thesis is to study the computational aspects of muon
tomography, the purpose of which is to characterize the target materials
such as nuclear materials in diverse applications. We present our outcomes
in a quantitative as well as in a qualitative format when/if necessary. This
collection is envisaged to constitute my PhD thesis. First, we attempt to
estimate the kinetic energy of the incoming muons by using the deflection
angle through the detector layers fabricated from polyvinyl toluene. Sec-
ondly, in addition to the derivation of the triangular correlation, we deter-
mine the characteristic parameters such as the scattering angle, the muon
absorption, and the muon displacement for the bulky nuclear waste barrels
as well as the homogenized nuclear waste barrels. Finally, rather than using
the vertical muons with either a constant energy or a uniform energy dis-
tribution, we try to sophisticate the muon sources by utilizing a restrictive
plane and a discretized energy spectrum. This PhD thesis is summarized
as follows.

In chapter 1, we briefly outline the literature related to the muon to-
mography that is referred during our studies.

In chapter 2, the preliminary information about the muon tracking by
means of the GEANT4 simulations [1] is summarized in accordance with
the physics reference manual of GEANT4 10.7 [2] along with the implemen-
tation steps in [3], all the equations as well as all the expressions of which
are narrated by respecting the existing notations therewithin.

In chapter 2.6, by employing the GEANT4 code, we show that the
deflection angle decays as a function of the kinetic energy, and the numerical
values for the current configuration are below the detector accuracy except
the initial energy bins owing to the low-Z, low density, and low thickness
of the current plastic scintillators. This implies the necessity of additional
components that provoke the muon scattering. Therefore, we introduce
stainless steel surfaces into the top and bottom sections in order to amplify
the deflection angle as well as to reduce the uncertainty, thereby improving
the detector performance.

In chapter 4, we address the problem of the muon energy classification
for a tomographic system consisting of 0.4-cm plastic scintillators manu-
factured from polyvinyl toluene and we explore a four-group classification
besides a ternary partitioning between 0.25 and 8 GeV. In the first instance,
we determine the deflection angles by tracking the hit locations in the de-
tector layers on the sub-divided uniform energy intervals. In the latter step,
we express two misclassification probabilities where the first approach as-
sumes a symmetrical linear propagation bounded by one standard deviation
in one dimension, whereas the second procedure employs a positively de-
fined modified Gaussian distribution that governs the overlapping area in
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two dimensions. In the final stage, we compare qualitatively and quantita-
tively the adjacent energy groups by using the computed misclassification
probabilities. In the absence of any further data manipulation, we explicitly
show that the misclassification probabilities increase when the number of
energy groups augments. Furthermore, we also conclude that it is feasible
to benefit from the mean deflection angle to roughly estimate the muon en-
ergies up to four energy groups by taking the misclassification probabilities
into consideration, while the classification viability significantly diminishes
when the partition number exceeds four on the basis of standard deviation.

In chapter 5, we contrast our current tomographic prototype, which
consists of the detector layers manufactured from polyvinyl toluene besides
a detector accuracy of 1 mrad, with an alternative hodoscope scheme con-
taining stainless steel layers by aiming to investigate the three-group energy
structure. Initially, we determine the average deflection angles together
with the corresponding standard deviations for our present setup as well
as for the alternative scheme. In the second place, we express a brace
of misclassification probabilities founded on the standard deviations where
the first procedure assumes a linear finite approximation, whereas the lat-
ter approach rests on a positively defined modified Gaussian distribution.
Upon our simulation results, we demonstrate that the introduced stainless
steel layers in the proposed hodoscope setup do not only serve to augment
the average deflection angles, but they also diminish the misclassification
probabilities, therewith reducing the classification uncertainty as well as
improving detection performance.

In chapter 6, we split the scattering angle into two separate angles by
creating a triangular correlation in such a way that the scattering angle is
referred to an exterior angle, whereas the separate angles are considered
the interior opposite angles that are not neighboring this exterior angle.
We first show that a combination of three detector layers out of four fulfills
the calculation of the interior opposite angles. Then, by employing the
GEANT4 simulations over our tomographic configuration composed of three
plastic scintillators in above and below the volume-of-interest (VOI), we
demonstrate that the interior opposite angles differ towards the vertical
spatial variation, while the exterior angle approximately remains constant,
thereby implying a beneficial feature to be used for the image reconstruction
purposes.

In chapter 7, we apply this triangular correlation for a multi-block ma-
terial configuration that consist of concrete, stainless steel, and uranium.
By changing the order of this material set, we employ the GEANT4 simula-
tions and we show that the triangular correlation is valid in the multi-block
material setups, thereby providing the possibility of supportive information
for the coarse prediction of the material order in such configurations.

In chapter 8, we employ the Monte Carlo simulations by using the
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GEANT4 code to demonstrate the capability of muon tomography based on
the dual-parameter analysis in the examination of the nuclear waste barrels.
Our current hodoscope setup consists of three top and three bottom plastic
scintillators. By simulating with a narrow planar muon beam of 1×1 cm2

over the uniform energy interval between 0.1 and 8 GeV, we determine the
variation of the average scattering angle together with the standard devia-
tion by utilizing a 0.5-GeV bin length, the counts of the scattering angle by
using a 1-mrad step, and the number of the absorption events for the five
prevalent nuclear materials starting from cobalt and ending in plutonium.
Via the duo-parametric analysis that is founded on the scattering angle as
well as the absorption in the present study, we show that the presence of
the nuclear materials in the waste barrels is numerically visible in compar-
ison with the concrete-filled waste drum without any nuclear material, and
the muon tomography is capable of distinguishing these nuclear materials
by coupling the information about the scattering angle and the number of
absorption in the cases where one of these two parameters yields strong
similarity for certain nuclear materials.

In chapter 9, motivated by the feasibility verification of cosmic ray muon
tomography in the discrimination of the nuclear waste/cement mixtures, we
employ the GEANT4 simulations by using our tomographic setup consisting
of plastic scintillators in order to determine the characteristic parameters
such as the scattering angle, the muon absorption, and the muon displace-
ment owing to the nuclear waste barrels exposed to the in-drum mixing
over a set of radioactive materials consisting of cobalt, strontium, caesium,
uranium, and plutonium in the present study. Upon our simulation results
based on a cylindrical stainless steel drum in which the nuclear materials are
homogeneously combined with the regular concrete, we show that the pres-
ence of uranium and plutonium in the cementitious forms is qualitatively
and quantitatively visible from the characteristic parameters, while the re-
maining radioactive waste/cement mixtures with the nuclear sources such
as cobalt, strontium, and caesium do not exhibit a significant difference in
comparison with the ordinary concrete slab since the intrinsic properties of
the resulting mixtures that shape the characteristic parameters are predom-
inantly governed by the matrix properties unless the associated additives
are drastically denser along with the substantially higher Z-values.

In chapter 10, by using the GEANT4 simulations, we first elaborate
this energy difference over the nuclear waste barrels that contain cobalt,
strontium, caesium, uranium, and plutonium. We show that the deposited
energy through these VOIs is not negligible for the initial energy bins. Then,
we suggest a correction factor for the image reconstruction codes where the
initial kinetic energy of the entering muons is coarsely predicted in accor-
dance with the deflection angle through the hodoscope sections, thereby
renormalizing the deflection angle in the bottom hodoscope depending on
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the intrinsic properties of the corresponding VOIs. This correction factor
encompasses useful information about the target volume traversed by the
muons since it is related to the intrinsic features of the VOI. Therefore, it
might be utilized in order to complement the scattering information as an
input to the image reconstruction.

In chapter 11, by attempting to eliminate the disadvantageous com-
plexity of the existing particle generators, we present a discrete probabilis-
tic scheme adapted for the discrete energy spectra. In our multi-binned
approach, we initially compute the discrete probabilities for each discrete
energy bin, the number of which is flexible depending on the computational
goal, and we solely satisfy the imperative condition that requires the sum
of the discrete probabilities to be the unity. Regarding the implementation
in the GEANT4 code, we construct a one-dimensional probability grid that
consists of sub-cells equaling the number of the energy bin, and each cell
represents the discrete probability of each energy bin by fulfilling the unity
condition. Through uniformly generating random numbers between 0 and
1, we assign the discrete energy in accordance with the associated generated
random number that corresponds to a specific cell in the probability grid.
This probabilistic methodology does not only permit us to discretize the
continuous energy spectra based on the Monte Carlo generators, but it also
gives a unique access to utilize the experimental energy spectra measured at
the distinct particle flux values. Ergo, we initially perform our simulations
by discretizing the muon energy spectrum acquired via the CRY generator
over the energy interval between 0 and 8 GeV along with the measurements
from the BESS spectrometer and we determine the average scattering an-
gle, the root-mean-square of the scattering angle, and the number of the
muon absorption by using a series of slabs consisting of aluminum, copper,
iron, lead, and uranium. Eventually, we express a computational strategy
in the GEANT4 simulations that grants us the ability to verify as well as
to modify the energy spectrum depending on the nature of the information
source in addition to the exceptional tracking speed.

In chapter 12, by attempting to resolve the angular complication dur-
ing the particle generation for the muon tomography applications in the
GEANT4 simulations, we exhibit an unconventional methodology that is
hinged on the direction limitation via the vectorial construction from the
generation location to the restriction area rather than using a certain angu-
lar distribution or interval. In other words, we favor a momentum direction
that is determined by a vector constructed between an initial point ran-
domly chosen on a generative point/plane and a latter point arbitrarily
selected on a restrictive plane of the same dimensions with the basal cross
section of the VOI. On account of setting out such a generation scheme, we
optimize the particle loss by keeping an angular disparity that is directly
dependent on the VOI geometry as well as the vertical position of the re-
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strictive plane for a tomographic system of a finite size. We demonstrate
our strategy for a set of target materials including aluminum, copper, iron,
lead, and uranium with a dimension of 40×10×40 cm3 over three restrictive
planes of different positions by using a discrete energy spectrum between
0.1 and 8 GeV and we compute the scattering angle, the number of absorp-
tion, and the particle loss. Upon our simulation outcomes, we show that
the particle generation by means of restrictive planes is an effective strategy
that is flexible towards a variety of computational objectives.

In chapter 13, we exhibit an elementary strategy that might be at dis-
posal in diverse computational applications in the GEANT4 simulations
with the purpose of hemispherical particle sources. To further detail, we
initially generate random points on a spherical surface for a sphere of a prac-
tical radius by employing Gaussian distributions for the three components
of the Cartesian coordinates, thereby obtaining a generating surface for the
initial positions of the corresponding particles. Since we do not require
the half bottom part of the produced spherical surface for our tomographic
applications, we take the absolute value of the vertical component in the
Cartesian coordinates by leading to a half-spherical shell, which is tradi-
tionally called a hemisphere. Last but not least, we direct the generated
particles into the target material to be irradiated by favoring a selective
momentum direction that is based on the vector construction between the
random point on the hemispherical surface and the origin of the target ma-
terial, hereby optimizing the particle loss through the source biasing. In the
end, we incorporate our strategy by using G4ParticleGun in the GEANT4
code. While we plan to exert our strategy in the computational practices for
muon scattering tomography, this source scheme might find its straightfor-
ward applications in different neighboring fields including but not limited
to atmospheric sciences, space engineering, and astrophysics where a 3D
particle source is a necessity for the modeling goals.
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Kokkuvõte - Müoni kvantitatiivsed ja kvalitatiivsed
uuringud hajuv tomograafia GEANT4
simulatsioonide kaudu: Arvutuslik uuring

Käesolev, kogumiku vormis esitatud doktoritöö on läbi viidud arvutusliku
füüsika meetoditega, mille eesmärk on ühelt poolt uurida müüonite käitu-
mist tomograafilises süsteemis ning teiselt poolt kasutada uuritavat tomo-
graafilist süsteemi materjalide karakteriseerimiseks erinevates rakendustes.
Esimeses uurimuses hindasime sissetulevate müüonite kineetilise energia
määramise meetodit, kasutades polüvinüültolueenist valmistatud
detektorites toimuvat müüonite hajumisnähtust. Teises uurimuses hindame
hajumistsentri määramise teostatavust sisenevale ja väljuvale müüontra-
jektoorile trigonomeetrilisel meetodil. Kolmandas uurimuses määrame ho-
mogeniseerimata ja homogeniseeritud tuumajäätmete konteinerites sisaldu-
vate tuumajäätmetele neid karakteriseerivad parameetrid: hajumise nurk,
müüonite neeldumistugevus ja müüonite trajektooride nihe tomograafilises
süsteemis. Neljandas uurimuses tegeleme modelleerimiskeskkonnas
GEANT4 kasutatava müüonkiirgusallika arendamisega: diskreetse energia
ning planaarse müüonallika asemel lõime erinevaid, keerukamaid müüonal-
likaid, mis võimaldavad viia simulatsioone GEANT4 loodud tomograafil-
istes süsteemides läbi efektiivsemalt. Allpool on esitatud doktoritöö kokku-
võte peatükkide kaupa.

Peatükis "Introduction" võtame lühidalt kokku doktoritöös käsitletavate
teemadega seotud taustainfo ja kirjandusviited.

Peatükis "Basic tracking notions in GEANT4" on esitatud kirjeldus
müüoni-aine interaktsioonide kohta, GEANT4s läbi viidud simulatsioonide
füüsikaline taust koos võrrandite ja avaldistega on esitatud GEANT4 juhendi
10.7 põhjal.

Peatükis "Investigation of deflection angle for muon energy classifica-
tion in muon scattering tomography via GEANT4 simulations" tõestame
GEANT4 abil, et müüoni hajumisnurk korreleerub selle kineetilise ener-
giaga ning nähtust saab kasutada müüonite energia hindamiseks. Kuid
mudelis loodud detektorsüsteemis toimuv hajumine on väiksem kui real-
istliku, füüsilise, plastisstsintillaatoritest ehitatud hodoskoobiga saavutatav
mõõtetäpsus. See tähendab, et hodoskoopi on vaja lisada materjalide kihte,
mis võimendaks müüonite hajumist. Seetõttu panime ülemisse ja alumisse
hodoskoobi sektsiooni terasest plaadid, et võimendada hajumistugevust ja
vähendada statistilist määramatus, parandades seeläbi müüonite energia
määramise võimet.

Peatükis "On muon energy group structure based on deflection an-
gle for application in muon scattering tomography: A Monte Carlo study
through GEANT4 simulations" käsitleme polüvinüültolueenist valmistatud
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0.4 cm paksustest plaststsintillaatoritest koosneva tomograafilise süsteemi
müüonite energiarühmadesse jaotamise võimalusi ja võrdleme kolme ning
nelja rühma jaotamise võimalusi ja puuduseid müüonspektri energiapiirkon-
nale 0.25-8 GeV. Kõigepealt arvutame müüonite hajumisnurgad erinevatele
energiaintervallidele. Viimases etapis arvutame külgnevatele energiainter-
vallidele valepositiivsete klassifitseerimistõenäosused. Kolme- ja neljarüh-
malise jaotuse klassifitseerimistulemused näitavad, et positiivse klassifit-
seerimise tõenäosus väheneb rühma hulga kasvuga. Lisaks järeldame ka, et
keskmise hajumisnurga abil ligikaudselt hinnata müüoni energiat kuni nelja
rühmaga jaotuste korral, kuid väheneb oluliselt, kui rühmade arv ületab
nelja.

Peatükis "Effect of passive metallic layers on muon energy estimation
by means of deflection angle for muon scattering tomography: A com-
parative study based on GEANT4 simulations" võrdleme meie praegust
tomograafilist prototüüpi, mis koosneb polüvinüültolueenist valmistatud
1 mrad mõõtetäpsusega detektorikihtidest hodoskoobiga, alternatiivse ho-
doskoobiga, millele on lisaks eelnevalt kirjeldatule lisatud roostevabast teras-
est plaadid. Arvustasime mõlemale hodoskoobitüübile keskmised müüonite
hajumisnurgad. Lisaks arvutasime standardhälvetel põhinevate valeposi-
tiivsete klassifitseerimise tõenäosused ühtlase ning Gaussi jaotuse korral.
Võrdlusmõõtmised näitavad, et roostevabast terasest plaadid mitte ainult
ei suurenda keskmisi hajumisnurki, vaid parandavad ka klassifitseerimise
tõenäosusi.

Peatükis "Unveiling triangular correlation of angular deviation in muon
scattering tomography by means of GEANT4 simulations" jagame tomo-
graafilist süsteemi läbiva müüonkiire trajektoori kolmeks ning lahutame süs-
teemis tekkiva kogu hajumisnurga kaheks eraldi nurgaks. GEANT4 läbivi-
idud simulatsioonide abil on võimalik näidata, et nende kahe hajumisnurga
suhte abil on võimalik leida objekti asukohta tomomograafi mõõtekambris
müüonkiirguse trajektooril. Leitud seos võimaldab parandada tomograafil-
ise rekonstruktsiooni tulemusi.

Peatükis "Applying triangular correlation of angular deviation for multi-
block materials via GEANT4 simulations" rakendame eelmises peatükis
uuritud seost betoonist, roostevabast terasest ja uraaniplokkudest koosneva
mõõtekonfiguratsiooni jaoks. Leidsime, et nimetatud materjalide järjekorda
muutes, muutub ka lahutatud hajumisnurkade suhe, mis võimaldab saada
lisateavet materjalide järjestuse ja paiknemise kohta tomograafi mõõtekam-
bris.

Peatükis "Non-destructive interrogation of nuclear waste barrels through
muon tomography: A Monte Carlo study based on dual-parameter analy-
sis via GEANT4 simulations" uurime tuumajäätmete eristamise võimet,
mis põhineb hajumis- ning neeldumisparameetrite analüüsil. Selleks lõime
GEANT4 mudelisse süsteemi kiiritamiseks kitsa tasapinnalise müüonkiir-
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gusallika energiaspektriga vahemikus 0.1-8 GeV, mis on jagatud 0.5 GeV-
laiusteks intervallideks. Arvutasime hajumisjaotustele keskmised hajumis-
nurgad koos standardhälbega ning neeldunud müüonite arvu erinevatele
materjalide kombinatsioonidele alates koobaltist ja lõpetades plutooniu-
miga. Näitasime, et selline mitmik-parameetriline analüüs võimaldab eris-
tada tuumamaterjale.

Peatükis "On discrimination of nuclear waste barrels subject to in-drum
mixing by muon scattering tomography: A characterization study based
on GEANT4 simulations", uurime tuumajäätmete ja betooni segude eris-
tamisvõimet, kasutades selliseid parameetreid nagu hajumisnurk, müüonite
neeldumine ja müüontrajektoori nihe. Uuritavad radioaktiivsed materjalid
- koobalt, strontsium, tseesium, uraan ja plutoonium on asetatud konteiner-
itesse. Uuringus näitasime, et uraani ja plutooniumi olemasolu betoonis on
kvantitatiivselt eristatav, samas kui ülejäänud radioaktiivsete jäätmete ja
betooni segud tuumamaterjalidega, nagu koobalt, strontsium ja tseesium,
ei erine oluliselt tavalisest betoonist.

Peatükis "Energy difference between hodoscope sections in muon tomog-
raphy: Application for nuclear waste barrels by means of GEANT4 simula-
tions", uurime, kuidas mõjutavad eelmises uuringus kirjeldatud radioakti-
ivsed konteinerid müüonkiirguse energiaspektrit ning kuidas tomograafi er-
inevad hodoskoobid peaksid seda arvesse võtma müüonite energiaklassidesse
jaotamisel. Selgus, et nii massiivsete kehade korral on müüonite energia
muutus oluline ning soovitame tomograafiliste rekonstrueerimismeetodite
jaoks parandustegurit. Juhul, kui müüonite kineetilist energiat arvutatakse
kahe eri hodoskoobi abil, mida läbiv müüonkiirgus on erineva energiaspek-
triga, soovitame kasutada energiamääramisel normaliseerimist.

Peatükis "Towards energy discretization for muon scattering tomogra-
phy in GEANT4 simulations: A discrete probabilistic approach" kirjeldame
uurimust, mis käsitleb diskreetse energiaspektriga müüongeneraatori aren-
damist. Uurimuse eesmärgiks on kõrvaldada olemasolevate osakeste gener-
aatorite ebaefektiivsus. Meetod põhineb mitmetasandilisele lähenemisele,
arvutatakse iga energiaintervalli müüonite genereerimise tõenäosused, kuid
energiaintervallide arv ja laius on sõltuvalt eesmärgist muutuv. Arendatud
tõenäosuslik metoodika ei võimalda meil mitte ainult diskretiseerida Monte
Carlo generaatoritel põhinevaid pidevaid energiaspektreid, vaid see annab
ka ainulaadse võimaluse eksperimentaalsete energiaspektrite kasutamiseks.
Kirjeldame ka GEANT4 tarkvaras kasutatavat simuleerimisstrateegiat, mis
võimaldab suurt simuleerimiskiirust.

Peatükis "Particle generation through restrictive planes in GEANT4
simulations for potential applications of cosmic ray muon tomography",
tutvustame müüonite genereerimise metoodikat, mis sõltub suunapiiran-
gust ja genereerimise asukohast lähtuva vektorkonstruktsioonist. Sellise
genereerimismetoodika väljatöötamise kaudu optimeerime osakeste kadu ning
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simulatsioonideks vajalikku aega. Demonstreerime strateegiat alumiinium,
vase, raua, plii ja uraani kuubikute korral mõõtudega 40x10x40 cm3 kolmel
erineval positsioonil diskreetsete energiaspektrite vahemikus 0.1 kuni 8 GeV
ning arvutame osakeste kao. Tulemused näitavad arendatud metoodika
tõhusust.

Peatükis "DOME: Discrete oriented muon emission in GEANT4 simu-
lations" tutvustame lihtsat strateegiat, kuidas luua efektiivne, poolkeraku-
juline müüongeneraator. Osakeste generaator töötab eelistatud müüonite
kiiritussuunaga, mis põhineb poolkerapinnal juhuslikult müüonite genereer-
imiseks valitud punktide ja uuritava keha alguspunkti vahelisel vektori va-
likul.
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1 Introduction

The principle behind the muon scattering tomography is to track the prop-
agation of the cosmic ray muons within the target volume through which
the incoming muons of a certain energy deviate from their initial trajec-
tories after a series of physical processes predominantly depending on the
atomic number, the material density, and the material thickness [4]. Muon
tomography is a relatively novel imaging technique [4] that makes use of
the free natural flux of muons originating from the interaction of cosmic
rays in the atmosphere. One of its classes of applications is the material
discrimination (e.g. for the identification of special nuclear materials), ex-
ploiting the dependence of muon-nucleus scattering on the atomic number
of the material [5]. In the course of propagation, the penetrating muons
are subject to the directional deviation due to any scattering medium with
which they encounter, and this angular deflection varies depending on the
intrinsic properties of the existing media on their trajectories. Therefore, a
typical scanner for muon tomography is composed of two hodoscopes, above
and underneath the object to be studied (e.g. a container or a nuclear waste
barrel), such that the trajectory of the muon can be tracked before and af-
ter having crossed the volume-of-interest (VOI). Reminding the fact that
the angular deviation due to the target materials actually constitutes the
principal parameter to discriminate the VOI, it might be anticipated that
the system components such as the detector layers also lead to a very tiny
deflection for the propagating muons [6]. Whereas the average deflection
angle differs according to the kinetic energy of the incoming muons, a no-
table number of tomographic setups based on the muon scattering either
do not possess any specific instruments to measure the kinetic energies or
roughly group the counted muons by using a limited number of indirect
methodologies. Among the strategies in order to coarsely classify the de-
tected muons in line with the kinetic energy might be the utilization of the
deflection angle owing to the detector layers [7, 8].

During the encounter between the primary cosmic rays and the earth
atmosphere, a non-negligible number of muons are generated over a wide
energy spectrum. The fundamental basis, on which the muon scattering to-
mography is founded, is to follow the propagation of the cosmic ray muons
within the VOI where the entering muons of a certain energy deflect from
their initial directions in the wake of the physical processes primarily hing-
ing on the atomic number, the material density, and the material thick-
ness [4, 9, 10]. Among the detection modules existing in the tomographic
setups based on the muon scattering are the plastic scintillators that have
substantially found their application by accentuating their favorable aspects
like fast rise and decay times, high optical transmission, ease of manufac-
turing, low cost depending on the number of channels, and large available
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size [11]. The hodoscope structure for the scattering-based tomography
consists of two sections that are installed atop and beneath the VOI under
the investigation [5], and each section is composed of two or more distinct
detector layers [12,13] occasionally made out of plastic scintillators usually
with a moderate thickness. Typical muon tomography systems are inher-
ently incapable of directly measuring the kinetic energy of incoming muons,
as that would demand the presence of a magnetic field or of Cherenkov de-
tectors or of a very precise time-of-flight measurement, and all those options
would make the cost of the apparatus increase by a large factor. However,
the capability of assessing, even roughly, the energy of the incoming muons
on an event per event basis can significantly enhance the precision of the
tomography [7], as the deflection process depends directly on energy. In
the course of the muon propagation through the detection system, the ho-
doscope components slightly contribute to the deviation of the transversing
muons up to a certain extent, and this tiny contribution might serve to
categorize the detected muons by building a binary relation between the
deflection angle and the muon energy [14].

In the muon scattering tomography [4, 9, 10, 15], the scattering angle
due to the VOI and its associated statistics act as the principal variables
in order to discriminate as well as to reconstruct the corresponding VOIs
in the image reconstruction techniques such as Point-of-Closest Approach
(POCA) [16–22]. As specified by the conventional tomographic configura-
tions based on the muon scattering [5], the entire detection system regularly
includes a bottom hodoscope below the VOI in addition to a top hodoscope
above the VOI on the condition of multiple detector layers present at each
hodoscope [17,18,21].

Identification of the radioactive waste forms in the nuclear waste drums
is a legislative process that is administered by the competent local authori-
ties in accordance with the standards defined by International Atomic En-
ergy Agency (IAEA) [23,24]. By reminding the present generation of the ra-
dioactive waste due to the existing radioactive sources in various fields such
as energy, medicine, and mining in addition to the old barrels originated
in the past practices [25], the formal characterization of the nuclear waste
barrels de facto requires particular attention as well as ad hoc treatment.
While several different techniques based on gamma-rays and neutrons have
been already exercised in order to examine the nuclear waste drums [26],
the muon scattering tomography [4,10], where the target materials, i.e. the
VOI, are discriminated by tracking the muon life cycle through the uti-
lization of the cosmic-ray muons, is also marked in a notable number of
studies [12, 13, 27–30] as a promising method by highlighting its titles such
as non-destructive, non-harmful, and portable. Essentially, the basic pos-
tulate of the muon scattering tomography underlines the angular deviation
of the propagating muons from the initial trajectory principally depending
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on the atomic number, the density, and the thickness of the target mate-
rial, and this angular deflection is conventionally measured by computing
the scattering angle. Along with the muon deviation due to the VOI, the
tomographic setups based on the muon scattering also impart the muon
absorption within the VOI, which might be utilized as a complementary
characteristic parameter for the purpose of the material classification.

The emerging applications of cosmic ray muon tomography [4, 10, 15]
lead to a significant rise in the utilization of the cosmic particle generators,
e.g. CRY [31], CORSIKA [32], or CMSCGEN [33], where the fundamental
parameters such as the energy spectrum and the angular distribution associ-
ated with the generated muons are represented in the continuous forms rou-
tinely governed by the probability density functions over the corresponding
vast intervals. Despite this perceptible increase in the diversity of the muon
generators, the common difficulties in the hands-on applications that might
be relatively exemplified as perplexing coupling with the Monte Carlo codes,
unnecessarily broad and occasionally unmodifiable parametric intervals for
the specific applications, extensive execution times, and complications in the
particle tracking partly remain steady. Contrary to the continuous mode,
the discretized energy spectra, i.e. multi-group energy approximations to
put it another way, have been ubiquitously employed in the neighboring
fields such as nuclear engineering [34,35] and medical physics [36,37] under
the umbrella of the non-analogue Monte Carlo simulations [38] on and on.
Along with the discretization schemes based on the theoretical assumptions,
a number of notable empirical studies founded on the advanced particle
detectors such as the BESS spectrometer [39] represent the experimental
energy spectra in the discrete format. While MNCP6 [40] includes the nec-
essary algorithms to utilize the discrete energy distributions in the black
box format, the general particle source (GPS) in GEANT4 [1] is the ex-
isting pre-configured module that provides the opportunity of this discrete
approach through a macro file without detailing the algebraic/algorithmic
phase.

The wide angular distribution [41] of the incoming cosmic ray muons
in connection with either incident angle or azimuthal angle is a challenging
trait that leads to a drastic particle loss in the course of parametric com-
putations through the GEANT4 [1] simulations associated with the muon
tomography [4, 10, 15] since the tomographic configurations as well as the
target geometries also influence the processable number of the detected
particles apart from the generation strategies. To further detail, the basic
parameters such as the scattering angle, the particle displacement, and the
particle absorption owing to the VOI de facto dictate the particle penetra-
tion through the multiple sections of the tomographic setup in addition to
the VOI. Hence, a number of the loss cases notably come into effect un-
less the calculation conditions are fulfilled, and not only the computation
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statistics as well as the numerical outcomes but the initial assumptions like
the energy spectrum are also perturbed since the VOI accepts a signifi-
cantly lower number of particles in the instance of the substantial parti-
cle loss. While a number of source biasing techniques [38] are offered by
MCNP6 [40, 42] in the black box format under the class of non-analogue
Monte Carlo simulations, the GEANT4 simulations are usually constrained
to the existing particle generators or the general particle source (GPS) un-
less G4ParticleGun is favored.

27



2 Basic tracking notions in GEANT4

The preliminary information about the muon tracking by means of the
GEANT4 simulations is briefly summarized.

Particle transport in the GEANT4 simulations [1] is the consequence of
the joined actions of the GEANT4 kernel’s Stepping Manager class and the
involved physical processes. The process called Transportation classifies
the previous geometrical volume as well as the next geometrical volume
in the course of the tracking progress. The expected length at which an
interaction is supposed to take place is governed by counting all processes
feasible at each step. As a result, the life cycle of the corresponding particle
in a particular volume is determined before traversing another volume for
the other potential interactions.

The GEANT4 simulation for the passage of particles through matter is
realized step by step [1]. A true step length for the next particle interaction
is arbitrarily sampled by utilizing the mean free path of the interaction or by
various step limitations established through different GEANT4 components.
The new true step length is identified by the smallest step.

The mean free path of a particle in a medium is computed by utiliz-
ing the cross section of a specific process and the density of atoms in the
GEANT4 simulations. The number of atoms per volume in a simple mate-
rial is determined as shown in

n =
ρNA

A
(1)

where NA is the Avogadro’s number, ρ is the density of medium, and A is
the molar mass. Furthermore, the number of atoms per volume of the ith

element in a compound material is obtained by the following expression:

ni =
wiρNA

Ai
(2)

where wi is the proportion by mass of the ith element, and Ai is the molar
mass of the ith element. At a given energy, the mean free path of a process
denoted by λ that is also called the interaction length can be expressed in
terms of the total cross section as written in

λ(E) =

(∑
i

σ(Zi, E)ni

)−1

(3)

where σ(Zi, E) is the total cross section per atom of the associated pro-
cess, and

∑
i

sums over all elements constituting the compound material.∑
i
σ(Zi, E)ni also refers to the macroscopic cross section, and the mean

free path is defined as the inverse of the macroscopic cross section.
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The mean free path of a particle for a particular process is contingent
on the medium and cannot be exactly employed in order to sample the
probability of a process in a heterogeneous medium. The number of mean
free paths crossed by a particle between two positions denoted by x1 and
x2 is described as expressed in

nλ =

∫ x2

x1

dx

λ(x)
(4)

that is independent of the crossed medium. By assuming that nr is an
arbitrary parameter indicating the number of mean free paths between an
initial point and the location of interaction, it is possible to reveal that nr

has the following distribution function:

P (nr < nλ) = 1− e−nλ (5)

The total number of mean free paths that a particle traverses before arriving
the interaction point is sampled at the beginning of the trajectory as follows:

nλ = − log η (6)

where η is a random number lying on the interval between 0 and 1, and nλ

is updated in accordance with the following formula after each step denoted
by ∆x:

n
′
λ = nλ − ∆x

λ(x)
(7)

until the step generated from s(x) = λ(x)nλ becomes the shortest step
where the specific process is activated.

2.1 Muon ionization

Fairly relativistic charged particles apart from electrons deposit energy in
a medium predominantly via ionization and atomic excitation. The mean
rate of energy loss (or stopping power) is given by the Bethe-Bloch equation
as written in [43]

< −dE

dx
>= Kz2

Z

A

1

β2

[
1

2
ln

(
2mec

2β2γ2Tmax

I2

)
− β2 − δ

2

]
(8)

where E is the total energy in MeV, K = 4πNAr
2
emec

2 in MeV mol−1 cm2,
Z is the atomic number, A is the atomic weight in g/mol, β = v/c, γ =

1/(1 − β2)
1
2 , z is the particle charge, me is the electron mass, Tmax is the

maximum kinetic energy which can be imparted to a free electron in a single
collision, I is the mean excitation energy in eV, and δ is the density effect
correction to the ionization energy loss. It should be carefully noted that if x
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is defined as the thickness of the absorber in cm, then the units of −dE/dx
is in MeV/cm; on the other hand, if x is defined as the mass thickness,
i.e. the product of density and thickness, then the units of −dE/dx is in
MeV g−1 cm2. According to [43], Eq. (8) is defined in MeV g−1 cm2 based
on the listed variables.

The continuous energy loss due to ionization is determined by the aid of
G4MuIonisation in GEANT4 [1], and the "discrete" part of the ionization,
i.e. the delta rays produced by muons, is simulated. The corresponding
models utilized in this class depending on the kinetic energy denoted by T
are listed as indicated in [2]:

- G4BetheBlochModel is valid for muons with 0.2 MeV < T < 1 GeV;

- G4MuBetheBlochModel is valid for muons with T > 1 GeV.

For T > 1 GeV, the G4MuBetheBlochModel covers the corrections [44] for
bremsstrahlung on the atomic electrons. A practical analytical expression
for the cross section is used, and the calculation results are significantly
different from the usual elastic µ− e scattering in the region of high energy
transfers and yield a non-negligible correction to the total average energy
loss of high energy muons. The total cross section is written as shown in

σ(E, ϵ) = σBB(E, T )

[
1 +

α

2π
ln

(
1 +

2ϵ

me

)
ln

(
4meE(E − ϵ)

m2
µ(2ϵ+me)

)]
(9)

where σBB(E, T ) is the Bethe-Bloch cross section that is defined as

σBB(E, T ) = 2πr2emc2Z
z2p
β2

1

T 2

[
1− β2 T

Tmax
+ s

T 2

2E2

]
(10)

in which s = 0 for the spinless particles and s = 1 for the other particles.
In Eq. (9), mµ is the muon mass, E is the muon energy, α is a constant,
and ϵ = ω+Te is the energy transfer where Te is the electron kinetic energy,
and ω is the energy of radiative photons.

2.2 Elastic scattering

2.2.1 Coulomb scattering of muons

Single elastic scattering process is considered an alternative to the multiple
scattering (MSC) process. The asset behind the single scattering process
is hinged on the utilization of the theory-based cross sections in contrast
with the GEANT4 MSC model [45] that uses a number of phenomenolog-
ical approximations along with the Lewis theory [46]. The process called
G4CoulombScattering was implemented to simulate the single scattering of
muons, but it is also applicable to electrons and ions with some physical
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limitations. Since each of elastic collisions is simulated, the number of steps
for the charged particles is significantly increasing in comparison with the
MSC approach, and its CPU performance is correspondingly weak. How-
beit, in the low-density media (e.g. vacuum or low-density gas), the MSC
approach may lead to the incorrect results, and the single scattering pro-
cesses are assumed to be more appropriate. The single scattering model of
Wentzel [47] is employed in a number of the MSC models, e.g. the Penelope
code [48]. The Wentzel model for describing the elastic scattering of par-
ticles with charge ze (z = -1 for electron) by the atomic nucleus with the
atomic number denoted by Z is based on the simplified scattering potential
as described in

V (r) =
zZe2

r
e−

r
R (11)

where the exponential factor attempts to reproduce the effect of screening.
The parameter R is a screening radius that is expressed in

R = 0.885Z− 1
3 rB (12)

where rB is the Bohr radius. In the first Born approximation [49], the elastic
scattering cross section indicated by σW can be obtained as

dσW (θ)

dΩ
=

(ze2)2

(pβc)2
Z(Z + 1)

(2S + 1− cosθ)2
(13)

where β is the velocity ratio of the projectile particle, and p is the mo-
mentum. The screening parameter symbolized by S is defined according to
Moliere and Bethe [50] as written in

S =

(
ℏ

2pR

)2
(
1.13 + 3.76

(
αZ

β

)2
)

(14)

where α is the fine structure constant, and the factor in brackets is intro-
duced to take into account the second order corrections to the first Born
approximation. The total elastic cross section indicated by σ can be ex-
pressed by means of the Wentzel cross section as shown in

dσ(θ)

dΩ
=

σW (θ)

dΩ

 Z(
1 +

q2R2
N

12

)2
+ 1

+
1

Z + 1
(15)

where RN is the nuclear radius, and q is the momentum transfer to the
nucleus. This term takes the nuclear size effect [51] into consideration,
while the second term takes into account scattering off electrons.
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2.2.2 Multiple scattering of muons

Elastic scattering of muons is a pivotal component of any transport code
that is associated with the passage of the muons through matter. The
elastic cross section is high when the particle energy diminishes, so the
MSC approach should be implemented in order to have acceptable CPU
performance in the GEANT4 simulations. A universal interface called
G4VMultipleScattering is employed by the muon-induced GEANT4 MSC
process, i.e. G4MuMultipleScattering [52,53]. For the concrete simulation,
the G4VMscModel interface, which is an extension of the base G4VEmModel
interface, is utilized. The following models are available for muons:

- G4UrbanMscModel is applicable to all types of particles and is the
default model for electrons and positrons below 100 MeV [54];

- G4WentzelVIModelis the default model for all changed particles in-
cluding electrons and positrons above 100 MeV, and it is included in
the physics list together with
the G4CoulombScattering process that is is responsible for large angle
scattering [53–55].

The MSC simulation algorithms can be categorized as either detailed or
condensed. In the detailed algorithms, all the collisions/interactions under-
gone by the associated particle are simulated. This type of simulation can
be regarded as exact, and it provides the same outcomes as the solution of
the transport equation. However, it can be only utilized when the number
of collisions is not drastically large, which is a condition satisfied merely for
the special geometries, e.g. thin foils or low density gas. In the solid or
liquid media, the average number of collisions is so high, hence the detailed
simulation becomes very inefficient. The high energy simulation codes em-
ploy the condensed simulation algorithms where the global effects of the
collisions are simulated at the end of a track segment. The net energy loss,
displacement, and change of direction of the charged particle are routinely
calculated in these codes. The last two quantities are calculated from the
MSC theories employed in the codes, and the accuracy of the condensed
simulations is restricted by the accuracy of the MSC approximation.

The MSC theories of Molière [56], Goudsmit and Saunderson [57], and
Lewis [46] are utilized in most of the particle physics simulation codes.
The Lewis theory also determines the moments of the spatial distribution,
whereas the theories of Molière and Goudsmit-Saunderson deliver only the
angular distribution after a step. The probability distribution of the spa-
tial displacement is not provided by any of these MSC theories. Each of
the MSC simulation codes incorporates its own algorithm to determine the
angular deflection, the true path length correction, and the spatial displace-
ment of the charged particle after a given step. These algorithms responsible
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for most of the uncertainties of the transport codes since they are not ex-
act. Furthermore, due to inaccuracy of MSC, the simulation results might
depend on the value of the step length, and generally user has to select the
value of the step length carefully. A new class of MSC simulation, which
also refers to the mixed simulation algorithms (e.g. see [58]), started to be
present in the literature. The mixed algorithm simulates the hard collisions
one by one, and a MSC theory is used in order to incorporate the effects
of the soft collisions at the end of a given step. Such algorithms might
avert the number of steps from becoming too large and might also decrease
the dependence on the step length. G4WentzelVIModel [53] includes the
GEANT4 original implementation of a similar methodology. The Urban
MSC models existing in the GEANT4 simulations appertain to the cat-
egory of the condensed simulations, and these models employ the model
functions to compute the spatial as well as angular distributions after a
step. These model functions have been selected in such a way as to yield
the same moments of the spatial and angular distributions as described by
the Lewis theory [46].

Before expounding the MSC models, it might be necessary to define
the acting terms. In the GEANT4 simulations, a particle is transported
by steps through the detector geometry. The shortest distance between the
endpoints of a step is called the geometrical path length indicated by lgeo.
In the absence of a magnetic field, this is a straight line. For the non-zero
fields, lgeo is the length along a curved trajectory. Constraints on lgeo are
imposed when particle tracks cross the volume boundaries. The path length
of an actual particle, however, is usually longer than lgeo due to the MSC.
This distance is called the true path length denoted by ltrue. Constraints
on ltrue are imposed by the physical processes acting on the particle.

The properties of the MSC process are determined by the transport
mean free paths symbolized by λk that are the functions of the energy in a
given material.
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The kth transport mean free path is defined as

1

λk
= 2πna

∫ 1

−1
[1− Pk(cosχ)]

dσ(χ)

dΩ
d cosχ (16)

where dσ(χ)/dΩ is the differential cross section of the scattering, Pk(cosχ)
is the kth order Legendre polynomial, and na is the number of atoms per
volume.

Most of the mean properties of MSC computed in the simulation codes
depend only on the first and second transport mean free paths. The mean
value of the lgeo (first moment) corresponding to a given ltrue is determined
by the following expression:

< lgeo >= λ1

[
1− e

− ltrue
λ1

]
(17)

Eq. (17) is an exact result for the mean value of lgeo if the differential cross
section has axial symmetry, and the energy loss can be neglected. The
transformation between ltrue and lgeo is called the path length correction.
This formula and the other expressions for the first moments of the spatial
distribution were taken from either [58] or [59], but they were originally
calculated by Goudsmit and Saunderson [57] and Lewis [46]. At the end of
ltrue, the scattering angle is θ. The mean value of cos θ is

< cos θ >= e
− ltrue

λ1 (18)

The variance of cos θ can be written as

δ2 =< cos2 θ > − < cos θ >2=
1 + 2e−2κτ

3
− e−2τ (19)

where τ = lgeo/λ1 and κ = λ1/λ2. The mean lateral displacement is given
by a more complicated formula [58], but this quantity can also be calculated
relatively easily and accurately. The square of the mean lateral displacement
is

< x2 + z2 >=
4λ2

1

3

[
τ − κ+ 1

κ
+

κ

κ− 1
e−τ − 1

κ(κ− 1)
e−κτ

]
(20)

Here, it is assumed that the initial particle direction is parallel to the the
y-axis.

As mentioned earlier, the path length correction refers to the transfor-
mation ltrue → g and its inverse. The ltrue → g transformation is given by
Eq. (17) if the step is small and the energy loss can be neglected. If the
step is not small, the energy dependence makes the transformation more
complicated. For this case, Eqs. (17) and (18) should be modified as

< cos θ >= e
−

∫ ltrue

0

du

λ1(u) (21)
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and

< lgeo >=

∫ ltrue

0
< cos θ >u du (22)

The quantity u = cos θ is sampled according to a model function g(u). The
shape of this function has been chosen such that Eqs. (17) and (18) are
satisfied. The functional form of g(u) is

g(u) = q[pg1(u) + (1− p)g2(u)] + (1− q)g3(u) (23)

where 0 ≤ p, q ≤ 1, and gi are in the form of simple functions of u = cos θ
normalized over the range u ∈ [−1, 1]. gi(u) have been chosen as

gi(u) =


g1(u) = C1e

−a(1−u) if − 1 ≤ u0 ≤ u ≤ 1
g2(u) = C2

1
(b−u)d

if − 1 ≤ u ≤ u0 ≤ 1

g3(u) = C3 if − 1 ≤ u ≤ 1

(24)

where a > 0, b > 0, d > 0, and u0 are the model parameters, and Ci are the
normalization constants. It is worth noting that, for small scattering angles,
g1(u) is nearly Gaussian if θ20 ≈ 1/a, while g2(u) has a Rutherford-like tail
for large scattering angle if b ≈ 1 and d is not far from 2. Regarding the
model parameters, a, b, d, u0, p, and q are not independent. The require-
ment that the angular distribution function g(u) and its first derivative be
continuous at u = u0 imposes two constraints on the parameters as shown
in

pg1(u0) = (1− p)g2(u0) (25)

and
pag1(u0) = (1− p)

d

b− u0
g2(u0) (26)

A third constraint, which implies that g(u) must give the same mean value
for u, comes from Eq. (21) as written in

q{p < u >1 +(1− p) < u >2} = [1− αltrue]
1

αλ10 (27)

where α can be expressed by using λ10 and λ11 in which λ10 is the value of
λ1 at the beginning of the step, and λ11 is the value of the transport mean
free path at the end of the step as described in

α =
λ10 − λ11

ltrueλ10
(28)

In Eq. (27), < u >i denotes the mean value of u computed from the dis-
tribution gi(u). The parameter indicated by a was chosen according to a
modified Highland-Lynch-Dahl formula for the width of the angular distri-
bution [60,61] as expressed in

a =
0.5

1− cos(θ0)
(29)
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where θ0 that is the width of the approximate Gaussian projected angle
distribution is defined as written in

θ0 =
13.6 MeV

βp
z

√
ltrue
X0

[
1 + 0.038 ln

ltrue
X0

]
(30)

in which p is the momentum, β is the velocity, z is the charge, and ltrue/X0

is the true path length in radiation length unit.

2.3 Radiative processes

2.3.1 Muon bremsstrahlung

Muon bremsstrahlung [62–64] is the electromagnetic radiation produced
by the acceleration or especially the deceleration of a muon after passing
through the electric and magnetic fields of a nucleus. Bremsstrahlung domi-
nates the other muon interaction processes in the region of catastrophic col-
lisions (ν ≥ 0.1 ), i.e. at the “moderate” muon energies above the kinematic
limit for the knock–on electron production. At the high energies (T ≥ 1
TeV), this process contributes about 40% of the average muon energy loss.

The differential cross section for the muon bremsstrahlung in the units
of cm2/(g GeV) can be written as

dσ(E, ϵ, Z,A)

dϵ
=


16
3 αNA

(
me
mµ

re

)2
1
ϵAZ(ZΦn +Φe)(1− ν + 3

4ν
2)

0 if ϵ ≥ ϵmax = E −mµ

(31)

where mµ and me are the muon and electron masses, re is the electron
radius, Z and A are the atomic number and atomic weight of the material,
and NA is the Avogadro’s number. By considering that E and T are the
initial total and kinetic energy of the muon, and ϵ is the emitted photon
energy, then ϵ = T − T ′ and the relative energy transfer ν = ϵ/E. Φn and
Φe are the contributions from the nucleus and the electrons, respectively.

2.3.2 Positron - electron pair production by muons

Positron - electron pair production by muons [62] is defined as indicated in
the following process:

µ+,− + nucleus → µ+,− + e+ + e− + nucleus (32)

The direct electron pair production is one of the most important muon
interaction processes. At the TeV muon energies, the pair production cross
section exceeds those of the other muon interaction processes over a range
of energy transfers between 100 MeV and 0.1Eµ. The average energy loss
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for the pair production increases linearly with the muon energy, and this
process contributes more than half of the total energy loss rate in the TeV
region.

To adequately describe the number of pairs produced, the average energy
loss and the stochastic energy loss distribution, the differential cross section
behavior over an energy transfer range of 5 MeV ≤ ϵ ≤ 0.1Eµ must be
accurately reproduced. This is because the main contribution to the total
cross section is given by transferred energies 5 MeV ≤ ϵ ≤ 0.01Eµ and
because the contribution to the average muon energy loss is determined
mostly in the region 0.001Eµ ≤ ϵ ≤ 0.1Eµ. For a theoretical description of
the cross section, the formulation in [65] is employed on top of a correction
for the finite nuclear size [66]. To take the electron pair production into
consideration in the field of atomic electrons, the inelastic atomic form
factor contribution in [67] is also implemented.

The differential cross section denoted by σ(E, ϵ, Z,A) for the pair pro-
duction by muons can be written as:

σ(E, ϵ, Z,A) =
4

3π

Z(Z + ζ)

A
NA(αre)

2 1− ν

ϵ

ρmax∫
0

G(E, ν, ρ, Z)dρ (33)

where
G(E, ν, ρ, Z) = Φe + (me/mµ)

2Φµ (34)

In Eqs. (33) and (34), ρ is an auxiliary variable, and ζ takes the process on
atomic electrons (inelastic atomic form factor contribution) into considera-
tion in addition to the above-listed parameters that are already defined in
Eq. (31).

2.3.3 Muon photonuclear reactions

The inelastic interaction of muons with nuclei is important at the high
muon energies (E ≥ 10 GeV) and at the relatively high energy transfers
ν(ν/E ≥ 10−2). It is especially crucial for the light materials as well as
for the study of detector response to the high energy muons, the muon
propagation, and the muon-induced hadronic background. The average
energy loss for this process increases almost linearly with energy, and it
constitutes about 10% of the energy loss rate at the TeV muon energies.

2.4 Muon decay

The muon decay [68] with a long lifetime occurs in the forms of

µ− → e− + ν̄e + νµ (35)
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and
µ+ → e+ + νe + ν̄µ (36)

G4MuonDecayChannel governs the muon decay according to the vector mi-
nus axial vector (V-A) theory [69]. The electron/positron energy is sampled
from the following distribution:

dΓ =
G2

Fm
5
µ

192π3
2ϵ2(3− 2ϵ) (37)

where Γ is the decay rate, GF is the Fermi coupling constant, mµ is the
muon mass, and ϵ = Ee/Emax in which Ee is the electron energy and Emax

is mµ/2.

2.5 Muon absorption

In the course of the muon penetration through the media, its kinetic energy
is deducted by multiple mechanisms, and this collective slowing-down is
implicitly contingent on the intrinsic properties of the media as well as the
thickness of the media. Especially in the case of the relatively low-energetic
muons, the energy loss due to the VOI might lead to either the zero-energy
value or the quasi-zero-energy level that commonly results in the capture
of the corresponding muon at rest. In the GEANT4 nomenclature for a
negative muon denoted by µ−, this process is entitled "muMinusCapture-
AtRest".

2.6 Implementation of muon interactions in GEANT4

Implementation of the above-mentioned interactions in GEANT4 is sum-
marized as documented in [3]. The energy loss mechanisms in GEANT4
have continuous as well as discrete parts [1, 70,71]. The high energy trans-
fers are expressed as a real discrete act of an interaction, whereas the low
energy transfers are treated as a continuous process of the energy loss. The
average value of this restricted energy loss is acquired via the integration of
the following equation:

−dE

dx
=

∫ ϵm

0
ϵσ(ϵ, E)dϵ = E

∫ ϵm

0
ϵνσ(ϵ, E)d ln ν (38)

The restricted cross section of each process is determined and listed in the
separate lambda tables as expressed in

λ(E) =

∫ E

ϵm

σ(ϵ, E)dϵ (39)

where λ(E) is the inverse interaction length, and ϵm is the same threshold
value as used in Eq. (38).

38



Part 1: Energy estimation based on deflection
angle





3 Investigation of deflection angle for muon
energy classification in muon scattering
tomography via GEANT4 simulations

3.1 Introduction

In this study, we investigate the muon deflection due to the plastic scintil-
lators present in our current tomographic prototype [14, 72] that includes
three detector layers with a thickness of 0.4 cm as well as an accuracy of
1 mrad in both the top section and the bottom section by determining the
variation of the deflection angle with respect to the muon energy [73, 74].
We perform the Monte Carlo simulations by using the GEANT4 code [1]
in order to obtain the deflection angles and we follow an experimentally
replicable procedure based on the hit locations in the detector layers.

3.2 Average deflection angle and standard deviation

As described in Fig. 1, the computation of the deflection angle requires the
construction of two separate vectors by utilizing at least three muon hit lo-
cations in the detector layers where the first vector is the difference between
the second hit location and the first hit location, while the subtraction of
the second hit location from the third hit location yields the latter vector.

Incoming muon

v1

v2
θ

Air

Detector layers

Hit locations

Figure 1: Definition of the deflection angle denoted by θ according to the
hit points in the detector layers.

The deflection angle is obtained by using these two vectors as follows [75–
77]

θ = arccos

(
v⃗1 · v⃗2
|v1| |v2|

)
(40)

Since a significant number of muons reach the detector layers, the average
profile of the deflection angle at a certain energy is calculated by averaging
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the previously determined deflection angles over N number of the non-
absorbed/non-decayed muons as written in

θ̄ =
1

N

N∑
i=1

θi (41)

where its standard deviation is

δθ =

√√√√ 1

N

N∑
i=1

(θi − θ̄)2 (42)

In view of the fact that the deflection angle is an outcome of a stochastic
process, the standard deviation of the deflection angle is expected to be
reduced in order to have a better energy estimation. In essence, the average
deflection angle of two different hodoscopes indicated by x and y at a given
energy value over N number of the non-absorbed/non-decayed muons yields
the following expression

θ̄x+y
2

=
1

N

N∑
i=1

θx,i + θy,i
2

(43)

Consequently, its standard deviation parameterized in terms of the contri-
butions from both the top section and the bottom section is

δθ =

√√√√ 1

N

N∑
i=1

(
θx,i + θy,i

2
− θ̄x+y

2

)2

(44)

The resulting deflection angle for our present prototype is anticipated to
be very small [6], i.e. either below or in the close neighborhood of our
detector accuracy that is 1 mrad. Accordingly, the necessity of a stronger
deflecting medium is foreseen in order to augment the angular deviation,
and we introduce a stainless steel layer of 0.4 cm, the density of which is 8
g/cm3, into the top section and the bottom section in order to join this aim.
For the sake of comparison, we also explore the coefficient of variation (CV)
attributed to these two configurations with respect to the energy increase,
which is defined as the ratio between the standard deviation and the average
value as expressed in

CV =
Standard deviation

Average
=

δθ

θ̄
(45)

3.3 Hodoscope schemes and simulation properties

The geometrical schemes for either setup are depicted in Figs. 2(a) and (b),
and it is seen that the detector layers are separated by a distance of 10 cm,
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whereas the span between these two hodoscopes is 100 cm. Furthermore,
the dimensions of both the detector layers and the stainless steel layers are
100× 0.4× 100 cm3.

Figure 2: Layouts of (a) the current hodoscope without the stainless steel
layers (b) the alternative hodoscope with the stainless steel layers.

We use a central mono-energetic mono-directional beam that is gen-
erated at y=85 cm via G4ParticleGun where the y-axis is chosen as the
vertical component in the Cartesian coordinates, and the generated muons
are propagating in the vertically downward direction, i.e. from the top edge
of the simulation box through the bottom edge as indicated by the black
arrow in Fig. 2. Noting that the distribution of the incident angle (α) is
approximated via cos2(α) for an interval between −π/2 and π/2 [41], this
source setup stands for a feasible approach since the present aperture of the
entire detection geometry typically only covers the narrow angles besides
the very rare entries around the corners. At a given energy, the number
of the simulated muons is 1000, and we investigate the deflection angle
for an energy interval between 0.5 and 8 GeV with an increase step of 0.5
GeV. All the materials in the current study are defined according to the
GEANT4/NIST material database. The reference physics list used in these
simulations is FTFP_BERT.
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3.4 Comparison between hodoscopes without/with stainless
steel layers

We initiate our investigation based on our first configuration by showing
the simulation results for the average deflection angles in Fig. 3(a). In
connection with the energy increase, the observed trend in the mean de-
flection angle is the exponential decay. Due to the exact symmetry in the
structural composition in both the top section and the bottom section, the
simulation outcomes are similar in either section. It is also seen that the
resulting deflection angles are either under the detector accuracy of 1 mrad
or in its close periphery, and this is a principal problem to be addressed in
the present study. Regarding the standard deviations, it is demonstrated
that the deflection angles are dispersed widely, rather than converging in a
narrow interval, which sets the energy categorization more challenging. As
described in Eq. (44), the consecutive averaging sequentially over the num-
ber of sections and the number of the non-absorbed/non-decayed muons
leads to a significant reduction in the angular width.

0 1 2 3 4 5 6 7 8 9
Initial kinetic energy [GeV]

0.0

0.5

1.0

1.5

2.0

2.5

3.0

3.5

4.0

4.5

A
v
e
ra

g
e

d
e
fl

e
ct

io
n

a
n

g
le

[m
ra

d
]

Without stainless steel

(a)

θ̄Top

θ̄Bottom

θ̄Top+Bottom
2

0 1 2 3 4 5 6 7 8 9
Initial kinetic energy [GeV]

0

2

4

6

8

10

12

14

16

18

20

22

24

26

A
v
e
ra

g
e

d
e
fl

e
ct

io
n

a
n

g
le

[m
ra

d
]

With stainless steel

(b)

θ̄Top

θ̄Bottom

θ̄Top+Bottom
2

Figure 3: Variation of the average deflection angles versus the energy in-
crease (a) in the present hodoscope (b) in the alternative hodoscope with
the stainless steel layers.

After the qualitative examination of the average deflection angles for our
current hodoscope, an experimental limitation that awaits to be attacked is
our present detector accuracy of 1 mrad. As an alternative to a significant
detector upgrade that captures angular values below 1 mrad, we propose the
introduction of stainless steel layers with an optimally low thickness of 0.4
cm as well as a density of 8 g/cm3, which arouse the angular deflection, into
either section as depicted in Fig. 2(b). We repeat our simulations on this
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alternative configuration by using the same simulation features, and the
average deflection angles along with the standard deviations for the new
tomographic setup with the stainless steel layers are displayed in Fig. 3(b).
In addition to the notable increase in the average deflection angles, the
angular width is also remarkably reduced except the fluctuations at a couple
of energy values, i.e. 1.5 and 4 GeV. Concerning the visible influence of the
stainless steel layers on the standard deviations, Fig. 4 shows the trends
in coefficients of variation as expressed in Eq. (45) with the intention of
comparing both detector setups, and it is concretely seen that the angular
uncertainty is lowered by the presence of the inserted stainless steel layers,
which also means that an improved energy classification is expected from
the proposed alternative scheme.
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Figure 4: Effect of the stainless steel layers on the trend in the coefficient
of variation.
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4 On muon energy group structure based on
deflection angle for application in muon
scattering tomography: A Monte Carlo
study through GEANT4 simulations

4.1 Introduction

This study intends to inform the choice of muon energy categories based
on the internal deflection angle. The minimum number of distinct energy
categories is of course limited by the angular resolution of the detection
setup, but it also has an intrinsic limit due to the stochastic nature of the
scattering process. To this end, in the ideal condition of perfect detectors,
hence absolute angular detector resolution (similarly to previous studies in
this area, such as [78–80]), we computationally analyze the energy group
structure obtained via the angular deviation of the entering muons through
the detector layers in our tomographic system [14] including three plastic
scintillators manufactured from polyvinyl toluene in both the top section
and the bottom section. This setup is representative of most muon tomogra-
phy scanners proposed in the literature [4]. The present study is structured
as follows. We first define the deflection angle in agreement with the de-
viation of the transversing muons through the detector layers. Then, we
express the mean deflection angle that is averaged over the top hodoscope
and the bottom hodoscope in addition to the corresponding standard devi-
ation. In order to determine the misclassification probability, we propose
two approaches where the first methodology is based on the angular linear
coincidence for the adjacent energy groups within one standard deviation
in one dimension, while the second procedure assumes a two-dimensional
overlap governed by the positively defined modified Gaussian distributions.
We simulate our approaches over a four-group as well as a three-group en-
ergy structure by using the GEANT4 code [1] and we finally expose our
simulation results.

4.2 Deflection angle and misclassification probabilities

As described in Fig. 1, the deflection angle denoted by θ is the measure that
indicates the internal angular deviation of an incoming muon due to the
plastic scintillators. While the overall deflection from the initial trajectory
is inaccessible, which results in a limiting uncertainty in the identification
of materials in the VOI, the angle θ is a measurable quantity regardless
of the direction of incidence. In order to compute the deflection angle, it
is necessary to collect three hit locations in three detector layers, and the
collected hit points serve to construct two vectors where the first vector is
generated by the difference between the second hit location and the first hit
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location, while the second vector is obtained by subtracting the second hit
point from the third hit point. Then, the deflection angle of a detected muon
is determined as expressed in Eq. (40). By assuming that the detector layers
in both the top section and the bottom section capture approximately the
same number of the propagating muons, the deflection angle determined
for a tracked muon that hits the top hodoscope as well as the bottom
hodoscope is averaged over these two sections, thereby yielding Eq. (43)
where N indicates the number of simulated non-absorbed and non-decayed
muons. The corresponding standard deviation is expressed as written in
Eq. (44).

Recalling that the average deflection angle declines as a function of the
kinetic energy, we already acquire the opportunity to set out a binary re-
lation between the average deflection angle and the kinetic energy. Having
said that it is possible to coarsely predict the kinetic energies of the tracked
muons by using the average deflection angle, the standard deviation is a
crucial parameter to precise the uncertainty propagated through the energy
group structure since different kinetic energies periodically generate a set
of similar deflection angles, which also means that the width of the angular
spectrum at a given energy is sufficiently high to overlap with the angular
distribution obtained at another energy level. This problem is first ad-
dressed by using an assumption such that the deflection angles obtained for
two adjacent energy groups linearly coincide within one standard deviation
in one dimension. Thus, for a finite linear approximation, the misclassifi-
cation probability is the ratio between the overlapping length and the total
length in the case of two adjacent energy groups denoted by A and B in a
descending order as follows

PLinear =


θ̄B + δθB − θ̄A + δθA
θ̄A + δθA − θ̄B + δθB

θ̄B + δθB > θ̄A − δθA

0 θ̄B + δθB ≤ θ̄A − δθA

(46)

It is worth mentioning that the linear finite approximation conditions the
misclassification probability to null if the angular spectra for two adjacent
energy groups are distinct beyond one standard deviation.

The latter practice to determine the misclassification probability consists
of considering the angular spectrum at a certain energy by using a positively
defined modified Gaussian distribution since the deflection angle acquired
through Eq. (40) is cardinally positive. Thus, based on the obtained average
deflection angle as well as the corresponding standard deviation, we suggest
a positively defined modified Gaussian probability density function (PDF)
for an energy value of A as indicated in

G′(θ̄A, δθA, θ) =
G(θ̄A, δθA, θ)∫ ∞

0
G(θ̄A, δθA, θ)dθ

(47)
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and

G′(θ̄B, δθB, θ) =
G(θ̄B, δθB, θ)∫ ∞

0
G(θ̄B, δθB, θ)dθ

(48)

In contrast with the finite linear approximation in Eq. (46), two overlapping
distribution functions yield an area in two dimensions, and the prevalent
term that is commonly utilized to describe such an area is called overlapping
coefficient (OVL) as defined in

OVL =

∫ ∞

0
min[G′(θ̄A, δθA, θ), G

′(θ̄B, δθB, θ)]dθ (49)

The determination of the OVL leads to the definition of the misclassification
probability for a positively defined modified Gaussian PDF by using the
following expression:

PGaussian =
OVL∫ ∞

0
G′(θ̄A, δθA, θ)dθ +

∫ ∞

0
G′(θ̄B, δθB, θ)dθ −OVL

=
OVL

2−OVL

(50)

4.3 Simulation features in GEANT4

Our demonstrations about the misclassification probabilities are based on
the simulations in the GEANT4 framework, and the tomographic setup is
described in Fig. 2(a). Both the top hodoscope and the bottom hodoscope
include three detector layers made of polyvinyl toluene, and the dimen-
sions of these plastic scintillators are 100 × 0.4 × 100 cm3 as illustrated in
Fig. 2(a). We employ a central mono-energetic mono-directional beam that
is generated at y=85 cm (as indicated in the figure by the downward black
arrow) via G4ParticleGun, and the initiated muons are propagating in the
vertically downward direction, i.e. from the top edge of the simulation box
through the bottom edge. Since the incident angle (α) is approximately
distributed as cos2 α within the detector acceptance of interest [41], most
of the muon flux is almost vertical, hence this source setup is considered
a sufficiently reliable approximation for the purposes of this study. At a
given energy group, the number of the simulated muons is 104, and we use
a production cut-off of 0.25 GeV as well as an energy threshold of 8 GeV.
We prefer a uniform energy distribution as long as a flat distribution pro-
vides a less unfavorable uncertainty [7]. All the geometrical components
in the present study are defined according to the GEANT4/NIST material
database. FTFP_BERT is the reference physics list that is utilized in all
the simulations.
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4.4 Simulation results

We commence performing our simulations with a four-group energy struc-
ture, and the muon energy interval between 0.25 and 8 GeV is divided into
four sub-intervals where the energy groups are labeled with the average en-
ergy value in accordance with the corresponding sub-interval. Hence, the
first group refers to a sub-interval between 0.25 and 0.75 GeV with a mean
energy of 0.5 GeV, then the second group includes the incoming muons of
a kinetic energy between 0.75 and 2.25 GeV with an average energy of 1.5
GeV, whereas the kinetic energy of the third group lies on an interval be-
tween 2.25 and 3.75 GeV with a mean energy of 3 GeV, and finally the
fourth group represents all the muons that exceed 3 GeV on average by
taking the exponential decay into account.

Following the computation of the average deflection angle as well as the
corresponding standard deviation, we first verify our finite linear approxi-
mation over the four-group energy structure, and the computed parameters
are shown in Fig. 5.
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Figure 5: Linear overlap of the deflection angles generated by four muon
energy groups composed of 0.5, 1.5, 3, and >3 GeV.

It is implicitly seen that the deflection angles of discrete groups share a
non-negligible common interval due to the generation of the similar angular
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set. It is also noticed that not only the neighboring energy groups but
also the last energy group entitled >3 GeV coincides with an unconnected
energy group such as 1.5 GeV. According to Fig. 5, it is relatively equitable
to state that it is hard to consider a four-group approach as feasible since
the total misclassified region for a four-group strategy is discouraging.

In the latter step for the same energy categorization, we link the mean
deflection angle and the associated standard deviation with a positively
defined Gaussian PDF, and the overlapping areas, i.e. the OVL of two
adjacent energy groups, are depicted in Fig. 6.
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Figure 6: Overlapping areas for the adjacent energy groups (a) 0.5 and 1.5
GeV, (b) 1.5 and 3 GeV, and (c) 3 and >3 GeV in the four-group structure
by using a modified Gaussian PDF.
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As opposed to the linear overlap illustrated in Fig. 5, the intersection
of two distribution results in an area that directly indicates the non-zero
misclassified domain in any condition.

Since both the overlapping length in the linearly finite approximation
and the intersection areas in the positively defined modified Gaussian PDF
suffice to determine the misclassification probabilities under our assump-
tions, Table 1 lists the numerical values yielded by these two approaches.

Table 1: Misclassification probabilities for the four-group structure where
EMean,i = 0.5, 1.5, 3, > 3.

Ē pairs [GeV] θ̄Top+Bottom
2

± δθ pairs [mrad] OVL PGaussian PLinear

0.5 - 1.5 2.612±1.700 - 0.967±0.642 0.371 0.228 0.174
1.5 - 3 0.967±0.642 - 0.476±0.339 0.533 0.363 0.330
3 - > 3 0.476±0.339 - 0.248±0.153 0.521 0.352 0.366

At last, the initial four-group structure based on the average deflection
angle and the standard deviation ends up with the large overlaps and conse-
quently the high misclassification probabilities, which lead to the practical
difficulties in consideration. However, it is also possible to envisage that
the reduction in the group number is expected to eventually lead to the
diminution in the overlapping intervals, thereby reducing the misclassifi-
cation probabilities. Therefore, we devote our next step to another group
structure that is based on three energy partitions.

By maintaining the initial energy group as well as the final energy group,
we merge two previous mid-groups, i.e. labeled as 1.5 GeV and 3 GeV, into a
single group that is named as 2.25 GeV where the energy interval is between
0.75 and 3 GeV. As performed in the four-group procedure, we repeat our
methodologies over a three-group structure, and we first demonstrate the
coincided linear intervals in Fig. 7.
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Figure 7: Linear overlap of the deflection angles generated by three muon
energy groups composed of 0.5, 2.25, and >3 GeV.

In accordance with our expectation, Fig. 7 shows a significantly more
optimistic outcome where the non-adjacent groups do not show any overlap
addition to the visible reduction in the intersected domains. In order to
check the presence of such a beneficial influence in the positively defined
modified Gaussian PDF, we depict the overlapping areas for the three-
group procedure in Fig. 8, and it is revealed that the intersection areas
of the adjacent energy groups are diminished in comparison with Fig. 6,
which also means that a reduced number of groups results in the decreased
uncertainty as justified by our both approaches.
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Figure 8: Overlapping areas for the adjacent energy groups (a) 0.5 and
2.25 GeV and (b) 2.25 and >3 GeV in the three-group structure by using a
modified Gaussian PDF.

To numerically quantify the misclassification probabilities for the three-
group structure, we tabulate our simulation results in Table 2 and we ob-
serve that the misclassification probabilities listed in Table 2 are more ad-
vantageous compared to those shown in Table 1, which implies that a three-
group energy classification based on the deflection angle is relatively more
feasible in the muon scattering tomography.

Table 2: Misclassification probabilities for the three-group structure where
EMean,i = 0.5, 2.25, > 3.

Ē pairs [GeV] θ̄Top+Bottom
2

± δθ pairs [mrad] OVL PGaussian PLinear

0.5 - 2.25 2.612±1.700 - 0.716±0.526 0.278 0.161 0.080
2.25 - > 3 0.716±0.526 - 0.248±0.153 0.330 0.197 0.180

Furthermore, it can be noted that the addition of a realistic angular
uncertainty would further impede a finer binning. Table 1 shows that, in
the four-group structure, even an excellent angular resolution of better than
0.5 mrad would not be sufficient to maintain these energy categories, while
a realistically achievable resolution is sufficient in the three-group structure
as apparent in Table 2.
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5 Effect of passive metallic layers on muon energy
estimation by means of deflection angle for muon
scattering tomography: A comparative study
based on GEANT4 simulations

5.1 Introduction

In this study, we categorize the incoming muons into three groups based
on their deflection angle within the hodoscope that we use as a proxy for
their kinetic energy. We compare the classification performance in this
three-group energy structure between our current tomographic prototype
that contains three detector layers manufactured from polyvinyl toluene
with a thickness of 0.4 cm as well as an accuracy of 1 mrad in both the
top section and the bottom section, and an alternative hodoscope scheme
including stainless steel layers in addition. In order to quantify the uncer-
tainty propagated through the energy groups, we present a couple of mis-
classification probabilities characterized by one standard deviation where
the first means supposes a linear finite approximation in one dimension,
while the latter procedure is governed by the positively defined modified
Gaussian distributions in two dimensions. The present study is organized
as follows. In section 5.2, we express the average deflection angle as well as
the corresponding standard deviation in terms of the hit positions and we
also introduce the corresponding expressions averaged over the top section
as well as the bottom section to diminish the width of the deflection angle.
While we demonstrate our simulation setup in the GEANT4 code [1] besides
the simulation features in section 5.3, we exhibit our simulation results in
section 5.4.

5.2 Average deflection angle and standard deviation

By reminding that the crossing muons undergo deviations from the initial
trajectory owing to the interactions with matter, the deflection angle of
the incoming muons throughout a set of three detector layers is estimated
via constructing two distinct vectors where the first vector is defined in
accordance with the hit locations on the first two detector layers, whereas
the remaining vector is the sequel of the hit positions on the last two detector
layers as illustrated in Fig. 1.

Upon these two vectors that suffice the computation of the angular de-
viation, the deflection angle of a muon crossing the detector layers denoted
by θ is obtained by using Eq. (40). Since the detector layers accept a signifi-
cant number of muons, the average deflection angle at a particular energy is
determined by averaging the previously calculated deflection angles over N
number of the non-absorbed/non-decayed muons as indicated in Eq. (41),
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which refers to a standard deviation as written in Eq. (42).
In light of the fact that the deflection angle is a consequence of a stochas-

tic process, the standard deviation of the deflection angle is anticipated to be
lessened with the intention of a better energy estimation. By harking back
to the entire tomographic setup consisting of two separate sections (i.e. the
top section and the bottom section), each of which includes three detector
layers, the deflection angle determined for each non-absorbed/non-decayed
muon in each section is first averaged over the number of sections, then the
mean deflection angle of both sections is re-averaged over the number of the
non-absorbed/non-decayed muons according to Eq. (43).

5.3 Simulation scheme

The present study is conducted by means of the GEANT4 simulations,
and we initially track the muon hit locations on the detector layers made
out of polyvinyl toluene in order to calculate the average deflection angles
as well as the corresponding standard deviations for the associated groups
of kinetic energies. The simulation geometry for our present prototype
without passive metallic layers in addition to the alternative hodoscope
scheme containing stainless steel layers is depicted in Fig. 2. As described in
Fig. 2(a), the dimensions of each the detector layer fabricated from polyvinyl
toluene are 100× 0.4× 100 cm3, and the inter-layer spacing at each section
is 10 cm. In the proposed hodoscope setup, where we introduced stainless
steel layers as illustrated in Fig. 2(b), the dimensions of each metallic layer
are 100 × 0.4 × 100 cm3, i.e. identical to those of the detector layers. In
both the tomographic schemes, the gap between the top hodoscope and the
bottom hodoscope is 100 cm into the bargain.

A central mono-directional beam with the uniform energy distribution
that is generated at y=85 cm via G4ParticleGun is employed, and the gen-
erated muons are crossing in the vertically downward direction, i.e. from
the top edge of the simulation box through the bottom edge as indicated
with the black arrows in Fig. 2. Since the current aperture of the entire
detection geometry commonly only accepts the narrow angles apart from
the very rare entries around the corners, this beam setup is considered sig-
nificantly reliable by reminding that the distribution of the incident angle
(α) approximately corresponds to cos2 α for an interval between −π/2 and
π/2 [41]. We favor a uniform energy distribution lying on an energy inter-
val between 0.25 and 8 GeV so as to achieve the absorption minimization
especially in the case of stainless steel layers besides the numerical accuracy
optimization [7]. We partition the entire energy interval bounded by 0.25
and 8 GeV into three energy groups such that the first energy group con-
sists of the energy values between 0.25 and 0.75 GeV, whereas the second
energy group is composed of the muon energies between 0.75 and 3.75 GeV,

55



and the muon energies between 3.75 and 8 GeV finally constitute the third
energy group.

For each of the three energy groups, the number of the simulated muons
is 104. All the materials in the current study are defined in accordance
with the GEANT4/NIST material database. The reference physics list used
in these simulations is FTFP_BERT. The muon tracking is sustained by
G4Step, and the registered hit positions are post-processed with the assis-
tance of a Python script where the deflection angle is first determined for
every single non-absorbed/non-decayed muon of a given energy group at
each hodoscope. Finally, we conclude the post-processing stage by applying
Eqs. (43) and (44) on the datasets of deflection angle attained through the
top hodoscope and the bottom hodoscope, thereby obtaining the average
deflection angle and the corresponding standard deviation.

5.4 Simulation outcomes

Our GEANT4 simulations initially yield the average deflection angles as well
as the associated standard deviations for both our current prototype and our
proposed new scheme as tabulated in Table 3. By contrasting the present
prototype with the alternative hodoscope in agreement with the average
deflection angles in Table 3, the first positive influence of stainless steel
layers in terms of the detection performance is already revealed. To better
elucidate, by reminding the existing detector accuracy of 1 mrad, all the
average deflection angles generated by the proposed hodoscope containing
stainless steel layers exceed the angular value of 1 mrad for the three-group
energy structure; on the other hand, the average deflection angles obtained
through the present configuration remains below this detector accuracy in
two among three energy groups, i.e. Ē = 2.25 GeV and Ē > 3 GeV.

Table 3: Average deflection angles and standard deviations obtained
through a three-group energy structure for the cases without stainless steel
layers and with stainless steel layers, respectively.

Without stainless steel

Energy interval [GeV] Ē [GeV] θ̄Top ± δθ [mrad] θ̄Bottom ± δθ [mrad] θ̄Top+Bottom
2

± δθ [mrad]

0.25 - 0.75 0.5 2.590±2.107 2.632±2.463 2.612±1.700
0.75 - 3.75 2.25 0.712±0.657 0.719±0.686 0.716±0.526
3.75 - 8 > 3 0.248±0.217 0.249±0.204 0.248±0.153

With stainless steel

Energy interval [GeV] Ē [GeV] θ̄Top ± δθ [mrad] θ̄Bottom ± δθ [mrad] θ̄Top+Bottom
2

± δθ [mrad]

0.25 - 0.75 0.5 14.797±10.915 15.055±10.871 14.925±8.310
0.75 - 3.75 2.25 4.080±3.459 4.128±3.559 4.104±2.800
3.75 - 8 > 3 1.418±1.051 1.427±1.034 1.422±0.766
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On top of the augmented average deflection angles that lead to a better
detection efficiency, the presence of stainless steel layers is partially expected
to result in the diminished uncertainty. To verify this hypothesis over our
GEANT4 simulations, the linear overlap based on the standard deviations
is shown in Fig. 9, and we observe that the uncertainty in the deflection
angle is apparently decreased in the case of stainless layers compared to the
present hodoscope scheme without any passive metallic layers.
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(b) With stainless steel

Figure 9: Comparison of linear overlaps over a three-group energy catego-
rization by using a finite linear approximation for the simulation cases (a)
without stainless steel layers and (b) with stainless steel layers.

In order to further evaluate the effect of stainless steel layers, the areal
overlap of the positively defined modified Gaussian distributions as defined
in Eqs. (47) and (48) is displayed in Fig. 10, and we face a similar reduction
in the angular uncertainty for the reason of the areal contraction.
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Figure 10: Contrast between the hodoscope schemes (a)-(b) without stain-
less steel layers and (c)-(d) with stainless steel layers over a three-group
energy classification by means of positively defined modified Gaussian dis-
tributions.

In the long run, the misclassification probabilities calculated by means
of these methodologies are listed in Table 4, and it is numerically exhib-
ited that the proposed hodocope scheme with stainless steel layers leads to
the remarkably lower misclassification probabilities in comparison with the
present tomographic setup without stainless steel layers.
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Table 4: Misclassification probabilities for the cases without stainless steel
layers and with stainless steel layers, respectively.

Without stainless steel

Ē pairs [GeV] θ̄Top+Bottom
2

± δθ pairs [mrad] OVL PGaussian PLinear

0.5 - 2.25 2.612±1.700 - 0.716±0.526 0.278 0.161 0.080
2.25 - > 3 0.716±0.526 - 0.248±0.153 0.330 0.197 0.180

With stainless steel

Ē pairs [GeV] θ̄Top+Bottom
2

± δθ pairs [mrad] OVL PGaussian PLinear

0.5 - 2.25 14.925±8.310 - 4.104±2.800 0.251 0.144 0.013
2.25 - > 3 4.104±2.800 - 1.422±0.766 0.304 0.179 0.141
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Part 2: Material characterization





6 Unveiling triangular correlation of angular
deviation in muon scattering tomography
by means of GEANT4 simulations

6.1 Introduction

In the present study, we first show that the same set of four hit locations
collected from the two detector layers at every hodoscope might lead to
split the scattering angle into two opposite angles by forming a triangu-
lar correlation where the scattering angle is considered an exterior angle,
while the two separate angles by definition are interior angles that are not
neighboring the scattering angle. In the second place, we perform a series
of GEANT4 simulations [1] by changing the vertical position of the VOI
made out of stainless steel within our tomographic scheme [14] consisting of
three plastic scintillators manufactured of polyvinyl toluene and we demon-
strate that the interior opposite angles vary depending on the VOI location,
whereas the scattering angle that is expressed according to the regular def-
inition does not yield a significant difference despite this spatial change.
Last but not least, the triangular correlation between the scattering angle
and the interior opposite angles is corroborated by the equality between the
scattering angle and the sum of these non-adjacent angles via our GEANT
simulations. The current study is organized as follows. In section 6.2, we
define the scattering angle as well as the interior separate angles in accor-
dance with the triangular correlation by delineating over our tomographic
configuration, and section 6.3 is composed of our simulation schemes in
order to explore the position sensitivity of the scattering angle as well as
the opposite interior angles obtained by splitting the scattering angle. We
exhibit our simulation results in section 6.4.

6.2 Triangular correlation

To begin with, our tomographic setup is depicted in Fig. 11(a) where the
scattering angle indicated by θ is determined by building a vector at each
section, the components of which are obtained through the hit locations on
two detector layers. The scattering angle might be split into two opposite
angles by setting up a triangular correlation as illustrated in Fig. 11(b)
where the exterior angle referred to the scattering angle is equal to the
superposition of the two non-adjacent angles.
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Figure 11: Delineation of angular deviation due to the target volume in
our tomographic scheme: (a) scattering angle denoted by θ and (b) trian-
gular correlation between θ = BC∠DE and the interior angles denoted by
BC∠CD and CD∠DE after splitting.

By reminding that the capital letters listed as A,B,C,D,E, and F in
Fig. 11(b) point to the hit locations in the specific detector layers, the
conventional scattering angle denoted by θ that also refers to the exterior
angle is commonly defined as written in [75–77]

θ = BC∠DE = BC∠CD+CD∠DE = arccos

( −→
BC · −→DE

|BC| |DE|

)
(51)

The same set of four hit locations also gives access to compute two opposite
interior angles as expressed in

BC∠CD = arccos

( −→
BC · −→CD
|BC| |CD|

)
(52)

and

CD∠DE = arccos

( −→
CD · −→DE

|CD| |DE|

)
(53)

It is worth mentioning that the computation of the interior angles indi-
cated by BC∠CD and CD∠DE does not require any further data collection
from the detector layers since the same set of four hit locations are already
mandatory to calculate the scattering angle, and three hit points out of four
are sufficient in order to determine these non-adjacent angles. The average
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angular deviation of any combination, i.e x∠y, at a given energy value is
determined by averaging over N number of the non-absorbed/non-decayed
muons as defined in

x∠y =
1

N

N∑
i=1

(x∠y)i (54)

and the standard deviation is expressed as written in

δ =

√√√√ 1

P

P∑
i=1

(
(x∠y)i − x∠y

)2
(55)

where P is the number of seeds. The resulting standard deviation from M
independent contributions might be described as follows

δResulting =

√√√√ M∑
i=1

δ2i (56)

By recalling that the angular resolution δangular is 1 mrad, the angular
resolution is always very small compared to the average scattering angle in
Eq. (54) as well as the standard deviation expressed in Eq. (42), thus the
resulting standard deviation in Eq. (56) is approximately equal to that in
Eq. (42) in the rest of our studies since an angular resolution of 1 mrad is
negligible.

6.3 Simulation scheme for vertical position sensitivity

Following the definition of the triangular correlation and the associated an-
gles of this correlation collected based on the tracked hits from the detector
layers, we perform a sequence of GEANT4 simulations in order to verify
the triangular correlation as well as to testify for the position sensitivity.
We define three position cases in cm that consist of origin, up, and down as
delineated in Fig. 12(a)-(c) where (a) shows the case called origin and the
center of the VOI is located at (0, 0), (b) demonstrates the case labeled up
and the center of VOI is moved to (30, 0), and (c) depicts the case termed
down and the center of VOI is situated at (-30, 0). Apart from the VOI po-
sition, the VOI material is stainless steel with a cubic volume of 30×30×30
cm3.

65



-50 -40 -30 -20 -10 0 10 20 30 40 50
-85

-75

-65

-55

-45

-35

-25

-15

-5

5

15

25

35

45

55

65

75

85

Horizontal distance [cm]

V
er
tic
al
di
st
an
ce

[c
m
]

(a) Origin
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(b) Up
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(c) Down

Figure 12: Simulation schemes for the position sensitivity by using three
different vertical VOI centers with (a) origin at (0, 0), (b) up at (30, 0),
and (c) down at (-30, 0) in cm.

To concisely summarize, our tomographic setup in GEANT4 simulations
is composed of three plastic scintillators made out of polyvinyl toluene with
the dimensions of 100× 0.4× 100 cm3 at every section. We utilize a central
mono-directional uniform muon beam as indicated by a downward black
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arrow in Fig. 12(a)-(c), and the uniform energy distribution [7] lies on an
interval between 0.1 and 8 GeV for the reason of more favorable numeri-
cal stability. Since the current aperture of the entire detection geometry
commonly only accepts the narrow angles apart from the very rare entries
around the corners, this beam setup is considered significantly reliable by
reminding that the distribution of the incident angle (α) approximately cor-
responds to cos2(α) for an interval between −π/2 and π/2 [41]. The number
of the simulated muons in each defined position is 105. The tomographic
components in the GEANT4 simulations are defined in agreement with the
G4/NIST database, and the preferred physics list is FTFP_BERT. The
simulation features are listed in Table 5.

Table 5: Simulation features.
Particle µ−

Beam direction Vertical
Momentum direction (0, -1, 0)

Source geometry Planar
Initial position (cm) ([-0.5, 0.5], 85, [-0.5, 0.5])
Number of particles 105

Energy distribution Uniform
Energy interval (GeV) [0, 8]
Bin step length (GeV) 0.5
Energy cut-off (GeV) 0.1

Target material Stainless steel
Target geometry Cube
Target size (cm) 30

Material database G4/NIST
Reference physics list FTFP_BERT

The muon tracking is accomplished by G4Step (see Appendix A), and
the tracked hit locations are post-processed by the support of a Python
script (see Appendix B) where the scattering angle and the interior non-
adjacent angles are initially computed for every single non-absorbed/non-
decayed muon, then the uniform energy spectrum limited by 0.1 and 8
GeV is divided into 16 bins by marching with a step of 0.5 GeV, and each
obtained energy bin is labeled with the central point in the energy sub-
interval. Finally, the determined angles are averaged for the associated
energy bins.

6.4 Simulation outcomes

Initially, we check the variation of the scattering angle with respect to five
seed numbers in order to see if there is a significant fluctuation as illustrated
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in Fig. 13, and we observe that the average BC∠DE is not significantly
affected by different seed numbers.
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Figure 13: Average BC∠DE via five seed numbers (a) over the energy in-
terval between 0.1 and 8 GeV and (b) over a three-group energy structure
in accordance with Eqs. (55) and (56) by including the angular resolution
of 1 mrad.
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We furthermore check the variation of the average scattering angle as
well as the standard deviation defined in Eq. (42) with respect to the number
of particles and we show that these two parameters do not vary significantly
when the number of particles is increased as shown in Fig. 14.
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Figure 14: Average BC∠DE and the corresponding standard deviation as
defined in Eq. (42) by using four different number of particles.

We continue our simulations with the scattering angle denoted by BC∠DE
in order to investigate its position sensitivity versus the vertical displace-
ment, and Fig. 15(a) shows the average BC∠DE as a function of the kinetic
energy. We observe that the average BC∠DE does not exhibit a tendency
to vary with the vertical position change as demonstrated in Fig. 15(a).
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Figure 15: Comparison between the average angular deviations over (a)
BC∠DE, (b) BC∠CD, (c) CD∠DE, and (d) sum of BC∠CD and CD∠DE
for three different positions.

Whereas the average BC∠DE remains almost constant in spite of the
spatial variation, the average interior non-adjacent angles indicated by
BC∠CD and CD∠DE yield three distinct curves in the three different ver-
tical positions as shown in Fig. 15(b) and (c). Another reflection that we
notice from Fig. 15(b) and (c) is the opposite numerical trend among the
opposite interior angles, which means that the average BC∠CD increases in
terms of the vertical boost, while CD∠DE augments by the downward drop.
At long last, we verify the triangular correlation as defined in Eq. (51), and
Fig. 15(d) ratifies the equality between the scattering angle and the superpo-
sition of the interior non-adjacent angles through our GEANT4 simulations
over three different positions.
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7 Applying triangular correlation of angular
deviation for multi-block materials via GEANT4
simulations

7.1 Introduction

In another study [81], we already show that the scattering angle might be
split into two interior angles, and these interior angles vary depending on
the position of the VOI although the scattering angle almost remains as
the same. In this study, we apply the triangular correlation on a three-
block material configuration that consists of concrete, stainless steel, and
uranium in order to check whether the triangular correlation holds. We per-
form a number of GEANT4 simulations [1] by changing the material order
within our tomographic scheme [14] consisting of three plastic scintillators
manufactured of polyvinyl toluene and we demonstrate that the triangular
correlation is conserved for the multi-block material systems. The current
study is organized as follows. Section 7.2 is composed of our simulation
schemes in order to explore the triangular correlation as well as the mate-
rial order, while we show our simulation results in section 7.3.

7.2 Simulation properties

Following the definition of the triangular correlation and the associated an-
gles of this correlation collected based on the tracked hits from the detector
layers, we perform a series of GEANT4 simulations in order to verify the
triangular correlation. Since we have three different blocks, we define six
combinations that consist of concrete+stainless steel+uranium (case I), con-
crete+uranium+stainless steel (case II), stainless steel+concrete+uranium
(case III), stainless steel+uranium+concrete (case IV), uranium+concrete+
stainless steel (case V), and uranium+stainless steel+concrete (case VI) ac-
cording to Fig. 16 . Apart from the material order, each block is a cubic
volume with the dimensions of 20× 20× 20 cm3.
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Figure 16: Simulation setup for the multi-block material configuration that
consists of concrete, stainless steel, and uranium.

To briefly summarize, our tomographic setup in GEANT4 simulations
is composed of three plastic scintillators made out of polyvinyl toluene with
the dimensions of 100× 0.4× 100 cm3 at every section. We utilize a central
mono-directional uniform muon beam as indicated by a downward black
arrow in Fig. 16, and the uniform energy distribution [7] lies on an interval
between 0.1 and 8 GeV for the reason of more favorable numerical stabil-
ity. Since the current aperture of the entire detection geometry commonly
only accepts the narrow angles apart from the very rare entries around the
corners, this beam setup is considered significantly reliable by reminding
that the distribution of the incident angle (α) approximately corresponds
to cos2(α) for an interval between −π/2 and π/2 [41]. The number of the
simulated muons in each defined position is 105. The tomographic com-
ponents in the GEANT4 simulations are defined in agreement with the
G4/NIST database, and the preferred physics list is FTFP_BERT. The
simulation features are listed in Table 6.
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Table 6: Simulation properties.

Particle µ−

Beam direction Vertical
Momentum direction (0, -1, 0)

Source geometry Planar
Initial position (cm) ([-0.5, 0.5], 85, [-0.5, 0.5])
Number of particles 105

Energy interval (GeV) [0, 8]
Energy cut-off (GeV) 0.1
Bin step length (GeV) 0.5
Energy distribution Uniform
Material database G4/NIST

Reference physics list FTFP_BERT

The muon tracking is accomplished by G4Step, and the tracked hit
locations are post-processed by the support of a Python script where the
scattering angle and the interior non-adjacent angles are initially computed
for every single non-absorbed/non-decayed muon, then the uniform energy
spectrum limited by 0.1 and 8 GeV is divided into 16 bins by marching
with a step of 0.5 GeV, and each obtained energy bin is labeled with the
central point in the energy sub-interval. Finally, the determined angles are
averaged for the associated energy bins.

7.3 Simulation outcomes

We first investigate the average BC∠DE as shown in Fig. 17(a). For the av-
erage BC∠DE, we show that the angular values converge in the high energy
bins. According to Figs. 17(b) and (c), this convergence is not observed for
the average BC∠CD as well as the average CD∠DE. Moreover, the average
BC∠CD and the average CD∠DE result in more distinct curves compared
to the average BC∠DE, thereby implying an opportunity to coarsely pre-
dict the material order in the multi-block material systems. Finally in
Fig. 17(d), by summing up the average BC∠CD and the average CD∠DE,
we demonstrate that Eq. (51) holds for the multi-block materials.
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Figure 17: Simulation outcomes for the multi-block material system that
consists of concrete, stainless steel, and uranium.
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8 Non-destructive interrogation of nuclear waste
barrels through muon tomography: A Monte
Carlo study based on dual-parameter analysis
via GEANT4 simulations

8.1 Introduction

In this study, we computationally explore the nuclear waste drums contain-
ing a certain amount of bulky radioactive volume [13] by aiming at revealing
the quantitative information via the dual combination of the muon scatter-
ing angle and the muon absorption. We employ the Monte Carlo simula-
tions by using the GEANT4 code [1] over our tomographic system [14] that
consists of three plastic scintillators made out of polyvinyl toluene with a
thickness of 0.4 cm as well as an accuracy of 1 mrad in both the top section
and the bottom section [12, 13] and we follow an experimentally repeat-
able procedure founded on the hit locations in the detector layers. This
study is organized as follows. In section 8.2, we express the characteristic
parameters, i.e. the scattering angle and the relative absorption rate, for
the discrimination of the nuclear waste barrels including different types of
nuclear materials. While we present the hodoscope layout as well as the
simulation properties in section 8.3, the simulations results are exhibited by
using both quantitative and qualitative formats in section 8.4.

8.2 Definition of characteristic parameters

8.2.1 Average scattering angle and standard deviation

In the current study, the scattering angle of a muon means the three-
dimensional positive angular difference between the direction of the entering
muon through the VOI and the direction of the same exiting muon from
the same VOI, and this angular aberration is caused by the interactions
that stochastically occur between the propagating muons and the VOI. As
described in Fig. 11 (a), the computation of the scattering angle requires
the construction of two independent vectors by utilizing exactly four muon
hit locations in the detector layers where the first vector is the difference
between the hits locations in the second top detector layer and the third
top detector layer, while the subtraction of the hit position in the first bot-
tom plastic scintillator from the hit position in the second bottom plastic
scintillator yields the latter vector.

The definition of these two vectors brings forth the scattering angle de-
noted by θ, and the scattering angle of a muon crossing the VOI is obtained
by using these two vectors as defined in Eq. (40). Since a substantial num-
ber of muons reach the VOI, the average profile of the scattering angle at
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a certain energy is quantified by averaging the previously determined scat-
tering angles over N number of the non-absorbed/non-decayed muons as
written in Eq. (41) where its standard deviation is given in Eq. (42).

8.2.2 Relative absorption rate

In the course of the muon penetration through the VOI, its kinetic energy
is deducted by multiple mechanisms [82], and this collective slowing-down
is implicitly contingent on the intrinsic properties of the VOI as well as the
thickness of the VOI. Especially in the case of the relatively low-energetic
muons, the energy loss due to the VOI might lead to either the zero-energy
value or the quasi-zero-energy level that commonly results in the capture
of the corresponding muon at rest. In the GEANT4 nomenclature for a
negative muon denoted by µ−, this process is entitled "muMinusCapture-
AtRest", and it might strategically support the material characterization
under certain circumstances. Hence, in the present study, we also track the
number of the µ− captures at rest within the VOI and we define a relative
ratio called relative absorption rate (RAR) between the absorbed muons
and the generated muons as expressed in

RAR =
Absorption

Generation
=

# of muMinusCaptureAtRest
# of µ− (57)

Besides the material properties, since the muon absorption is also depen-
dent on the muon energy spectrum regarding the energy cut-off and the
population size of the potentially absorbable muons, the absorption rate in
Eq. (57) is axiomatically relative.
Even in the case of a fair energy cut-off, the non-absorbed muons leaving
the VOI might be still subject to the capture at rest in either the surround-
ing medium or the bottom detector layers in accordance with their final
energies, thus we further track the absorption events that occur outside the
VOI.

8.3 Hodoscope scheme and simulation properties

Heretofore, we have briefly described the dual-parametric approach based
on the muon scattering angle and the muon absorption. To perform the
aforementioned analysis, the geometrical scheme is depicted in Fig. 18, and
it is shown that the plastic scintillators are separated by a distance of 10
cm, whereas the distance between these two hodoscope sections is 100 cm.
Furthermore, the dimensions of the detector layers are 100× 0.4× 100 cm3.
Concerning the nuclear waste drum, the VOI is held at the center of the
tomographic system. Regarding the components of the nuclear waste barrel,
the outermost layer is defined as a cylinder manufactured from stainless steel
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layer, the height of which is 96 cm, and the thickness of which is 3.2 cm.
The filling material is the cylindrical ordinary concrete slab with the height
of 88 cm as well as the radius of 26.2 cm, while the nuclear material placed
at the middle of the concrete padding is a cubic solid box of 20 × 20 × 20
cm3.
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Figure 18: Illustration of simulation components (a) layout of the nuclear
waste barrel within the tomographic system and (b) reproduced geometry
in GEANT4.

By fulfilling the geometrical properties of the tomographic setup as well
as the regular nuclear waste drum, we conduct the Monte Carlo simula-
tions via the GEANT4 code in order to register the hit positions in the
plastic scintillators. The simulation parameters are listed in Table 7, and
the dimension of the simulation box is 100 × 170 × 100 cm3 where the
Cartesian components are situated symmetrically in the interval of (-50
cm, 50 cm), (-85 cm, 85 cm), and (-50 cm, 50 cm), respectively as indi-
cated in Fig. 18(a). Into the bargain, we exhibit the reproduced geometry
in GEANT4 as displayed in Fig. 18(b). We use a narrow planar multi-
energetic mono-directional beam that is generated at ([-0.5, 0.5] cm, 85 cm,
[-0.5, 0.5] cm) via G4ParticleGun, and the generated muons are propagat-
ing in the vertically downward direction as shown by the black arrown in
Fig. 18(a), i.e. from the top edge of the simulation box through the bottom
edge.
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Table 7: Simulation properties.

Particle µ−

Beam direction Vertical
Momentum direction (0, -1, 0)

Source geometry Planar
Initial position (cm) ([-0.5, 0.5], 85, [-0.5, 0.5])
Number of particles 105

Energy interval (GeV) [0, 8]
Energy cut-off (GeV) 0.1
Bin step length (GeV) 0.5
Energy distribution Uniform
Material database G4/NIST

Reference physics list FTFP_BERT

A uniform energy distribution lying on the interval between 0 and 8
GeV with the energy cut-off of 0.1 GeV, which is selected to minimize the
probability of the muon absorption in the top detector layers as well as
to maximize the encounter between the incoming muons and the VOI, is
utilized by recalling the numerical advantages [7]. The total number of the
generated µ− is 105 in every simulation. All the materials in the simula-
tion geometry are defined in agreement with the GEANT4/NIST material
database, and FTFP_BERT is the reference physics list used in the present
study.
The muon tracking is maintained by G4Step, and the registered hit locations
are post-processed by the aid of a Python script where the scattering angle
is first calculated for every single non-absorbed/non-decayed muon, then
the uniform energy spectrum bounded by 0 and 8 GeV is partitioned into
16 bins by marching with a step of 0.5 GeV, and each obtained energy bin is
labeled with the central point in the energy sub-interval. Consequently, the
obtained scattering angles are averaged for the associated energy bins. In
the case of the muon capture at rest, the in-target absorption is acquired by
directly probing the VOI, which also means that the events called "muMi-
nusCaptureAtRest" are recorded during the muon propagation within the
VOI.

8.4 Simulation outcomes

To test the feasibility of the dual-parametric methodology by using the
above-mentioned simulation setup, we select a list of nuclear materials com-
posed of caesium, strontium, cobalt, uranium, and plutonium. Accompa-
nying the nuclear waste barrels that contain these bulky nuclear materials,
we also define an ordinary waste drum denoted by waste barrel or WB
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that only consists of stainless steel and concrete for the sake of comparison.
On the first basis, we first determine the scattering angle distribution (see
Appendix C) by using a 1-mrad step length, and Fig. 19 depicts the distri-
bution of the scattering angles for the nuclear waste barrels over the energy
interval between 0.1 and 8 GeV.
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Figure 19: Distribution of the scattering angles for the nuclear waste barrels
with a step length of 1 mrad over the energy interval between 0.1 and 8 GeV.

It is demonstrated that both the nuclear waste drums including stron-
tium and caesium exhibit a close trend compared to the waste barrel, while
both the nuclear waste barrels encompassing plutonium and uranium yield
significantly distinct scattering angle profiles due to their high atomic num-
bers and the high density values in comparison with the waste barrel as well
as the rest of nuclear waste barrels. Thus, regarding the practical efficiency
of the material discrimination, the region around uranium along with the
trans-uranium elements in the periodic table shows a remarkable advan-
tage contrary to the other materials. It is worth mentioning that, for this
specific setup that assumes the bulky radioactive volume, a nuclear waste
drum containing cobalt also displays a visibly different distribution.

Whereas the distribution of the scattering angle provides a qualitative
profile for the initial evaluation, we calculate the average scattering angle
and the corresponding standard deviation for a set of 16 energy bins in
order to obtain the quantitative details about the present nuclear waste
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barrels, and Table 8 tabulates the average scattering angles and the standard
deviations over the energy interval between 0.1 and 8 GeV. According to
Table 8, the nuclear waste drums containing uranium or plutonium generate
similar scattering angles, and the nuclear waste barrels including strontium
and caesium give rise to the close scattering angles. Although it is partially
hard to claim a remarkable difference between the waste barrel and the
nuclear waste drums having strontium and caesium by just checking the
distribution of the scattering angles in Fig. 19, Table 8 indicates a slight
difference between these cases, thereby providing a challenging possibility
for the material identification. By analyzing Table 8, it is also revealed that
the average scattering angle declines with respect to the energy increase as
shown in another study with the root-means-square values [83], and this
behavior provides another qualitative format to contrast the nuclear waste
barrels as illustrated in Fig. 20, and it is seen that the angular difference
between the nuclear waste drums decreases when the initial kinetic energy
increases.
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Figure 20: Variation of the average scattering angle with respect to the
energy bins with a bin length of 0.5 GeV over the energy interval between
0.1 and 8 GeV by recalling the standard deviations listed in Table 8.

A similar consequence from Fig. 19 might be drawn from Fig. 20 by
stating that the nuclear waste barrel with the bulky cobalt acts as a con-
siderable deflector against the propagating muons following the uranium-
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and plutonium-containing barrels; however, the deflecting capability of the
nuclear waste drum with strontium or caesium is not significantly different
from that of the waste barrel considering the present configuration.

The qualitative information as well as the numerical data already shows
that the nuclear waste barrels might be classified according to the scattering
angle that is directly dependent on the constituents in the nuclear waste
barrels. As a matter of fact, Table 8 already implies the second character-
istic parameter that might be utilized in order to identify the nuclear waste
barrels. When the initial energy bin, which is 0.25 GeV, is examined, it is
observed that the nuclear waste drums including uranium, plutonium, and
cobalt do not possess any value; on the other hand, the waste barrel and
also the nuclear waste drums encompassing strontium and caesium have an
average scattering angle at the energy bin of 0.25 GeV. The reason behind
this absence might be formulated by either the complete absorption of the
penetrating muons within the energy bin of 0.25 GeV in the case of pluto-
nium and uranium or the statistically insufficient number of the surviving
muons for the energy bin of 0.25 GeV in the case of cobalt. Hence, mo-

Table 9: Number of the absorbed muons within the nuclear waste barrels
by using five seed numbers over the energy interval between 0.1 and 8 GeV.

Material Seed I Seed II Seed III Seed IV Seed V Average Standard deviation

WB 2820 2754 2853 2790 2825 2808.4 37.7
WB+Co 5048 4932 5178 4991 5142 5058.2 102.4
WB+Sr 2697 2628 2702 2670 2715 2682.4 34.5
WB+Cs 2397 2353 2423 2408 2445 2405.2 34.3
WB+U 7304 7206 7403 7248 7140 7314.2 91.2
WB+Pu 7508 7423 7629 7464 7620 7528.8 92.4

tivated by this certitude, we track the absorbed muons within the nuclear
waste barrels by utilizing five seed numbers, and Table 9 lists the number of
the muon captures at rest inside the nuclear waste barrels over the energy
interval between 0.1 and 8 GeV.
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Figure 21: Relative absorption rates of the nuclear waste barrels over the
energy interval between 0.1 and 8 GeV by reminding the standard deviations
tabulated in Table 9.

It is explicitly demonstrated that the nuclear waste drums containing
uranium or plutonium yield the highest number of the µ− captures at rest
as they generate the highest average scattering angles among the current
barrels under the investigation; in contrast, the moderating power for the
remaining drums except the cobalt case is almost alike. According to our
observations, it is worth bearing in mind that a negligible number of muons
about 21 to 40 are subject to the post-target absorption, most of which
occur in the bottom detector layers in every case of the present GEANT4
simulations.

In order to compute the RAR as defined in Eq. (57), we divide the
number of the µ− captures at rest within the nuclear waste drums, i.e. the
average number of the muon absorption over five seed numbers as indicated
in the sixth column of Table 9, by the total number of the generated muons,
which is 105 as stated in Table 7, and Fig. 21 presents the RAR for the
current nuclear waste barrels. However, it is worth noting that a very
small portion of the entire muon population usually has the absorption
potential, which also means that a statistically reliable absorption dataset
undoubtedly requires a long period of muon irradiation.
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9 On discrimination of nuclear waste barrels
subject to in-drum mixing by muon scattering
tomography: A characterization study based on
GEANT4 simulations

9.1 Introduction

Motivated by the feasibility verification of cosmic ray muon tomography in
the discrimination of the nuclear waste/cement mixtures, we employ the
GEANT4 simulations by using our tomographic setup consisting of plastic
scintillators in order to determine the characteristic parameters such as the
scattering angle, the muon absorption, and the muon displacement owing
to the nuclear waste barrels exposed to the in-drum mixing over a set of
radioactive materials consisting of cobalt, strontium, caesium, uranium, and
plutonium in the present study. Upon our simulation results based on a
cylindrical stainless steel drum with a radius of 29.6 cm as well as a height of
96 cm in which the nuclear materials of volume 8000 cm3 are homogeneously
combined with the regular concrete, we show that the presence of uranium
and plutonium in the cementitious forms is qualitatively and quantitatively
visible from the characteristic parameters, while the remaining radioactive
waste/cement mixtures with the nuclear sources such as cobalt, strontium,
and caesium do not exhibit a significant difference in comparison with the
ordinary concrete slab since the intrinsic properties of the resulting mixtures
that shape the characteristic parameters are predominantly governed by the
matrix properties unless the associated additives are drastically denser along
with the substantially higher Z-values.

9.2 Methodology

As described in Fig. 11(a), the calculation of the scattering angle requires
the construction of two distinct vectors by using exactly four muon hit
points in the detector layers where the first vector is the difference between
the hits locations in the second top detector layer and the third top detector
layer, while the subtraction of the hit position in the first bottom plastic
scintillator from the hit position in the second bottom plastic scintillator
yields the second vector.

The definition of these two vectors yields the scattering angle indicated
by θ, and the scattering angle of a muon crossing the VOI is determined
by Eq. (40). Since a serious number of muons reach the VOI, the mean
profile of the scattering angle at a certain energy is quantified by averag-
ing the previously computed scattering angles over N number of the non-
absorbed/non-decayed muons as written in Eq. (41) where its standard
deviation is Eq. (42).
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We also track the number of the µ− captures at rest within the VOI and
we express a relative ratio called relative absorption rate (RAR) between
the absorbed muons and the generated muons as defined in Eq. (57). The
displacement based on the spatial coordinates x and z over the hit locations
on A and B is expressed as follows

∆ = ∆(x, z) =
√

(xB − xA)2 + (zB − zA)2 (58)

Since a substantial number of muons reach the VOI, the average displace-
ment at a certain energy is quantified by averaging the previously de-
termined displacements over N number of the non-absorbed/non-decayed
muons as written in

∆̄ =
1

N

N∑
i=1

∆i (59)

where its standard deviation is

δ∆ =

√√√√ 1

N

N∑
i=1

(∆i − ∆̄)2 (60)

9.3 Simulation properties

We assume that a certain amount of nuclear waste is mixed with the regular
cement within the stainless drum as illustrated in Fig. 22. This process is
called in-drum mixing, and we use a volume of 20×20×20 cm3 for a list
of nuclear materials consisting of cobalt, strontium, caesium, uranium, and
plutonium besides a regular waste barrel (WB) that does not contain any
nuclear waste.
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Figure 22: Scheme of the homogenized nuclear waste barrel in which the
concrete and the radioactive waste are mixed.

By satisfying the geometrical properties of the tomographic configura-
tion as well as the homogenized nuclear waste barrel, we perform the Monte
Carlo simulations via the GEANT4 code in order to register the hit posi-
tions in the plastic scintillators. The simulation parameters are listed in
Table 10, and the dimension of the simulation box is 100× 170× 100 cm3

where the Cartesian components are positioned symmetrically in the inter-
val of (-50 cm, 50 cm), (-85 cm, 85 cm), and (-50 cm, 50 cm) as indicated
in Fig. 22.

Table 10: Simulation properties.

Particle µ−

Beam direction Vertical
Momentum direction (0, -1, 0)

Source geometry Planar
Initial position (cm) ([-0.5, 0.5], 85, [-0.5, 0.5])
Number of particles 105

Energy interval (GeV) [0, 8]
Energy cut-off (GeV) 0.1
Bin step length (GeV) 0.5
Energy distribution Uniform
Material database G4/NIST

Reference physics list FTFP_BERT

A uniform energy distribution lying on the interval between 0 and 8
GeV with the energy cut-off of 0.1 GeV, which is selected to minimize the
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probability of the muon absorption in the top detector layers as well as
to maximize the encounter between the incoming muons and the VOI, is
utilized by recalling the numerical advantages [7]. The total number of the
generated µ− is 105 in every simulation. All the materials in the simula-
tion geometry are defined in agreement with the GEANT4/NIST material
database, and FTFP_BERT is the reference physics list used in the present
study. Again, a Python script is employed to process the GEANT4 outputs.

9.4 Simulation outcomes

We initially check the distribution of the scattering angles for the nuclear
waste barrels subject to the in-drum mixing with a step length of 1 mrad
over the energy interval between 0.1 and 8 GeV as depicted in Fig. 23. We
see that, while the homogenized nuclear barrels with uranium or plutonium
are distinguishable from the regular waste barrel indicated by WB, the
remaining nuclear waste drums result in the similar curves compared to
WB.
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Figure 23: Distribution of the scattering angles for the nuclear waste barrels
subject to in-drum mixing with a step length of 1 mrad over the energy
interval between 0.1 and 8 GeV.

In order to emphasize the presence of uranium as well as plutonium,
the variation of the scattering angle with respect to the same energy bins is
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listed in Table 11 together with the mean scattering angle and its standard
deviation.

Moreover, the variation of the average scattering angle with respect to the
kinetic energy is illustrated in Fig. 24. In addition to the above-mentioned
difference between WB and the waste drums containing the high-Z mate-
rials (i.e. WB+Umix and WB+PuMix), we qualitatively observe that the
scattering angle declines depending on the kinetic energy.
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Figure 24: Variation of the average scattering angle with respect to the
energy bins with a bin length of 0.5 GeV over the energy interval between
0.1 and 8 GeV.

Specific to the present study, we also determine the xz-displacement due
to the homogenized nuclear waste barrels for the propagating muons, and
Fig. 25 shows the distribution of the xz-displacement for the nuclear waste
barrels subject to the in-drum mixing with a step length of 0.1 cm over
the same energy interval, and we also observe a similar exponential trend
existing in Fig. 24 in comparison with the scattering angle.
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Figure 25: Distribution of the xz-displacement for the nuclear waste barrels
subject to in-drum mixing with a step length of 0.1 cm over the energy
interval between 0.1 and 8 GeV.

In the next step, we tabulate the variation of the scattering angle with
respect to the kinetic energy for a set of 16 bins over the energy interval
between 0.1 and 8 GeV in Table 12, and the nuclear waste drums including
uranium or plutonium show a remarkable difference in contrast with the
waste barrels that contain the nuclear materials such as cobalt, strontium,
and caesium. Furthermore, we illustrate the variation of the muon dis-
placement with respect to the kinetic energy in Fig. 26, and it is seen that
the muon displacement might be used in to characterize the homogenized
nuclear waste with or without uranium or plutonium.
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Figure 26: Variation of displacement with respect to the energy bins with
a bin length of 0.5 GeV over the energy interval between 0.1 and 8 GeV.

Finally, the relative absorption rate, which is denoted by RAR, is demon-
strated for the present homogenized nuclear waste barrels in Fig. 27, and we
conclude that the existence of uranium and plutonium within the studied
waste drums might be traceable by profiting from the absorption data.
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Figure 27: Relative absorption rates for the nuclear waste barrels subject
to in-drum mixing over the energy interval between 0.1 and 8 GeV.
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10 Energy difference between hodoscope sections
in muon tomography: Application for nuclear
waste barrels by means of GEANT4
simulations

10.1 Introduction

The traversing muons lose their energies [82, 84] through the volume-of-
interest (VOI) in the tomographic setups based on the muon scattering [4,
10]. This energy loss is not frequently mentioned because most of the to-
mographic configurations do not have a custom spectrometer to track the
kinetic energy of the propagating muons. However, the deflection angle
through the hodoscope section might be used to roughly estimate the ki-
netic energy of the entering muons as described in another study [85,86]. In
this study, we explore the energy loss of the incoming muons through the
VOIs over the nuclear waste barrels [12, 13, 27–30, 87] that include cobalt,
caesium, strontium, uranium, and plutonium by means of the GEANT4
simulations [1]. Then, we propose a correction factor for the image recon-
struction codes that coarsely group the entering muons according to the
deflection angle through the hodoscope sections. The present study is or-
ganized as follows. In section 10.2, we state our methodology in order to
determine the energy difference between the hodoscope sections. While we
mention our simulation setup as well our simulation features in section 10.3,
we exhibit our simulation outcomes in section 10.4. We suggest our cor-
rection factor for the image reconstruction codes that are founded on the
deflection angle in section 10.5.

10.2 Methodology

We start with illustrating our tomographic setup that is given in Fig. 28,
and the energy values are collected at the top hodoscope section above the
VOI as well as the bottom hodoscope section below the VOI as indicated
by the red circle and the green circle, respectively.
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Target

Figure 28: Tomographic setup for the collection of energy values.

The energy difference between the hodoscope sections depicted in Fig. 28
is determined by using the following expression:

∆E = ETop − EBottom (61)

where ETop is the kinetic energy that is registered in the third top detector
layer before the target volume, and EBottom is the kinetic energy that is
tracked in the first bottom detector layer after the target volume. Since a
substantial number of muons reach the VOI, the average energy difference at
a certain energy bin is determined by averaging the previously determined
energy differences over N number of the non-absorbed/non-decayed muons
as written in

∆E =
1

N

N∑
i=1

∆Ei (62)

where its standard deviation is

δ∆E =

√√√√ 1

N

N∑
i=1

(∆Ei −∆E)2 (63)

10.3 Simulation properties

To perform the aforementioned analysis for the nuclear waste barrels, the
geometrical scheme is depicted in Fig. 18(a), and it is shown that the plastic
scintillators are separated by a distance of 10 cm, whereas the distance be-
tween these two hodoscope sections is 100 cm. Furthermore, the dimensions
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of the detector layers are 100×0.4×100 cm3. Concerning the nuclear waste
drum, the VOI is held at the center of the tomographic system. Regarding
the components of the nuclear waste barrel, the outermost layer is defined
as a cylinder manufactured from stainless steel layer, the height of which
is 96 cm, and the thickness of which is 3.2 cm. The filling material is the
cylindrical ordinary concrete slab with the height of 88 cm as well as the
radius of 26.2 cm, while the nuclear material placed at the middle of the
concrete padding is a cubic solid box of 20× 20× 20 cm3.

By satisfying the geometrical properties of the tomographic setup as
well as the regular nuclear waste drum, we conduct the Monte Carlo sim-
ulations via the GEANT4 code in order to register the energy values in
the plastic scintillators. The simulation parameters are listed in Table 13,
and the dimension of the simulation box is 100× 170× 100 cm3 where the
Cartesian components are situated symmetrically in the interval of (-50 cm,
50 cm), (-85 cm, 85 cm), and (-50 cm, 50 cm), respectively as indicated in
Fig. 18(a). We use a narrow planar multi-energetic mono-directional beam
that is generated at ([-0.5, 0.5] cm, 85 cm, [-0.5, 0.5] cm) via G4ParticleGun,
and the generated muons are propagating in the vertically downward direc-
tion as shown by the black arrow in Fig. 18(a), i.e. from the top edge of
the simulation box through the bottom edge.

A uniform energy distribution lying on the interval between 0 and 8
GeV with the energy cut-off of 0.1 GeV, which is selected to minimize the
probability of the muon absorption in the top detector layers as well as
to maximize the encounter between the incoming muons and the VOI, is
utilized by recalling the numerical advantages [7]. The total number of the
generated µ− is 105 in every simulation. All the materials in the simula-
tion geometry are defined in agreement with the GEANT4/NIST material
database, and FTFP_BERT is the reference physics list used in the present
study.
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Table 13: Simulation properties.

Particle µ−

Beam direction Vertical
Momentum direction (0, -1, 0)

Source geometry Planar
Initial position (cm) ([-0.5, 0.5], 85, [-0.5, 0.5])
Number of particles 105

Energy interval (GeV) [0, 8]
Energy cut-off (GeV) 0.1
Bin step length (GeV) 0.5
Energy distribution Uniform
Material database G4/NIST

Reference physics list FTFP_BERT

The muon tracking is maintained by G4Step, and the registered energy
values are post-processed by the aid of a Python script where the energy dif-
ference is first calculated for every single non-absorbed/non-decayed muon,
then the uniform energy spectrum bounded by 0 and 8 GeV is partitioned
into 16 bins by marching with a step of 0.5 GeV, and each obtained en-
ergy bin is labeled with the central point in the energy sub-interval. Con-
sequently, the obtained energy differences are averaged for the associated
energy bins.

10.4 Simulation results

We exhibit our simulation outcomes in Table 14 and we initially show that
the energy loss is a characteristic parameter that is dependent on the in-
trinsic properties of the VOIs. While the waste barrels containing uranium
and plutonium yields the highest deposited energy, the reference barrel in-
dicated by WB, which only includes stainless steel and concrete, leads to
the lowest energy loss. According to the listed values in Table 14, the en-
ergy loss is not negligible for the first few energy bins. This also means that
the scattering regime for the initial energy bins changes significantly after
the VOIs, and this may necessitate a correction factor for the image recon-
struction codes where the kinetic energy of the incoming muons is coarsely
estimated according to the deflection angle in the top hodoscope and the
bottom hodoscope since the deflection angle is contingent on the kinetic
energy of the crossing muons. In order to highlight the spectral difference
between two hodoscope sections, Fig. 29 shows the energy distributions at
either section.
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Figure 29: Spectral difference between hodoscope sections for nuclear waste
barrels over the energy interval between 0.1 and 8 GeV.
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10.5 Correction factor for image reconstruction

As described in another study [85, 86], the kinetic energy of the incoming
muons might be estimated by using the deflection angle at the hodoscope
sections. Moreover, the deflection angles obtained through these hodoscope
sections are averaged in order to decrease the resulting standard deviation.
According to Table 14 and Fig. 29, it is shown that the energy values of
the incoming muons are different from those of the outgoing muons in the
presence of the VOIs, and the deflection angle at the bottom section varies
depending on the intrinsic properties of the VOIs. Thus, it is necessary
to renormalize the bottom deflection angle for the image reconstruction
purposes. The distribution of the deflection angle as function of momentum
is described in the following expression:

θ ≈ 13.6 MeV

βp

√
l

X0
(64)

where p is the momentum, β is the velocity, l is the thickness of the material,
and X0 is the radiation length of the material. Then, by assuming that the
top hodoscope and the bottom hodoscope are completely symmetrical and
made out of the same materials as shown in Figs. 18(a) and 28,

θTop
θBottom

≈
13.6 MeV
βToppTop

√
l

X0

13.6 MeV
βBottompBottom

√
l

X0

=
βBottompBottom

βToppTop
≈ EBottom

ETop
(65)

So, a correction factor for the bottom hodoscope might be formulated as

C =
θ̄Top

θ̄Bottom
(66)

This correction factor might be useful for the image reconstruction codes
where the kinetic energy of the entering muons is roughly predicted accord-
ing to the deflection angle.
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Part 3: Muon source optimization





11 Towards energy discretization for muon
scattering tomography in GEANT4 simulations:
A discrete probabilistic approach

11.1 Introduction

In the present study, by aiming at obtaining a fast, verifiable, and modifiable
muon source in the GEANT4 simulations, we initially exhibit our procedure
that is based on the multi-binned approximation of the CRY muon energy
spectrum. In the latter instance, we incorporate our discrete spectra in
the GEANT4 code by using a one-dimensional probability grid that oper-
ates under G4ParticleGun. Following this step, we furthermore gain the
capability of utilizing the existing experimental spectra. Then, we test our
methodology over our tomographic setup consisting of plastic scintillators
fabricated from polyvinyl toluene with the dimensions of 100×0.4×100 cm3

and we determine the characteristic parameters such the average scattering
angle, the root-mean-square of the scattering angle, and the number of the
muon absorption by using a set of slabs composed of aluminum, copper,
iron, lead, and uranium with the dimensions of 40×10×40 cm3. Finally,
we contrast our simulation outcomes by means of both the CRY discrete
spectrum and the BESS muon spectrum. This study is outlined as follows.
In section 11.2, we compute the discrete probabilities for the correspond-
ing discrete energies, and section 11.3 describes the implementation in the
GEANT4 code. While we express our characteristic parameters as well as
our simulation setup in section 11.4, we expose our simulation outcomes in
section 11.5.

11.2 Discrete energies and discrete probabilities

At the outset, we strive for the energy discretization based on the extracted
energy list from the CRY muon generator [31] between 0 and 8 GeV. To
achieve this aim, we first set out our constant bin length that is selected
as 0.1 GeV. Thus, the number of non-zero energy bins is evidently 80 as
written in

#Bins =
EMax − EMin

LBins
=

8.0− 0

0.1
= 80 (67)

Then, in agreement with the energy dataset acquired through the CRY
generator, the number of the counts in the specific energy bin denoted by
Ei in GeV is computed by incorporating any Ex ∈ (Ei−1, Ei] under the
condition of m0 = 0 for E0 = 0 as described in

mi =
∑
k=1

1 if Ei−1 < Ex ≤ Ei for i=1, 2, 3,.., 80 (68)
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Basically, Eq. (68) might be performed by using the existing tools in Python,
e.g. NumPy. While this operation is an approximation by definition, we do
not significantly neglect any fundamental information in the case of the fine
energy bins as accomplished in the present study, which also implies that the
simulation outcomes by means of the finely binned histogram do not yield
consequential differences in comparison with the continuous energy spectra.
Whereas the count numbers in the particular energy bins already provides
an opportunity to employ the discrete energy distributions in the wake of
renormalization, we favor to determine the discrete probabilities that serve
to constitute a probability grid; hence, we first calculate the total count
over 80 energy bins as shown in

#Bins∑
i=0

mi =
80∑
i=0

mi (69)

In the end, the discrete probability, i.e. the discrete normalized frequency
to rephrase it, at a given energy bin indicated by Ei is the ratio between
the specific count in Ei and the total counts over 80 bins by satisfying the
unity condition as noted in

pi =
mi

80∑
i=0

mi

with
80∑
i=0

pi = 1 (70)

Finally, we tabulate the discrete probabilities along with the discrete muon
energies obtained via the CRY muon source in Table 15 by entitling D¬CRY.
As indicated in Table 15, we view that the highest discrete probability
appertains to the energy bin of 0.5 GeV, i.e. the mode of our discrete energy
distribution, which is reduced approximately by one order of magnitude
at 8 GeV, and the trend observed in D¬CRY resembles to a log-normal
distribution with a positive skewness.
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Table 15: D¬CRY discrete probabilities between 0 and 8 GeV.

Ei [GeV] pi

0.0 0.000000
0.1 0.012536
0.2 0.025745
0.3 0.028020
0.4 0.027066
0.5 0.035285
0.6 0.028265
0.7 0.031579
0.8 0.030784
0.9 0.027776
1.0 0.025464
1.1 0.031506
1.2 0.028155
1.3 0.025807
1.4 0.023642
1.5 0.021709
1.6 0.021526
1.7 0.023483
1.8 0.021342
1.9 0.019691
2.0 0.020364
2.1 0.018419
2.2 0.017184
2.3 0.017001
2.4 0.016242
2.5 0.015398
2.6 0.015362

Ei [GeV] pi

2.7 0.014713
2.8 0.014224
2.9 0.014126
3.0 0.012842
3.1 0.012610
3.2 0.012133
3.3 0.012903
3.4 0.012487
3.5 0.011962
3.6 0.010641
3.7 0.010579
3.8 0.009626
3.9 0.010384
4.0 0.009283
4.1 0.008794
4.2 0.008843
4.3 0.007938
4.4 0.007864
4.5 0.007693
4.6 0.007094
4.7 0.007363
4.8 0.007192
4.9 0.007216
5.0 0.006923
5.1 0.006433
5.2 0.006788
5.3 0.006739

Ei [GeV] pi

5.4 0.006189
5.5 0.006348
5.6 0.006653
5.7 0.006507
5.8 0.005614
5.9 0.005895
6.0 0.005895
6.1 0.005785
6.2 0.005577
6.3 0.005504
6.4 0.004342
6.5 0.004354
6.6 0.004085
6.7 0.003645
6.8 0.003999
6.9 0.003889
7.0 0.003963
7.1 0.004317
7.2 0.003681
7.3 0.003632
7.4 0.003620
7.5 0.004109
7.6 0.003363
7.7 0.003584
7.8 0.003620
7.9 0.003486
8.0 0.003596

In view of the fact that we aim at carrying out a multi-group approach,
we are furthermore capable of utilizing the empirical muon energy spectrum
as in the case of the BESS spectrometer [39] where the discrete energies are
measured at the distinct particle fluxes. We adopt the first 36 non-zero
energy bins between 0.598 and 8.1 GeV and their corresponding separate
fluxes by labeling as EXP-BESS, and the discrete probabilities are deter-
mined by the quotient between the particular flux value at a specific energy
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and the total flux as follows

pi =
ϕi

36∑
i=0

ϕi

with
36∑
i=0

pi = 1 (71)

Since the energy list is already discretized, we exert neither a further ap-
proximation nor a simplifying assumption in Eq. (71). The experimental
energy values obtained through the BESS spectrometer as well as the com-
puted discrete probabilities are listed in Table 16.

Table 16: Discrete EXP-BESS probabilities between 0 and 8.1 GeV.

Ei [GeV] pi

0.000 0.000000
0.598 0.058310
0.644 0.056910
0.694 0.055511
0.748 0.053645
0.806 0.052712
0.868 0.050379
0.936 0.049447
1.010 0.046648
1.080 0.044782
1.170 0.042449
1.260 0.041050
1.360 0.039790
1.460 0.037365
1.570 0.035126
1.700 0.033680
1.830 0.031347
1.970 0.029295
2.120 0.026636

Ei [GeV] pi

2.290 0.025003
2.460 0.022951
2.650 0.021551
2.860 0.019079
3.080 0.017213
3.310 0.015440
3.570 0.014274
3.850 0.012595
4.140 0.011055
4.470 0.009843
4.810 0.008723
5.180 0.007744
5.580 0.006811
6.010 0.005784
6.480 0.005271
6.980 0.004478
7.520 0.003872
8.100 0.003233

As can be noticed from Table 16, the EXP-BESS muon spectrum ex-
hibits an exponentially decreasing trend where the lower bound is associated
with the highest discrete probability, whereas the upper bound is identified
with the minimum discrete normalized frequency. In order to qualitatively
show the variation of both D¬CRY and EXP-BESS, Fig. 30 displays the
energy histograms where (a) indicates D¬CRY in comparison with the dis-
crete CMSCGEN data reproduced from another study [88] that is dedicated
to the CMS strip tracker, while (b) points out EXP-BESS. From Fig. 30(a),
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we experience that our D¬CRY tends to show strong similarities when com-
pared to the existing qualitative data of the CMSCGEN muon generator,
thereby relatively authenticating our discretized energy spectrum hinged on
the CRY muon generator.
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Figure 30: Comparison between discrete energy histograms (a) 80-bin
D¬CRY compared to CMSCGEN and (b) 36-bin EXP-BESS.
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11.3 Implementation via G4ParticleGun in GEANT4

On account of attaining the discrete energy spectra, we subsequently inte-
grate our strategy to inject the incoming muons by means of G4ParticleGun.
By reminding the unity condition, we build a grid by adding up the discrete
probabilities, the inverval of which starts with 0 and ends in 1 as illustrated
in Fig. 31. Thus, each cell in this grid, i.e. the difference between two
points on the probability grid, specifies a discrete probability. Then, we
generate a random number denoted by ξ between 0 and 1 by using the pre-
defined uniform number generator called G4UniformRand(). Finally, we
scan this random number on the probability grid by checking the difference
between the grid points and we assign the particular discrete energy when
the random number matches with the associated cell.

0 p1 p1 + p2 p1 + p2 + p3 ... N−1∑
i=0

pi
1

ξ = G4UniformRand()

p1 p2 p3 pN

If
x∑
i=0

pi < ξ ≤
x+1∑
i=0

pi for any x ∈ {0, 1, 2, ..., N − 1}, then Energy=Ex+1

Figure 31: Scheme of probability grid implemented via G4ParticleGun in
GEANT4.

Intending to reveal out the performance of our procedure, the energy
histrograms before and after the probability grid are put on view in Fig. 32
where the term called input indicates the discrete energy values as well as
the discrete probabilities that are stored in an array before the activation
of the probability grid, whereas the notion named output hints the out-
come of the probability grid by processing the input information, which
means the kinetic energies allocated to the generated muons by means of
the probability grid.

108



0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0 5.5 6.0 6.5 7.0 7.5 8.0 8.5

Kinetic energy [GeV]

0.0000

0.0025

0.0050

0.0075

0.0100

0.0125

0.0150

0.0175

0.0200

0.0225

0.0250

0.0275

0.0300

0.0325

0.0350

0.0375

0.0400

P
ro

b
a
b

il
it

y

(a)

Input, 80-bin D¬CRY

Output, 80-bin D¬CRY

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0 5.5 6.0 6.5 7.0 7.5 8.0 8.5

Kinetic energy [GeV]

0.000

0.005

0.010

0.015

0.020

0.025

0.030

0.035

0.040

0.045

0.050

0.055

0.060

0.065

0.070

P
ro

b
a
b

il
it

y

(b)

Input, 36-bin EXP-BESS

Output, 36-bin EXP-BESS

Figure 32: Contrast between the input dataset before processing with the
probability grid and the output values through the activation of our prob-
ability grid (a) 80-bin D¬CRY and (b) 36-bin EXP-BESS.

11.4 Characteristic parameters and simulation properties

For the purpose of appraisal, we express a number of characteristic param-
eters consorted with the muon tomography. By defining two vectors, we
bring forth the scattering angle denoted by θ as depicted in Fig. 33, and the
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scattering angle of a muon crossing the volume-of-interest (VOI) is obtained
by using these two vectors as expressed in Eq. (40). The mean scattering
angle due to the VOI and its standard deviation over N number of the non-
absorbed/non-decayed muons are calculated as written down in Eqs. (41)
and (42). Furthermore, the root-mean-square (RMS) of the scattering angle
over N number of the non-absorbed/non-decayed muons is deternined by
using the following equation:

θRMS =

√√√√ 1

N

N∑
i=1

θ2i (72)

On top of the scattering angle, we precisely register the number of the
absorbed muons within the VOI as denoted in Eq. (57).
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Figure 33: Delineation of scattering angle within the present tomographic
configuration.

Lastly, our simulation features are tabulated in Table 17, and we conduct
our GEANT4 simulations over a set of slabs including aluminum, copper,
iron, lead, and uranium with the dimensions of 40×10×40 cm3 in accordance
with another study [89]. The particle tracking is managed by G4Step, and
the registered hit locations on the plastic scintillators are post-processed by
dint of a Python script.
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Table 17: Simulation properties.

Particle µ−

Beam direction Vertical
Momentum direction (0, -1, 0)

Source geometry Planar
Initial position (cm) ([-0.5, 0.5], 85, [-0.5, 0.5])

Particle injector G4ParticleGun
Number of particles 105

Energy distribution Non-linear discrete
Target geometry Rectangular prism

Target volume (cm3) 40×10×40
Material database G4/NIST

Reference physics list FTFP_BERT

11.5 Simulation results

In the long run, we inaugurate our GEANT4 simulations founded on our
discrete approach, the initial outcomes of which are displayed in Fig. 34
in terms of the angular counts. From Fig. 34(a)-(b), we explicitly see that
the angular populations characteristically vary depending on the atomic
number as well as the material density for the same thickness. Moreover,
80-bin D¬CRY yields a typical exponential decrease towards the higher
angles, whereas this trend appears to be a parabolic reduction in the case
of 36-bin EXP-BESS.
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Figure 34: Difference between the angular counts by using a step length of
1 mrad (a) 80-bin D¬CRY and (b) 36-bin EXP-BESS.

Then, we also determine the average scattering angle as well as the
RMS of the scattering angle in addition to the muon absorption and we
compare both the discrete muon sources, i.e. 80-bin D¬CRY and 36-bin
EXP-BESS, as listed in Table 18. From the contrast shown in Table 18, we
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initially observe that the average scattering angle acquired via these discrete
distributions is alike except in the case of lead and uranium. Secondly, 80-
bin D¬CRY constantly results in a strikingly higher standard deviation in
comparison with 36-bin EXP-BESS since the first five energy bins of 80-
bin D¬CRY constitute a low-energy population excluded in 36-bin EXP-
BESS that drastically amplifies the propagated uncertainty. Furthermore,
this increased tendency is also examined in the RMS values owing to the
same reason. Crucially, an essential fact is traced in the event of the muon
absorption, and we demonstrate that 36-bin EXP-BESS does not yield any
muon capture within the VOI since the energy level above 0.598 GeV has
no potential for the muon absorption when the material thickness is merely
10 cm by recalling that the lower bound of 36-bin EXP-BESS is 0.598 GeV,
while the lowest bin value in 80-bin D¬CRY belongs to 0.1 GeV.

Table 18: Characteristic parameters obtained via 80-bin D¬CRY as well as
36-bin EXP-BESS.

Material θ̄D¬CRY ± δθ [mrad] θRMS
D¬CRY [mrad] #Capture

D¬CRY θ̄EXP-BESS ± δθ [mrad] θRMS
EXP-BESS [mrad] #Capture

EXP-BESS

Aluminum 15.980±27.004 31.378 - 15.036±12.413 19.499 -
Copper 40.638±60.312 72.725 1230±35 40.759±31.898 51.757 -

Iron 35.824±51.548 62.773 1222±35 36.200±28.518 46.084 -
Lead 65.325±88.323 109.856 1272±36 68.138±52.450 85.987 -

Uranium 81.822±100.321 129.457 3836±62 95.721±75.376 121.836 -
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12 Particle generation through restrictive planes
in GEANT4 simulations for potential
applications of cosmic ray muon tomography

12.1 Introduction

Motivated by the excessive particle loss and its effect on the computation
time as well as the characteristic parameters identified in the muon tomog-
raphy, we set forth in the present study a scheme that is hinged on the
particle generation through the planar restriction by means of the vectorial
construction over our tomographic setup consisting of plastic scintillators
manufactured from polyvinyl toluene with the dimensions of 100×0.4×100
cm3. This study is organized as follows. In section 12.2, we elucidate our
methodology based on the restrictive planes and we express our characteris-
tic parameters as well as our simulation features in section 12.3. We disclose
our simulation outcomes in section 12.4.

12.2 Generation via planar restriction

To begin with, we principally exhibit two planar restrictive schemes to be
adapted in GEANT4 as illustrated in Fig. 35 where (a) shows the particle
generation from a fixed point as well as the direction restriction by means of
a restrictive pseudo-plane, whereas (b) demonstrates the randomly picked
up particles from a generative plane, the directions of which are projected
into a similar restrictive plane.
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Figure 35: Depiction of particle generation through restrictive planes in
GEANT4 (a) generative point - restrictive plane scheme and (b) generative
- restrictive planar interplay.

In order to practically outline the present methodology that is initially
described in Fig. 35(a), the particle location in cm on the central point at
height=85 cm is listed as written in

x0 = 0, y0 = 85, z0 = 0 (73)

115



Subsequently, the confined location in cm on any restrictive plane of
2L× 2D cm2 is noted as shown in

x1 = −L+ 2× L×G4UniformRand(),

y1 = constant,

z1 = −D + 2×D ×G4UniformRand()

(74)

Here, G4UniformRand() is the uniform random number generator between
0 and 1, which is pre-defined in GEANT4. Then, by constructing a vector
from the generative point to the restrictive plane, we obtain

px = x1 − x0 = x1,

py = y1 − y0,

pz = z1 − z0 = z1

(75)

Thus, the selective momentum direction, i.e. P⃗ = (Px, Py, Pz), is

Px =
px√

px2 + py2 + pz2
,

Py =
py√

px2 + py2 + pz2
,

Pz =
pz√

px2 + py2 + pz2

(76)

The latter scheme that assumes a planar generation as delineated in Fig. 35(b)
entails particle locations in cm on the generative plane of 2L× 2D cm2 as
written in

x0 = −L+ 2× L×G4UniformRand(),

y0 = 85,

z0 = −D + 2×D ×G4UniformRand()

(77)

As performed in Eq. 74 for the previous scheme, the limited locations in cm
on any restrictive plane of 2L× 2D cm2 are selected from

x1 = −L+ 2× L×G4UniformRand(),

y1 = constant,

z1 = −D + 2×D ×G4UniformRand()

(78)

Additionally, via a vector construction between two planes, we acquire anew

px = x1 − x0, py = y1 − y0, pz = z1 − z0 (79)
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Therefore, the selective momentum direction denoted by P⃗ = (Px, Py, Pz)
is again

Px =
px√

px2 + py2 + pz2
,

Py =
py√

px2 + py2 + pz2
,

Pz =
pz√

px2 + py2 + pz2

(80)

The initial particle positions and the selective momentum directions are
incorporated by using G4ParticleGun. The simulation previews through
both the restrictive schemes are displayed in Fig. 36 where (a) indicates
the particles generated from a fixed point, while (b) presents the randomly
generated particles from a fixed plane.

(a) Generative point - restrictive plane preview (b) Generative plane - restrictive plane preview

Figure 36: Simulation previews by using restrictive plane b for copper in
GEANT4 (a) point - plane scheme and (b) plane - plane scheme.

It is worth mentioning that neither generation points/planes nor restric-
tive planes are subject to any limitation in terms of shape, size, or location
since our recent concept is preferred in the first instance for the sake of
simplicity. On top of this, it is also possible to favor different distribu-
tions especially already implemented in GEANT4, e.g. Gauss or Poisson
distribution depending on the envisaged application.
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12.3 Characteristic parameters and simulation setup

Before getting down to test our schemes, we express our characteristic pa-
rameters to be computed in the wake of the GEANT4 simulations. The
average scattering angle due to the target volume and its standard devia-
tion over N number of the non-absorbed/non-decayed muons is determined
as expressed in Eqs. (41) and (42). Additionally, the root-mean-square
(RMS) of the scattering angle over N number of the non-absorbed/non-
decayed muons is calculated by using Eq. (72). Along with the scattering
angle, we squarely track the number of the absorbed muons within the VOI
as denoted in Eq. (57).

Last but not least, we define the particle loss entitled off-target loss as
follows

#Off−target
Loss ≈ #Out−scattering︸ ︷︷ ︸

Characteristic

+ #Decay︸ ︷︷ ︸
Negligible

+#Off−target
Capture︸ ︷︷ ︸
Negligible

+#Initial
Deflection︸ ︷︷ ︸

Occasional

(81)

where #Out−scattering is the number of the scattered muons from the VOI
by leaking out of the tomographic device, #Decay is the negligible number
of the decayed muons into electrons/positrons, #Off−target

Capture is the insignifi-
cant number of the absorbed muons outside the VOI, and #Initial

Deflection is the
number of muons that miss the VOI only in the case of the wide beams,
which occasionally occurs due to the barriers before the VOI despite the
initial restricted orientation to the VOI boundary, i.e. the tiny deflection
owing to the detector layers.

Table 19: Simulation features.
Particle µ−

Momentum direction Restrictive downward
Beam geometry Prismatic

Initial position (cm) y=85
Particle injector G4ParticleGun

Number of particles 105

Energy distribution Non-linear discrete
Energy interval [0, 8]

Enegy bin step length (GeV) 0.1
Target geometry Rectangular prism

Target volume (cm3) 40×10×40
Material database G4/NIST

Reference physics list FTFP_BERT

Our simulation features are summarized in Table 19, and we use a 80-
bin discrete muon energy spectrum extracted from the CRY generator [31]
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between 0 and 8 GeV. The muon tracking is accomplished by G4Step, and
the recorded hit positions on the detector layers are post-processed at the
hand of a Python script.

12.4 Simulation outcomes

We asses our methodology over our tomographic configuration described
in Fig. 35(a)-(b) and we select our set of materials and the VOI geometry
in accordance with another study [89] dedicated to the muon tomography
where the material list consists of aluminum, copper, iron, lead, and ura-
nium, and the target geometry is composed of a rectangular prism with the
dimensions of 40×10×40 cm3. As indicated in Fig. 35, we contrast three
restrictive planes labeled as a, b, and c that are placed atop the VOI, amidst
the VOI, and beneath the VOI, respectively. We commence with the first
scheme that is based on the point - plane generation, and the simulation
outcomes by using restrictive plane a are listed in Table 20.

Table 20: Point - plane scheme, restrictive plane a, thickness=10 cm.

Material θ̄ ± δθ [mrad] θRMS [mrad] #In−target
Capture #Off−target

Loss

Aluminum 14.890±25.741 29.738 - 516±23
Copper 37.376±55.515 66.924 1083±33 616±25

Iron 32.980±47.420 57.761 1073±33 541±23
Lead 59.486±81.898 101.222 1135±34 1215±35

Uranium 73.649±91.114 117.158 3267±57 1542±39

As shown in Table 20, the computed parameters including the particle
loss show a characteristic tendency depending on the atomic number as well
as the material density for a fixed thickness. Although the muon beam is
already directed to the VOI boundary even in the case of restrictive plane
a, which leads to an immoderate reduction in the particle loss compared
to the conventional approaches, a remarkable number of the loss events
in agreement with the intrinsic properties of the target material are still
observed.
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Table 21: Point - plane scheme, restrictive plane b, thickness=10 cm.

Material θ̄ ± δθ [mrad] θRMS [mrad] #In−target
Capture #Off−target

Loss

Aluminum 15.771±26.427 30.775 - 54±7
Copper 39.545±56.941 69.326 1179±34 216±15

Iron 35.306±50.117 61.304 1172±34 133±12
Lead 63.172±84.172 105.241 1220±35 833±29

Uranium 78.160±93.551 121.904 3604±60 1187±34

In order to see the positional effect of the planar restriction, the sim-
ulation outcomes from restrictive plane b are tabulated in Table 21. In
comparison with Table 20, we observe that the characteristic parameters
except the particle loss slightly change when the muon beam is narrowed
by using restrictive plane b; however, the particle loss manifests a minimum
reduction of 31% as opposed to restrictive plane a. Whereas restrictive plane
b is capable of diminishing the particle loss by a factor of order in certain
cases, we still notice that the particle loss remains distinctive among the
simulated materials.

By using restrictive plane c, we further decrease the incident angle and
we obtain the simulation results as written down in Table 22. In comparison
with Table 21, restrictive plane c yields a minuscule change in terms of
the characteristic parameters containing the particle loss, which also means
that the variation rate of the characteristic parameters is expected to be
insignificant beyond restrictive plane c.

Table 22: Point - plane scheme, restrictive plane c, thickness=10 cm.

Material θ̄ ± δθ [mrad] θRMS [mrad] #In−target
Capture #Off−target

Loss

Aluminum 16.142±27.368 31.774 - 35±6
Copper 40.355±58.022 70.676 1216±35 193±14

Iron 35.916±50.635 62.080 1215±35 107±10
Lead 64.542±85.965 107.497 1287±36 793±28

Uranium 79.700±96.102 124.850 3764±57 1059±33

It is noteworthy to mention that a partial transition from the particle
loss to the particle absorption is perceptible according to Tables 20-22 espe-
cially if the VOI material is a potent absorber since the low-energy muons
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that lead to the particle loss in the wide beams typically have the absorp-
tion potential when interacting with the VOI material in the narrow beams,
which also means that a certain portion o the particle loss is converted into
the particle absorption in the VOI material towards restrictive plane c.

Table 23: Plane - plane scheme, restrictive plane a, thickness=10 cm.

Material θ̄ ± δθ [mrad] θRMS [mrad] #In−target
Capture #Off−target

Loss

Aluminum 15.196±26.036 30.146 - 1196±35
Copper 37.454±55.612 67.049 1118±33 1728±42

Iron 33.375±48.047 58.502 1092±33 1575±40
Lead 59.927±83.320 102.633 1206±35 2624±51

Uranium 74.073±92.787 118.728 3352±58 3299±57

In the next step, we continue with the plane - plane scheme, and Table 23
lists the simulation outcomes for restrictive plane a. In spite of the schematic
change, we see that the characteristic parameters excluding the particle
loss do not exhibit a significant difference. On the other hand, the particle
loss via restrictive plane a within the plane - plane interplay results in the
elevated values as displayed in Table 23 in contrast to Tables 20-22.

Table 24: Plane - plane scheme, restrictive plane b, thickness=10 cm.

Material θ̄ ± δθ [mrad] θRMS [mrad] #In−target
Capture #Off−target

Loss

Aluminum 16.103±27.566 31.925 - 138±12
Copper 39.897±57.927 70.337 1220±35 581±24

Iron 35.380±50.142 61.367 1206±35 430±21
Lead 63.335±84.573 105.659 1327±36 1423±38

Uranium 78.399±94.631 122.888 3699±61 1926±44

So as to demonstrate the impact of the spatial change in the planar
restriction for this scheme, the simulation results via restrictive plane b are
tabulated in Table 24, and we experience a similar trend compared to the
point-plane scheme that induces a drastic diminution in the particle loss
along with the tiny variations in the rest of the characteristic parameters.
As a means to complete our quantitative investigation for the plane - plane
scheme, the simulation results for restrictive plane c are listed in Table 25,
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and we face a close trend as opposed to Table 22, which also means that
the reduction rate in the particle loss is moderated together with the very
minor variations in the remaining characteristic parameters.

Table 25: Plane - plane scheme, restrictive plane c, thickness=10 cm.

Material θ̄ ± δθ [mrad] θRMS [mrad] #In−target
Capture #Off−target

Loss

Aluminum 16.279±27.365 31.841 - 88±9
Copper 40.386±57.627 70.370 1258±35 389±20

Iron 36.135±50.751 62.300 1249±35 263±16
Lead 64.517±86.095 107.586 1358±37 1164±34

Uranium 80.087±96.225 125.193 3833±62 1537±39

In the long run, our last simulations are devoted to investigate the thick-
ness effect by solely using restrictive plane b since we aim at optimizing the
particle loss with an ideal angular acceptance. Thus, Table 26 shows the
characteristic parameters that are acquired by means of the point - plane
scheme as well as restrictive plane b for a thickness of 40 cm with the same
material group.

Table 26: Point - plane scheme, restrictive plane b, thickness=40 cm.

Material θ̄ ± δθ [mrad] θRMS [mrad] #In−target
Capture #Off−target

Loss

Aluminum 27.849±37.186 46.458 3046±55 93±10
Copper 65.133±75.969 100.068 11072±105 588±24

Iron 58.208±67.893 89.429 10365±102 528±23
Lead 102.566±112.951 152.570 11036±105 2210±47

Uranium 121.060±121.502 171.517 20371±143 3084±55

From Table 26, we numerically demonstrate that all the characteristic
parameters increase as a function of thickness, and we find the most notable
rise in the particle absorption. Finally, Table 27 lists the simulation results
through the plane-plane scheme for the same thickness, and we see that
the latter scheme is not significantly different from the initial scheme with
regard to the characteristic parameters omitting a higher number of the
particle loss.
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Table 27: Plane - plane scheme, restrictive plane b, thickness=40 cm.

Material θ̄ ± δθ [mrad] θRMS [mrad] #In−target
Capture #Off−target

Loss

Aluminum 28.022±37.620 46.910 3080±55 272±16
Copper 65.229±77.147 101.026 11341±106 1184±34

Iron 58.373±68.363 89.894 10599±103 1086±33
Lead 101.906±113.230 152.335 11341±106 3341±58

Uranium 120.089±121.872 171.097 20867±144 4181±65
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13 DOME: Discrete oriented muon emission in
GEANT4 simulations

13.1 Introduction

In practice, various shapes of radiation sources including but not limited
to planar surfaces and parabolic beams have been utilized to mimic the
associated reality in the desired applications, and one of these geometries
includes hemispherical surfaces [90]. In this study, we describe the imple-
mentation steps of two schemes by aiming at building a hemispherical muon
source where the generated particles are oriented towards a specific point or
plane that we call selective momentum direction. While there exist different
schemes to generate the 2D/3D sources, we prefer to use the existing algo-
rithms in GEANT4 [1], i.e. G4RandGauss :: shoot() and G4UniformRand()
as a distribution function. Whereas the geometrical shape of the 2D/3D
sources plays an important role or is a parameter for this aim, the mo-
mentum direction is another variable that awaits for a user decision. In
this study, we first generate a spherical surface by using three Gaussian
distributions for the three components of the Cartesian coordinates and
we direct the generated particles from their initial positions on this spher-
ical surface to the preferred location(s) by using a vector construction as
described in our previous study [91]. This methodology is called discrete
oriented muon emission (DOME) where the kinetic energy of the generated
particles is intentionally discrete for the computational purposes as already
implemented in another study [92]. In the latter scheme, we generate the
initial positions by randomizing the spherical variables, i.e. altitude and
longitude, and we perform the coordinate transformation from the spheri-
cal coordinates to the Cartesian coordinates [93–95]. We repeat the same
operations as performed in the first scheme. This study is organized as
follows. Section 13.2.1 describes the first scheme that is hinged on the
Gaussian distribution functions, while section 13.2.2 consists of the second
methodology founded on the coordinate transformation from the spherical
coordinates to the Cartesian coordinates. An alternative focusing scheme
is explained in section 13.3.
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13.2 Central focus scheme

13.2.1 Generation through Gaussian distributions
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Figure 37: Delineation of the generated particles from the hemispherical
source with a momentum direction towards the origin.

Our objective is to build a hemispherical muon source that surrounds our
tomographic setup [14] similar to the other tomographic configurations ex-
isting in the literature [5,13,96] as delineated in Fig. 37. On the first basis,
the particle locations in the Cartesian coordinates are generated by using
the Gaussian distributions formally defined as G4RandGauss::shoot() in
GEANT4 (see Appendix D) as written in

x0 = G(x̄, σx, x) = G4RandGauss :: shoot() (82)

and
y0 = G(ȳ, σy, y) = G4RandGauss :: shoot() (83)

and
z0 = G(z̄, σz, z) = G4RandGauss :: shoot() (84)

where x̄ = ȳ = z̄ = 0 and σx = σy = σz = 1 by definition. The generated
spatial points are renormalized in order to form a unit sphere as indicated
in

x∗0 =
x0√

x20 + y20 + z20
, y∗0 =

y0√
x20 + y20 + z20

, z∗0 =
z0√

x20 + y20 + z20
(85)
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Given a sphere of radius denoted by R, the initial positions on the spherical
surface of radius R in cm in the Cartesian coordinates are obtained as
follows

xi = R ∗ x∗0, yi = R ∗ |y∗0| = R ∗ABS(y∗0), zi = R ∗ z∗0 (86)

where the y-component of the Cartesian coordinates constituting the ver-
tical axis is positively defined in order to yield the hemispherical surface.
Then, the generated particles on the spherical surface are directed to the
origin

xf = 0, yf = 0, zf = 0 (87)

Then, by constructing a vector from the hemispherical surface to the origin,
one obtains

px = xf − xi, py = yf − yi, pz = zf − zi (88)

Thus, the selective momentum direction denoted by P⃗ = (Px, Py, Pz) is

Px =
px√

px2 + py2 + pz2
,

Py =
py√

px2 + py2 + pz2
,

Pz =
pz√

px2 + py2 + pz2

(89)
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13.2.2 Generation via coordinate transformation

Figure 38: Spherical variables consisting of θ and φ with respect to the
Cartesian coordinates (x,y,z).

The latter scheme (see Appendix E) is composed of the coordinate trans-
formation as shown in Fig. 38. To begin with, two numbers, i.e. q1 and q2,
are uniformly generated to be inserted to the associated expression of the
spherical variables as follows

q1 = G4UniformRand() (90)

and
q2 = G4UniformRand() (91)

The surface generation is initiated by randomizing θ as well as φ as shown
in

θ = arccos (2× q1 − 1) (92)

and
φ = 2× π × q2 (93)
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The coordinate transformation yields the generated points on the hemi-
spherical surface for a sphere of radius R in the Cartesian coordinates as
described in

xi = R× sin θ × cosφ (94)

and
yi = R× | cos θ| = R×ABS(cos θ) (95)

and
zi = R× sin θ × sinφ (96)

where the y-component of the Cartesian coordinates constituting the verti-
cal axis is repeatedly positively defined in order to yield the hemispherical
surface as usual. Then, the generated particles on the spherical surface are
again directed to the origin

xf = 0, yf = 0, zf = 0 (97)

Then, by constructing a vector from the hemispherical surface to the origin,
one obtains

px = xf − xi, py = yf − yi, pz = zf − zi (98)

Thus, the selective momentum direction denoted by P⃗ = (Px, Py, Pz) is

Px =
px√

px2 + py2 + pz2
,

Py =
py√

px2 + py2 + pz2
,

Pz =
pz√

px2 + py2 + pz2

(99)

Finally, the simulation preview through either scheme is displayed in Fig. 39.
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Figure 39: Hemispherical muon source in GEANT4 with radius=100 cm.

13.3 Restrictive planar focus scheme

The generated particles from any initial point on the hemispherical surface
might be directed to a location randomly selected on a pseudo plane that
restricts the momentum direction, which also leads to the minimization of
the particle escape. Thus, the particle locations in cm on a restrictive plane
of 2L×2D cm2 situated at y=0 are supposed to have the spatial coordinates
such that

xf = −L+ 2× L×G4UniformRand(),

yf = 0,

zf = −D + 2×D ×G4UniformRand()

(100)

Then, by constructing a vector from the generative hemispherical surface
to the restrictive plane, one obtains

px = xf − xi, py = yf − yi, pz = zf − zi (101)
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Thus, the selective momentum direction, i.e. P⃗ = (Px, Py, Pz), is

Px =
px√

px2 + py2 + pz2
,

Py =
py√

px2 + py2 + pz2
,

Pz =
pz√

px2 + py2 + pz2

(102)

14 Conclusion

At the end of this PhD study, we draw the following conclusions:

* In chapter 2.6, we ameliorate the width of the deflection angle by aver-
aging the simulation outcomes from the top detector layers and the bottom
detector layers over the number of the non-absorbed/non-decayed muons.
Since the average deflection angles are mostly below the current detector
accuracy that is 1 mrad, we introduce the stainless steel layers to augment
the average deflection angles as well as to further diminish the standard
deviations;

* In chapter 4, we computationally explore the feasibility of assembling
the tracked muons based on the deflection angles that are generated in the
plastic scintillators. We attempt to coarsely predict the kinetic energies by
using the average deflection angles and the associated standard deviations.
We verify a moderate number of energy groups by using two different ap-
proaches. We demonstrate that the higher the group number is, the higher
the misclassification probability is;

* In chapter 5, we investigate an alternative tomographic setup by in-
troducing stainless steel layers into the bottom section and the top section
with the aim of the uncertainty reduction in the deflection angle. Upon our
GEANT4 simulations combined with two distinct forms of the misclassifica-
tion probabilities, we experience that the stainless steel layers slightly yield
more favorable angular values with the diminished uncertainty as opposed
to our current prototype apart from the increased average deflection an-
gles that fulfill the present detector accuracy. Within the perspective of an
indirect energy classification dependent on the deflection angle, our simu-
lation outcomes qualitatively and quantitatively indicate that the presence
of stainless steel layers might be an inexpensive upgrade in the potential
applications of the muon scattering tomography;

* In chapter 6, we explore the triangular correlation of angular deviation
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by means of our GEANT4 simulations. Upon our simulation outcomes, we
explicitly observe that the conventional scattering angle remains constant
towards the position change of the target material, whereas the opposite
interior angles exhibit differences due to this spatial variation, therewith
hinting a beneficial property to be utilized for the image reconstruction
purposes;

* In chapter 7, we show that the triangular correlation of the angular
deviation holds for the multi-block material configurations. Moreover, we
also imply that this triangular correlation might provide supportive infor-
mation for the coarse prediction of the material order in such configurations;

* In chapter 8, the nuclear waste barrels containing a certain amount
of bulky radioactive waste have been quantitatively investigated with re-
gard to the scattering angle as well as the absorption rate by using the
GEANT4 simulations for the application in muon scattering tomography.
Concerning the scattering angle, we demonstrate that a waste barrel with
the bulky cobalt, uranium, and plutonium might be detected by using muon
tomography. According to our GEANT4 simulations, we also show that the
absorption rate might act as a complementary characteristic parameter in
addition to the scattering angle in the case of the mid/high density mate-
rials with the condition of the long exposure periods. As a future work,
one might utilize these two characteristic parameters in order to train a
classifier by aiming at identifying the content of the waste barrels as well
as characterizing the performance of this classifier;

* In chapter 9, we demonstrate that the presence of uranium and plu-
tonium in the cementitious forms is qualitatively and quantitatively trace-
able from the characteristic parameters, while the remaining radioactive
waste/cement mixtures with the nuclear sources such as cobalt, strontium,
and caesium do not show a significant variation compared to the ordinary
concrete slab since the intrinsic properties of the resulting mixtures that
govern the characteristic parameters are predominantly controlled by the
matrix properties if the associated additives are not significantly denser
along with the substantially higher Z-values;

* In chapter 10, we compute the energy difference between the ho-
doscope sections in the presence of the nuclear waste barrels and we show
that the energy loss is a non-negligible characteristic parameter that varies
in accordance with the intrinsic properties of the target volumes. For the
image reconstruction codes where the kinetic energy of the incoming muons
is coarsely determined by using the the deflection angle, we emphasize the
necessity of a correction factor that renormalizes the bottom deflection af-
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fected by the corresponding VOIs. By aiming at characterizing the target
volume, this correction factor might be used to provide complementary de-
tails in addition to the scattering information in the course of the image
reconstruction;

* In chapter 11, we state a procedure based on the multi-group energy
approximation where we favor the utilization of the binned energy values
connected with the discrete probabilities by means of a probability grid.
Consequently, we gain the capability to control as well as to adjust our
energy spectra according to our computational goals apart from the note-
worthy computation times;

* In chapter 12, by setting out our restrictive generation scheme, we
optimize the particle loss by keeping an angular acceptance that is directly
dependent on the VOI geometry as well as the vertical position of the re-
strictive plane for a tomographic system of a finite size. Upon our simula-
tion outcomes, we show that the particle generation by means of restrictive
planes is an effective strategy that is flexible towards a variety of computa-
tional objectives in GEANT4. Into the bargain, we explicitly observe that
the off-target loss is a characteristic parameter that varies in an ascending
order from aluminum to uranium;

* In chapter 13, we explore the possibility to use the random number
generators that are already defined in the GEANT4 code. By profiting from
these random number generators, we provide a number of source schemes
where the first strategy is based on the Gauss distributions, whereas the
latter procedure requires a coordinate transformation by utilizing the spher-
ical variables. Finally, we obtain a hemispherical muon source where the
kinetic energies of the generated muons are discretized, and the momentum
directions of these generated muons are selective by means of the vector con-
structions. We call this source discrete oriented muon emission (DOME).
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15 Discussion

We briefly outline the impact of our studies as follows. Initially, we roughly
estimate the kinetic energy of incoming muons by inserting a stainless steel
layer into the hodoscope sections, which increases the angular values as
well as decreases the standard deviations thanks to its atomic number and
density. We show that this methodology is only feasible when a metallic
layer is introduced into the tomographic configuration. The number of the
energy groups obtained though this strategy might be up to four due to
the overlaps between the group intervals. This energy classification is ex-
pected to lead to a better image in the course of the image reconstruction
process, e.g. theoretically a three-group structure is supposed to produce
better images in comparison with the one-group structure. Secondly, we
demonstrate the triangular correlation where the interior angles are sen-
sitive towards the change in the vertical position as well as the material
order, while the conventional scattering angle does not exhibit any signif-
icant variation. This feature might be useful for the image reconstruction
codes in order to capture such spatial changes; otherwise, the regular scat-
tering angle is not able to capture the vertical position change as well as the
material order according to our GEANT4 simulations. In the next step, we
show that the characteristic parameters that are the scattering angle and
the absorption rate might be combined in order to discriminate the nuclear
waste barrels during the non-destructive interrogations. We already demon-
strate that the utilization of these two parameters is enough to characterize
the nuclear waste barrels that contain a volume of bulky cobalt, uranium,
or plutonium. For the homogenized nuclear waste barrels, these two pa-
rameters lead to the promising results in the case of the uranium-cement or
plutonium-cement mixture. Over the nuclear waste barrels, we show that
the deposited energy within the target volumes might not be negligible so
that the kinetic energy of the incoming muons might be significantly dif-
ferent from the outgoing muons. In those cases, a correction factor might
be necessary for the image reconstruction codes that are based on the de-
flection angle, and this correction factor is another characteristic parameter
that depends on the thickness, the density, and the atomic number of the
corresponding target. Furthermore, we optimize our muon sources in such
a way that it can bring a number of advantages, e.g. minimization of the
particle loss in the case of the restrictive plane and the full angular cov-
erage by using the DOME source. Finally, the computational outcomes
in this PhD thesis might lead to a simulation/image reconstruction frame-
work by aiming at the characterization of the nuclear materials in diverse
applications.

133



Appendices

Appendix A: Stepping action

The propagating muons are tracked by utilizing the following GEANT4
statements:
void B1SteppingAction : : UserSteppingAction ( const G4Step∗ s tep )
{
//G4Track
G4VPhysicalVolume∗ Volume = step−>GetPreStepPoint()−>
GetTouchableHandle()−>GetVolume ( ) ;
G4LogicalVolume∗ LogicalVolume = step−>GetPreStepPoint()−>
GetTouchableHandle()−>GetVolume()−>GetLogicalVolume ( ) ;
G4Track∗ t rack = step−>GetTrack ( ) ;
const G4DynamicParticle∗ dynpar = track−>GetDynamicParticle ( ) ;
G4Par t i c l eDe f i n i t i on ∗ p a r t i c l e = dynpar−>GetDe f in i t i on ( ) ;
G4double Kinet icEnergy = dynpar−>GetKineticEnergy ( ) ;
G4ThreeVector Momentum = dynpar−>GetMomentum ( ) ;
G4double MomenX = dynpar−>GetMomentum ( ) . x ( ) ;
G4double MomenY = dynpar−>GetMomentum ( ) . y ( ) ;
G4double MomenZ = dynpar−>GetMomentum ( ) . z ( ) ;
G4double MomentumMagnitude =
sq r t (pow(MomenX,2)+pow(MomenY,2)+pow(MomenZ , 2 ) ) ;
G4StepPoint∗ PostPoint = step−>GetPostStepPoint ( ) ;
G4ThreeVector Pos i t i on = PostPoint−>GetPos i t ion ( ) ;
G4double PosX = PostPoint−>GetPos i t ion ( ) . x ( )/cm;
G4double PosY = PostPoint−>GetPos i t ion ( ) . y ( )/cm;
G4double PosZ = PostPoint−>GetPos i t ion ( ) . z ( )/cm;
G4int TrackID = track−>GetTrackID ( ) ;
G4String ProcessName = PostPoint−>
GetProcessDef inedStep()−>GetProcessName ( ) ;
G4String ParticleName = pa r t i c l e −>GetParticleName ( ) ;
i f (Volume−>GetName ( ) == "TopHodoscope2" | |
Volume−>GetName ( ) == "TopHodoscope3"
| | Volume−>GetName ( ) == "BottomHodoscope1" | |
Volume−>GetName ( ) == "BottomHodoscope2 ") {
i f ( ParticleName == "mu+" | | ParticleName == "mu−") {
i f ( ProcessName == "Transportat ion "){
G4cout << TrackID << " " << PosX <<
" " << PosY << " " << PosZ << " " << Kinet icEnergy << " "
<< MomentumMagnitude << " " << Volume−>GetName ( )
<< " " << ProcessName << G4endl ;
std : : o fstream MyFile ;
MyFile . open ("waste_mixCs . csv " , std : : i o s : : app ) ;
MyFile << TrackID << " ," << PosX
<< " ," << PosY << " ," << PosZ << " ," << KineticEnergy << " ,"
<< MomentumMagnitude << " ," << Volume−>GetName ( ) << " ,"
<< ProcessName << " ," << G4endl ;
MyFile . c l o s e ( ) ;
std : : o fstream CheckFile ;
CheckFile . open ("waste_mixCs . dat " , std : : i o s : : app ) ;
CheckFile << TrackID << " " << PosX << " " << PosY << " "
<< PosZ << " " << Kinet icEnergy << " " <<
MomentumMagnitude << " " << Volume−>GetName ( ) <<
" " << ProcessName << G4endl ;
CheckFile . c l o s e ( ) ;
}
}
}
i f (Volume−>GetName ( ) == "TargetMater ia l1 " | |
Volume−>GetName ( ) == "TargetMater ia l2 "
| | Volume−>GetName ( ) == "TargetMater ia l3 " ) {
i f ( ParticleName == "mu+" | | ParticleName == "mu−") {
i f ( ProcessName == "muMinusCaptureAtRest "){
std : : o fstream Absorpt ionFi l e ;
Absorpt ionFi l e . open (" Absorption_mixCs . dat " , std : : i o s : : app ) ;
Absorpt ionFi l e << TrackID << " " << PosX << " " << PosY << " "
<< PosZ << " " << Kinet icEnergy << " " <<
MomentumMagnitude << " "
<< Volume−>GetName ( ) << " " << ProcessName << G4endl ;
Absorpt ionFi l e . c l o s e ( ) ;
}
}
}
}
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Appendix B: Scattering angle

The scattering angle calculation for BC∠DE is performed by using the
following Python statements:
import sys
import math
import s t a t i s t i c s

de f ca l cu l a t eAng l e (x , y , z ) : \ \
tetaP1 = (x [ 0 ] ∗ x [ 1 ] ) + (y [ 0 ] ∗ y [ 1 ] ) + ( z [ 0 ] ∗ z [ 1 ] ) \ \
tetaP2 = math . sq r t ( ( x [0 ]∗∗2)+( y [0 ]∗∗2)+( z [ 0 ] ∗ ∗ 2 ) ) \

∗math . sq r t ( ( x [1 ]∗∗2)+( y [1 ]∗∗2)+( z [ 1 ]∗∗2 ) ) \ \
te ta = math . acos ( tetaP1 / tetaP2 )\\
te ta = te ta ∗ 1000\\
return te ta \\

try :
data_input = open (" po s i t i on_s en t i v i t y . csv " , " r ")

except :
r a i s e Exception (" F i l e doesn ’ t e x i s t ! " )

t ry :
data_output= open (" angle . txt " , "w")

except :
data_input . c l o s e ( )
r a i s e Exception ("Can ’ t c r ea t e output f i l e ! " )

data_l i s t = data_input . r e a d l i n e s ( )
data_l i s t . pop (0)

event_num=−1
k inet i c_energy =0.0
vector_counter=0
angle_value =0.0
x_value=0.0
y_value=0.0
z_value=0.0
x_vector = [ 0 . 0 , 0 . 0 ]
y_vector = [ 0 . 0 , 0 . 0 ]
z_vector = [ 0 . 0 , 0 . 0 ]
max_energy=0.0
las t_kinet i c_energy = 1.0
nonzero_kinetic_energy = True

f o r x in data_l i s t :
l i n e_ l i s t=x . s p l i t ( " , " )
i f l i n e_ l i s t [ 0 ] != event_num :
#i n i t i a l l i n e
i f event_num == −1:
event_num = l i n e_ l i s t [ 0 ]
k inet i c_energy = f l o a t ( l i n e_ l i s t [ 4 ] ) / 1000
vector_counter = 1
x_value=f l o a t ( l i n e_ l i s t [ 1 ] )
y_value=f l o a t ( l i n e_ l i s t [ 2 ] )
z_value=f l o a t ( l i n e_ l i s t [ 3 ] )
switch = True

#d i f f e r e n t event
e l s e :
i f ( l a s t_kinet i c_energy > 0 . 0 ) :
nonzero_kinetic_energy = True

e l s e :
nonzero_kinetic_energy = False

i f switch :
i f vector_counter == 4 :
i f nonzero_kinetic_energy :
data_output . wr i t e ( event_num + " " + s t r ( k inet i c_energy ) +\
" " + s t r ( angle_value ) + "\n")

i f k inet i c_energy > max_energy :
max_energy = kinet i c_energy

event_num = l i n e_ l i s t [ 0 ]
k inet i c_energy = f l o a t ( l i n e_ l i s t [ 4 ] ) / 1000
x_value=f l o a t ( l i n e_ l i s t [ 1 ] )
y_value=f l o a t ( l i n e_ l i s t [ 2 ] )
z_value=f l o a t ( l i n e_ l i s t [ 3 ] )
x_vector = [ 0 . 0 , 0 . 0 ]
y_vector = [ 0 . 0 , 0 . 0 ]
z_vector = [ 0 . 0 , 0 . 0 ]
vector_counter = 1
angle_value = 0 .0
switch = True
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#same event
e l s e :
l a s t_kinet i c_energy = f l o a t ( l i n e_ l i s t [ 4 ] ) / 1000
vector_counter += 1
i f vector_counter == 2 :
x_vector [ 0 ] = f l o a t ( l i n e_ l i s t [ 1 ] ) − x_value
y_vector [ 0 ] = f l o a t ( l i n e_ l i s t [ 2 ] ) − y_value
z_vector [ 0 ] = f l o a t ( l i n e_ l i s t [ 3 ] ) − z_value
x_value=f l o a t ( l i n e_ l i s t [ 1 ] )
y_value=f l o a t ( l i n e_ l i s t [ 2 ] )
z_value=f l o a t ( l i n e_ l i s t [ 3 ] )

i f vector_counter >= 3 :
x_vector [ 1 ] = f l o a t ( l i n e_ l i s t [ 1 ] ) − x_value
y_vector [ 1 ] = f l o a t ( l i n e_ l i s t [ 2 ] ) − y_value
z_vector [ 1 ] = f l o a t ( l i n e_ l i s t [ 3 ] ) − z_value
x_value=f l o a t ( l i n e_ l i s t [ 1 ] )
y_value=f l o a t ( l i n e_ l i s t [ 2 ] )
z_value=f l o a t ( l i n e_ l i s t [ 3 ] )
t ry :
angle_value = ca l cu l a t eAng l e ( x_vector , y_vector , z_vector )
switch = True

except ZeroDiv i s i onError :
switch = False

except :
p r i n t ("zomg except ion occured ! " )
switch = False

#f i n a l l i n e
i f switch :
i f vector_counter == 4 :
i f ( la s t_kinet i c_energy > 0 . 0 ) :
data_output . wr i t e ( event_num + " " + s t r ( k inet i c_energy ) +\
" " + s t r ( angle_value ) )

i f k inet i c_energy > max_energy :
max_energy = kinet i c_energy

################Part 2 − Average
data_input . c l o s e ( )
data_output . c l o s e ( )

#Calcu la te average and std−dev
try :
data_input = open (" angle . txt " , " r ")

except :
r a i s e Exception (" F i l e doesn ’ t e x i s t ! " )

t ry :
data_output= open (" angle_average . txt " , "w")

except :
data_input . c l o s e ( )
r a i s e Exception ("Can ’ t c r ea t e output f i l e ! " )

i npu t_ l i s t = data_input . r e a d l i n e s ( )
l i n e_ l i s t . c l e a r ( )
b i n_ l i s t = [ ]
f o r x in range (2∗ ( i n t (max_energy )+2)) :
b i n_ l i s t . append ( [ ] )

#sepe ra t e in to b ins
f o r x in input_ l i s t :
l i n e_ l i s t=x . s p l i t (" ")
energy_value = f l o a t ( l i n e_ l i s t [ 1 ] )
bin_value = 0 .5 i f math . modf ( energy_value ) [ 0 ] < 0 .5 e l s e 1
bin_value += math . modf ( energy_value ) [ 1 ]
bin_index = in t ( bin_value ∗ 2)
output_value = f l o a t ( l i n e_ l i s t [ 2 ] )
b i n_ l i s t [ bin_index ] . append ( output_value )

#pr in t output in new format
f o r x in range ( l en ( b in_ l i s t ) ) :
i f not b i n_ l i s t [ x ] :
cont inue

gev_num = f l o a t (0.5/2+(x−1)∗0.5)
occurance = len ( b in_ l i s t [ x ] )
average_output = s t a t i s t i c s . mean( b in_ l i s t [ x ] )
i f occurance > 1 :
std_dev_output = s t a t i s t i c s . stdev ( b in_ l i s t [ x ] )

e l s e :
std_dev_output = 0

max_gev = 8.5
min_gev = 0.0
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i f gev_num > min_gev :
i f gev_num < max_gev :
data_output . wr i t e ( s t r (gev_num) + " " + s t r ( occurance ) +\
" " + s t r ( average_output ) + " " + s t r ( std_dev_output ) + "\n")

data_input . c l o s e ( )
data_output . c l o s e ( )
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Appendix C: Histogram

Any counter might be obtained by utilizing the following Python state-
ments:
import pandas as pd
data3 = pd . read_csv ( ’ angle_Al . txt ’ , sep=’\ s + ’ , header=None )
data4 = pd . read_csv ( ’ angle_Cu . txt ’ , sep=’\ s + ’ , header=None )
data5 = pd . read_csv ( ’ angle_Fe . txt ’ , sep=’\ s + ’ , header=None )
data6 = pd . read_csv ( ’ angle_Pb . txt ’ , sep=’\ s + ’ , header=None )
data7 = pd . read_csv ( ’ angle_U . txt ’ , sep=’\ s + ’ , header=None )
from sc ipy . opt imize import curve_f i t
import sympy as sym
import numpy as np
import matp lo t l ib as mpl
from numpy . polynomial import Polynomial
import matp lo t l ib . pyplot as p l t
p l t . f i g u r e ( f i g s i z e =(12 ,12) , dpi=100)
mpl . rcParams [ ’ t ext . usetex ’ ] = True
mpl . rcParams [ ’ t ext . l a t ex . preamble ’ ] = [ r ’ \ usepackage {amsmath } ’ ]
mpl . rcParams [ ’ t ext . l a t ex . preamble ’ ] = [ r ’ \ boldmath ’ ]
mpl . rcParams [ ’ axes . l inewidth ’ ] = 1 .5
p l t . rc (" font " , s i z e =25, fami ly="Ar ia l " , weight=’bold ’ )
b ins=np . arange (0 , 450 .01 , 1)
x3 = data3 [ 2 ]
x4 = data4 [ 2 ]
x5 = data5 [ 2 ]
x6 = data6 [ 2 ]
x7 = data7 [ 2 ]
p l t . h i s t ( x3 , b ins=bins , h i s t t ype =’ step ’ , c o l o r =’Red ’ , \
l a b e l=r ’ \ bf Aluminum ’ , l i n ew idth =1.5)
p l t . h i s t ( x4 , b ins=bins , h i s t t ype =’ step ’ , c o l o r =’Green ’ , \
l a b e l=r ’ \ bf Copper ’ , l i n ew idth =1.5)
p l t . h i s t ( x5 , b ins=bins , h i s t t ype =’ step ’ , c o l o r =’MediumBlue ’ , \
l a b e l=r ’ \ bf Iron ’ , l i n ew idth =1.5)
p l t . h i s t ( x6 , b ins=bins , h i s t t ype =’ step ’ , c o l o r =’Brown ’ , \
l a b e l=r ’ \ bf Lead ’ , l i n ew idth =1.5)
p l t . h i s t ( x7 , b ins=bins , h i s t t ype =’ step ’ , c o l o r =’Yellow ’ , \
l a b e l=r ’ \ bf Uranium ’ , l i n ew idth =1.5)
# Ticks
p l t . minorticks_on ( )
p l t . tick_params ( ax i s =’both ’ , which=’major ’ , l ength =15 ,\
width=2, l a b e l s i z e =22)
p l t . tick_params ( ax i s =’both ’ , which=’minor ’ , l ength =7.5 ,\
width =1.5 , l a b e l s i z e =22)
p l t . x t i c k s (np . arange (0 , 450 .01 , s tep =50))
p l t . y t i c k s (np . arange (0 , 10001 , s tep =2500))
p l t . y s c a l e ( ’ log ’ )
#Axes l im i t s
p l t . xlim (0 . 0 , 450 .01)
p l t . ylim (10 . 0 , 10001)
#Axes t i t l e
p l t . t i t l e ( r ’ $\rm (b) $ $\rm 36\mbox{−}bin~EXP\mbox{−}BESS$ ’ , y=1.025)
#Axes l a b e l s
p l t . x l ab e l ( r "\ bf Sca t t e r i ng angle [ mrad ] " , f o n t s i z e =27)
p l t . y l ab e l ( r "\ bf Counts " , f o n t s i z e =27)
#No legend frame and shadow
#p l t . t i t l e ( r ’ $\rm 36\mbox{−}bin~EXP\mbox{−}Haino$ ’ , y=0.925 , x=0.3)
handle3 = mpl . l i n e s . Line2D ( [ ] , [ ] , c=’Red ’ )
handle4 = mpl . l i n e s . Line2D ( [ ] , [ ] , c=’Green ’ )
handle5 = mpl . l i n e s . Line2D ( [ ] , [ ] , c=’MediumBlue ’ )
handle6 = mpl . l i n e s . Line2D ( [ ] , [ ] , c=’Brown ’ )
handle7 = mpl . l i n e s . Line2D ( [ ] , [ ] , c=’Yellow ’ )
l a b e l s =[r ’ \ bf Aluminum ’ , r ’ \ bf Copper ’ , r ’ \ bf Iron ’ , r ’ \ bf Lead ’ , r ’ \ bf Uranium ’ ]
p l t . l egend ( handles=[handle3 , handle4 , handle5 , handle6 , handle7 ] , \
l a b e l s=l abe l s , frameon=False , shadow=False )
p l t . s a v e f i g (" angle_counter . pdf " , bbox_inches=’ t ight ’ )
p l t . show ( )
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Appendix D: Generation via Gaussian distributions

#inc lude "B1PrimaryGeneratorAction . hh"
#inc lude "G4LogicalVolumeStore . hh"
#inc lude "G4LogicalVolume . hh"
#inc lude "G4Box . hh"
#inc lude "G4RunManager . hh"
#inc lude "G4ParticleGun . hh"
#inc lude "G4Part ic leTable . hh"
#inc lude " G4Par t i c l eDe f i n i t i on . hh"
#inc lude "G4SystemOfUnits . hh"
#inc lude "Randomize . hh"
#inc lude <iostream>
using namespace std ;

B1PrimaryGeneratorAction : : B1PrimaryGeneratorAction ( )
: G4VUserPrimaryGeneratorAction ( ) ,
fPart i c l eGun (0)

// fEnvelopeBox (0)
{
G4int n_part i c l e = 1 ;
fPart i c l eGun = new G4ParticleGun ( n_part i c l e ) ;

// d e f au l t p a r t i c l e k inematic
G4Part ic leTable ∗ pa r t i c l eTab l e = G4Part ic leTable : : GetPart i c l eTable ( ) ;
G4String partic leName ;
G4Par t i c l eDe f i n i t i on ∗ p a r t i c l e
= par t i c l eTab l e −>FindPar t i c l e ( part ic leName="mu−");

fPart ic leGun−>Se tPa r t i c l eD e f i n i t i o n ( p a r t i c l e ) ;
}

B1PrimaryGeneratorAction : : ~ B1PrimaryGeneratorAction ( )
{

d e l e t e fPart i c l eGun ;
}

//80−bin D i s c r e t e CRY Energy Spectrum
void B1PrimaryGeneratorAction : : GeneratePrimaries (G4Event∗ anEvent )
{
// D i s c r e t e p r o b a b i l i t i e s
double A[ ]= {0 .0 , 0 .01253639 , 0 .02574546 , 0 .02802035 , 0 .02706636 , 0 .03528534 , 0 .02826496 ,
0 .03157946 , 0 .03078447 , 0 .02777574 , 0 .02546415 , 0 .03150608 , 0 .02815489 ,
0 .02580661 , 0 .02364179 , 0 .02170935 , 0 .02152589 , 0 .02348279 , 0 .02134243 ,
0 .0196913 , 0 .02036398 , 0 .01841931 , 0 .01718402 , 0 .01700056 , 0 .01624226 ,
0 .01539835 , 0 .01536166 , 0 .01471344 , 0 .01422421 , 0 .01412637 , 0 .01284215 ,
0 .01260977 , 0 .01213278 , 0 .0129033 , 0 .01248746 , 0 .01196155 , 0 .01064064 ,
0 .01057949 , 0 .0096255 , 0 .0103838 , 0 .00928304 , 0 .00879382 , 0 .00884274 ,
0 .00793767 , 0 .00786429 , 0 .00769306 , 0 .00709376 , 0 .00736283 , 0 .0071916 ,
0 .00721607 , 0 .00692253 , 0 .00643331 , 0 .00678799 , 0 .00673907 , 0 .00618869 ,
0 .00634769 , 0 .00665346 , 0 .00650669 , 0 .00561385 , 0 .00589516 , 0 .00589516 ,
0 .00578508 , 0 .00557716 , 0 .00550378 , 0 .00434187 , 0 .0043541 , 0 .00408503 ,
0 .00364472 , 0 .00399941 , 0 .00388934 , 0 .00396272 , 0 .00431741 , 0 .00368142 ,
0 .00363249 , 0 .00362026 , 0 .00410949 , 0 .00336342 , 0 .00358357 , 0 .00362026 ,
0 .00348573 , 0 .0035958} ;
// D i s c r e t e en e r g i e s
double B[ ]= {0 .0 , 100 , 200 , 300 , 400 , 500 , 600 , 700 , 800 , 900 , 1000 ,
1100 , 1200 , 1300 , 1400 , 1500 , 1600 , 1700 , 1800 , 1900 , 2000 ,
2100 , 2200 , 2300 , 2400 , 2500 , 2600 , 2700 , 2800 , 2900 , 3000 ,
3100 , 3200 , 3300 , 3400 , 3500 , 3600 , 3700 , 3800 , 3900 , 4000 ,
4100 , 4200 , 4300 , 4400 , 4500 , 4600 , 4700 , 4800 , 4900 , 5000 ,
5100 , 5200 , 5300 , 5400 , 5500 , 5600 , 5700 , 5800 , 5900 , 6000 ,
6100 , 6200 , 6300 , 6400 , 6500 , 6600 , 6700 , 6800 , 6900 , 7000 ,
7100 , 7200 , 7300 , 7400 , 7500 , 7600 , 7700 , 7800 , 7900 , 8000};

G4int SizeEnergy=s i z e o f (B)/ s i z e o f (B [ 0 ] ) ;
G4int S i z eP robab i l i t y=s i z e o f (A)/ s i z e o f (A [ 0 ] ) ;

G4double Grid [ s i z e o f (B)/ s i z e o f (B [ 0 ] ) ] ;
double sum=0;
f o r ( i n t x=0; x < 81 ; x++){
sum=sum+A[ x ] ;
Grid [ x]=sum ;
std : : o fstream GridFi l e ;
Gr idFi l e . open (" Probab i l i ty_gr id . txt " , std : : i o s : : app ) ;
Gr idFi l e << Grid [ x ] << G4endl ;
Gr idFi l e . c l o s e ( ) ;
}
G4double rad ius=100∗cm; // rad ius o f sphere
f o r ( i n t n_part i c l e = 1 ; n_part i c l e < 100000; n_part i c l e++){
G4double x0=G4RandGauss : : shoot ( ) ;
std : : o fstream GaussFi le ;
GaussFi le . open ("Gauss_x . txt " , std : : i o s : : app ) ; // in mm
GaussFi le << x0 << G4endl ;
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GaussFi le . c l o s e ( ) ;
// Cente ra l l y focused semi−s ph e r i c a l source v ia Gauss d i s t r i b u t i o n s
G4double y0=G4RandGauss : : shoot ( ) ;
G4double z0=G4RandGauss : : shoot ( ) ;
G4double n0=sq r t (pow(x0 ,2)+pow(y0 ,2)+pow( z0 , 2 ) ) ;

// Coordinates on sphere
x0 = rad ius ∗( x0/n0 ) ;
y0 = rad ius ∗abs ( y0/n0 ) ;
z0 = rad ius ∗( z0/n0 ) ;
std : : o fstream SphereF i l e ;
SphereF i l e . open (" coordinates_on_sphere . txt " , std : : i o s : : app ) ; // in mm
SphereF i l e << x0 << " "<< y0 << " " << z0 << " " << G4endl ;
SphereF i l e . c l o s e ( ) ;
fPart ic leGun−>Se tPa r t i c l ePo s i t i o n ( G4ThreeVector ( x0 , y0 , z0 ) ) ;

//Aimed at o r i g i n
G4double x1=0;
G4double y1=0;
G4double z1=0;
G4double mx = x1−x0 ;
G4double my = y1−y0 ;
G4double mz = z1−z0 ;
G4double mn = sqr t (pow(mx,2)+pow(my,2)+pow(mz , 2 ) ) ;
mx = mx/mn;
my = my/mn;
mz = mz/mn;
fPart ic leGun−>SetParticleMomentumDirection ( G4ThreeVector (mx,my,mz ) ) ;
G4double Energy=0; // Just f o r i n i t i a l i z a t i o n
G4double pseudo=G4UniformRand ( ) ;
f o r ( i n t i =0; i < 81 ; i++){
i f ( pseudo > Grid [ i ] && pseudo <= Grid [ i +1]){
Energy=B[ i +1] ;
std : : o fstream EnergyFi le ;
EnergyFi le . open (" Energy . txt " , std : : i o s : : app ) ;
EnergyFi le << Energy << G4endl ;
EnergyFi le . c l o s e ( ) ;
}
}
fPart ic leGun−>SetPart i c l eEnergy ( Energy ) ;
fPart ic leGun−>GeneratePrimaryVertex ( anEvent ) ;
}
}
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Appendix E: Generation by means of coordinate transformation

#inc lude "B1PrimaryGeneratorAction . hh"
#inc lude "G4LogicalVolumeStore . hh"
#inc lude "G4LogicalVolume . hh"
#inc lude "G4Box . hh"
#inc lude "G4RunManager . hh"
#inc lude "G4ParticleGun . hh"
#inc lude "G4Part ic leTable . hh"
#inc lude " G4Par t i c l eDe f i n i t i on . hh"
#inc lude "G4SystemOfUnits . hh"
#inc lude "Randomize . hh"
#inc lude <iostream>
using namespace std ;

B1PrimaryGeneratorAction : : B1PrimaryGeneratorAction ( )
: G4VUserPrimaryGeneratorAction ( ) ,
fPart i c l eGun (0)

// fEnvelopeBox (0)
{
G4int n_part i c l e = 1 ;
fPart i c l eGun = new G4ParticleGun ( n_part i c l e ) ;

// d e f au l t p a r t i c l e k inematic
G4Part ic leTable ∗ pa r t i c l eTab l e = G4Part ic leTable : : GetPart i c l eTable ( ) ;
G4String partic leName ;
G4Par t i c l eDe f i n i t i on ∗ p a r t i c l e
= par t i c l eTab l e −>FindPar t i c l e ( part ic leName="mu−");

fPart ic leGun−>Se tPa r t i c l eD e f i n i t i o n ( p a r t i c l e ) ;
}

B1PrimaryGeneratorAction : : ~ B1PrimaryGeneratorAction ( )
{

d e l e t e fPart i c l eGun ;
}

//80−bin D i s c r e t e CRY Energy Spectrum
void B1PrimaryGeneratorAction : : GeneratePrimaries (G4Event∗ anEvent )
{
// D i s c r e t e p r o b a b i l i t i e s
double A[ ]= {0 .0 , 0 .01253639 , 0 .02574546 , 0 .02802035 , 0 .02706636 , 0 .03528534 ,
0 .02826496 , 0 .03157946 , 0 .03078447 , 0 .02777574 , 0 .02546415 , 0 .03150608 ,
0 .02815489 , 0 .02580661 , 0 .02364179 , 0 .02170935 , 0 .02152589 , 0 .02348279 ,
0 .02134243 , 0 .0196913 , 0 .02036398 , 0 .01841931 , 0 .01718402 , 0 .01700056 ,
0 .01624226 , 0 .01539835 , 0 .01536166 , 0 .01471344 , 0 .01422421 , 0 .01412637 ,
0 .01284215 , 0 .01260977 , 0 .01213278 , 0 .0129033 , 0 .01248746 , 0 .01196155 ,
0 .01064064 , 0 .01057949 , 0 .0096255 , 0 .0103838 , 0 .00928304 , 0 .00879382 ,
0 .00884274 , 0 .00793767 , 0 .00786429 , 0 .00769306 , 0 .00709376 , 0 .00736283 ,
0 .0071916 , 0 .00721607 , 0 .00692253 , 0 .00643331 , 0 .00678799 , 0 .00673907 ,
0 .00618869 , 0 .00634769 , 0 .00665346 , 0 .00650669 , 0 .00561385 , 0 .00589516 ,
0 .00589516 , 0 .00578508 , 0 .00557716 , 0 .00550378 , 0 .00434187 , 0 .0043541 ,
0 .00408503 , 0 .00364472 , 0 .00399941 , 0 .00388934 , 0 .00396272 , 0 .00431741 ,
0 .00368142 , 0 .00363249 , 0 .00362026 , 0 .00410949 , 0 .00336342 , 0 .00358357 ,
0 .00362026 , 0 .00348573 , 0 .0035958} ;
// D i s c r e t e en e r g i e s
double B[ ]= {0 .0 , 100 , 200 , 300 , 400 , 500 , 600 , 700 , 800 , 900 , 1000 ,
1100 , 1200 , 1300 , 1400 , 1500 , 1600 , 1700 , 1800 , 1900 , 2000 ,
2100 , 2200 , 2300 , 2400 , 2500 , 2600 , 2700 , 2800 , 2900 , 3000 ,
3100 , 3200 , 3300 , 3400 , 3500 , 3600 , 3700 , 3800 , 3900 , 4000 ,
4100 , 4200 , 4300 , 4400 , 4500 , 4600 , 4700 , 4800 , 4900 , 5000 ,
5100 , 5200 , 5300 , 5400 , 5500 , 5600 , 5700 , 5800 , 5900 , 6000 ,
6100 , 6200 , 6300 , 6400 , 6500 , 6600 , 6700 , 6800 , 6900 , 7000 ,
7100 , 7200 , 7300 , 7400 , 7500 , 7600 , 7700 , 7800 , 7900 , 8000};

G4int SizeEnergy=s i z e o f (B)/ s i z e o f (B [ 0 ] ) ;
G4int S i z eP robab i l i t y=s i z e o f (A)/ s i z e o f (A [ 0 ] ) ;

G4double Grid [ s i z e o f (B)/ s i z e o f (B [ 0 ] ) ] ;
double sum=0;
f o r ( i n t x=0; x < 81 ; x++){
sum=sum+A[ x ] ;
Grid [ x]=sum ;
std : : o fstream GridFi l e ;
Gr idFi l e . open (" Probab i l i ty_gr id . txt " , std : : i o s : : app ) ;
Gr idFi l e << Grid [ x ] << G4endl ;
Gr idFi l e . c l o s e ( ) ;
}
G4double rad ius=100∗cm; // rad ius o f sphere
f o r ( i n t n_part i c l e = 1 ; n_part i c l e < 100000; n_part i c l e++){

// Cente ra l l y focused semi−s ph e r i c a l source v ia coord inate t rans fo rmat ion
G4double rand1=G4UniformRand ( ) ;
G4double rand2=G4UniformRand ( ) ;
G4double theta=acos (2∗ rand1 −1);
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G4double phi =2∗3.14159265359∗ rand2 ;
// Coordinates on sphere
G4double x0=rad ius ∗ s i n ( theta )∗ cos ( phi ) ;
G4double y0=rad ius ∗abs ( cos ( theta ) ) ;
G4double z0=rad ius ∗ s i n ( theta )∗ s i n ( phi ) ;

std : : o fstream SphereF i l e ;
SphereF i l e . open (" coordinates_on_sphere . dat " , std : : i o s : : app ) ; // in mm
SphereF i l e << x0 << " "<< y0 << " " << z0 << G4endl ;
SphereF i l e . c l o s e ( ) ;
fPart ic leGun−>Se tPa r t i c l ePo s i t i o n ( G4ThreeVector ( x0 , y0 , z0 ) ) ;

//Aimed at o r i g i n
G4double x1=0;
G4double y1=0;
G4double z1=0;
G4double mx = x1−x0 ;
G4double my = y1−y0 ;
G4double mz = z1−z0 ;
G4double mn = sqr t (pow(mx,2)+pow(my,2)+pow(mz , 2 ) ) ;
mx = mx/mn;
my = my/mn;
mz = mz/mn;
fPart ic leGun−>SetParticleMomentumDirection ( G4ThreeVector (mx,my,mz ) ) ;
G4double Energy=0; // Just f o r i n i t i a l i z a t i o n
G4double pseudo=G4UniformRand ( ) ;
f o r ( i n t i =0; i < 81 ; i++){
i f ( pseudo > Grid [ i ] && pseudo <= Grid [ i +1]){
Energy=B[ i +1] ;
std : : o fstream EnergyFi le ;
EnergyFi le . open (" Energy . txt " , std : : i o s : : app ) ;
EnergyFi le << Energy << G4endl ;
EnergyFi le . c l o s e ( ) ;
}
}
fPart ic leGun−>SetPart i c l eEnergy ( Energy ) ;
fPart ic leGun−>GeneratePrimaryVertex ( anEvent ) ;
}
}
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