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ABSTRACT

A T'-semigroup is an algebraic structure considered as a generaliza-
tion of a semigroup. Let S and I' be nonempty sets. Then S is called a I'-semigroup
if there exists a mapping S x I' x S — § defined as (a,,b) — avb satisfying the
axiom (aab)fc = aa(bfc) for all a,b,c € S and «a, € I'" and we say that f is
a fuzzy subset of a set S if f is a function from S into the closed interval [0, 1].
These two concepts are interesting to study together.

In this study, we define almost quasi-I'-ideals of a I'-semigroup and
study some properties of them such as the union of two almost quasi-I'-ideals is an
almost quasi-I'-ideal but their intersection need not always be an almost quasi-I'-
ideal. We also define and study fuzzy almost quasi-I-ideals of a I'-semigroup. We
give some relationships between almost quasi-I'-ideals and fuzzy almost quasi-I'-
ideals of I'-semigroups. Moreover, almost bi-I'-ideals and fuzzy almost bi-I'-ideals
of I'-semigroups will be defined and we give properties of them. In addition, we
investigate relationships between almost bi-I'-ideals and fuzzy almost bi-I-ideals.

Finally, we define new types of ideals, fuzzy ideals, almost ideals
and fuzzy almost ideals of I'-semigroups by using elements of I". We investigate
properties of them and show the relationships between these ideals and their fuzzi-

fications.
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Chapter 1
Introduction

The classes of objects encountered in the real physical world do not
have precisely defined criteria of membership. For example, the class of tall men
does not constitute a class or a set in the usual mathematical sense of these terms.
Yet, the fact remains that such a imprecise definition of classes plays an important
role in human thinking, particularly in the domains of pattern recognition, and
communication of information. Consequently, Zadeh ([22]) gave a basic definition
of fuzzy subsets in 1965. Fuzzy subsets are interesting content and are studied by
many authors in many algebraic structures see ([12]), and ([13]).

After that, Kuroki ([8, 9, 10, 11]) studied fuzzy ideals, fuzzy bi-
ideals and fuzzy quasi-ideals in semigroups, and fuzzy semigroups. Bi-ideals in
semigroups were introduced by Good and Hughes ([4]) in 1952, and quasi-ideals
in semigroups was introduced by Steinfeld in ([16, 17]). In 1981, Grosek and Satko
([5, 6, 7]) defined almost ideals (A-ideals) in semigroups and studied some of their
properties. Moreover, Bogdanovic also defined and studied almost bi-ideals in
semigroups in ([1]).

The algebraic structures of classical semigroups having one opera-
tion are interesting to many mathematicians. In 1984, Sen ([14]) introduced the
concept of I'-semigroup generalizing the classical semigroups to be the set with
several operations in the set I'. Later, in ([15]), Sen and Saha established sev-
eral properties of I'-semigroups. In 2006, Chinram ([2]) introduced the concept
and provided some properties of quasi-I'-ideals in I'-semigroups. Next, in 2007,
Chinram and Jirojkul ([3]) gave the notions and some properties of bi-I'-ideals in
['-semigroups.

Recently, Wattanatripop and Changphas ([19]) defined the concept
of almost left ideals (left A-ideals) and almost right ideals (right A-ideals) of a
[-semigroup. Wattanatripop, Chinram, and Changphas ([21]) defined the notion



of almost quasi-ideals (quasi-A-ideals) and fuzzy almost ideals (fuzzy A-ideals) by
using the concept of almost ideals and quasi-ideals of semigroups, and almost ideals
and fuzzy ideals of semigroups, respectively. They defined fuzzy almost bi-ideals
in semigroups and gave some relationships between almost bi-ideals and fuzzy
almost bi-ideals of semigroups in ([20]). Moreover, Suebsung, Wattanatripop and
Chinram studied almost (m, n)-ideals and fuzzy almost (m, n)-ideals of semigroups
in ([18]).

In this thesis, we define the concepts of almost quasi-I'-ideals, almost
bi-I-ideals, («, §)-ideals for some «, 5 € T, fuzzy almost quasi-I'-ideals, fuzzy

almost bi-I'-ideals, and fuzzy («, §)-ideals for some a, 8 € I' in I'-semigroups.



Chapter 2
Preliminaries

In this chapter, we collect the definitions and examples which will

be used later in the study of this thesis.

2.1 T'-Semigroups
M.K. Sen gave the concept of I'-semigroups in 1986.

Definition 2.1.1. ([15]) Let S and I' be nonempty sets. We call S a I'-semigroup
if there exists a mapping S x I' x S — S written as (a,~,b) — avb satisfying the
axiom (aab)fec = aa(bfc) for all a,b,c € S and o, 5 € T.

Remark 2.1.2. (1) If |I'| = 1, then the definition of I'-semigroup concides with
that of semigroups.

(2) Every semigroup (.5, ) can be considered as a ['-semigroup where

I:={}

(3) If S is a I'-semigroup, then for each a € ', (S, @) is a semigroup.
Let S be a I'-semigroup. For nonempty subsets A, B of S, let
AT'B ={aab|aec A,be B,a T},

If x € Sand a € T, we let AT'z = AT'{z}, 2'A = {«z}I"'A and
AaB = A{a}B.



Definition 2.1.3. Let S be a I'-semigroup. A nonempty subset A of S is called
(1) a sub I'-semigroup of S if ATA C A,
(2) a left I'-ideal of S if STA C A,
(3) a right I'-ideal of S if AI'S C A,
(4) a I'-ideal of S if it is both a left I'-ideal and a right I-ideal of S,
(5) a quasi-I'-ideal of S if STANAI'S C A,
(6) a bi-I'-ideal of S if ATSTA C A,
(7) an almost left T-ideal of S if sSTANA () for all s € S,
(8) an almost right T'-ideal of S if ATsN A # () for all s € S,

(9) an almost I'-ideal of S if it is both an almost left I-ideal and an almost right
I-ideal of S.

2.2 Fuzzy Subsets

In 1965, Zadeh introduced the fundamental fuzzy set concept in
[22]. Since then, fuzzy sets have been applied in various fields. Now, we recall the

definitions and some notations relevant to fuzzy subsets.

Definition 2.2.1. ([22]) A fuzzy subset of a set S is a function from S into the

closed interval [0, 1].

Any subset of a set S can be considered as a fuzzy subset of S by
indicating either membership or nonmembership in a subset of .S.

For any two fuzzy subsets f and g of a set .S,

(1) fNgisa fuzzy subset of S defined by

(fNg)(z) =min{f(x),g(x)} forallxzesS.
(2) fUg is a fuzzy subset of S defined by

(fUg)(z) =max{f(z),g(x)} forallzeS.

(3) f¢is a fuzzy subset of S defined by

fi(x)=1— f(x) forallzeS.



(4) fogis a fuzzy subset of S defined by

sup min{ f(a),g(b)} if x € S?
(F og)(x) = { b ’

0 otherwise.

(5) fCygif f(z) < g(zx) for all z € S.

Example 2.2.2. Consider the I'-semigroup Z, where I' = {0}. Let f and g be
fuzzy subsets of Z, defined by

fUg@) =04, f(I) = 0.7, (fog)(0) = 04,

Theorem 2.2.3. If f is a fuzzy subset of a set S, then (f€)¢ = f.
Theorem 2.2.4. Let f, g and h be fuzzy subsets of a set S.

(1) If f Ch and g C h, then fUg C h.

(2) If f Cgand f Ch, then f CgNh.

Definition 2.2.5. ([12]) The characteristic mapping of a subset A of S is a fuzzy
subset of S defined by

1 xzeA,
Ca(z) =

0 otherwise.

The set S can be considered as a fuzzy subset of itself and we write
S = Cg, that is S(z) =1 for all z € S.

Example 2.2.6. Let S = {a,b,c} and A = {a}. Then Cy(a) =1,C4(b) =0 and
CA(C) =0.



Theorem 2.2.7. Let A and B be subsets of a set S. Then
(1) Cang =CaNCp
(2) Caup =CaUCE
(3) Cae = (Ca)°
(4) If AC B, then C4 C Cp.
Definition 2.2.8. ([12]) Let f be a fuzzy subset of a set S.

(1) For t € [0, 1], the level set or t-cut f; is defined by
fe=Az eS| f(x) =t}
(2) The support of f is defined by
supp(f) = {z € S| f(z) # 0}.

Definition 2.2.9. ([13]) For z € S and t € (0,1], a fuzzy point x, of a set S is a
fuzzy subset of S defined by

t y=ua,
xt(y) =
0 otherwise.

2.3 Fuzzy ideals in semigroups

In 1981, Kuroki introduced the notion of fuzzy ideals in semigroups

as follows:

Definition 2.3.1. ([12]) A fuzzy subset f of a semigroup S is called
(1) a fuzzy subsemigroup of S if f(ab) > min{ f(a), f(b)} for all a,b € S,
(2) a fuzzy left ideal of S if f(ab) > f(b) for all a,b € S,
(3) a fuzzy right ideal of S if f(ab) > f(a) for all a,b € S,

(4) a fuzzy ideal of S if it is both a fuzzy left ideal and a fuzzy right ideal of S.



Theorem 2.3.2. ([12]) Let A be a nonempty subset of a semigroup S. Then
(1) A is a subsemigroup of S if and only if Cx is a fuzzy subsemigroup of S.
(2) A is a left ideal of S if and only if Cy is a fuzzy left ideal of S.

(3) A is a right ideal of S if and only if Ca is a fuzzy right ideal of S.
(4) A is an ideal of S if and only if Cy is a fuzzy ideal of S.

Theorem 2.3.3. ([12]) Let [ be a fuzzy subset of a semigroup S such that f; # ()
where t € (0,1]. Then

(1) f is a fuzzy subsemigroup of S if and only if f; is a subsemigroup of S.
(2) f is a fuzzy left ideal of S if and only if f; is a left ideal of S.
(3) f is a fuzzy right ideal of S if and only if f; is a right ideal of S.
(4) f is a fuzzy ideal of S if and only if f; is an ideal of S.
Theorem 2.3.4. ([12]) Let f be a fuzzy subset of a semigroup S. Then
(1) f is a fuzzy subsemigroup of S if and only if fo f C f.
(2) f is a fuzzy left ideal of S if and only if So f C f.
(3) f is a fuzzy right ideal of S if and only if foS C f.
(4) f is a fuzzy ideal of S if and only if So f C f and foS C f.

Next, Kuroki defined fuzzy quasi-ideals and fuzzy bi-ideals in semi-

groups as follows:
Definition 2.3.5. ([12]) A fuzzy subset f of a semigroup S is called
(1) a fuzzy quasi-ideal of S if (foS)N(So f)C f,

(2) a fuzzy bi-ideal of S'if foSo f C f.



Finally, fuzzy almost ideals and fuzzy almost bi-ideals in semigroups

was studied by Wattanatripop, Chinram and Changphas.

Definition 2.3.6. (|21, 20]) Let f be a fuzzy subset of a semigroup S such that
f # 0. Then f is called

(1) a fuzzy almost left ideal of S if (Cso f)N f#0 forall s € S,
(2) a fuzzy almost right ideal of S if (f o Cy) N f # 0 for all s € S,
(3) a fuzzy almost quasi-ideal of S if (f o Cs) N (Cso f)N f#0forall s e S,

(4) a fuzzy almost bi-ideal of S if (fo Cso f)N f #0 for all s € S.

Let S be a I'-semigroup and F(S) be the set of all fuzzy subsets of
S. For each o € I, define a binary operation o, on F(S) by

sup {min{f(a),g(b)}} if x € Sas,
(f 00 9)(a) = § om0
0 otherwise.

Let I'* := {o, | @ € I'}. Then (F(S),I'™) is a [-semigroup.



Chapter 3

Almost quasi-I'-ideals
and Fuzzy almost quasi-l-ideals

of I'-semigroups

In this chapter, we give the concepts of almost quasi-I-ideals and
fuzzy almost quasi-I'-ideals of I'-semigroups. Moreover, we provide some proper-

ties and some relationships between almost quasi-I'-ideals and their fuzzifications.

3.1 Almost quasi-I'-ideals of ['-semigroups

We begin this section with the following definition of an almost

quasi-I'-ideal of a I'-semigroup.

Definition 3.1.1. Let S be a ['-semigroup. A nonempty subset @) of S is called
an almost quasi-I'-ideal of S if STQNQTsNQ # P for all s € S.

Example 3.1.2. Consider the I-semigroup S = {a, b, ¢} with I' = {«, 8} and the

multiplication tables:

ala b c Bla b c
ala a a ala b c
b bla b c
clec ¢ ¢ cla b c

Let @ = {a,b}. We see that
al@NQTanQ = {a,b} N{a,b} N{a, b} = {a,b},

roNEronN @ = {a,b} Nn{a,b} N{a,b} = {a,b},
AQNQTeNQ ={a,b,c} N{a,b,c} N{a,b} = {a,b}.
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Then sTQ NQTsNQ # O for all s € S. Thus Q is an almost quasi-I'-ideal of S.
Similarly, we can see that {a}, {b}, {c}, {a,b},{a,c}, {b,c} and {a,b, c} are almost
quasi-I'-ideals of S.

Proposition 3.1.3. If Q is a quasi-I'-ideal of a I'-semigroup S, then either sT'QN
QL's = (0 for some s € S or Q is an almost quasi-I'-ideal of S.

Proof. Assume that Q) is a quasi-I-ideal of S and sI'Q N QI's # () for all s € S.
Let s € S. By assumption, sI'Q NQT's # 0. Since sT'QNQT's C STQNQTS C Q,
we get sSIQNQTsNQ = sI'QNQTs # (0. Hence, Q is an almost quasi-T'-ideal of
S. ]

Theorem 3.1.4. Fvery almost quasi-I'-ideal of a I'-semigroup S is an almost left
['-ideal and an almost right I'-ideal of S.

Proof. Assume that () is an almost quasi-I'-ideal of a I'-semigroup S. Let s € S. So
sTQNQTsNQ # ). Since sSTQNQTsNQ C sT'QNQ and sTQNQTsNQ C QT'sNQ,
we have sTQ NQ # 0 and QT's N Q # (. Hence, @Q is an almost left I'-ideal and
an almost right I'-ideal of S. [

The following example shows that an almost left I'-ideal of a I'-

semigroup S need not be an almost quasi-I'-ideal of S.

Example 3.1.5. Consider a I'-semigroup S = {a, b, ¢,d, e} with I' = {a} and

ala b ¢ d

ala a a d d
bla b c d e
cla ¢ b d e
did d d a a
eld d d a a

Let L = {b,c,d}. We have L is an almost left I-ideal of S but (e[’ LNLT'e)NL = ().

Thus L is not an almost quasi-I'-ideal of S.

Theorem 3.1.6. If ) is an almost quasi-I"-ideal of a I'-semigroup S and ) C
H C S, then H is an almost quasi-I'-ideal of S.

Proof. Assume that @) is an almost quasi-I'-ideal of a I'-semigroup S with @) C
H C S Let s € S. Since ) # sI'QNQITsNQ C sI'H N HI's N H, we obtain
sI'HN HT's N H # (. Therefore, H is an almost quasi-I'-ideal of S. 0

Corollary 3.1.7. The union of two almost quasi-I'-ideals of a I'-semigroup S is

an almost quasi-I'-ideal of S.
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Proof. Let ()1 and Q2 be any two almost quasi-I'-ideals of a I'-semigroup S. Since
@1 C Q1UQ,, it follow from Theorem 3.1.6 that Q1 U@ is an almost quasi-I'-ideal
of S. ]

From Example 3.1.5, put @Q; := {a,b} and Qs := {b,c,d}. We see
that @1 and @, are almost quasi-I'- ideals of S, while Q1 N Q2 = {b} is not. Thus
the intersection of two almost quasi-I'-ideals of a I'-semigroup S need not always

be an almost quasi-I'-ideal of S.

Theorem 3.1.8. Let S be a I'-semigroup. Then S has no proper almost quasi-I"-
ideal if and only if for any a € S, there exists s, € S such that s,I'(S \ {a}) N
(S~ A{a})l's, C {a}.

Proof. Assume that S has no proper almost quasi-I'-ideal and let @ € S. Then
S N {a} is not an almost quasi-I'-ideal. Then there exists s, € S such that
sa ' (S\{a})N(S~{a})T's,NS~{a} = 0. Therefore, s,I'(S~{a})N(S~{a})Ts, C
{a}.

Conversely, assume that for any a € S there exists s, € S such
that s,I'(S ~ {a}) N (S ~ {a})I's, C {a}. Let A be a proper subset of S. Then
A C S~ {a} C S for some a € S. By assumption, there exists s, € S such that
s L' (S~ A{a})N(S~{a})I's, C {a}, so <8aF(S\ {a})N(S~ {a})FSQ) N(S~{a}) C
{a} N (S~ {a}) = 0. Hence, A is not an almost quasi-I-ideal of S. Consequently,

S has no proper almost quasi-I'-ideals. O
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3.2 Fuzzy almost quasi-I'-ideals of ['-semigroups

In this section, we define fuzzy almost quasi-I'-ideals in ['-semigroups
and give some relationships between almost quasi-I-ideals and fuzzy almost quasi-

['-ideals of I'-semigroups.

Definition 3.2.1. Let f be a fuzzy subset of a I'-semigroup S such that f # 0.
Then f is called a fuzzy almost quasi-I"-ideal of S if for each fuzzy point x; of S,
there exist a, § € I' such that (z; o, f) N (f ogx) N f # 0.

Theorem 3.2.2. Let f be a fuzzy almost quasi-I'-ideal of a I'-semigroup S and g
be a fuzzy subset of S such that f C g. Then g is a fuzzy almost quasi-I"-ideal of
S.

Proof. Let x; be a fuzzy point of S. Since f is a fuzzy almost quasi-I-ideal of
S, there exist «, 8 € T such that (z; oo f) N (f ogay) N f # 0. Since f C g,
we get (204 )N (foga) Nf C (2404 g) N(g0s ) N g. This implies that
(x104 g) N (gopxt)NgF# 0. Therefore, g is a fuzzy almost quasi-I-ideal of S. [

Corollary 3.2.3. Let f and g be fuzzy almost quasi-I'-ideals of a I'-semigroup S.
Then f U g is a fuzzy almost quasi-I'-ideal of S.

Proof. Since f C fUg, by Theorem 3.2.2, f U g is a fuzzy almost quasi-I'-ideal of
S. H

Example 3.2.4. Consider the I'-semigroup Zs where I' = {0} and @yb = @+~ +0.
Let f: Zs — [0, 1] be defined by

f(0)=0,f(1)=04,f(2)=0,f(3) =02, f(4) =0.3
and g : Zs — [0,1] be defined by
9(0) = 0,¢(1) = 0.3,9(2) = 0.5, ¢(3) = 0, g(4) = 0.9.
We see that for each fuzzy point x; of S,
[(z: 05 f) N (f o5 e) N f](4) # 0 and [(2; o5 9) N (g o5 ) N g](4) # 0.
Then f and g are fuzzy almost quasi-I-ideals of Zs. Also we have
(fNg)0)=0,(fNg)(1) =03,(fNg)(2) =0,(fNg)(3) =0,(fNg)(4) =0.3.

Then [(z: o5 (fNg))N((fNg)ogz:) N(fNg)(z) =0 forall x € Zs, so fNygis

not a fuzzy almost quasi-I'-ideal of Zs.
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Theorem 3.2.5. Let () be a nonempty subset of a I'-semigroup S. Then Q) is an
almost quasi-I'-ideal of S if and only if Cq is a fuzzy almost quasi-I'-ideal of S.

Proof. Assume that @ is an almost quasi-I-ideal of S and let z; be a fuzzy point
of S. Then 2T'Q N QTz N Q # (). Thus there exists y € 2I'Q N QT'z and y € Q.
Thus y € xaQ N QBz for some o, € I'. So [(x 04 Cg) N (Cq o z4)](y) # 0 and
Co(y) = 1. Hence, (z; 0, Cg) N (Cg op x) N Cq # 0. Therefore, Cq is a fuzzy
almost quasi-I'-ideal of S.

Conversely, assume that Cg is a fuzzy almost quasi-I'-ideal of S. Let
s € S. Then (st 0, Cg) N (Cqop st) N Cq # 0 for some «, 5 € I'. Thus there exists
x € S such that [(s; 0, Cg) N (Cqop s:) NCql(x) # 0. Hence, z € sSI'QNQT'sN Q.
So sT'Q NQTsNQ # (). Consequently, @ is an almost quasi-I'-ideal of S. ]

Theorem 3.2.6. Let [ be a fuzzy subset of a I'-semigroup S. Then f is a fuzzy
almost quasi-I'-ideal of S if and only if supp(f) is an almost quasi-I'-ideal of S.

Proof. Assume that f is a fuzzy almost quasi-I’-ideal of S. Let s; be a fuzzy point
of S. Then (s; 00 f) N (fogs:) N f # 0 for some o, 3 € I'. Hence, there exists
x € S such that [(s;0, )N (fops:) N fl(x) # 0. So there exist y1, y2 € S such that
x = sayy = Y238, f(x) #0, f(y1) # 0 and f(y2) # 0. That is z,y1,y2 € supp(f).
Thus [(st 0a Coupp(r)) N (Coupp(ry 08 5¢)](x) # 0 and Coyppipy (@) # 0. Therefore,
(5t 0a Csupp(s)) N (Csupp(r) ©8 5t) N Coupp(ry 7 0. Hence, Coypp(p) is a fuzzy almost
quasi-I'-ideal of S. By Theorem 3.2.5, supp(f) is an almost quasi-I-ideal of S.
Conversely, assume that supp(f) is an almost quasi-I'-ideal of S. By
Theorem 3.2.5, Cyypp(y) is a fuzzy almost quasi-I'-ideal of S. Then for each fuzzy
point s; of S, we have (5;04Csupp()) N(Coupp(r)©85¢) NCosupp(s) 7 0 for some o, f € I
Thus there exists x € S such that [(s;0a4 Csupp(r)) NV (Csupp(r) ©85t) N Clsupp(p)l () 7 0.
Hence, [(5: 00 Csupp(r)) N (Csupp(r) 08 5¢)](x) # 0 and Ciypp(s) () 7# 0. Then there
exist yi,y2 € S such that x = say; = ya20s, f(x) # 0, f(y1) # 0 and f(y2) # 0.
Thus (s; 04 f) N (f opse) N f # 0. Therefore, f is a fuzzy almost quasi-I-ideal of
S. O

Corollary 3.2.7. A T'-semigroup S has no proper almost quasi-I'-ideals if and
only if supp(f) = S for each fuzzy almost quasi-I'-ideal f of S,

Proof. Assume S has no proper almost quasi-I'-ideals and let f be a fuzzy almost
quasi-I'-ideal of S. By Theorem 3.2.6, supp(f) is an almost quasi-I-ideal of S.
Thus supp(f) = S.

Conversely, let () be any fuzzy almost quasi-I'-ideal of S. By Theo-
rem 3.2.5, Cy is a fuzzy almost quasi-I-ideal of S. By assumption, supp(Cg) = S.
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Since supp(Cq) = @, we get @ = S. This implies that S has no proper almost
quasi-I'-ideals. O

Finally, we define minimal fuzzy almost quasi-I'-ideals in I'-semigroups
and give a relationship between minimal almost quasi-I'-ideals and minimal fuzzy

almost quasi-I'-ideals of I'-semigroups.

Definition 3.2.8. A fuzzy almost quasi-I'-ideal f of a I'-semigroup S is minimal

if for each fuzzy almost quasi-I'-ideal g of S such that g C f, we have supp(g) =
supp(f)-

Theorem 3.2.9. Let () be a nonempty subset of a I'-semigroup S. Then @ is
a minimal almost quasi-I'-ideal of S if and only if Cgq is a minimal fuzzy almost
quasi-I"-ideal of S.

Proof. Assume that () is a minimal almost quasi-I'-ideal of S. By Theorem 3.2.5,
Cq is a fuzzy almost quasi-I'-ideal of S. Let g be a fuzzy almost quasi-I'-ideal
of S such that ¢ € Cgq. Then supp(g) C supp(Cq) = Q. Since g C Ciupp(g)s
we have Cyypp(q) is a fuzzy almost quasi-I'-ideal of S. By Theorem 3.2.5, supp(g)
is an almost quasi-I-ideal of S. Since () is minimal, supp(g) = Q = supp(Cyg).
Therefore, Cg is minimal.

Conversely, assume that C¢ is a minimal fuzzy almost quasi-I'-ideal
of S. Let @' be an almost quasi-I'-ideal of S such that @)’ C Q). Then C¢y is a fuzzy
almost quasi-I'-ideal of S such that Cyr C Cg. Since Cf is minimal, it follows that
supp(Co) = supp(Cop). Hence, Q' = supp(Cq) = supp(Cq) = Q. Therefore, () is

minimal. ]



Chapter 4

Almost bi-I'-ideals and Fuzzy

almost bi-I'-ideals of ['-semigroups

In this chapter, we define an almost bi-I'-ideals and fuzzy almost bi-
['-ideals of I'-semigroups. Moreover we give some properties and some relationships

between almost bi-I'-ideals and their fuzzifications.

4.1 Almost bi-I'-ideals of I'-semigroups

Firstly, we define almost bi-I'-ideals of ['-semigroups as follows:

Definition 4.1.1. A nonempty subset B of a ['-semigroup S is called an almost
bi-I'-ideal of S if BI'sTUBN B # () for all s € S.

Example 4.1.2. Consider the I'-semigroup S = {a,b,¢,d} with I' = {«, 5} and
the multiplication table:

ala b ¢ d Bla b ¢ d
ala ¢ ¢ a alc a a c
blc a a c bla ¢ ¢ a
clc a a c cla ¢ ¢ a
dla ¢ ¢ a dlc a a c

We see that the almost bi-T-ideals of S are {a, c},{a,b,c}, and {a, ¢, d}.
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Theorem 4.1.3. If B is an almost bi-I'-ideal of a I'-semigroup S and B C C' C S,
then C' is an almost bi-I'-ideal of S.

Proof. Let B be an almost bi-I'-ideal of a I'-semigroup S and B C C' C S. Then
BI'sTBN B # () for all s € S and BI'sTBN B C CT'sI'C' N C, which implies that
CTsI'CNC # () for all s € S. Therefore, C'is an almost bi-I'-ideal of S. [

Corollary 4.1.4. The union of two almost bi-I'-ideals of a I'-semigroup S is also
an almost bi-I'-ideal of S.

Proof. Let A and B be almost bi-I'-ideals of S. Since A C AU B C S, it follows
from Theorem 4.1.3 that AU B is an almost bi-I'-ideal of S. ]

The intersection of two almost bi-I'-ideals of a I'-semigroup S need

not always be an almost bi-I'-ideal of S as shown in the following example.

Example 4.1.5. Consider the I'-semigroup Zs with I' = {0,1,2}. Let A = {2,3}
and B = {4,6}. Clearly, A and B are almost bi-I-ideals of Zg but AN B = (), so

it is not an almost bi-I'-ideal of Zs.

Theorem 4.1.6. A I'-semigroup S has a proper almost bi-I'-ideal if and only if
there ezists an element a € S such that S\ {a} is an almost bi-I'-ideal of S.

Proof. Let B be a proper almost bi-I-ideal of a I'-semigroup S and let a € S\ B.

Then B C S\ {a} € S. By Theorem 4.1.3, S'\ {a} is an almost bi-I-ideal of S.
Conversely, let a € S such that S\ {a} is an almost bi I-ideal of S.

Since S\ {a} C S, we get S\ {a} is a proper almost bi-I-ideal of S. O

Theorem 4.1.7. A I'-semigroup S has no proper almost bi-I'-ideal if and only if
for each a € S, there exists s, € S such that (S'\ {a})['s,I'(S\ {a}) C {a}.

Proof. Assume that S has no proper almost bi-I'-ideal and let a € S. By Theorem
4.1.6, S'\ {a} is not an almost bi-I'-ideal of S. Thus there exists s, € S such that
(S\{a}Ts, L (S\{a})N(S\{a}) = 0. This implies that (S\{a})Ts,I'(S\{a}) C
{a}.

Conversely, suppose S has a proper almost bi-I-ideal B. Let a €
S\ B. Since B C S\ {a} C S, we get S\ {a} is an almost bi-I-ideal of S by
Theorem 4.1.3. Then (S \ {a})Ts, (S \ {a}) N (S\ {a}) # 0 for all s, € S, so
(S\ {a})ls,I'(S\ {a}) € {a} for all s, € S. O
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4.2 Fuzzy almost bi-I'-ideals of ['-semigroups

We define fuzzy almost bi-I'-ideals in I'-semigroups as follows:

Definition 4.2.1. Let f be a fuzzy subset of a I'-semigroup S such that f # 0.
We call f a fuzzy almost bi-I'-ideal of S if for each fuzzy point x; of S, there exist
a, f € I' such that (f o, x 05 f) N f #0.

Theorem 4.2.2. Let f be a fuzzy almost bi-I'-ideal of a I'-semigroup S and g be
a fuzzy subset of S such that f C g. Then g is a fuzzy almost bi-I'-ideal of S.

Proof. Let z; be a fuzzy point of S. Since f is a fuzzy almost bi-I'-ideal of S,
there exist o, 5 € I' such that (f o, ;05 f) N f # 0. Since f C g, we get

(foaaiopg fYNf C(goaztogg)Ng,so(goaxosg)Ng#0. Thus g is a fuzzy
almost bi-I'-ideal of S. 0

Corollary 4.2.3. Let f and g be fuzzy almost bi-I'-ideals of a I'-semigroup S.
Then fUg is a fuzzy almost bi-I'-ideal of S.

Proof. Since f C f U g, we obtain that f U g is a fuzzy almost bi-I'-ideal of S by
Theorem 4.2.2. O]

The intersection of two fuzzy almost bi-I'-ideals of a I'-semigroup S

need not be a fuzzy almost bi-I'-ideal of S. We can see in the following example.

Example 4.2.4. Consider the I'-semigroup Zs where I' = {0} and @yb = @+~ +0.
Let f :Zs — [0, 1] be defined by

F(0)=0,f(1)=0.5,f(2) =0, f(3)=0.1 and f(4) =0.1
and g : Zs — [0, 1] be defined by
g(0) =0,9(1) =0.2,9(2) =0.1,9(3) = 0 and g(4) = 0.2.

Then [(f ogzs o5 f) N f](4) # 0 and [(gogz:059) Ng](4) # 0. So f and g are fuzzy
almost bi-I'-ideals of Z5. We see that

(fNg)0)=0,(fNg)(1) =02,(fNg)(2) =0,(fNg)(3) =0,(fNg)(4) =0.1.

Then [(fNg)ogziog (fNg)N(fNg)(z) =0 for all z € Zs, so fNg is not a fuzzy
almost bi-I'-ideal of Zs.
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Next, we give some relationships between almost bi-I-ideals and

fuzzy almost bi-I'-ideals of ['-semigroups.

Theorem 4.2.5. Let B be a nonempty subset of a I'-semigroup S. Then B is an
almost bi-I'-ideal of S if and only if Cp is a fuzzy almost bi-I"-ideal of S.

Proof. Suppose that B is an almost bi-I'-ideal of S. Let z; be a fuzzy point of
S. Then BT'aI'B N B # (). Thus there exists y € B such that y € BaxfB for
some «, 3 € I'. This implies that (Cp o, 2 05 C)(y) = 1 and Cp(y) = 1. Hence,
(Cp oy 05 Cp) N Cp # 0. Therefore, Cp is a fuzzy almost bi-I'-ideal of S.
Conversely, suppose that Cp is a fuzzy almost bi-I'-ideal of S. Let
s € S. Then there exist o, € I' such that (Cp o, st 05 Cp) N Cp # 0, so
[(Cp oq st 05 Cp) N Cgl(y) # 0 for some y € S. Thus y € B and y = aaspb for
some a,b € B and a,3 € I'. Hence, y € BI's'BN B. So BI's'BN B # 0.
Consequently, B is an almost bi-I'-ideal of S. O

Theorem 4.2.6. Let [ be a fuzzy subset of a I'-semigroup S. Then f is a fuzzy
almost bi-I'-ideal of S if and only if supp(f) is an almost bi-I'-ideal of S.

Proof. Suppose that f is a fuzzy almost bi-I'-ideal of S. Let s; be a fuzzy point
of S. Then there exist a, 8 € I' such that (f o, st 05 f) N f # 0. So we obtain
that [(f oq st 0p f) N f](z) # 0 for some = € S. Thus there exist y;,y» € S such
that © = yrasBys, f(x) # 0, f(y1) # 0 and f(y2) # 0. So z,y1,y2 € supp(f).
Thus we get [Coupp(s) Oa 5t 08 Coupp(p)l (x) # 0 and Ciypp(p)(x) # 0. Therefore,
(Coupp(f) ©a 5t °8 Cupp(r)) N Csupp(y) 7 0. Hence, Cyypp(s) is a fuzzy almost bi-I'-ideal
of S. By Theorem 4.2.5, supp(f) is an almost bi-I'-ideal of S.

Conversely, suppose that supp(f) is an almost bi-I-ideal of S. By
Theorem 4.2.5, Cyypp(y) is a fuzzy almost bi-I'-ideal of S. Let x; be a fuzzy point
of S. Then (Cuupp(f) ©a Tt 08 Csupp(s)) N Csupp(ry # 0 for some a, 3 € T'. Then
there exists « € S such that [(Csupp(s) 0a Tt 08 Coupp(r)) N Coupp(py](x) # 0. Hence,
(Coupp(f) ©a Tt 08 Caupp(s)) () # 0 and Coyppipy (@) # 0. Then there exist yi,y, € S
such that = = yaxfys, f(z) # 0, f(y1) # 0 and f(y2) # 0. This implies that
(foaziop f)N f # 0. Therefore, f is a fuzzy almost bi-I'-ideal of S. O
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Corollary 4.2.7. A I'-semigroup S has no proper almost bi-I'-ideals if and only
if supp(f) = S for each fuzzy almost bi-I'-ideal f of S.

Proof. Assume S has no proper almost bi-I'-ideals and let f be a fuzzy almost
bi-I'-ideal of S. By Theorem 4.2.6, supp(f) is an almost bi-I'-ideal of S. Then
supp(f) = S.

Conversely, let B be any fuzzy almost bi-I'-ideal of S. By Theorem
4.2.5, Cp is a fuzzy almost bi-I-ideal of S. By assumption, supp(Cp) = S. Since
supp(Cp) = B, we get B = S. This implies that S has no proper almost bi-I'-
ideals. ]

Next, we define minimal fuzzy almost bi-I-ideals in I'-semigroups
and give a relationship between minimal almost bi-I'-ideals and minimal fuzzy

almost bi-I'-ideals of I'-semigroups.

Definition 4.2.8. A fuzzy almost bi-I'-ideal f of a I'-semigroup S is called
minimal if for each fuzzy almost bi-I'-ideal g of S such that ¢ C f, we have

supp(g) = supp(f).

Theorem 4.2.9. Let B be a non-empty subset of a I'-semigroup S. Then B is
a minimal almost bi-I'-ideal of S if and only if Cp is a minimal fuzzy almost

bi-I'-ideal of S.

Proof. Suppose that B is a minimal almost bi-I'-ideal of S. By Theorem 4.2.5,
Cp is a fuzzy almost bi-I'-ideal of S. Let g be a fuzzy almost bi-I'-ideal of S
such that g € Cp. Then supp(g) C supp(Cp) = B. Since g C Ciypp(g), it follows
from Theorem 4.2.2 that, Cyypp(g) is a fuzzy almost bi-I'-ideal of S. By Theorem
4.2.6, supp(g) is an almost bi-I'-ideal of S. Since B is a minimal, supp(g) = B =
supp(Cpg). Therefore, C'p is minimal.

Conversely, suppose that C'g is a minimal fuzzy almost bi-I'-ideal of
S. Let B’ be an almost bi-I'-ideal of S such that B’ C B. Then Cp is a fuzzy almost
bi-I-ideal of S such that Cp C Cp. Since Cp is minimal, supp(Cp/) = supp(Cp).
Hence, B’ = supp(Cp/) = supp(Cp) = B. Therefore, B is minimal. O
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Next, we give a relationship between a-prime almost bi-I-ideals and

a-prime fuzzy almost bi-I'-ideals.
Definition 4.2.10. Let S be a ['-semigroup and o € T".

(1) An almost bi-I'-ideal A of S is said to be a-prime if for all z,y € S,
xay € Aimplies x € Aor y € A.

(2) A fuzzy almost bi-I-ideal f of S is said to be a-prime if

f(zay) < max{f(x), f(y)} for all z,y € 5.

Theorem 4.2.11. Let A be a nonempty subset of S. Then A is an a-prime almost
bi-I'-ideal of S if and only if C'4 is an a-prime fuzzy almost bi-I'-ideal of S.

Proof. Suppose that A is an a-prime almost bi-I-ideal of S. By Theorem 4.2.5,
CYy is a fuzzy almost bi-I'-ideal of S. Let z,y € S. We consider two cases:

Case 1: xzay € A. Since A is an a-prime, we obtain that z € A or y € A.
Then Ca(zay) =1 < max{Cyu(z),Ca(y)}.

Case 2: zay € A. Then Cy(zay) =0 < max{Ca(x),Ca(y)}.
Thus C4 is an a-prime fuzzy almost bi-I'-ideal of S.

Conversely, suppose that Cy is an a-prime fuzzy almost bi-I'-ideal
of S. By Theorem 4.2.5, A is an almost bi-I'-ideal of S. Let x,y € S such that
zay € A. Then Cy(zay) = 1. By assumption, Cy(zay) < max{Cys(z),Ca(y)}.
So max{Cx(z),Ca(y)} = 1. Hence, x € A or y € A. Thus A is an a-prime almost
bi-I'-ideal of S. ]

Finally, we give a relationship between a-semiprime almost bi-I'-

ideals and a-semiprime fuzzy almost bi-I'-ideals.
Definition 4.2.12. Let S be a ['-semigroup and a € I

(1) An almost bi-I'-ideal A of S is said to be a-semiprime if for all x € S,
raxr € A implies x € A.

(2) A fuzzy almost bi-I'-ideal f is said to be a-semiprime if

flzazx) < f(x) for all z € S.
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Theorem 4.2.13. Let A be a nonempty subset of S. Then A is an a-semiprime
almost bi-I'-ideal of S if and only if C'4 is an a-semiprime fuzzy almost bi-I"-ideal

of S.

Proof. Suppose that A is an a-semiprime almost bi-I'-ideal of S. By Theorem
4.2.5, C'4 is a fuzzy almost bi-I'-ideal of S. Let x € S. We consider two cases:
Case 1: xax € A. Since A is an a-prime, we obtain that x € A. So Cx(x) = 1.
Hence, Cy(zax) = Cy(x).

Case 2: zax ¢ A. Then Cy(zax) =0 < Cy(x).
Thus Cy is an a-semiprime fuzzy almost bi-I'-ideal of S.

Conversely, suppose that C'4 is an a-semiprime fuzzy almost bi-I'-
ideal of S. By Theorem 4.2.5, A is an almost bi-I'-ideal of S. Let x € S such
that zax € A. Then Cy(rax) = 1. By assumption, C(zxazx) < Cy(z). Thus
Cu(z) =1, s0o z € A. Consequently, A is an a-semiprime almost bi-I'-ideal of
S. H



Chapter 5

New types of ideals and fuzzy

ideals of ['-semigroups

In this chapter, we define new types of ideals, fuzzy ideals, almost

ideals and fuzzy almost ideals of ['-semigroups by using an element of I'.

5.1 New Types of Ideals

In this section, we will focus on («, 5)-ideals, (o, 5)-quasi-ideals and

(e, B)-bi-ideals of I'-semigroups for «, 5 € T'.

5.1.1 («, f)-ideals

Firstly, we will define («, 5)-ideals of I'-semigroups as follows:

Definition 5.1.1. Let S be a I'-semigroup and «, 5 € I', A nonempty subset A
of S is called

(1) a left a-ideal of S if SaA C A,

(2) a right B-ideal of S if ABS C A,

(3) an (a, B)-ideal of S if it is both a left a-ideal and a right S-ideal of S,
(4) an a-ideal of S if it is an («, a)-ideal of S.

Every left ideal [right ideal, ideal] of a I'-semigroup S is a left a-
ideal [right S-ideal, (o, B)-ideal] of S for all a, B € T". However, the converse is not

generally true. We can see in the following example.
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Example 5.1.2. Let S =I' = N and (a,7,b) = a+ v+ b for all a,b € S and
v €T'. Then S is a I'-semigroup. Let A ={1}U{6,7,8,9,...}. It is easy to show
that A is a left 4-ideal but not a left ideal of S.

Theorem 5.1.3. Let S be a I'-semigroup and o, 3 € I'. The following statements

are true.
(1) If L is a left a-ideal of S, then L is a left ideal of a semigroup (S, «).
(2) If R is a right 5-ideal of S, then R is a right ideal of a semigroup (S, ).
(3) If I is an a-ideal of S, then I is an ideal of a semigroup (S, ).

Proof. (1) Since S is a I'-semigroup, we get that S is a semigroup under « for
a €. Let L be a left a-ideal of S. Then Sal. C L. Hence, L is a left ideal of a
semigroup (5, a).

The proofs of (2) and (3) are similar to the proof of (1). O

Theorem 5.1.4. Let S be a I'-semigroup and o, 5 € U'. If L is a left a-ideal and
R is a right B-ideal of S, then LyR is an («, 5)-ideal of S for all v € T.

Proof. Let L be a left a-ideal and R a right §-ideal of S. Let v € I'. Clearly,
LyR # (). We have Sa(LyR) = (SaL)yR C LyR and (LyR)BS = Ly(Rp3S) C
LyR. Therefore, LyR is an («a, §)-ideal of S. H

Theorem 5.1.5. Let S be a ['-semigroup and o, € T
(1) If Ly and Ly are left a-ideals of S, then L1 U Ly is a left a-ideal of S
(2) If Ry and Ry are right $-ideals of S, then Ry U Ry is a right B-ideal of S.
(3) If I and Iy are (o, B)-ideals of S, then Iy U I is an («, 8)-ideal of S.

Proof. (1) Let Ly and Ly be two left a-ideals of S. Tt is clear that Ly U Ly # 0.
We have Sa(Li U Lg) = Saly U Saly C Ly U Ly. Hence, Ly U Ly is a left a-ideal
of 5.

The proof of (2) is similar to (1) and the proof of (3) follows from
(1) and (2). O
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Theorem 5.1.6. Let S be a I'-semigroup and o, 5 € T'.

(1) If L; is a left a-ideal of S for alli € I and ﬂLi # (0, then ﬂLi is a left
iel i€l

a-ideal of S.

(2) If R; is a right B-ideal of S for alli € I and ﬂRi # (), then ﬂ R; is a right
iel iel

B-ideal of S.
(3) If 1; is an («a, 5)-ideal of S for all i € I and ﬂ[l- # 0, then ﬂfi is an
il iel

(o, B)-ideal of S.

Proof. (1) Assume that ﬂ L; # (). Since for each i € I, L; is a left a-ideal of S,

icl
we get Sa(m L;) C SaL; C L; for all i € I, so Sa(ﬂ L;) C ﬂLi. Therefore,
i€l i€l i€l
ﬂ L; is a left a-ideal of S.
icl
The proofs of (2) and (3) are similar to (1). O

For a nonempty subset A of a I'-semigroup S, let (A);) be the
intersection of all left a-ideals of S containing A and define (A), g and (A)(,g)
similarly. Then (A)iq) [(A)rs), (A)i(a,p)] is the smallest left a-ideal [right 5-ideal,
(o, B)-ideal] of S containing A which is called the left a-ideal [right S-ideal, (o, 5)-
ideal] of S generated by A.

Theorem 5.1.7. Let A be a nonempty subset of a I'-semigroup S and o, 5 € T.
Then

(1) (A)ya) = AU SaA.
(2) (A)5) = AU ABS.
(3) (A)itapy = AUSaAUABS U SaABS.
Proof. (1) Let L = AU SaA. Clearly, A C L. Also, we have

SalL = Sa(AUSaA) = SaAU SaSaA = SaA C L.

Then L is a left a-ideal of S containing A. Next, let C be any left a-ideal of S
containing A. Since C'is a left a-ideal of S and A C C', we get SaA C SaC C C.
Therefore, L = AU SaA C C. Hence, L is the smallest a-ideal of S containing A.
Consequently, (A)ya) = L = AU SaA, as required.

The proof of (2) is similar to (1).
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(3) Let I = AUSaAU ABS U SaABS. Clearly, A C I. We have
Sal = Sa(AUSaAUABS U SaABS) C SaAU SaABS C 1,

I8S = (AU SaAU ABS U SaABS)BS C ABS U SaABS C 1.

Then [ is an («, 3)-ideal of S containing A. Next, let C' be any («, §)-ideal of
S containing A. Since C' is an («, §)-ideal of S and A C C, we obtain that
SaA C SaC C C, ABS C CBS C C and SaABS C SaCBS C SaC C C. Thus
I = AU SaA U ABS U SaABS C C. Hence, I is the smallest («, 3)-ideal of S
containing A. Therefore, (A)ig = AU SaAUABS U SaABS, as required. [

5.1.2 («, f)-quasi-ideals

We define (o, 5)-quasi-ideals of T'-semigroups as follows:

Definition 5.1.8. Let S be a I'-semigroup and «, 8 € I'. A nonempty subset )
of S is called

(1) an (o, B)-quasi-ideal of S if Sa@Q NQLS C Q.
(2) an a-quasi-ideal of S if it is an («, a)-quasi-ideal of S.

Theorem 5.1.9. Let S be a I'-semigroup and Q; an («, B)-quasi-ideal of S for all
1€ 1. [fﬂQi # (), then ﬂ@i is an («, B)-quasi-ideal of S.

iel iel
Proof. Assume that ﬂQi # (). Since for each i € I, Q; is an («, 3)-quasi-
iel
ideal of S, we get (Sa[)@Q;) N (()QiBS) C SaQ:iNQ;BS C Q; for all i € I.
iel i€l
So (SozﬂQi) N (ﬂ Q:BS) C ﬂ@i, and hence, ﬂQi is an («, B)-quasi-ideal of
iel il il iel
S. O
For a nonempty subset A of a I'-semigroup S, let (A)qe,3 be the
intersection of all (c, B)-quasi-ideals of S containing A. Then (A)qw,p) is the
smallest (o, 5)-quasi-ideal of S containing A which is called the («, 5)-quasi-ideal

of S generated by A.
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Theorem 5.1.10. Let A be a nonempty subset of a I'-semigroup S and o, 5 € T.
Then
(A)g(a,p = AU (SaAN ABS).

Proof. Let Q@ = AU (SaAN ABS). Clearly, A C ). We have

SaQ NQBS = SalAU (SaA N ABS)| N [AU (SaA N ABS)|3S
= [SaAU Sa(SaA N ABS)) N [ABS U (SaA N ABS)BS]
C [SaA U (SaA N SaABS)) N [ABS U (SaABS N ABS)|
— SaAn ABS
C Q.

Then @ is an (a, §)-quasi-ideal of S containing A. Let C' be any («, 5)-quasi-ideal
of S containing A. Since C'is an («, §)-quasi-ideal of S and A C C, we have that
SaANABS C SaCNCBS C C. Tt follows that, Q = AU(SaANABS) C C. Hence,
Q is the smallest («, 3)-quasi-ideal of S containing A. Therefore, (A)ya,p = @ =
AU (SaAN ApBS), as required. ]

Theorem 5.1.11. Let S be a I'-semigroup. If L is a left a-ideal and R is a right
B-ideal of S such that LN R # 0, then LN R is an («, 8)-quasi-ideal of S.

Proof. Let L be a left a-ideal and R a right 3-ideal of S such that LN R # (). Then
Sa(LNR)N(LNR)BS C SaLNRBS C LNR. Hence, LNR is an («, B)-quasi-ideal
of S. [

Corollary 5.1.12. Let S be a I'-semigroup. Let L be a left a-ideal and R a right
a-ideal of S. Then L N R is an a-quasi-ideal of S.

Proof. We have Ral. C SalL C L and RaL C RaS C R. Then RaL C LN R,
which implies that L N R # (). By Theorem 5.1.11, L N R is an a-quasi-ideal of
S. O

Theorem 5.1.13. Every («, §)-quasi-ideal Q of a I'-semigroup S is the intersec-
tion of a left a-ideal and a right B-ideal of S.

Proof. Let @ be an (a, f)-quasi-ideal of S. Then SaQ N QLS C Q. Let L =
Qi) = QU Sa@ and R = (Q),3 = QU QLS. Thus L is a left a-ideal and
R is a right p-ideal of S. We have that LN R = (Q U SaQ) N (Q U QBS) =
QU (SaQ NQBS) = Q. Therefore, Q@ = LN R. ]
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Definition 5.1.14. A T'-semigroup S is said to be («, 3)-quasi-simple if S does
not contain any proper («, 5)-quasi-ideals.
A T-semigroup S is said to be a-quasi-simple if S is (o, a)-quasi-

simple.

Theorem 5.1.15. Let S be a I'-semigroup. Then S is a-quasi-simple if and only
if SasNsaS =S5 forallseS.

Proof. Assume that S is a-quasi-simple. Let s € S. We claim that Sas N sas is
an a-quasi-ideal of S. Since sas € Sas N saS, we get Sas N saS # (). We have

Sa(SasNsaS)N (Sas N saS)aS C Sa(Sas) N (saS)asS
= (SaS)as N sa(Sas)

C Sas N sals.

Then Sas N saS is an a-quasi-ideal of S. Since S is a-quasi-simple, we have
S = Sasnsas.

Conversely, assume that Sas N saS = S for all s € S. Let () be
an a-quasi-ideal of S and ¢ € ). By assumption, S = Sag N gaS. Since @) is an
a-quasi-ideal of S, we obtain S = SagNqasS C Sa@Q NQasS C Q. Then Q = S.

Therefore, S is a-quasi-simple. ]

Definition 5.1.16. An (a, §)-quasi-ideal @ of a I'-semigroup S is said to be
minimal if C' C @ implies C' = @ for any («, 3)-quasi-ideal C' of S.

Theorem 5.1.17. Let S be a I'-semigroup and Q an (o, B)-quasi-ideal of S. If Q

is (a, B)-quasi-simple, then Q is a minimal (o, 3)-quasi-ideal of S.

Proof. Assume that @ is (o, 5)-quasi-simple. Let C' be an («, f)-quasi-ideal of S
such that C' C Q. Then QaC' N CHQ C SaCNCBS C C. Thus C is an (a, f)-
quasi-ideal of @). Since @ is («, #)-quasi-simple, C' = @). Hence, @ is a minimal

(o, B)-quasi-ideal of S. O
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5.1.3 (a, B)-bi-ideals
We will define (o, 3)-bi-ideals of T-semigroups as follows:

Definition 5.1.18. Let S be a I'-semigroup and «, € I'. A nonempty subset B
of S is called

(1) an (o, B)-bi-ideal of S if BaSEB C B,
(2) an a-bi-ideal of S if it is an («a, «)-bi-ideal of S.

Theorem 5.1.19. Every («, 8)-quasi-ideal of a T'-semigroup S is a (3, «)-bi-ideal
of S.

Proof. Let @) be an (o, f)-quasi-ideal of S. Then QBSaQ C QBS N Sa@ C Q.
Hence, @ is a (3, a)-bi-ideal of S. O

Theorem 5.1.20. Let S be a T'-semigroup and B; an («, B)-bi-ideal of S for every
iel. ]fﬂBi # (), then ﬂBi is an («, 8)-bi-ideal of S.

el el

Proof. Assume that ﬂ B; # (). Since for each i € I, B; is an («, 3)-bi-ideal of S,

el

we get ([ Bi)aSB([ ) B:) € BiaSBB; C B;for alli € 1. So ([ Bi)aSB([() Bi) C
iel iel iel iel

ﬂ B;, and hence, ﬂ B; is an (a, #)-bi-ideal of S. ]

iel icl

For a nonempty subset A of a I'-semigroup S, let (A)yq, be the
intersection of all (v, 3)-bi-ideals of S containing A. Then (A)y(,g) is the smallest
(e, B)-bi-ideal of S containing A which is called the (a, §)-bi-ideal of S generated
by A.

Theorem 5.1.21. Let A be a nonempty subset of a I'-semigroup S and o, 3 € T.
Then
(A)b(a,ﬁ) = AU AaSSA.

Proof. Let B= AU AaSBA. Clearly, A C B. We have that

BaSBB = (AU AaSBA)aSB(AU AaSBA)
AaSB(AU AaSBA) U[(AaSBA)aSA(AU AaSBA)|

[
[

N

AaSBA
B.

N

(AaSBA) U (AaSBAaSLA) U [(AaSBA)aSBAU (AaSBA)aSBAaSSA))
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Then B is an (a, 3)-bi-ideal of S containing A. Let C' be any («, §)-bi-ideal of
S containing A. Since C' is an («, )-bi-ideal of S and A C C, it follows that
AaSBA C CaSpC C C. Thus B = AU AaSBA C C. Hence, B is the smallest
(o, B)-bi-ideal of S containing A. Consequently, (A)yqs = B = AUAaSBA. O

Theorem 5.1.22. Let S be a I'-semigroup, 0 # A C S, a,8 € I' and B an
(e, B)-bi-ideal of S. Then BaA and ABB are (a, 3)-bi-ideals of S.

Proof. Since B is an («, §)-bi-ideal of S, we have
(BaA)aSp(BaA) C (BaSBB)aA C BaA,
(ABB)aSA(ABB) C AB(BaSBB) C ABB.
Then BaA and ABB are (a, §)-bi-ideals of S. 0

Theorem 5.1.23. Let S be a I'-semigroup and o, B € " and let By, By and B3 be

nonempty subsets of S.

(1) If By or Bs is an («, 5)-bi-ideal of S, then ByaByBs is an («, 3 )-bi-ideal
of S.
(2) If By is an (58, «)-bi-ideal of S, then ByaBsfBBs is an («, 3)-bi-ideal of S.
Proof. (1) Assume that By or Bs is an («, ()-bi-ideal of S. By Theorem 5.1.22,

ByaByBs is an («, 3)-bi-ideal of S.
(2) Suppose that By is a (3, «)-bi-ideal of S. Then

(Bl&BQBBg)OZS/B(BlaBQﬂBQ,) = Bl&(BgﬁBgoé86BlaBg)ﬁBg
C Bia(ByfSSaB;)Bs
g Bl&BzﬁBg.

Therefore, BijaBy B3 is an («, 3)-bi-ideal of S. O
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Definition 5.1.24. Let «, 5 € I'. A T'-semigroup S is said to be («a, §)-bi-simple

if S does not contain any proper (a, 3)-bi-ideals.

Theorem 5.1.25. Let S be a I'-semigroup and o, € I'. Then S is («, 3)-bi-
simple if and only if saSBs =S for all s € S.

Proof. Assume that S is (o, 5)-bi-simple. Let s € S. We claim that saSfAs is an
(o, B)-bi-ideal of S. We have sasf3s € saSfs. This implies saSfs # (. Moreover,
(saSBs)aSB(saSpHs) = sa(SPsaSPsasS)Bs C saSpHs. Therefore, saSPs is an
(c, B)-bi-ideal of S. Since S is («, §)-bi-simple, S = saSps.

Conversely, assume that saSfs = S for all s € S. Let B be an
(e, B)-bi-ideal of S and b € B. By assumption, S = baSpb. Since B is an («, [5)-
bi-ideal of S, we get S = baSb C BaSBB C B. Then B = S. Therefore, S is
(av, B)-bi-simple. O]

Definition 5.1.26. An («a, §)-bi-ideal B of a I'-semigroup S is said to be minimal
if C C B implies C' = B for any («, 3)-bi-ideal C of S.

Theorem 5.1.27. Let S be a I'-semigroup and B an («, B)-bi-ideal of S. If B is
(cv, B)-bi-simple, then B is a minimal (c, B)-bi-ideal of S.

Proof. Assume that B is («, f)-bi-simple. Let C' be an («, [3)-bi-ideal of S such
that C' C B. Then CaBpC C CaSpC C C. Therefore, C' is an («, §)-bi-ideal
of B. Since B is («, §)-bi-simple, C' = B. Then B is a minimal («, 3)-bi-ideal of
S. O
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5.2 New Types of Fuzzy lIdeals

In this section, we will study fuzzy («, §)-ideals, fuzzy («, §)-quasi-

ideals and fuzzy («, f)-bi-ideals of I'-semigroups for a, 3 € I'.

5.2.1 Fuzzy («, §)-ideals

We will define fuzzy («a, §)-ideals of I'-semigroups as follows:

Definition 5.2.1. Let f be a fuzzy subset of a ['-semigroup S such that f # 0
and «, 8 € I'. Then f is called

(1) a fuzzy left a-ideal of S if f(xay) > f(y) for all x,y € S,
(2) a fuzzy right B-ideal of S if f(xzpy) > f(x) for all x,y € S,

(3) a fuzzy («, B)-ideal of S if it is both a fuzzy left a-ideal and a fuzzy right
[-ideal of S.

The following theorem shows the relationships between («, §)-ideals

and fuzzy (a, §)-ideals.

Theorem 5.2.2. Let A be a nonempty subset of a I'-semigroup S and o, B € T.
Then the following statements hold

(1) A is a left a-ideal of S if and only if Cyx is a fuzzy left a-ideal of S.
(2) A is a right 5-ideal of S if and only if Cy is a fuzzy right 5-ideal of S.
(3) A is an («a, B)-ideal of S if and only if Cy is a fuzzy (a, B)-ideal of S.

Proof. (1) Suppose that A is a left a-ideal of S. Let z,y € S. If y € A, then
zay € SaA C A, so Cy(zay) = 1 and hence, Ca(xzay) > Cu(y). If y ¢ A, then
Ca(y) = 0 < Ca(zay). Therefore, Cy is a fuzzy left a-ideal of S.

Conversely, assume that C'4 is a fuzzy left a-ideal of S. Let z € S
and y € A. Then Cy(y) = 1. Since Ca(xzay) > Cx(y), we have zay € A. Hence,
A is a left a-ideal of S.

The proof of (2) is similar to (1) and the proof of (3) follows from
(1) and (2). O
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Theorem 5.2.3. Let f be a fuzzy subset of a I'-semigroup S such that f # 0 and
a, 3 € I'. Then the following statements hold.

(1) f is a fuzzy left a-ideal of S if and only if S o, f C f.
(2) f is a fuzzy right B-ideal of S if and only if fog S C f.
(3) f is a fuzzy (a, B)-ideal of S if and only if S o, f C f and foz S C f.

Proof. (1) Let x € S. If x ¢ SaS, then (S o, f)(x) =0, 80 (So, f)(z) < f(x). If

x € SalS, since f is a fuzzy left a-ideal of S, we have

(S oa f)(x) = sup {min{S(y), f(z)}}

r=yaz

= sup {min{1, f(2)}}

T=yaz

= sup {f(2)}

r=yaz

< f(z).

We conclude that S o, f C f.
Conversely, assume that So, f C f. Let y,z € S and let z = yaz.
Then

flyaz) = f(x)
> (S oq f)(2)
= sup {miH{S(U)a f(U)}}

I=uov

> min{S(y), f(2)}
= min{l, f(2)}
= f(2).

Hence, f is a fuzzy left a-ideal of S.

The proofs of (2) and (3) can be seen in similar fashion. O
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Theorem 5.2.4. Let S be a I'-semigroup and o, 5 € T'.

(1) If f and g are fuzzy left a-ideals of S, then fU g is a fuzzy left a-ideal of S
and f N0 g is a fuzzy left a-ideal of S if fNg# 0.

(2) If f and g are fuzzy right B-ideals of S, then fU g is a fuzzy right 5-ideal of
S and f N g is a fuzzy right B-ideal of S if f N g # 0.

(3) If f and g are fuzzy (o, B)-ideals of S, then f U g is a fuzzy («, B)-ideal of
S and fNygis a fuzzy (o, B)-ideal of S if fNg#0.

Proof. (1) Assume that f and g are fuzzy left a-ideals of S. Let x,y € S. Then

(f N g)(zay) = min{f(zay), g(zay)}
> min{f(y), 9(y)}
= (fNg)(y),

(f U g)(zay) = max{f(zay), g(zay)}
> max{f(y),9(y)}
= (fU9)(y)

Hence, f Ng and f U g are fuzzy left a-ideals of S.

The proof of (2) is similar to (1) and the proof of (3) follows from
(1) and (2). O

Theorem 5.2.5. Let f be a fuzzy subset of a I'-semigroup S such that f # 0 and

a, B € I'. The following statements are true.

(1) f is a fuzzy left a-ideal of S if and only if f; is a left a-ideal of S for all
t € (0,1] provide f; # 0.

(2) f is a fuzzy right S-ideal of S if and only if f; is a right B-ideal of S for all
t € (0,1] provide f; # 0.

(3) [ is a fuzzy («, B)-ideal of S if and only if f; is an (a, B)-ideal of S for all
t € (0,1] provide f; # 0.

Proof. (1) Suppose that f is a fuzzy left a-ideal of S. Then f(xay) > f(y) for all
x,y € S. Let t € (0,1] such that f; # 0. Let € f, and s € S. Since f(z) > t,
f(sax) > f(x) > t. Thus sax € f;. Hence, f; is a left a-ideal of S.

Conversely, assume that f; is a left a-ideal of S for all ¢ € (0, 1] with
fit 0. Let z,y € S. If f(y) =0, then f(xay) > f(y). Assume that f(y) > 0. Let
t = f(y). Then t € (0,1] and y € f;, so that f; # (. By assumption f; is a left
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a-ideal of S. Since y € f, and x € S, we have zay € fi. Then f(zay) >t = f(y).
Hence, f is a fuzzy left a-ideal of S.

The proof of (2) is similar to (1) and the proof of (3) follows from
(1) and (2). O

5.2.2 Fuzzy («, f)-quasi-ideals

We will define fuzzy («, §)-quasi-ideals of I'-semigroups as follows:

Definition 5.2.6. Let S be a I'-semigroup and «a, 5 € I'. A fuzzy subset f # 0 of
S is called a fuzzy («, B)-quasi-ideal of S if (S o, f) N (fosS) C f.
A fuzzy subset f # 0 of S is called a fuzzy a-quasi-ideal of S if f is

a fuzzy (o, a)-quasi-ideal of S.

Theorem 5.2.7. Let S be a I'-semigroup and o, B € I'. Then f is a fuzzy (o, B)-
quasi-ideal of S if and only if f = g h where g is a fuzzy left a-ideal of S and h
is a fuzzy right f-ideal of S.

Proof. Let f be a fuzzy («, f)-quasi-ideal of a I'-semigroup S. Let g = fU(So, f)
and h = fU(f oz S). Then

Soag=>5S04(fU(So0qnf))=(S0af)U(S0s(S0nf))SSonfCyg

and also hogS C h. Thus g is a fuzzy left a-ideal of S and h is a fuzzy right S-ideal
of S. We claim that f = gNh. We see that, f C (fU(So.f))N(fU(fosS)) =gNh
and conversely, gNh = (fU(Soa f))N(fU(fo55)) € fU((Seaf)N(fos5)) C f.
Therefore, f = g N h.

Conversely, let f = g N h where g is a fuzzy left a-ideal of S and h
is a fuzzy right (-ideal of S. Since ho, g C gNh = f, we get f # 0. We have

(Sou )N (fo5S) = (Sou(gNh))N(gNR)0sS) C (Soug)N (hosS) € gNh = f.

Hence, f is a fuzzy (a, f)-quasi-ideal of S. ]
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Theorem 5.2.8. Let ) be a nonempty subset of a I'-semigroup S and o, B € T'.
Then @ is an (o, B)-quasi-ideal of S if and only if Cq is a fuzzy (o, B)-quasi-ideal
of S.

Proof. Assume that @ is an («, §)-quasi-ideal of a I-semigroup S. Let y € S. If
y ¢ SaQNQBS, then [(So,Cqo)N(CgopS)|(y) =0 < Co(y). Ify € SaQNQBS,
theny € @, 50 [(S0,Cq)N(ChopS)|(y) =1 = Cy(y). Hence, (So,Co)N(Cgops) C
Cg. Therefore, Cy is a fuzzy (o, §)-quasi-ideal of S.

Conversely, assume that Cq is a fuzzy (o, §)-quasi-ideal of S. Then
(S0qCo)N(CgopS) C Cq. Let z € Sa@QN@BS. Then [(So,Co)N(Choss)](x) =1
and this implies that Cg(xz) = 1. So SaQ N QBS C Q. Consequently, () is an
(o, B)-quasi-ideal of S. O

5.2.3 Fuzzy (o, §)-bi-ideals

We define fuzzy (a, §)-bi-ideals of I'-semigroups as follows:

Definition 5.2.9. Let S be a I'-semigroup and «a, 8 € I'. A fuzzy subset f # 0 of
S is called a fuzzy («, B)-bi-ideal of S if f o, Sog f C f.

Theorem 5.2.10. Let S be a I'-semigroup, o, 5 € I', g be a fuzzy subset of S and
[ be a fuzzy (v, B)-bi-ideal of S. Then f o, g and gog f are fuzzy («, B)-bi-ideals
of Sif foag#0 and gog f # 0.

Proof. Since f is a fuzzy (a, §)-bi-ideal of S, we get
(foag)oaSop(foag)=foa(goaS)os(foag) S (foaSosf)oagC fong,

(gop f)oaSos(gosf)=gosfoa(Sosg)osf) S gos(foaSosf)Cgopsf.

Then f o, g and g og f are fuzzy (o, §)-bi-ideals of S. O
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Theorem 5.2.11. Let S be a I'-semigroup and o, B € T and let fi, fo and f3 be
fuzzy subsets of S such that fi o, faop f3 # 0.

(1) If f1 or fs is a fuzzy (o, B)-bi-ideal of S, then fi o, fa 0 f3 is a fuzzy
bi-(«, 5)-ideal of S.

(2) If f2 is fuzzy (B, a)-bi-ideal of S, then fi o4 faop f3 is a fuzzy bi-(c, B )-ideal
of S.

Proof. (1) Assume that f; or f3is a fuzzy (a, 8)-bi-ideal of S. By Theorem 5.2.10,
fi0a f20p f3is a fuzzy («, B)-bi-ideal of S.
(2) Suppose that f; is a fuzzy (5, )-bi-ideal of S. Then

(fioa faog f3) 00 S 0p (fioa faop f3) C fioa (f20850a f2)0s f3 C fi1oa f205 fs.
Hence, f o, fa0p f3 is a fuzzy (a, §)-bi-ideal of S. O

Theorem 5.2.12. Let S be a I'-semigroup, B a nonempty subset of S and o, 5 € T.
Then B is an («, 8)-bi-ideal of S if and only if Cp is a fuzzy («, §)-bi-ideal of S.

Proof. Assume that B is an («, $)-bi-ideal of S. Then BaSfB C B. Let z € S. If
z ¢ BaSPB, then (Cp o, SosCp)(z) =0 < Cp(z). If z € BaSEB, then z € B,
s0 (Cp oy So5Cp)(z) =1 = Cpg(z). This shows that Cz o, S 03 Cp C Cp. Hence,
Cp is a fuzzy («, 5)-bi-ideal of S.

Conversely, assume that Cp is a fuzzy (a, )-bi-ideal of S. Then
Cp oy SozCp C Cp. Let z € BaSBB. Then 1 = (Cp o, S 05 Cp)(2) < Cp(2)
which implies that Cp(z) = 1, so z € B. Hence, BaSfB C B. Consequently, B
is an (a, B)-bi-ideal of S. O

Theorem 5.2.13. Let f and g be two fuzzy (o, B)-bi-ideals of a I'-semigroup S.
If fng#0, then fNgis a fuzzy (o, B)-bi-ideal of S.

Proof. Assume that f N g # 0. Since f and g are fuzzy («, 5)-bi-ideals of S, we

obtain (fNg)o,Sos(fNg) C(foaSosf)N(gonSosg) C fNg. Hence, fNg
is a fuzzy (a, §)-bi-ideal of S. O
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5.3 New Types of Almost Ideals

In this section, we study almost («, 5)-ideals, almost («, )-quasi-

ideals and almost («a, §)-bi-ideals of I'-semigroups for «, 8 € I

5.3.1 Almost («, 5)-ideals

We define almost («a, §)-ideals of I'-semigroups as follows:

Definition 5.3.1. Let S be a I'-semigroup and «, 5 € I'. A nonempty subset A
of S is called

(1) an almost left a-ideal of S if seANA#(forall se€ S,
(2) an almost right S-ideal of S if ABsN A () for all s € S,

(3) an almost (a, B)-ideal of S if it is both an almost left a-ideal and an almost
right (-ideal of S.

Theorem 5.3.2. Let S be a ['-semigroup and o, B € I
(1) If L is a left a-ideal of S, then L is an almost left a-ideal of S.
(2) If R is a right B-ideal of S, then R is an almost right B-ideal of S.
(3) If I is an («, B)-ideal of S, then I is an almost («, B )-ideal of S.

Proof. (1) Let L be a left a-ideal of S. Then sa, C L for all s € S, so saLNL =
saL # () for all s € S. Thus L is an almost left a-ideal of S.

The proof of (2) is similar to (1) and the proof of (3) follows from
(1) and (2). O
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Theorem 5.3.3. Let S be a I'-semigroup and o, 5 € T'.

(1) If L is an almost left a-ideal of S and L C H C S, then H is an almost left
a-ideal of S.

(2) If R is an almost right f-ideal of S and R C H C S, then H is an almost
right B-ideal of S.

(3) If I is an almost (o, B)-ideal of S and I C H C S, then H is an almost
(o, B )-ideal of S.

Proof. (1) Let L be an almost left a-ideal of S and L C H C S. Let s € S. Since
) # salLNL C saH N H, we have sacH N H # (). Therefore, H is an almost left
a-ideal of S.

The proof of (2) is similar to (1) and the proof of (3) follows from
(1) and (2). O

Corollary 5.3.4. Let S be a I'-semigroup and o, 5 € T.

(1) If Ly and Ly are almost left a-ideals of S, then Ly U Ly is an almost left
a-ideal of S.

(2) If Ry and Ry are almost right B-ideals of S, then Ry U Ry is an almost right
B-ideal of S.

(3) If I and Iy are almost («, B )-ideals of S, then I;Uly is an almost («, 3)-ideal
of S.

Proof. (1) Let Ly and Ly be almost left a-ideals of S. Since L; C Ly U Ly, by
Theorem 5.3.3 (1), Ly U Ly is an almost left a-ideal of S.

The proof of (2) is similar to (1) and the proof of (3) follows from
(1) and (2). O

Example 5.3.5. Consider a I'-semigroup S = {a,b,c,d, e} with T' = {«, 5} and

the multiplication tables:

ala b ¢ d e Bla b ¢ d e
ala b ¢ d e alb ¢ d e a
b|b ¢ d e a blc d e a b
clc d e a b cld e a b ¢
d|d e a c d|le a c d
ele a c d el a c d e
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We have that {a,b,d} and {a,c,d} are almost left a-ideals of S.
However, {a,b,d} N {a,c,d} = {a,d} is not an almost left a-ideal of S.

The intersection of two almost left a-ideals [almost right S-ideals,
almost (a, B)-ideals| of a I-semigroup S need not always be an almost left a-ideal
[almost right S-ideal, almost («, 8)-ideal] of S.

Definition 5.3.6. Let S be I'-semigroup and «, § € I". Then § is said to be
(1) almost left a-simple if S does not contain any proper almost left a-ideals,
(2) almost right B-simple if S does not contain any proper almost right S-ideals.
Theorem 5.3.7. Let S be a I'-semigroup and o, B € T

(1) S is almost left a-simple if and only if for each a € S, there ezists s, € S
such that s, (S \ {a}) C {a}.

(2) S is almost right B-simple if and only if for each a € S, there exists s, € S
such that (S'\ {a})Bs, C {a}.

Proof. (1) Assume that S is almost left a-simple. Then S has no proper almost
left a-ideals. Let a € S. Then S\ {a} is not an almost left a-ideal of S. Thus
there exists s, € S such that s,a(S \ {a}) N (S '\ {a}) = 0, this implies that
sa(S'\ {a}) € {a}.

Conversely, suppose that for each a € S, there exists s, € S such
that s,a(S \ {a}) C {a}. Let L be a proper subset of S. Then L C S\ {a} for
some a € S. By assumption, there exists s, € S such that s,a(S \ {a}) C {a}.
Thus s, (S \ {a}) N (S\ {a}) = 0. Hence, L is not an almost left a-ideal of S.
Then S has no proper left almost a-ideals. Therefore, S is almost left a-simple.

The proof of (2) is similar to (1). O
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5.3.2 Almost («a, f)-quasi-ideals

We define almost («, #)-quasi-ideals of I'-semigroups as follows:

Definition 5.3.8. Let S be a I'-semigroup and «, 3 € I'. A nonempty subset ()
of S is called an almost (a, §)-quasi-ideal of S if sacQ NQBsNQ # () for all s € S.

Proposition 5.3.9. Every («, 5)-quasi-ideal of a I'-semigroup S is either sa@Q N
QpBs =10 for some s € S or an almost («, B)-quasi-ideal of S.

Proof. Let @ be an (a, §)-quasi-ideal of S and sa@ NQBs # ( for all s € S. Let
s € S. Then sa@Q N QpBs # 0. Since sa@Q NQBs C SaQ N QLS C Q, we get that
saQ NQBsNQ = sa@Q NQPBs # (. Hence, Q is an almost («, B)-quasi-ideal of
S. O

Theorem 5.3.10. Every almost («, 5)-quasi-ideal of a T'-semigroup S is an almost
left a-ideal and almost right 5-ideal of S.

Proof. Assume that @ is an almost («, 8)-quasi-ideal of a T'-semigroup S. Let
s € S. Then ) # saQNQBsNQ C saQNQ and ) # saQNQBsNQ C QBsNQ.
Thus sa@Q NQ # ) and QBs N Q # (. Hence, @ is an almost left a-ideal and an
almost right S-ideal of S. ]

Theorem 5.3.11. If Q is an almost («, §)-quasi-ideal of a I'-semigroup S and
Q C HCS, then H is an almost («, 5)-quasi-ideal of S.

Proof. Assume that @ is an almost (o, 8)-quasi-ideal of a I'-semigroup S and
QCHCS Letse S. Then ) # sa@QNQBsNQ C sacHNHBsNH for all s € S.
This implies that sc H N HBs N H # () for all s € S. Therefore, H is an almost
(o, B)-quasi-ideal of S. O

Corollary 5.3.12. The union of two almost («, B)-quasi-ideals of a I'-semigroup

S is an almost («, 3)-quasi-ideal of S.

Proof. Let Q1 and Qo be almost («, 8)-quasi-ideals of S. Since Q1 C Q1 U Q9, by
Theorem 5.3.11, @1 U Q)2 is an almost («, 5)-quasi-ideal of S. ]

From Example 5.3.5, we have that {b,c,e} and {b,d, e} are almost
(o, B)-quasi-ideals of S but their intersection is not. Then the intersection of

almost (a, f)-quasi-ideals need not always be an almost («, §)-quasi-ideal of S.

Definition 5.3.13. A I'-semigroup S is said to be almost (a, B)-quasi-simple if S

does not contain any proper almost (o, 3)-quasi-ideals.
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Theorem 5.3.14. A I'-semigroup S is almost («, 3)-quasi-simple if and only if
for each a € S, there exists s, € S such that s,a(S \ {a}) N (S\ {a})fsa C {a}.

Proof. Assume that S is almost («a, §)-quasi-simple and let a € S. Then S\ {a}
is not an almost (a, §)-quasi-ideal of S. Then there exists s, € S such that
sac(S\{a})N(S\{a})BsaN(S\{a}) = (. Therefore, s,a(S\{a})N(S\{a})Bs. C
{a}.

Conversely, assume that for each a € S there exists s, € S such
that s,0(5 \ {a}) N (S \ {a})Bs. C {a}. Let A be a proper subset of S. Then
A C S\ {a} for some a € S. By assumption, there exists s, € S such that
sa(S\{a}) N (S\{a})Bs. € {a}, s0 saa(S\{a}) N (S\{a})Bsa N (S\{a}) = 0.
Then A is not an almost («, §)-quasi-ideal of S. Thus S has no proper almost

(av, B)-quasi-ideal. Hence, S is almost (o, )-quasi-simple. ]

5.3.3 Almost (a, 3)-bi-ideals

We define almost (v, 3)-bi-ideals of I'-semigroups as follows:

Definition 5.3.15. Let S be a ['-semigroup and «, 8 € I'. A nonempty subset B
of S is called an almost («, 3)-bi-ideal of S if BasSB N B # () for all s € S.

Theorem 5.3.16. If B is an almost («, B)-bi-ideal of a I'-semigroup S and B C
C C S, then C is an almost («, §)-bi-ideal of S.

Proof. Let B be an almost («, §)-bi-ideal of a I'-semigroup S and B C C C S.
Since BasBBNB # () for all s € S and BasSBNB C CasBCNC, it follows that
CaspC N C # 0 for all s € S. Therefore, C' is an almost («, 3)-bi-ideal of S. [

Corollary 5.3.17. The union of two almost («, ()-bi-ideals of a T'-semigroup S

is also an almost (o, B)-bi-ideal of S.

Proof. Let By and By be almost («, 3)-bi-ideals of S. Since By C B; U By, by
Theorem 5.3.16, By U By is an almost («, 3)-bi-ideal of S. O

From Example 5.3.5, we have that {b,c,e} and {b,d, e} are almost
(o, B)-bi-ideals of S but their intersection is not. Then the intersection of almost

(o, B)-bi-ideals need not always be an almost (v, 5)-bi-ideal of S.

Theorem 5.3.18. A I'-semigroup S has a proper almost («, 8)-bi-ideal if and only
if there exists an element a € S such that S\ {a} is an almost («, 5)-bi-ideal of S.
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Proof. Let B be a proper almost (a, 3)-bi-ideal of S and let a € S\ B. Then

B C S\ {a} C S. By Theorem 5.3.16, S\ {a} is an almost («, §)-bi-ideal of S.
Conversely, let a € S such that '\ {a} is an almost («, 5)-bi-ideal.

Since S\ {a} C S, we have S\ {a} is a proper almost («, /3)-bi-ideal of S. O

Definition 5.3.19. A T'-semigroup S is said to be almost («, [3)-bi-simple if S

does not contain any proper almost (a, 3)-bi-ideals.

Theorem 5.3.20. A I'-semigroup S is almost («, 3)-bi-simple if and only if for
each a € S, there exists s, € S such that (S \ {a})as,B(S \ {a}) C {a}.

Proof. Assume that S is almost («, 5)-bi-simple. Let a € S. Then S\ {a} is not
an almost («, 8)-bi-ideal of S. Thus (S \ {a})as.B(S \ {a}) N (S\ {a}) = 0 for
some s, € S. Hence, (S'\ {a})as,B(S \ {a}) C {a}.

Conversely, suppose that for each a € S, there exists s, € S such
that (S\{a})as,5(S\{a}) C {a}. Let B be a proper subset of S. Then B C S\{a}
for some a € S. By assumption, (S \ {a})as.B(S \ {a}) C {a} for some s, € S,
so (S\ {a})as.,8(S\ {a}) N (S\ {a}) = 0. Thus B is not an almost («a, 3)-bi-
ideal of S. Hence, S has no proper almost («a, §)-bi-ideals. Therefore, S is almost
(e, B)-bi-simple. ]
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5.4 New Types of Fuzzy Almost Ideals

In this section, we study fuzzy almost («, 3)-ideals, fuzzy almost

(e, B)-quasi-ideals and fuzzy almost (o, §)-bi-ideals of I'-semigroups for «, 5 € T'.

5.4.1 Fuzzy almost (o, §)-ideals

We define fuzzy almost (o, 5)-ideals of I'-semigroups as follows:

Definition 5.4.1. Let f be a fuzzy subset of a ['-semigroup S such that f # 0
and «, 8 € I'. Then f is called

(1) a fuzzy almost left a-ideal of S if (x; 0, f) N f # 0 for each fuzzy point z; of
S,

(2) a fuzzy almost right f-ideal of S if (f og x¢) N f # 0 for each fuzzy point z;
of S,

(3) a fuzzy almost («, f)-ideal of S if it is both a fuzzy almost left a-ideal and
a fuzzy almost right S-ideal of S.

Theorem 5.4.2. Let f and g be fuzzy subsets of a I'-semigroup S and o, € T’
such that f C g.

(1) If f is a fuzzy almost left a-ideal of S, then g is a fuzzy almost left a-ideal
of S.

(2) If f is a fuzzy almost right B-ideal of S, then g is a fuzzy almost right $-ideal
of S.

(3) If f is a fuzzy almost («, )-ideal of S, then g is a fuzzy almost («, [3)-ideal
of S.

Proof. (1) Let x; be a fuzzy point of S. Since f is a fuzzy almost left a-ideal of S,
(x4 00 f)N f#0. Since f C g, we have (z; 0, f) N f C (x4 04 g) N g. This implies
that (z; o, g) N g # 0. Therefore, g is a fuzzy almost left a-ideal of S.

The proof of (2) and (3) are similar to the proof of (1). O
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Corollary 5.4.3. Let Let S be a I'-semigroup and o, € I'. The following

statements hold.

(1) The union of two fuzzy almost left a-ideals of S is a fuzzy almost left a-ideal
of S.

(2) The union of two fuzzy almost right S-ideals of S is a fuzzy almost right
B-ideal of S.

(3) The union of two fuzzy almost («, 3 )-ideals of S is a fuzzy almost («, B )-ideal
of S.

Proof. (1) Let f and g be fuzzy almost left a-ideals of S. Since f C f U g, by
Theorem 5.4.2 (1), f U g is a fuzzy almost left a-ideal of S.

The proofs of (2) and (3) can be seen in similar fashion. O

Theorem 5.4.4. Let A be a nonempty subset of a I'-semigroup S and o, 3 € T'.
Then

(1) A is an almost left a-ideal of S if and only if C4 is a fuzzy almost left a-ideal
of S.

(2) A is an almost right 5-ideal of S if and only if Cy is a fuzzy almost right
B-ideal of S.

(3) A is an almost («, B )-ideal of S if and only if Cy is a fuzzy almost («, 5)-ideal
of S.

Proof. (1) Assume that A is an almost left a-ideal of S. Let x; be a fuzzy point of
S. Then zaANA # 0. Thus there exists y € zaA and y € A. So (210, Ca)(y) =1
and Ca(y) = 1. Hence, (x; 0, C4) N Cy # 0. Therefore, C4 is a fuzzy almost left
a-ideal of S.

Conversely, assume that Cy is a fuzzy almost left a-ideal of S. Let
x € S. Then (z¢ 0, Ca) N Ca # 0, 80 [(z 0o Ca) N Cyl(a) # 0 for some a € S.
Hence, a € ztaANA. So xraAN A # (). Consequently, A is an almost left a-ideal
of S.

The proofs of (2) and (3) are similar to (1). O
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Theorem 5.4.5. Let [ be a fuzzy subset of a I'-semigroup S and o, B € I'. Then

(1) f is a fuzzy almost left a-ideal of S if and only if supp(f) is an almost left
a-ideal of S.

(2) f is a fuzzy almost right B-ideal of S if and only if supp(f) is an almost
right B-ideal of S.

(3) f is a fuzzy almost (a, B)-ideal of S if and only if supp(f) is an almost
(o, B )-ideal of S.

Proof. (1) Assume that f is a fuzzy almost left a-ideal of a I'-semigroup S. Let x;
be a fuzzy point of S. Then (z; 0, f) N f # 0. Hence, there exists a € S such that
[(z¢ 00 f) N f](a) # 0. So there exists b € S such that a = xab, f(a) # 0, f(b) # 0.
That is a,b € supp(f). Thus (2,04 Ceupp(s)) (@) # 0 and Cyypp(s)(a) # 0. Therefore,
(x4 04 C’supp(f)) N Csupp(sy 7 0. Hence, Cyypp(yp) is a fuzzy almost left a-ideal of S.
By Theorem 5.4.4 (1), supp(f) is an almost left a-ideal of S.

Conversely, assume that supp(f) is an almost left a-ideal of S. By
Theorem 5.4.4 (1), Cyupp(y) is a fuzzy almost left a-ideal of S. Let x, be a fuzzy
point of S. Then (x; 04 Coupp(r)) N Csupp(ry 7 0. Thus there exists a € S such that
(0 Cupp()) NCosupp()) (@) # 0. Hence, (2404 Csuppp)) (@) # 0 and Ciypp(s) (@) # 0.
Then there exists y € S such that a = zay, f(a) # 0 and f(y) # 0. This means
that (z; 0 f) N f # 0. Therefore, f is a fuzzy almost left a-ideal of S.

The proof of (2) and (3) are similar to (1). O

Corollary 5.4.6. Let S be a I'-semigroup and o, 5 € T'.

(1) S has no proper almost left a-ideals if and only if supp(f) = S for each
fuzzy almost left a-ideal f of S.

(2) S has no proper almost right B-ideals if and only if supp(f) = S for each
fuzzy almost right B-ideal f of S.

(3) S has no proper (a, B)-ideals if and only if supp(f) = S for each fuzzy almost
(o, 5)-ideal of S.

Proof. Assume S has no proper almost left a-ideals and let f be a fuzzy almost
left a-ideal of S. By Theorem 5.4.5 (1), supp(f) is an almost left a-ideal of S.
Thus supp(f) = S.

Conversely, let L be any fuzzy almost left a-ideal of S. By Theorem
5.4.4 (1), Cp, is a fuzzy almost left a-ideal of S. By assumption, supp(Cp) = S.
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Since supp(Cr) = L, we get L = S. This implies that S has no proper almost left
a-ideals.

The proofs of (2) and (3) can be seen in similar fashion. O

Definition 5.4.7. A fuzzy almost left a-ideal f of a I'-semigroup S is minimal

if for all fuzzy almost left a-ideal g of S such that g C f, we obtain supp(g) =
supp(f)-

Theorem 5.4.8. Let A be a nonempty subset of a I'-semigroup S and o, € T'.
Then

(1) A is a minimal almost left a-ideal of S if and only if Cy is a minimal fuzzy
almost left a-ideal of S.

(2) A is a minimal almost right B-ideal of S if and only if Cs is a minimal fuzzy
almost right B-ideal of S.

(3) A is a minimal almost («, 3)-ideal of S if and only if Cs is a minimal fuzzy
almost («a, 8)-ideal of S.

Proof. (1) Assume that A is a minimal almost left a-ideal of a I'-semigroup S.
By Theorem 5.4.4 (1), C4 is a fuzzy almost left a-ideal of S. Let g be a fuzzy
almost left a-ideal of S such that g C Cy4. Then supp(g) C supp(C4) = A. By
Theorem 5.4.5 (1), supp(g) is an almost left a-ideal of S. Since A is minimal,
supp(g) = A = supp(C4). Therefore, C'4 is minimal.

Conversely, assume that C'y is a minimal fuzzy almost left a-ideal
of S. By Theorem 5.4.4 (1), A is an almost left a-ideal of S. Let L be an
almost left a-ideal of S such that L C A. By Theorem 5.4.4 (1), Cf, is a fuzzy
almost left a-ideal of S such that C;, C Cy4. Since C'4 is minimal, it follows that,
L = supp(Cr) = supp(C4) = A. Therefore, A is minimal.

The proofs of (2) and (3) can be seen in similar fashion. O
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5.4.2 Fuzzy almost (a, 8)-quasi-ideals

We define fuzzy almost (o, 5)-quasi-ideals of I'-semigroups

as follows:

Definition 5.4.9. Let f be a fuzzy subset of a I'-semigroup S such that f # 0 and
a,p €. Wecall fa fuzzy almost («, 5)-quasi-ideal of S if (x40, f)N(fogxy)Nf # 0

for each fuzzy points x; of S.

Theorem 5.4.10. Let f be a fuzzy almost (o, §8)-quasi-ideal of a T'-semigroup S
and g a fuzzy subset of S such that f C g. Then g is a fuzzy almost (a, B)-quasi-
ideal of S.

Proof. Let x; be a fuzzy point of S. Since f is a fuzzy almost («a, 8)-quasi-ideal of S|
we get (104 f)N(fopx)Nf # 0. Since f C g, we have that (0, f)N(fosx)Nf C
(2104 g) N (g op ) N g. This implies that (x; 04 g) N (g og x¢) N g # 0. Therefore,
g is a fuzzy almost («a, §)-quasi-ideal of S. O

Corollary 5.4.11. Let f and g be fuzzy almost (o, 8)-quasi-ideals of a I'-semigroup
S. Then fUg is a fuzzy almost («, B)-quasi-ideal of S.

Proof. Since f C fUg, by Theorem 5.4.10, fUg is a fuzzy almost («, 3)-quasi-ideal
of S. L

Example 5.4.12. Consider the I'-semigroup Zs where I' = {0,2,4} and ayb =
@+ +0bwhere @, b € Zs and y € I'. Let f: Zs — [0,1] be defined by

f(0)=0,f(1)=06,f(2) =0,f(3) =04 and f(4) = 0.4
and g : Zs — [0, 1] be defined by
g(0) =0,9(1) =0.3,9(2) = 0.6, ¢(3) = 0 and g(4) = 0.8,

We have f and g are fuzzy almost (0, 0)-quasi-ideals of Zs but f N g is not a fuzzy
almost (0,0)-quasi-ideal of Zs. Thus the intersection of two fuzzy almost (c, 3)-

quasi-ideals of a I'-semigroup S need not be a fuzzy almost («, 5)-quasi-ideal of

S.
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Theorem 5.4.13. Let Q be a nonempty subset of a I'-semigroup S. Then Q) is an
almost (o, B)-quasi-ideal of S if and only if Cq is a fuzzy almost (o, B)-quasi-ideal
of S.

Proof. Assume that @ is an almost («, 5)-quasi-ideal of S and let z; be a fuzzy
point of S. Then za@Q N QBx N Q # (). Thus there exists y € za@Q N QPx
and y € Q. So [(zt 00 Cg) N (Cq op x4)|(y) # 0 and Cy(y) = 1. It follows that
(2104 Cgo)N(Cgopx)NCq # 0. Therefore, Cg is a fuzzy almost (a, §)-quasi-ideal
of S.

Conversely, assume that Cq is a fuzzy almost («, 8)-quasi-ideal of
S. Let s € S. Then (s; 0, Cg) N (Cq o s;) N Cg # 0. Then there exists z € S
such that [(s; 0o Cg) N (Cg os s¢) N Cyl(x) # 0. Hence, x € sa@Q NQBs N Q. So
sa@Q NQPBsNQ # (). Consequently, @ is an almost (o, B)-quasi-ideal of S. ]

Theorem 5.4.14. Let f be a fuzzy subset of a I'-semigroup S. Then f is a fuzzy
almost (a, B)-quasi-ideal of S if and only if supp(f) is an almost («, 5)-quasi-ideal
of S.

Proof. Assume that f is a fuzzy almost («a, §)-quasi-ideal of S. Let s; be a fuzzy
point of S. Then (s; oo f) N (f ops:) N f # 0. So there exists z € S such
that [(s: on f) N (f 05 st) N f](z) # 0. Thus there exist y;,yo € S such that
r = sayy = yafs, f(x) # 0, f(y1) # 0 and f(y2) # 0. That is, x,y1,y2 € supp(f).
Thus [(5¢ 0 Coupp() N (Coupp(s) 03 50)(@) 7 0 and Cougpiry () # 0. Therefore,
(8t 0 Csupp(r)) N (Csupp(r) 08 5t) N Coupp(ry 7 0. Hence, Coypp(p) is a fuzzy almost
(cv, B)-quasi-ideal of S. By Theorem 5.4.13, supp(f) is an almost («, §)-quasi-ideal
of S.

Conversely, assume that supp(f) is an almost («, 3)-quasi-ideal of
S. By Theorem 5.4.13, Cyypp(y) is a fuzzy almost («, 3)-quasi-ideal of S. Then for
each fuzzy point s, of S, we have (s; 00 Coupp(s)) N (Coupp(s) 8 5¢) N Coupp(r) 7# 0.
Then there exists € S such that [(s;00 Csupp(r)) V(Coupp(r) 08 5t) NCosupp(py] () # 0.
Hence, [(s; 04 Csupp(f)) N (Csupp(f) og s)](x) # 0 and Csupp(f)(:c) # 0. Then there
exist y;,y2 € S such that x = say; = yofs, f(z) # 0, f(y1) # 0 and f(y2) # 0.
This means that (s; oo f) N (f og s¢) N f # 0. Therefore, f is a fuzzy almost
(o, B)-quasi-ideal of S. O
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Corollary 5.4.15. A I'-semigroup S has no proper almost («, B)-quasi-ideals if
and only if supp(f) =S for each fuzzy almost («, B)-quasi-ideal f of S.

Proof. Assume S has no proper almost («, §)-quasi-ideals and let f be a fuzzy
almost (a, #)-quasi-ideal of S. By Theorem 5.4.14, supp(f) is an almost («, 3)-
quasi-ideal of S. Then supp(f) = S.

Conversely, let @ be any fuzzy almost (o, 3)-quasi-ideal of S. By
Theorem 5.4.13, Cg is a fuzzy almost (o, 3)-quasi-ideal of S. By assumption,
supp(Cq) = S. Since supp(Cqy) = @, we get () = S. This implies that S has no

proper almost (a, #)-quasi-ideals. ]

Next, we define minimal fuzzy almost (o, §)-quasi-ideals of
[-semigroups and give a relationship between minimal almost («, 5)-quasi-ideals

and minimal fuzzy almost («, 3)-quasi-ideals of I'-semigroups.

Definition 5.4.16. A fuzzy almost (a, §)-quasi-ideal f of a I'-semigroup S is

minimal if for each fuzzy almost (o, §)-quasi-ideal g of S such that g C f, we have

supp(g) = supp(f).

Theorem 5.4.17. Let () be a nonempty subset of a I'-semigroup S. Then Q) is a
minimal almost (o, B)-quasi-ideal of S if and only if Cq is a minimal fuzzy almost

(e, B)-quasi-ideal of S.

Proof. Assume that @) is a minimal almost (o, $)-quasi-ideal of S. By Theorem
5.4.13, Cg is a fuzzy almost (a, §)-quasi-ideal of S. Let g be a fuzzy almost («, 5)-
quasi-ideal of S such that ¢ C Cg. We obtain that supp(g) C supp(Cp) = Q.
Since g C Cupp(g), it follows from Theorem 5.4.10 that Clyyp(g) is a fuzzy almost
(e, B)-quasi-ideal of S. By Theorem 5.4.13, supp(g) is an almost («a, §)-quasi-ideal
of S. Since ) is minimal, supp(g) = Q = supp(Cg). Therefore, Cg is minimal.
Conversely, assume that Cy is a minimal fuzzy almost («, §)-quasi-
ideal of S. Let " be an almost (v, §)-quasi-ideal of S such that @' C Q). Then Cy
is a fuzzy almost (o, #)-quasi-ideal of S such that Cyr C Cg. Since C is minimal,
Q' = supp(Cq) = supp(Cq) = Q. Therefore, () is minimal. O
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5.4.3 Fuzzy almost (o, §)-bi-ideals

We define fuzzy almost (o, §)-bi-ideals of I'-semigroups as follows:

Definition 5.4.18. Let f be a fuzzy subset of a I'-semigroup S such that f # 0
and o, € I'. We call f a fuzzy almost (o, B)-bi-ideal of S if (f oqxi05 )N f #0

for each fuzzy point z; of S.

Theorem 5.4.19. Let f be a fuzzy almost (o, B)-bi-ideal of a I'-semigroup S and
g be a fuzzy subset of S such that f C g. Then g is a fuzzy almost («, 3)-bi-ideal
of S.

Proof. Let x; be a fuzzy point of S. Since f is a fuzzy almost («, §)-bi-ideal of S,

(foaxiog f)N f#0. Since f C g, we have (fo, 205 f)Nf C (goaxr089)Ny,
this implies that (go, x1059)Ng # 0. Therefore, g is a fuzzy almost («, /5)-bi-ideal
of S. ]

Corollary 5.4.20. Let f and g be fuzzy almost («, §)-bi-ideals of a I'-semigroup
S. Then fUg is a fuzzy almost (a, B)-bi-ideal of S.

Proof. Since f C fUg, it follows from Theorem 5.4.19 that fUg is a fuzzy almost
(e, B)-bi-ideal of S. O

Example 5.4.21. Consider the I'-semigroup Zs where I' = {0,4} and ayb =
@+ +bwhere @,b € Zs and y € I'. Let f : Zs — [0, 1] be defined by

and g : Zs — [0,1] be defined by
g(0) =0,9(1) =0.1,9(2) = 0.6,9(3) = 0 and g(4) = 0.8.

We have f and g are fuzzy almost (0,4)-bi-ideals of Zs but their intersection is
not. Thus the intersection of two fuzzy almost («, §)-bi-ideals of a I'-semigroup S

need not always be a fuzzy almost («, 5)-bi-ideal of S.

Theorem 5.4.22. Let B be a nonempty subset of a I'-semigroup S. Then B is an
almost («, B)-bi-ideal of S if and only if Cp is a fuzzy almost («, 5)-bi-ideal of S.

Proof. Assume that B is an almost («, $)-bi-ideal of a I-semigroup S. Let x; be a
fuzzy point of S. Then Bax3BNB # (. Thus there exists y € BazB and y € B.
So (Cp o4 ¢ 05 Cp)(y) = 1 and Cp(y) = 1. Hence, (Cp o, ¢ 05 Cp) N Cp # 0.
Therefore, Cp is a fuzzy almost («, 5)-bi-ideal of S.
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Conversely, assume that Cp is a fuzzy almost («, §)-bi-ideal of S.
Let s € S. Then (Cg o, st 03 Cp) N Cp # 0. Thus there exists € S such that
[(Cp oq st 05 Cp) N Cpl(x) # 0. Hence, © € BasfB N B. So BasfB N B # 0.
Consequently, B is an almost («, [3)-bi-ideal of S. O

Theorem 5.4.23. Let f be a fuzzy subset of a I'-semigroup S. Then f is a fuzzy
almost (a, B)-bi-ideal of S if and only if supp(f) is an almost (o, B)-bi-ideal of S.

Proof. Assume that f is a fuzzy almost («, 3)-bi-ideal of S. Let s, be a fuzzy
point of S. Then (f o, s: 0 f) N f # 0. Hence, [(f on st 05 f) N f](z) # 0 for
some x € S. So there exist y;,yo € S such that x = yyasfBys, f(x) # 0, f(y1) # 0
and f(y2) # 0. That is, x,y1,y2 € supp(f). Thus (Csupp(s) 0a 5t 08 Csupp(s))(x) # 0
and Cyupp(s)(2) # 0. Therefore, (Coupp(f) ©a 5t ©8 Csupp(f)) N Csupp(s) 7 0. Therefore,
Coupp(p) is a fuzzy almost («, 3)-bi-ideal of S. By Theorem 5.4.22, supp(f) is an
almost («, 3)-bi-ideal of S.

Conversely, assume that supp(f) is an almost («a, 3)-bi-ideal of S.
By Theorem 5.4.22, Cyypp(s) is a fuzzy almost (o, §)-bi-ideal of S. Let x; be a fuzzy
point of S. Then (Cyupp(r) ©a 5t 08 Csupp()) N Csupp(r) 7 0. So there exists + € S such
that [(Coupp(s) Ca5t08 Csupp(f)) N Csupp(n)](€) 7 0. 50 (Cupp(s) 0a 5t 08 Caupp(r)) () 7 0

and Cyupp(p)(2) # 0. Then x = yasfya, f(x) # 0, f(y1) # 0 and f(y2) # 0 for
some Y1, yo € S. This means (f o, s, 0p f) N f # 0. Therefore, f is a fuzzy almost

(e, B)-bi-ideal of S. O

Corollary 5.4.24. A T'-semigroup S has no proper almost bi-I'-ideals if and only
if supp(f) =S for each fuzzy almost bi-I'-ideal f of S.

Proof. Assume S has no proper almost («, 3)-bi-ideals and let f be a fuzzy almost
(o, B)-bi-ideal of S. By Theorem 5.4.23, supp(f) is an almost («, 3)-bi-ideal of S.
Then supp(f) = S.

Conversely, let B be any fuzzy almost («, 5)-bi-ideal of S. By The-
orem 5.4.22, Cp is a fuzzy almost (o, §)-bi-ideal of S. By assumption, we obtain
that supp(Cp) = S. Since supp(Cp) = B, we get B = S. This implies that S has
no proper almost (a, 3)-bi-ideals. ]

Next, we define minimal fuzzy almost («, $)-bi-ideals in I'-semigroups
and give a relationship between minimal almost («, 3)-bi-ideals and minimal fuzzy

almost (a, B)-bi-ideals of I'-semigroups.

Definition 5.4.25. A fuzzy almost (o, §)-bi-ideal f of a I-semigroup S is minimal
if for all fuzzy almost («, 5)-bi-ideal g of S such that g C f, we have supp(g) =

supp(f).
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Theorem 5.4.26. Let B be a nonempty subset of a I'-semigroup S. Then B is
a minimal almost («, 3)-bi-ideal of S if and only if C is a minimal fuzzy almost
(o, B)-bi-ideal of S.

Proof. Assume that B is a minimal almost («, §)-bi-ideal of a I'-semigroup S. By
Theorem 5.4.22, C'g is a fuzzy almost (a, §)-bi-ideal of S. Let g be a fuzzy almost
(o, B)-bi-ideal of S such that g C Cp. Then supp(g) C supp(Cp) = B. Since
g € Csupp(g)s by Theorem 5.4.19, Cyypp(g) is a fuzzy almost (o, §)-bi-ideal of S.
By Theorem 5.4.23, supp(g) is an almost (¢, 5)-bi-ideal of S. Since B is minimal,
supp(g) = B = supp(Cp). Therefore, Cz is minimal.

Conversely, assume that C'z is a minimal fuzzy almost («a, 3)-bi-ideal
of S. Let B’ be an almost («, 5)-bi-ideal of S such that B’ C B. Then Cp is a
fuzzy almost («, B)-bi-ideal of S such that Czr C Cp. Since Cp is minimal, we get
B' = supp(Cp/) = supp(Cp) = B. Therefore, B is minimal. ]

Next, we give a relationship between a-prime almost («a;, 3)-bi-ideals

and a-prime fuzzy almost («a, §)-bi-ideals.
Definition 5.4.27. Let S be a ['-semigroup and v € I'.

(1) An almost (o, §)-bi-ideal A of S is said to be y-prime if for all z,y € S,
xyy € A implies z € A or y € A.
(2) A fuzzy almost («, 8)-bi-ideal f of S is said to be y-prime if

flzyy) < max{f(x), f(y)} for all z,y € S.

Theorem 5.4.28. Let A be a nonempty subset of a U'-semigroup S. Then A is
a y-prime almost («, B)-bi-ideal of S if and only if Cy is a y-prime fuzzy almost
(cv, B)-bi-ideal of S.

Proof. Assume that A is a y-prime almost (o, §)-bi-ideal of S. By Theorem 5.4.22,
C}y is a fuzzy almost («, §)-bi-ideal of S. Let z,y € S. We consider two cases:
Case 1: zyy € A. Since A is y-prime, it follows that x € A or y € A.

Then max{C4(x),Ca(y)} =1> Ca(zyy).

Case 2: zyy € A. Then Cy(zyy) = 0 < max{Ca(x),Ca(y)}.
Thus C}y is a y-prime fuzzy almost («a, 3)-bi-ideal of S.

Conversely, assume that C'4 is a y-prime fuzzy almost («, 5)-bi-ideal
of S. By Theorem 5.4.22, A is an almost («a, §)-bi-ideal of S. Let x,y € S be
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such that xzyy € A. This implies that 1 = Ca(zyy) < max{Ca(z),Ca(y)}, so
max{C4(x),Ca(y)} = 1. Thus v € A or y € A. Hence, A is a y-prime almost
(o, B)-bi-ideal of S. O

Finally, we give a relationship between y-semiprime almost («, 3)-

bi-ideals and v-semiprime fuzzy almost («, 3)-bi-ideals.
Definition 5.4.29. Let S be a ['-semigroup and o € I

(1) An almost (a, §)-bi-ideal A of S is said to be a y-semiprime if for all x € S,
xyr € A implies ¢ € A.
(2) A fuzzy almost (a, 8)-bi-ideal f of S is said to be a y-semiprime if
flazyz) < f(z) for all x € S.

Theorem 5.4.30. Let A be a nonempty subset of S. Then A is a y-semiprime
almost («, B)-bi-ideal of S if and only if Ca is a y-semiprime fuzzy almost («, 5)-
bi-ideal of S.

Proof. Assume that A is a y-semiprime almost (o, §)-bi-ideal of S. By Theorem
5.4.22, Cy is a fuzzy almost («, 5)-bi-ideal of S. Let x € S. We consider two
cases:

Case 1: zyx € A. Since A is y-prime, we obtain z € A. So Cy(x) = 1.

Hence, Cy(z) = Cy(zvyz).

Case 2: vz ¢ A. Then Cy(xyz) =0 < Cy(z).
Thus C4 is a y-semiprime fuzzy almost («, 5)-bi-ideal of S.

Conversely, assume that C4 is a y-semiprime fuzzy almost («a, f)-
bi-ideal of S. By Theorem 5.4.22, A is an almost («, 3)-bi-ideal of S. Let z € §
be such that xyz € A. Then Ca(zyx) = 1. By assumption, Ca(zyx) < Cy(x).
Then Ca(x) = 1, so x € A. Thus A is a y-semiprime almost («, [3)-bi-ideal of
S. O
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Chapter 6

Conclusions

A T'-semigroup is an algebraic structure that considered as a gener-
alization of a semigroup. Let S and I' be nonempty sets. Also, f is a fuzzy subset
of a set S is a function from S into the closed interval [0, 1]. These two concepts
are interesting to study together.

In Chapter 3, we define almost quasi-I-ideals and fuzzy almost
quasi-I'-ideals of I'-semigroups. The union of two almost quasi-I-ideals [fuzzy al-
most quasi-I'-ideals] is also an almost quasi-I'-ideal [a fuzzy almost quasi-I'-ideal].
However, the intersection of two almost quasi-I'-ideals [fuzzy almost quasi-T-ideals]
need not be an almost quasi-I'-ideal [a fuzzy almost quasi-I-ideal]. A I'-semigroup
has no proper almost quasi-I'-ideal if and only if for any a € S there exists s, € S
such that s,I'(S~ {a})N (S~ {a})'s, C {a}. Moreover, we investigate some rela-
tionships between almost quasi-I'-ideals and fuzzy almost quasi-I-ideals. Also, f
is a fuzzy almost quasi-I'-ideal of a I'-semigroup if and only if supp(f) is an almost
quasi-I'-ideal of a I'-semigroup.

In Chapter 4, we define almost bi-I'-ideals and their fuzzifications
of I'-semigroups. We show that a subset of ['-semigroup containing an almost bi-
['-ideal is almost bi-I'-ideal. The union of two almost bi-I'-ideals is also an almost
bi-I'-ideal. However, this does not hold in general true for their intersection.
Similarly, we have that the union of two fuzzy almost bi-I'-ideals is also a fuzzy
almost bi-I'-ideal but it is not generally true in case the intersection. Moreover,
the relationships between almost bi-I'-ideals and their fuzzification are shown in
Section 4.2.

In Chapter 5, we define new types of ideals and fuzzy ideals by using

elements in I" in sections 5.1 and 5.2. We show interesting properties of these ideals
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and fuzzy ideals. Moreover, we show the relationships between these ideals and
their fuzzifications. Furthermore, we study new types of almost ideals and fuzzy
ideals in section 5.3 and 5.4. The relationships between almost ideals and fuzzy

ideals are provided.
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