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Abstract: This paper contributes to the proof of the conjecture posed in [5], stating
that a Nichols algebra of diagonal type with finite Gelfand—Kirillov dimension has a
finite (generalized) root system. We prove the conjecture assuming that the rank is 3
or that the braiding is of Cartan type.
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1. Introduction

This article picks up the task initiated in [4], that is, to show that the
Gelfand—Kirillov dimension of a Nichols algebra of diagonal type is finite
if and only if its root system is finite. More precisely, as the converse is
always true using the existence of a PBW basis indexed by the roots,
the goal is to establish the validity of the following statement in [5]:

Conjecture 1.1. Let (V,c) be a braided vector space of diagonal type
such that GKdim B(V) < co. Then its generalized root system is finite.

This conjecture is true when dim V' = 2, by [4, Theorem 1.2]. In this
article we show that it also holds when

e V is of Cartan type, in Theorem 5.1, or
e dimV = 3, in Theorem 6.1.

Nichols algebras B(V) with finite root systems were classified in [12,
13, 14], in terms of Dynkin diagrams representing the braiding matrix g
of V. This classification is presented in tables, according to the rank, that
is, the dimension of V. Throughout our work, we refer to these tables as
Heckenberger’s list; or simply the list, for short. By abuse of notation,
we will say that V, or the braiding matrix q, is in the list when the
associated diagram is so. We write, equivalently, B4 to refer to B(V).

The work was partially supported by CONICET, FONCyT-ANPCyT, Secyt (UNC),
and the MathAmSud project GR2HOPF.
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The conjecture is thus equivalent to:
if GKdim B4 < oo, then q is in the list.

A positive answer to the conjecture has different implications towards
the classification of pointed Hopf algebras with abelian coradical and
finite GKdim. Indeed, the first step of the Andruskiewitsch—Schneider
Lifting Method is to classify Nichols algebras over abelian groups with
finite GKdim, and it gives the whole answer when the braiding is of
diagonal type. Also, it is assumed to be true in [5] to obtain the classi-
fication of Nichols algebras of finite GKdim whose braiding is a sum of
points and blocks (not of diagonal type), and a forthcoming paper on the
general case of Nichols algebras over abelian groups. Finally, in [7, 9]
the authors also assume the validity of the conjecture to classify pre and
post-Nichols algebras of diagonal type with finite GKdim, which is part
of the second step of the Lifting Method.

We remark that in Heckenberger’s approach in [12, 14] to classify
finite root systems, the cases of ranks 3 and 4 are key to attack the
general case later on. We believe that this is also possible in our setting,
and partially why we have chosen to focus on the rank 3 case in this
paper. Nevertheless, we also give a full answer for the braidings of Cartan
type, of any rank. Again, this is also a crucial step in Heckenberger’s
work, and it is also endowed with a chronological importance, as these
are the kind of braidings which have been consider first in many instances
of the literature.

The structure of the paper is the following. In Section 2 we recall some
notions about Nichols algebras and root systems, focusing mainly on the
diagonal type: for the purposes of this article, we include a generalization
of [4, Proposition 3.1 and Lemma 3.7] to standard braidings. Next we
deal with subquotients of Nichols algebras, which are obtained by means
of the NY-graduation of Nichols algebras of diagonal type; see Section 3.
Thanks to Proposition 3.3 therein we will construct, for each w € Z¢,
a new Nichols algebra generated by roots orthogonal to w, a key step
towards checking the validity of Conjecture 1.1 recursively on the rank;
indeed we discuss the relationship between the root systems of our initial
algebra and the new one obtained as a subquotient, and apply this re-
cursive machinery to give three criteria in Section 4 to decide that some
Nichols algebras have infinite GKdim in the subsequent sections. Next,
we deal in Section 5 with the case of Nichols algebras of Cartan type,
and prove one of our main results in Theorem 5.1, namely that a Nichols
algebra of Cartan type has finite GKdim if and only if the associated
Cartan matrix is finite. The proof runs as follows: first we discuss how
to reduce the problem to compactly hyperbolic matrices and then apply
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the criteria stated in Section 4 to these matrices. Finally, in Section 6
we prove the validity of the conjecture for rank 3 in Theorem 6.1. Again,
we make use of the criteria developed in Section 4. Given a braiding ma-
trix q such that GKdim B4 < oo, one knows that each rank 2 submatrix
has a finite root system by [4]; hence we address all possible ways to glue
the rank 2 diagrams in the list and reduce to check just a finite set in
Subsection 6.1 using these criteria. This finite set of remaining diagrams
is quite large, and we conclude the proof in Subsection 6.2 using the
computer program GAP, where we implement the criteria to show that
it contains matrices already in the list or such that GKdim B4 = oo, by
our results on standard braidings from Section 2.

2. Preliminaries

Form <n €N, wedenote I, ,, ={k e N:m <k <n}, I, =1,

We work over an algebraically closed field of characteristic zero k. Let
Gn be the group of Nth roots of 1 in k and let Gy C Gy be the subset
of primitive roots; we also set Goo = Jy>o Gn-

We recall some notation from quantum calculus. Consider the follow-
ing expressions in the polynomial ring Z[¢], for n > k > 0:

n—1 n
; ) n (n)!
(n)e := t7, ()= (), ( ) =
S e flon (), - it
If ¢ € k, we denote by (n),, (n),!, and (Z)q the corresponding evalua-
tions.
Let A be a finitely generated k-algebra and choose a finite-dimensional
generating subspace V C A. Let A, = 3_7_ V7. Then

GKdim A = limsup log,, (dim A4,,).

n—oo

As expected, GKdim A does not depend on the choice of V. We refer the
reader to [19] for more information on this topic.

We use Sweedler notation for the coproducts of Hopf algebras, or
Hopf algebras in braided tensor categories. Given a Hopf algebra H, we
denote by P(H) ={x € H : A(z) = 2®1+1®xz} the space of primitive
elements and G(H) = {x € H — 0: A(x) = z ® =} the set of group-like
elements.

2.1. Nichols algebras of diagonal type. Recall that a braided vector
space (V,¢) is of diagonal type if there is a basis {x1,...,29} of V for
which the braiding is determined by a scalar matrix q € (k*)?*? as

C(.’EZ‘@(EJ') :qijl'j®l'i7 i,jé]lg.
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We refer to this q as the braiding matrix of (V,¢) and we shall de-
note by B4 the corresponding Nichols algebra, which is an Ny-graded
connected Hopf algebra in a suitable category of Yetter—Drinfeld mod-
ules £YD; namely, for any H with a principal YD-realization (x;, ¢;)ic1,€
Alg(H,k*) x G(H).

We refer to [1, 3] for more details on Nichols algebras and realizations.

Notation. For any = € B4 with degz =n > 1 we have

M
Alz)=2@1+1@x+ Y 202", x,2" € By, MEN,
k=1

where 0 < degz, = n — degz® < n. We will use the notation

M
A(x) :zA(x)—x@l—l@a:szk@)xk
k=1

for the restricted comultiplication in Bg.

2.2. Root systems. The Nichols algebra B4 also inherits a 78-grading,
in such a way that there is a subset L C B4 of Z?-homogeneous elements
together with a height function ht: L — N U {oo} so that

(1) {4 keNg, by > - >4, € L,0<m; <ht(l;), i € I}
is a linear basis of B4 [17]. The set of positive roots of q is
A ={degl:l e L}.

By [15, Lemma 4.7], Ay := A% does not depend on the choice of L.
Moreover, let K C Bq be a right coideal subalgebra. Then K admits
a PBW basis as in (1) that can be extended to a basis of By; see [18].
As well, A, allows us to describe the (multivariate) Hilbert series
associated to this graded algebra. Namely, for each a = nja; + -+ +
ngoy € Ay we set t* = t7" .-ty € Z[[t1,...,tp]]. Then the Hilbert
series of B can be factorized as:

Ho(t) = ] (t(a))ee.

a€AL

2.3. Weyl groupoid. Next we recall the definition and properties of
the Weyl groupoid of a Nichols algebra of diagonal type following the
notation in [3]. We also compute roots of some examples needed in the
sequel.
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Fix i € I. We say that we can reflect q at i if for all j # i there exists
n € Ny such that (n+1)g,, (1 —¢}tgi;jq;:) = 0. If so, we set as in [11] the
generalized Cartan matrix C9 = (c¢{}), where ¢} = 2 and
(2) ¢ =-—min{n € No: (n+1)q,(1 - qig;q:) =0}, J#i.
We also set s € GL(Z) given by

si(aj) = aj — ¢y, jel

We use s; to define a new matrix p;q = (¢x); ke, called the reflection
at the vertex i of q, where
e el
tik 1= (o, 83 o) = Gkdir, Di i’ s Gk €L
Let p;V be the braided vector space of diagonal type with matrix p;q.
Notice that ¢ = ¢} for all j € 1d, so

st =53 pi(pia) =q
By [11, 2],
(3) A = s (AY = {ai}) U{ai},
(4) GKdim B,,q = GKdim B,.

We say that ' is Weyl equivalent to q if there exist ¢; € I such that
d' = pi, - pi Q.

We say that q admits all reflections if we can reflect ' at every ¢ € I
for all @' Weyl equivalent to q.

If q admits all reflections, then we denote by Xy the collection of all
braided vector spaces of diagonal type obtained from q by a finite number
of successive reflections at various vertices (the equivalence class under
the relation above). This happens, for example, when GKdim B4 < co.

The basic datum of q is the pair (X, R), where R: I — Sy, i — p;.
The graph of the basic datum has X as a set of points, and an arrow
between q’ and p;q’ labeled with ¢ for each ' € X and 7 € I. The Weyl
groupoid of q is the subgroupoid of X x GL(Z?) x X generated by

U? = (q/a Siq apiq/)a q/ € Xal el

We use the following notation: for ¢; € I,

’ ’ / . cepioa’
9y g = g P PP
U’il Ti, Oy, = U’il O'i2 O'ik 5

that is, the implicit superscripts are the only ones possible allowing com-
positions. Similarly,

’ ’ ’ . cee ) ’
q . d pird Pig_qPip A
S5 Siy e S0y = S Sy, Si )

The collection (Ajl_/)q/ex is the generalized root system of q.
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A root B € A is real if there exist 75,7 € I such that
8= 8?151'2 s (ag).
We denote by A% the set of all real roots, and AT™ = A% NN,

Remark 2.1. The roots and the reflections really depend on the twist
equivalence class of g, that is, on the Dynkin diagram of q. Hence we
will work with roots and reflections of equivalence classes of matrices
(Dynkin diagrams) more than with matrices themselves.

In particular, we can choose our matrix q so that ¢;; = 1 for every ¢ >
j-
Notation. The vertices of a Dynkin diagram will be numbered from left
to right and from bottom to top. For each 7 € Sy, 7q := (¢r(i)-(j))i,jel-
For i # j € I, 7;; is the transposition interchanging i and j.

_ _ _ _ 2
Example 2.2. Let ¢ € G}, gV = L S S

The basic datum of q(*) is:

1 2 1
[ ] [ ] [ ] [ ]
q(l) q(2) q(3) 7—12((1(4))
3
2
[ ] [ )
T23(a(®) T23(q(®))

where

-1
(@]
e I ZAN
-1 _CZ <2
O — M O

qh = §= 3 ¢ ¢ () _ ¢ ¢ -1 -1 ¢

) © o,

©=§ L & 5

a

2.4. Standard and Cartan braidings. Assume that q admits all re-
flections. We say that q is standard if CZ/ = C for all ' Weyl equivalent
to q [2]. Also, q is of Cartan type if q;” = g;; for all ¢ # j € I. One can
check that every braiding of Cartan type is standard; more generally,
every q such that p;q has the same Dynkin diagram as q for all 7 € [ is
standard.
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Remark 2.3. Let q be a standard braiding with Cartan matrix C' = C9.
Let W be the Weyl group of C. By (3), Wy C A2 for all v € A4
In particular, if A™ denotes the set of real roots of C', then

Are C Adre C A9,

Next we extend two results from [4] stated there for Cartan type to
standard type: although the proofs are essentially the same, we repeat
them here for completeness.

Proposition 2.4. Let q be a braiding of standard type with affine Cartan
matriz C = C9. Then GKdim B4 = oo.

Proof: As in the proof of [4, Proposition 3.1], let A™ be the set of real
roots of C: by [16, Proposition 6.3 d)] there exists a positive root ¢ such
that A™ + 6 = A'. Fix a homogeneous restricted PBW basis of B4.
If m is the height of 6 and « is a simple root, Remark 2.3 says that
there exists a PBW generator of degree ké + « for all £ > 0. Hence
GKdim B4 = oo by [5, Lemma 2.3.4]. O

Lemma 2.5. Let q be a braiding of standard type with C' = C9 indefi-
nite. If there exists v € AL such that gy, = 1, then GKdim B4 = co.

Proof: We follow the same ideas as for [4, Lemma 3.7]. By Remark 2.3,
W~yNNj C A%, and by [4, Lemma 3.6], W~ N Nj is infinite. Hence any
homogeneous restricted PBW basis of B4 has infinite PBW generators
of infinite height (one for each element in Wy NNj). By [4, Lemma 2.3],
GKdim B4 = oo. O

3. Subquotients and root systems

We fix a braided vector space (V,c¢) of diagonal type with braiding
matrix q, Bq = B(V) the corresponding Nichols algebra, and a Hopf
algebra H with bijective antipode such that there is a principal realiza-
tion V € gy’D.

3.1. Subquotients of Nichols algebras. Let 8 be a pre-Nichols al-

gebra over V', that is, an intermediate No-graded quotient T'(V) — B —»

Bg in HYD. We shall further assume that B is a 79-graded Hopf alge-

bra in BYyD, B = Dacze B We denote by m,: B — B the linear

projection onto the a-component. Let aq, ..., ay be the canonical basis

of Z% and let (-|-) be the inner product in R? defined by (a;|a;) = d; ;.
In this setting, for a fixed w € Z? we set

Bro= P B Buo= P B, Bo= PH B

a:(a|w)>0 a:(a|w)>0 a:(a|lw)=0
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Clearly 1 € B> and B>g = By $ B~o. We also set By as expected.
As well, we define

’CZO = {:v ISP A(CL‘) S %20 ® %}, IC>0 = K:ZO NB~o,

and Ky := K>9N*By, K<, accordingly. We will make use of the induced
linear decompositions B =B oD By P B~g and Kg By d Kso C B.

Remark 3.1. Proposition 3.3 below extends [4, Proposition 3.9], where
f=2and w=a; —ras, 0 <r e Q. The proof uses the same ideas as
in loc. cit. but nevertheless we choose to include the details, presented
here as Lemma 3.2, for the sake of completeness.

Lemma 3.2. For B and w € Z° as above, we have that B>o C B is a
subalgebra in EYD. Besides,
(i) £>0 € Bo.
(ii) K>o C B is a subalgebra in HYD.
(111) (]CZO) - ’CZO ® ’CEO 4+ Ko ® 8.
(iv) Kso is an ideal of K>o and a coideal of B in EYD.

Proof: If x € B*NB>p and y € B5 N B>o, then 2y € B,yp and
(o + Blw) = (a|w) + (Blw) > 0. Hence B> is a subalgebra of B. Now,
if z € K>o, then 2 = 2(1ye(x(2)) € B>o by definition, so (i) follows. If
z,y € K>o, then 2y € K5 since the comultiplication is an algebra map.

Now fix z € B*N K> and let us write A(z) =D y; @ 2; € B9 R B,
with y;, resp. z;, homogeneous of degree f3;, resp. 7; = a — ;. On the
one hand,

S AW)@z=) yi®A(z) € BB B,

which shows that A(K>g) € K> ® B, ie., it is a right coideal. Now,
if (Bilw) > 0 for some 4, then y; ® z; € Kso ® B. If (5;jw) = 0, then
(v — Bilw) > 0 and thus y; ® z; € K> ® B>g. That is,

(5) A(K>0) € K50 ® Bso + K=o @ B.

We have actually shown that A(K>g) € Ko ® B¢+ Kso @ B. Observe
that this also yields A(Kso) € K>o ® B>o + Kso ® B, which can be

more accurately written as
(6) A(K50) € Ko @ B0 + Koo ® B,

with the same argument as above.
Now, for z as above, we use (5) to write A(z) = > a; @b+ > ¢;®d;,
el JjeJ
where a; € Ko, b; € B>, and ¢; € K. To prove (iii), we need to show
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that b; € K¢ C B>o. Assume that, for some i € I, b; ¢ K>p, which is
to say that A(b;) € Bo ® B. In other words,

(id®A)A Za2®A +ZCJ®A

linearly projects nontrivially onto Ky ® By ® B. On the other hand,
we can use (5) and (6) to deduce that
(A®1d)A($> S (A@ld)A(’Czo) C A(Kzo) ® %20 + A(IC>0) ® B
CKs0®B>500B>0+ K0 ®BRB>p
+ Ko R®B 0@ B+ Koo RB®B,

which does not intersect the subspace Ko ® B o ®B. Thus b; € K¢ for
all 4 € I and (iii) follows.

This also shows that, in particular, A(Ksq) C Ko ®@K>o+ K0 @ B.
If (Bilw) = 0, then necessarily (a — Bilw) = (alw) > 0, so A(Ksg) €
K>0® Kso+ Kso ® DB and thus £y is a coideal of B. Finally, K¢ is
an ideal of K¢ as the multiplication is Z’-graded, which gives (iv). O

Proposition 3.3. Fizw € Z°. Then the braided bialgebra structure of B
induces a braided bialgebra structure on

’Cw = ]CZO/]C>O
Proof: This is [4, Proposition 3.9], using Lemma 3.2. O
Notice that K, € ZJ}D and thus H,, = K, #H is a Hopf algebra. The
grading on /X, is not induced by the coradical filtration on H,,, which

in turn determines a graded Hopf algebra R, = @, <, R" € YD so

that grH, = R,#H. We set V' = RL, and denote by q its associated
braiding matrix. In a snapshot, we have the following situation:

Koo —— Ksg —— B € YD
|
Ky «—— E:=k(zq,23)
égr@#H)“’H
R +—— By :=B(V')
Notice that GKdim B4 = oo = GKdim B4 = co. Based on this picture,
in Section 4 we will develop a series of criteria to show that a given

matrix q has GKdim B4 = oo, by picking the suitable w. We remark
that these ideas apply for braided vector spaces of any rank.
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3.2. An example. We include an example of this strategy, for a dia-
gram (and its reflections) that could not be tackled with the criteria. This
represents the only case that escaped the criteria, and for which we had
to apply an ad-hoc analysis, also based on Proposition 3.3.

Lemma 3.4. Let q be any of the braiding matrices in Example 2.2.
Then GKdim ‘B4 = co.

Proof: By (4) it is enough to prove that GKdim B4 = oo for one of the

-1-¢* ¢
matrices in Example 2.2. We choose q = q® and fix q = ( 1 ¢% -1 ) ,
11 -1
¢ € G%. We shall consider w = 3a;3 — g — a3, and o = a1 + 2a3 + ag,
B = ay + as + 2ag, so that (o, w) = (B,w) =0.
We let zo = [[z13, Z2]c, Z2]c and xg = [T13, T23]c; by direct computa-
tion,
A(za) = 3213 ® 25 + (1 — (122 © 3
+ (¢ = A)([z12, 23] — 123 — 2¢CP22713) ® @2
+ (1 = Q)z1 ® 223 + 3(x1 ® To372 + 3(1 — ()21 ® 2323
+ 3212 ® 2372 + (1 — (*)212 ® 223,
A(zg) = (—2¢xaz13 — 2P w231 — 2[T12, 3] + 22371 — (P123) ® 3.
It follows that z.,xs # 0 and x4, 23 € K>¢. Furthermore, (the classes
of) zo and xg are primitive elements in IC>¢/Kso.

Now, the diagram associated to k{zq,zs} is S 5 , which is not
of finite type. Hence GKdim B4 = oo and the lemma follows. O

3.3. More on K,,. Next we make some remarks on the structure of the
bialgebras K, We aim to understand the relation between K., and Bgq,
as well as between their root systems. We believe it could be of interest
to determine under which conditions one can assure that IC,, is generated
by P(K,,), and similarly, to pin down necessary and sufficient conditions
so that one or both of the inclusions in (7) below hold.

We start with a description of P(K,,).

Remark 3.5. Let € 5o be a homogeneous element, of degree a € A,
so that z € K, is primitive. Clearly, (aw) = 0. Now A(z) € 375 B ®
B2~F, with (B|w) > 0, by definition of K>o; hence (y|w) < 0. Since Z is
primitive, we see that we necessarily have (8|w) > 0. This shows that
P(K,) = {zo : (alw) = 0 and « simple
or (Blw)(a — Blw) < 0 for all B : (73 ®id)A(zq) # 0}.
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For the analysis of the root system, we need some notation.

Notation. We shall write A, for the root system associated to X,
while A’ will denote the root system corresponding to the Nichols alge-
bra B(V’).

We will show in the next two lemmas that there is a chain of inclusions
(7) A'CA, CAN{w}t.

We begin with the first inclusion in (7).
Lemma 3.6. A’ C A,,.

Proof: To start with, we shall assume, without loss of generality, that
q is symmetric, so By ~ Brg = Bg and thus the inclusion Bg — R
produces a projection R* —» Bg. Recall as well that the Hilbert se-
ries Hg (t) and Hg«(t) of R and R* coincide. Hence we have a factoriza-
tion Hg(t) = Hg(t)P(t), for some multivariate series P(t). This shows
that A’ C Ag = A,. O

As for the second, we have the following.
Lemma 3.7. A, C An{w}t.

Proof: By [18], there is a set Lo C K> of Z’-homogeneous PBW gen-
erators for Ko which can be extended to a set of PBW generators L C
Bg. Thus A, C A. Notice that (degf|w) > 0 for any £ € Lo, since
ICZ() C %20.

Let us write z — z for the projection K> — K, and set

LQZ{EGLZO : (deg€|w) :0}, S:{ZEEL()}

Notice that Ly may not be the whole subset of L of w-orthogonal degrees.
We claim that S is a set of PBW generators for K, proving the
lemma.

Let & € K, be homogeneous of degree «; necessarily (a|w) = 0. Now
x € K> is a linear combination of products of elements in L', that
is there (X\;; ..i.) € k so that we can write © = > A;, 0y - iy,
with >3, = « and (B;|w) > 0. Now, if any i;, some 4, j, is such
that (8;,|w) > 0, then £;, ---£;, € Ko and £;, ---£;, = 0; so we can
assume that every i; satisfies (8, |w) = 0 and hence S spans this quotient
algebra.

On the other hand, a nonzero linear combination Y i, . 4, 4, - - ¥4,
of products of elements in Ly cannot land on K+, which shows that the
set S is linearly independent, and thus it is a basis of /. O
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4. Criteria

Let q be a braiding matrix with diagram d. If GKdim B4 < oo, then
each subdiagram of d with two vertices belongs to Heckenberger’s list
by [4]. Moreover, for any w and any two primitive elements x and y
in IC,,, the Dynkin diagram d’ = d(x,y) associated to the braided vector
space {x,y} also belongs to the list.

Let d be any diagram with three vertices obtained by pasting two
(a line) or three (a triangle) diagrams with two vertices. We develop
three criteria, based on three different families of vectors w. We apply
these criteria to all such diagrams d, and also apply it to some of their
reflections. For each diagram d, if we find a vector w in one of the fam-
ilies (and, if necessary, a reflection) for which d’ is not in the list, then
automatically this yields GKdim B4 = oo and we can discard d.

4.1. Criterion 1. To consider the rank 2 diagrams associated to the
couples (ay, la; + ay), 1 < € < myg, i, §, k all different, for

w=oaj —Lag.
Assume j < k, set p; = Hi;(l)(l —q;;qjk), t > 0. Then
SN
¢ -
A(ade ) (z1) = > — 2" @ (ade z))" (zp)-
t) g Bt
t=0 45
Hence x = z; and y = (ad, x;)*(z)) become primitive in the correspond-

ing subquotient K, as (¢ —t)ajlw) =0 —t>1,0<t<{—1.
On the other hand, when j > k, we consider

y = ad's(2)(@x) = [[lzngs ) 25 -] 2]

and there are (a;) € k,t=0,...,k — 1, such that

-1
¢ -
(®) Alad'c(a) (ex)) = Y asad'c(;) (ax) © 25"
s=0
Hence x = z; and y = (ad. z;)*(zy) are primitive in .

4.2. Criterion 2. To consider the rank 2 diagrams associated to the
couples (a1 + as + ag, oy + ), 2 <€ <my;, 1 <i#j <3, s0

w=cra1 + ca0 + cgaz, ¢ = —ke;, c3 = —(c1 + c2).
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We analyze all possible (c1, ¢a, c3), depending on the values of 4, j.
e Assume that q12,¢23 # 1, 13 =1, so
A(z123) = q12(1 — @23) (1 — qu3)w271 @ 23 + (1 — q12G13)T1 @ T23

+ (1 — Gos3)z12 @ T3 + q12(1 — Gaz)x2 ® Z13
=(1—qi2)z1 ® zag + (1 — Go3)z12 ® 3.

Then z123 € K¢ when ¢; > 0 and ¢2 > —cp, while (the class of)
X = T1o3 is primitive in I, when ¢; > 0 and ¢z > —cq. On the other
hand, y = ad’’(z2)(z1) is also primitive when ¢; = —€ s, that is,

w="lo; —as+ (£ —1)as.

To deal with fa; + ao we consider x = [z3, [z2, 21]¢].. Similar choices,
mutatis mutandis, are made for fas + a3 and fag + as.

e Now, if ¢12,Go3, 13 # 1, we turn to x = [z13, Ta].. As
A([z1s, z2]e) = ¢32(1 — qi3)T12 @ 23 + (1 — G12G23)T13 @ T2
— q12q32(1 —q13) 21 @223+ (1 — q12G23) (1 — q13) 21 @372,

x is primitive in I, when —c; < ¢o < 0, as this gives ¢; > 0, ¢1 +c¢2 > 0,

1) . L
and ¢; +c3 = —co > 0. As well, y = ad’ (22)(x1), £ > 1 is primitive
in IC, for

w=Yfag — oy — Q3.
Similar choices are made for different pairs i # j € I3.
4.3. Criterion 3. To consider the rank 2 diagrams associated to the
couples (o + o, aj + aw), 4, j, k € {1, 2,3} all different, so
W = iy + o + CpQg, Cp = —Ci = —Cj.

This is clear. This criterion can be extended further by considering cou-
ples of the form (na; + ag, a; + ai), with n < mj. In this case,

w = a; — nag + na;.
Notice that for x = ad(x;)"(xx) the right choice of y = xj, or y = xy;

has to be made (independent of the order of k, j). For instance, one may
choose x = 2112 and y = 232, as xa3 ¢ Ko, for w = a3 — 2as + 2as3.
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5. Cartan type

Let (V, ¢) be a braided vector space of Cartan type, see Subsection 2.4,
with matrix q = (gij)ijer,- Let € = (¢f})ijer,, cf. (2), be the associated
generalized Cartan matrix (GCM for short). Indecomposable GCMs are
of three types: finite, affine, or indefinite; we call the corresponding
connected braided vector spaces of Cartan type and the matrix q finite,
affine, or indefinite, accordingly.

We recall that a braiding matrix q = (g;;) is called

e generic when ¢; ¢ G and either ¢;; = 1 or ¢;; ¢ Gu, for ev-

ery 1,7 € ly;

o of torsion class when g;;, gi; € G, for every i, j € Ip;

e semigeneric when it is neither generic nor of torsion class.

The next theorem states an equivalence between finite type and finite
GK-dimension for B.

Theorem 5.1. Let q be a matriz of Cartan type such that GKdim B4 <
oco. Then its root system is finite.

Before the proof, let us recall that an indefinite Cartan matrix is com-
pactly hyperbolic if every proper minor is of finite type. These matrices
have been classified in [10]; we shall use this classification in our proof.

Now, if ¢ € Z*? is compactly hyperbolic, then # < 5. The list of
indecomposable GCMs which are compactly hyperbolic with rank 6 > 2
contains exactly 31 matrices with § = 3, three with § = 4, and one
with @ = 5. These are listed in [10] and belong to

e rows 1-31 of Tables 1 to 3 in loc. cit. for § = 3,

e row 131 in Table 4 and rows 136, 137 in Table 5 for 6 = 4,

e row 183 in Table 16 for 6 = 5.

Notation. The enumeration of the rows in the tables in [10] is contin-
uous (i.e., Table n+1 starts at row £+ 1 if Table n ends at row £); hence
we will speak of a GCM ¢ which belongs to the corresponding row.

5.1. Proof of Theorem 5.1. We divide the proof into several steps.

5.1.1. First, we assume that the generalized root system is either fi-
nite or indefinite, as the affine case is discarded by [4, Theorem 1.2].
Moreover, we may assume that 6 > 2, ibid.

5.1.2. Also, following [4, Remark 3.2], we can assume that q is of torsion
class. More precisely,

e If q is generic, then c is of finite type by [20, 2].
e If q is semigeneric, then it is not of Cartan type.
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Let us develop the last assertion: if q is semigeneric, then there is ¢ € Iy
such that ¢;; ¢ G and 1 # ¢;; € Goo. But then g;; # ¢f, for any a €
Zgo.

5.1.3. Let ¢ be an indecomposable GCM of indefinite type.
Claim. We may assume that c is compactly hyperbolic.

Indeed, if a given minor m is of affine type and q’ is the submatrix of q
with the same entries as m, then g’ is of affine type m, so GKdim By =
0o. As By is a subalgebra of By, we have that GKdim By = oo as
well. The same argument allows us to consider only minimal matrices of
indefinite type, that is, with no minors of indefinite type. In other words,
we can assume that ¢ is compactly hyperbolic.

Claim. If ¢ is compactly hyperbolic, then dim B4 = co.

This claim implies the theorem. We shall prove it in the series of
Lemmas 5.2-5.8 below.

Lemma 5.2. There is no matriz q whose corresponding GCM is a gen-
eralized Cartan matriz ¢ of one of the following compactly hyperbolic
types:

(i) =3, cinrows 1, 2, 8,9, 14, 16, 17, 19, 20, 23,

(ii) # =4 and c in row 131,

(iii) 6 = 5.

Proof: In all of these cases, if we assume that there is q = (g;;) with
matrix c, we get that ¢;; = ¢ = 1, 4,j € Iy, a contradiction. We work
out a proof for ¢ in row 1; the rest follows similarly. In this case, the
Dynkin diagram is

63 2 -1 -2

\ / , hence c=| -1 2 -1,
-1 -1 2
o]
3

which would give rise to a generalized Dynkin diagram of the following
shape:

so ¢ = 1, a contradiction. O
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Remark 5.3. The same ideas in Lemma 5.2 show that some diagrams
of rank 3 in the list in [10] can only come from a generalized Dynkin
diagram with a root of 1 of a fixed order. The same holds for the rank 4
diagram on row 137, for which ord ¢ = 3.

These rank 3 matrices were spotted independently in [8]. More pre-
cisely, the list, with corresponding order for ¢, is given in the following
table:

’ row \ ord g H row \ ord g H row \ ord g H row \ ord g H row \ ord g ‘
5 3 6 5 7 5 12 8 13 7
15 11 18 4 21 17 22 7 24 26

TABLE 1. Fixed order of root rows.

The following result will help us to deal with the content of Re-
mark 5.3.

Lemma 5.4. Fiz a braiding matriz q = (qi;)i jer, such that
4% =1 QkkQik = Giiqri = 1,
for some choice of different i, j, k € Is.

(i) If ¢3Gi; = 1, then GKdim B4 = co.
(i) If ¢¢q:;; = 1 and qj; # qrk, then GKdim B4 = oo.
Proof: (i) We use Criterion 2 as in Subsection 4.2. Choose o = a1 + g +
ag, B =20; + g, W= 20&]' — o — o. Hence
~ ~ -2 — —
dap = H E]%iqkj = ij‘}?ijk = 4559 qkkl = qkkl
kels

and we get a diagram

—1
1 gk G55
o o

so GKdim B4 = oo. For (ii), if @« = a1 + as + a3, = 3a; + a5, so
w = 35 — a; — oy, we get

)

-1
1 959kk 95i
o—— 0,

hence GKdim B4 = oo. O

Lemma 5.5. If q is such that either the corresponding GCM c belongs
to Table 1 in Remark 5.3 or to row 137, then GKdim B4 = oco.

Proof: If ¢ is not in rows 18, 22, then the result follows from items (i)
and (ii) of Lemma 5.4, with the right choice ijk of indices i, j, k € I3, as
in the following table, which uses item (ii) only for the last row:
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row | ijk || row | ijk || row | ijk || row | ijk
5 |321 6 | 321 7 1231 12 | 321
13 | 123 || 15 | 321 | 21 |213 | 24 | 123

Now, for rows 18 and 22 we choose a = a1 + a3 and § = as + a3 as in
Criterion 3, Subsection 4.3, then we end up with the following diagrams:

3 3 3
q -1 q q q q
o) o, Ordq:4, [e] o, Ordq:7;

in both cases, GKdim B4 = oo.
For row 137, we have ¢ = ¢ € G5. We set @« = a1, 8 = ag, and
v = ag + a4 to obtain a triangle

<2
(@]
</ \\@
¢ ¢? ¢
oO—F—O0

For this, Criterion 1 for a = a1 and 8 = as + 2a3 returns the segment

¢ ¢ ¢

(¢] [¢]

which is not in the list, so GKdim B4 = oo. O
Lemma 5.6. If c belongs to rows 3, 4, 10, 11, then GKdim B4 = co.
Proof: We proceed row by row.

Row 3. We use Criterion 1 as in Subsection 4.1 for 81 = ag, B2 = a1 +as.
We get,

2 —4
q q

q
[¢] o

which shows, by looking at [12, Table 1], that either ordg = 3 or 4
(disconnected dots). Now, if ord ¢ = 3 and we choose 81 = a1 + as + as,
B2 = 25 + a1, as in Criterion 2, we get

which is not of finite type. On the other hand, if ordg = 4 and §; =
200 + aq, P2 = a1 + az, we get

1 —q —q
0]

and hence GKdim B4/ = co. Here we have used the variant of Criterion 3,
for w = 2a1 — s — 2a3, S0 13 and x921 become primitive on Cy; cf. (8).
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Row 4. By setting o = a3, 8 = a1 + ao (Criterion 1) we obtain

-3

q
] 0]

so ordqg = 3,4. We can discard ordg = 4 with a = 2a; + az, § =
a1 + as + agz, as in Criterion 2, and ordg = 3 with o = a1 + as,
B = ag + as (Criterion 3) as we obtain, in each case, the diagrams of
affine type:

Row 10. If @ = a1 + a3, f = as + ag (Criterion 3), then we obtain

As ord ¢ > 4, we have that GKdim B4 = oo.

Row 11. Again, ordg > 3 and the choice @« = a; + a3, § = as (Cri-
terion 1) gives ordg = 6. But ordg # 6 by considering @ = «q, f =
2001 + as. O

Next we turn our attention to the remaining diagrams of rank 3, which
are not triangles.

Lemma 5.7. If c belongs to rows 25, ...,31, then GKdim ‘B4 = co.

Proof: Matrices q with ¢ in row 28, respectively 31, are

2 —6 6 —6 3
@ q % 4 ¢ ¢
o o o, ordq#2,3,4,6,
—3 3 —3
q q @ q T
o o o, ordgordr#2,3,¢ =1

For a = 2a7 + as, B = as + a3 we get the diagrams

-6 3 -3
q9 q T
[¢] ]

) o )

both of indefinite Cartan type, so GKdim ‘B, = oo. Rows 25, 26, 27,
29, and 30 are discarded by setting o« = a3 + g, 8 = ag + ag, using
Criterion 3. Indeed the corresponding diagrams are

o=,
2
[I=}

@ q* g g ¢% ¢° g % ¢ 5 qf -4
O O7 O 07 (@] O7 (] s

Due to the restrictions on ord g for each case, these diagrams are con-
nected, and moreover of indefinite Cartan type. O

We end this analysis with the only diagram left, of rank 4.
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Lemma 5.8. If c is the GCM of row 136, then GKdim B4 = oo.

Proof: Take 81 = a1, B2 = as + ag, and B3 = ay. We obtain the rank 3
diagram associated to row 3, and the statement follows by Lemma 5.6.
O

This finishes the proof of the claim, and hence of Theorem 5.1.

6. Rank 3 case

In this section, we give a positive answer to Conjecture 1.1 for § = 3.

To this end, we will collect a series of lemmas, which are stated af-
ter the proof for the sake of readability, that deal with diagrams d con-
structed by the pasting of two (a “line”) or three (a “triangle”) diagrams
of rank 2 with a finite root system.

We say that a diagram d of rank 2 in the list is “finite” if all of
its entries are concrete roots of 1 in G (that is, d belongs to one of
the rows 6-10 or 12-17) and call it “parametric” otherwise. Parametric
diagrams are indeed in the one-parameter families mentioned in [6].

The main result of this section reads as follows.

Theorem 6.1. Let (V,c?) be a braided vector space of diagonal type
with dim V' = 3. If GKdim B4 < oo, then the root system of q is finite.

Proof: Assume that GKdim ‘B, < oo. The diagram d associated to q
is either a line or a triangle; in either case, each subdiagram of rank 2
belongs to the list by [4, Theorem 4.1]. In particular, these subdiagrams
can be finite or parametric.

Assume first that d is a line. Then, it is obtained by gluing either two
parametric diagrams of rank 2, a parametric diagram with a finite one,
or two finite ones. By Lemmas 6.3 and 6.4 we have that q is in the list
or the parametric subdiagrams (if any) are evaluated in the finite set G
from (9). But in this last case, Lemma 6.8 shows that q is in the list as
well.

When d is a triangle, the situation is analogous. Indeed, first we use
Lemmas 6.5, 6.6, and 6.7 to deduce that q is in the list or the parametric
subdiagrams (if any) are evaluated again in G¢. Then Lemma 6.9 implies
that q is in the list. O

6.1. On parametric subdiagrams. Next, we deal with diagrams of
rank 3 with at least one parametric subdiagram. These subdiagrams can
be evaluated at a root of 1 or not. In the first case, we will show that it
is enough to test the results when evaluating in the set

(9) Gt := G4 U G138 U Gog U Goyg U Gyp.
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This reduction is done in the following five lemmas, which deal with all
combinations of finite and parametric subdiagrams of rank 2. That is,
we have, respectively, the following cases:

(1) A line with a parametric subdiagram and a finite subdiagram.
(2) A line with two parametric subdiagrams.

(3) A triangle with one parametric subdiagram and two finite ones.
(4) A triangle with two parametric subdiagrams and a finite one.
(5) A triangle with three parametric subdiagrams.

Remark 6.2. The entries of each finite diagram in the list belong to Gg.

After this reduction, we are left with a finite (though large) collection
of diagrams with labels in Gy, which we attack with GAP in Subsec-
tion 6.2.

We set the following notation for a parametric diagram, i.e., a func-
tion G: C* — (C*)3, where G(q) is one of the following functions:

-1 -2 -2 2 —2
Ar(q)=06—"—35,  Byfq)=0——"0, Bhg)=0—"—35,
g ¢°% ¢ @ ¢ g 1 ¢ —g
GQ(CI) =0 o, Gé(q) = o o, SAl(q) =20 o,
—1 _ _ —1 -2 _
sha(q) = 64—, shi(g)= o ——8, sBlg)=08-"—",
_ -2 -1 1
th(q) = o1 g g , Bst(q) = p g g , Bstt(q) - g d &

Lemma 6.3. Let q be a line such that qy, is parametric of type G
and qp, , s finite. Then either qu, = G(q) for some q € Gy or else
GKdim B4 = oo.

Proof: As q is made by gluing G(¢) with a finite diagram F = PR ,

the last entry G(q)s of G(g) is F1, and F; € Gy for all i € I;.
If G(¢)s = ¢, then the claim follows. Now we check the remaining
cases:

Bo(q): Applying Criterion 1 to a; 4+ ag, a3 we obtain the diagram d =

§ 2 % Suppose that GKdim B4 < oo: if d is finite, then ¢ € G¢. If

qF2 = 1 or ¢ = ¢ € G}, then the same holds. Otherwise, either ¢°Fy = 1
with F3 € {—1,F; '} or ¢°Fy = 1 = FoF3. By inspection, a finite diagram
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such that F3 € {—1,F; '} satisfies F; € Gg U Gyg, in which case ¢ € G
since F; = ¢, or F is one of the following diagrams:

5 9 1 2 -1

CO ¢ OaCEGEQa g ¢ O7C€Gg)7
-5 _q -3 _q

g < o, CEG'M, g < o, CEG/QO.

o
Applying Criterion 1 to a1, as+a3 we obtain the diagram & — faF2 ;

which does not belong to Heckenberger’s list.

Fo F3
(@]

G2(q): As before, Criterion 1 for o + g, as gives the diagram 3
and the proof follows as for Ba(q).

sA;(q): Here F; = —1, so F3 # —1. Applying Criterion 1 to a3 + ag, as

we obtain the diagram d = § = %, Suppose that GKdim B, < oo: if

d is finite, then ¢ € G¢, as well as if gF; = 1 or ¢ = ¢ € Gf. Otherwise,
1 = F3F9, so F is parametric, a contradiction.

sho(q): Applying Criterion 1 to aq, as + as we get the diagram d =
o

q —F2F3
o ¢

Suppose that GKdim B4 < oo: if d is finite, then ¢ €
Gt. As F is not parametric, FoF3 # 1; the remaining possibilities are
q € {—FaF3,F3F% —F3F3} C Gy, or —FF3 € G5. By inspection, F is one
of the following diagrams:

-1 -1 -¢*

o ¢ g? CGG%, o ¢ qu CeG/127
1 ¢3¢t 1 _ 2

o ¢ %7CEGI12a o ¢ OCaCEGQ/Ja
1 -5 1 —¢2 (B

o8 (EeGh, O——5% CeG.

Applying Criterion 1 to oy, as + 2ai3 in the last five diagrams we get the

—1 7F2F4
diagram D' = & & ° ¢ either D’ is not in the list (so GKdim B4 =

o), D’ is finite (in which case ¢ € Gg), or ¢ € {—F3F* FiF8 —FSF} C
G¢. For the first diagram, we reflect at vertex 2 and obtain a triangle

_1—cqte?
with the subdiagram o LHRN . By scanning the list, we see that this

is not in the list unless ¢ € G1g U Gog U G3g C Gy.

L Fy Fy
(]

sB(q): Applying Criterion 1 to a1 +as, as we have the diagrami%
and the proof follows as for Ba(q).

—1 (FoF
Bst(g): In this case, Criterion 1 with oy, oy +ag gives d = § & s

Now, if d is finite, then ¢ € Gy. If d is parametric, then either ¢ =
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(CFoF3)™, m < 3, in which case ¢ € Gy, or else (FoF3 € {—1,(?}, that

. -6 -1 . . . .
is, F = § % . We apply Criterion 1 with a7 4+ 2a, ag and obtain
7t ¢

o o .

By inspection, this diagram cannot be finite; hence it is parametric,
which forces g € Gg or it is not in Heckenberger’s list, giving GKdim B4 =
00.

This shows the result. O

Lemma 6.4. Let q be a line such that qy, and qyu, , are parametric of
type G, G'. Then either q belongs to Heckenberger’s list, or qu, = G(q),
qy, , = G'(r) for some q,r € Gy, or else GKdim B4 = oo.

Proof: If q is of Cartan type, then either q belongs to Heckenberger’s list
or else GKdim B4 = oo by Theorem 5.1. Hence we may assume that qj,
is not of Cartan type. We prove the statement case by case depending
on the type of qj,. At each step we will not consider the possibility
that qip, , has a diagram already analyzed: unless vertices 1 and 3 are
exchanged, q has already been considered.

sA3(q): The possible G’ are
Aa(=1), By(E), E€ G, Gy(€), £ € Gy, shi(r), sAy(r),
sB'(r), Bst(—1).

For Ay(—1) and sAL(r), q belongs to rows 9, 10, or 11, depending on 7.
If ¢ is either B4(€), € € G, or G5(€), € € G, then Criterion 1 for ay,

—1

as + ag gives the diagram 34 g : either this diagram is not in the
list (so GKdim®B4 = o0), or it is finite (which implies ¢ € G¢), or
parametric, in which case q € {¢,&2,£%}. Similarly for Bst(—1), since

' =<
o .

Criterion 1 for oy, as 4+ ag gives the diagram 3
For qp,, = sAi(r), Criterion 1 for a1, az + a3 gives the diagram

q q !

o 6. Assume that this diagram is in the list: either ¢,r € Gy if

the diagram is finite, or ¢ € {r,72,73}, or » = (. The cases q = r, 72,73

belong, respectively, to rows 4, 6, and 7. For r = (, the diagram of poq is

¢

(o)
Cq‘l/ \42
—1 q —1
O — O
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Looking at the subdiagram of 1 and 3, we have three possibilities: ¢ € G¢
if this diagram is finite, ¢ € Gg if it is parametric, or GKdim B, =
-1 —1

-
o

For qy, , = sBf(r), Criterion 1 for ay, as + as gives 3
Assume that this dlagram is in the list: either ¢,r € Gy if the dlagram
is finite, or ¢ € {—r~1, 772, —r7?}, or r = 742 The cases ¢ = r2, —r3

belong, respectively, to rows 5 and 7. For ¢ = 1 the subdlagram
-1 -1

of poq with vertices 1, 3 is S o , which either is not in the list,
or r € Gig, in which case ¢ € Gy4. For r = —(2, the subdiagram of paq

-1q7'¢? . . . . .
with vertices 1,31is o . g , which either is not in the list or ¢ € Gqs.

-

sAL(q): The possible G’ are

AQ(q)’ B2(Q)7 Bg( 7,2’ SB(Q)’ BStt(T)a q= Cv
SA?(Q)’ GQ(Q)v GE(T)’ q:T37 BSt(Q)'

)

~—

Q
I

The first, the second, the third, the sixth, and the seventh diagrams
appear, respectively, in rows 4, 6, 5, 8, and 7.
- . -1 ¢ ' —q¢* .
For sB(q), Criterion 1 for ay, as + ag gives o 1 & . If this
diagram is finite, then ¢ € Gy. If it is parametric, then either —¢=2 =1
or ¢-3 = 1. Similarly, for Bst(q), Criterion 1 for aj, as + ag gives
-1
g g, and again ¢ € Gy. For Bst!(r), ¢ = (, the

. -1
the diagram o

. . . R L . . .
subdiagram of poq with vertices 1, 3is o "ot : either it is not in

the list or r € G¢. Finally, for G4(r), ¢ = r3, Criterion 1 for ay, as + a3

. . -1 . . . . .
gives the diagram o 6 : this diagram is not parametric, so either

GKdim ‘B4 = oo or r € Gg.

sA1(q): The possible G’ # sAy(r), sAL(r) are

A>(=1), shi(r), sB(r), By(¢), £€G), Gy(§), & €Gg, Bst'(—1).

For Ay(—1), Criterion 1 for a + g, as gives the diagram 3 o
either ord ¢ € {3,4,6} or this diagram does not belong to the list.
For sA;(r), Criterion 1 for ay + as, ag and for a;, as + as give,

-1 .
respectively, the diagrams g o and o o : either q,r € Gy,
or gr = 1 (which appears in row 8), or ¢>r = 1 = ¢r? (so g=r € G}, and
q appears in row 15), or GKdim B4 = o0
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r=2 r

O

For sB(r), Criterion 1 for a;, as + a3 gives the diagram 3
either ¢,r € Gy, or ¢ = r? (which appears in row 5), or GKdim B4 = oco.
-1

For BL(€), £ € G, Criterion 1 for ay + g, as gives 3 5 , which
does not appear in the list. The same happens for G5(¢), £ € G}, and
Bst!(—1).

sB(q): There are five possible G’ # sAs(r), sAL(r), sA;(r). One is Ay (—1):
— -1 —

Criterion 1 for a3 + a9, ag gives the diagram 5 5 , SO either

ordg € {3,4,6} or this diagram does not belong to the list.

- . -t -1
For BL(¢), ¢ € G), Criterion 1 for oy + a, ag gives 6 & ,

which does not appear in the list. The same with G(¢), ¢ € Gf, and
Bst’(—1). Finally, for sB(r), Criterion 1 for a; + ag, ag and for a,

-1

-1 _2 — 1
. . . —q r q q
g + a3 give, respectively, the diagrams o o and o

either ¢,7 € Gy, or ¢*r = gr? = —1 (so ¢ = r € Gj;), or GKdim B4 = cc.

—r
(]

sB?(q): The possible G’ # shy(r), sAb(r) are

As(q), sB(qg), B2(q), BS(r), ¢ =17,
Go(q), Gh(r), ¢=r", Bst'(r), =, Bst(q).

Criterion 1 for a; + aw, a3 gives, respectively, the diagrams

—q q q —q q —q q 'S —r r T
@] (@] 5 (0] (@] 5 @] (@] 5 @] (@] 5
—1 —3 3 — _ 2 _ —1 —1

—q q q —r=3 =3y —¢* 1o —q q ¢
(@] (@] (@] (@] O (@] (@] (@]

do

d d
For each one of these diagrams d = © o we perform the following

tripartite analysis:

e If the diagram is finite, then ¢,r € Gy. Indeed, q € {r,r2, r3}
or ¢ € G4: in either case r € Gy, thus g € Gt too.

e If it is parametric, then we see that dy # —1 and therefore there
is m € I3 such that di*d2 = 1. This automatically implies that
q,7 € Gy.

e Otherwise, GKdim ‘B4 = oo.

Bst(q): The possible G’ # sAy(r), sA(r), sB(r), sB!(r) are

A2(C), Ba(Q), By(EC?), G3(€), € =¢, Bst'(r).
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Criterion 1 for oy 4 2aa, ag gives, respectively:

gt ¢ ¢ ¢t ¢ ¢ gt ¢ %
(@] O’ (] O7 (@] O’

¢t & ¢ ¢q ' p2
[e] (@] [e]

T
) o.

The first four diagrams are discarded with the same tripartite analysis
as above. For the last, we have that it is in the list if and only if either
Cglt =712 or gt =—1,0r (gt =&, r = —¢ for some £ € Gj.

—2 —1
Analogously, for a1, 2as + a3 gives 3 “ , which is in the list if

and only if either (r~! = ¢% or (r!' = —1, or (r~t =, r = —n for
some 7 € Gg. The combination of these possibilities gives ¢, r € Gs.

Bst!(q): The possible G’ # sA(r), sA5(r), sB(r), sB!(r) are

A>(q), Ba(q), Bh(r), g=r> Gag), Gh(r), =1, Bst(q).

On the one hand, for As(q), Ba(g), and Ga(q) we apply Criterion 1

for 21 + a9, a3 and obtain qu ke ‘

o for m = 1,2,3, respectively.
On the other hand, for B, (r) with ¢ = 2, G4(r) with ¢ = r® and Bst(q),
Criterion 1 for oy, as + ag gives, respectively:

¢ r72 7 ¢ r73 7 ¢ a7 ' ¢
o o s O O s 0] o .
Again, we apply the tripartite analysis.
This ends the proof. O

Lemma 6.5. Let q be a triangle such that qp, s finite and both qy, ,
and qj1,3y are parametric. Then q, = G(q) and qf13y = G'(r) for
some ¢,r € Gf or else GKdim B4 = oo.

Proof: We fix ¢ € G5. We deal with a triangle of the form

G(q)3=G(r)}
(o)

e

G(r)5=F1 Fo F3=G(¢)1
o) o

If G(q)1 = ¢ and G(r)5 = 7, then ¢,7 € G¢. If G(¢)1 = ¢ and G(r)} = r,
then ¢ € G and r € {—1,¢*!,q,¢%,¢>}, which implies that r € G¢. The
same holds if, conversely, G(¢);s = ¢ and G(r)5 = r.
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We are left with ¢=G(¢)3=G(r)} =r. Hence F1,F3€{—1,¢(* q,¢%, ¢*}.
We analyze this case by case. For this analysis we shall denote by dx.y
the yth diagram (counting from top to bottom and from left to right) in
the xth row of [14, Table 1].

(1) If either Fy = g or F3 = ¢, then ¢q € Gg.

(2) If F{ = F3, then by inspection we have that F, = 8 € G/, and
F; = F3 = 8% € G} (diagram d9.1). Hence the triangle is

q
[e]
q“/ {’1
B® B B®
O — O
Applying Criterion 1 to a3 4+ a2 and as we obtain the line

B ¢ gq
(@] o .

If this diagram is finite, then ¢ € Gy; if it is parametric, then it is B5(q)
for ¢ = 85 € G}, and thus q € G¢. Otherwise, it is not in the list.

3) Assume F; = q2, Fs = q3 , equivalently F2 =F3. By inspection of the
3 2
list, we see that q € Gg.

(4) When F; = ¢2 and F3 = (, we obtain the triangles:

q
(@]
q_2/ Yl
s Fa ¢
o—m——0
-8 B~ B3
(@] [e]

We have that either ¢> € G5 U G5, so ¢ € Gy, or F = ,
_ A/ _p3-3 g5
B € Gy (d10.1), or F = SN , B € G5 (d16.1). By renaming the
variables (picking the right ¢), we have two possible triangles, namely,

2 6 ¢! 2 : ¢!
- / - /
¢ \ , £ € Gl & N » £ € Ggy.
¢ & —£0=¢ ¢ £ —£109=¢
O —— © S———— ©
Applying Criterion 1 for a; and as + ag in both cases we obtain the
lines
2 —6 _¢6
58 teG, %
which are not in the list.

2 -8 4-20
SRS §o 756680,
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(5) Now we assume F; = ¢, F3 = —1, that is,

4
—2
q —m
/ & . om=1,2.
q*=F, Fa -1
(@] —_— 0

A new inspection gives either ¢ € Gy, F; = —32, Fo = 3, 3 € G} (d410.3)
or else F = 3, Fy = 873, B € G, (d15.1). Hence we have the following
possibilities:

& &
5‘2/ Yl , 5‘2/ YQ , € € G,
2 -8 1 €2 8 _1
O — O O — O
& &
5;;/ N TN EeC
52 —6 1 52 5—6 1
O — O

O —— O

For these triangles, we apply Criterion 1 for ay, as + a3 and obtain the
lines

2 _¢8 _ 2 _¢8 1
b3, 5 =76 ceqy,
2 _gl2 2 12 -1

go : Ola 50 £ ané.eGilOa

which are not in the list.

(6) In this case, F; = ¢*, F3 = (, so

g
-3
¢*=F, Fa ¢
(] —F 0

Then, by inspection, either ¢ € G or F is of types d10.1 or d16.1 as
above and we end up with the following triangles:

€ €
_3 o —1 ’ _3 o 671 ’
f/ \5 » § € Gyy, £ \ . € € Gy
&3 g6 _¢9 I = _¢1s
O ——— O O ——— O

Again, Criterion 1 for oy, as+ag gives lines which are not in the list,
namely,

3 _ 8 g9 3 _ 433 _ 415
S ceqy, S T5 | e,
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(7) We have F; = ¢3, F3 = —1. Then either ¢ € G or F is one of d9.3,
d10.3,d15.1,d17.1, or d17.2. This gives the following possibilities:

I3 3
_3 ° —1 / —3 © —1 ’
3 ‘ ,§€G363 5/ ‘ 356654a
53 9 _1 53 15 _1
O —— O O —— O
I3 3
¢ ° ¢t ! £s ° ¢! !
\ ) gEGGO’ \ ) £€G42a
¢ ¢° -1 & ¢° -1
(0] O —— O

(e]

€
© —1
TN ey
I I3 -1
O —— O

Criterion 1 for a; and oy + a3 produces the following lines:

3 g6 4 3 12 3 g8 4

% : o, 56(@/36’ 50 £ o, §€G/547 % £ o, 56G607
& - -1 € &

© o, 666212’ © o, geGilQ

None of these are in the list.

(8) In this final case, F; = ¢ = ¢3 and Fo = —1, which gives ¢ € G} C Gy.
Hence the lemma follows. O

Lemma 6.6. Let q be a triangle such that qyi, is parametric and both

dj,., {13y are finite. Then qup, = G(q) for some q € Gy or else
GKdim ‘B4 = oo.

/ ! /
F1 Fo Fs F1 Fp
Proof: Let F= o o,F =o

F
, S, be the diagrams associated
to qyr, , and qj{1,33. Then we have a triangle of the form

F3=F}
, o
Fy Fa

F1=G(q)1 G(q)2 G(q)s=F1
(] —_—m (@]
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We have that either ¢ € {F1,F|}, so g € Gy, or else G(q) is of type sA;(q).
Now, if we apply a reflection at vertex 2, we get a triangle:

—F3F2
o

-1
N
q gt -1
O— o
q GF2F, —F3Fy
o

If o is finite, then ¢ € G¢. If it is parametric, then we are
in the setting of the previous lemma, with two parametric diagrams and
one finite; hence the lemma follows. O

Lemma 6.7. Let q be a triangle such that all qy,, q,,, and q(1,3)
are parametric. Then either q belongs to the list, or q, = G(q), qr, , =
G'(r), and qjq1,3y = G"(s) for some q,7,5 € Gt or else GKdim B4 = co.

Proof: To start with, we can assume that not all vertices are Cartan by
Theorem 5.1. We shall analyze the possible triangles according to the
number of vertices labeled with —1, from 3 to 0.

Three vertices equal to —1. Our first case is a triangle

-1
[e]
y X
—1 s —1
O —— O

Note that ¢, r, s cannot be all simultaneously —1, as this would be an
example of affine Cartan type. We fix ¢ to be the root of 1 of maximal
order, hence ¢ # —1. The matrix p;q has diagram

q
‘1/ Y‘s
-1 s 1 s
O — O

We look at the edge &3 If this diagram is not connected (that is,

grs = 1), then it belongs to rows 9-11. If this is finite, then ¢, r, grs € Gy,
so q,7,s € G¢. Hence we can assume that this edge is parametric: we
subdivide into cases, namely when this is of Cartan type, or super type,
or other.
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e Cartan type.
Here qrs = ¢~ ¢ = s~
original triangle is thus

! for some £ € I3, so s = ¢°, r = ¢~ 2", The

-1
°© 20—1
N
-1 q* —1
O —— 8 M O
and p3q is

—1
o
_ 2041
q 1 \q
q q*é q72€71

o ———— [¢]

—£ —24—1
We look at the edge L T o U Ifitis finite, then ¢ € G¢ (hence
the same applies to r and s). If it is parametric, either ¢ € {¢,(?} or

q2tme=1 — 1 for some m € I3. In either case, g € Gy.

e Super type.

qrs

Assume that o 3 is of super type. Hence s = —1 since ord s <

ord ¢ by hypothesis, and ¢‘(—qr) = 1 for some £ € I, so r = —¢g~¢1.
Our original triangle becomes
-1
O
7 Y*‘H
-1 - -1
O —— O
and poq is
gttt
o
o
-1 -1 -1
o (]
B
The tripartite analysis on edge o o gives that either it is

finite, in which case ¢~ ¢, ¢ *~! € Gt (so ¢ € G¢), or it is parametric,
so there is m € Iy such that (—¢‘*1)™¢’ = 1 and again ¢ € Gy, or else
GKdim B4 = oo.
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e Other type.

-1 -1

In this last case edge 31 3 is one of the following: § o or

q ¢t
(]

S . In the first case ¢ = ¢ and r = (2. As for the second, we have
s =(, r=q %%, so the original triangle and pyq are

-1 qa 3¢
(o) [e)
7 ¢ ¢ and 7 X"‘g
-1 ¢ -1 ¢ ¢? -1
o —m8 O oOo———— 0O

' q?¢
(@]

We perform a tripartite analysis on the edge § . If this is
finite, then ¢ € Gy. If it is parametric, then either ¢=2¢? = —1, or
Cg P =1orelse g72¢%¢ ' =1, so ¢ € Gy.

Two vertices labeled with —1. Let t := @92 be the vertex such that
t # —1. Hence either t = (, g2; = —1 for some ¢ # 2, or 2 is a Cartan
vertex.

For the first case we may assume i = 3. Moreover, s € {—1,(,(?}
since the subdiagram with vertices 1 and 2 is parametric by hypothesis,
so s € G¢. The diagrams of q and p;q are, respectively,

1
O
y \1 and / as
-1 ) ¢ \ ~s¢
O — O

If ¢ = —s~!, then ¢ € G;. Otherwise —¢s # 1, and p1q is a triangle

containing the subdiagram 5 3 . If this subdiagram does not be-
long to the list, then GKdim B4 = co. Otherwise it is either parametric,
which says that ¢ € {—1,(,¢?} or ¢°(—¢s) = 1 for some c € I3, or else
finite; in either case ¢ € Gg.

Now assume that ¢ is a Cartan vertex: the diagram of q is

—1
(o)

7 Yb

1 i—a t

o ——8 O

for some a,b € I3. Criterion 1 for a; + a3, as gives the diagram D :=
q et
@)

&: if d is not in the list, then GKdim ‘B, = oo. If it is finite,
then ¢,t € G¢. If d is not connected, i.e., t*t? =1, then t € G¢ and piq
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. . —ttme . . . .
contains the diagram 3 o : a tripartite analysis ends this case.

Otherwise, d is parametric. We address different choices of a, b:

e a =3 or b= 3. We may fix a = 3: this forces qj, to be of Cartan
type Go with t € G§. We get a contradiction since t # —1,(, ¢ and
tm(—t7b) £ 1 form =1,2,3.

ea=0b=2 Ast# £1, either t? =1, gt =1, orelse t™ 4 =1
for some m € I5: clearly m = 2,3 is not allowed, so t € G% and
q € {-1,t*1}.

e {a,b} = {1,2}. As ordt > 4 (since we assume that both q and
d are connected), vertex 2 of d is of Cartan type: ™2 = 1 for
some m € I3. This forces m = 3, which implies as well ¢ = 3.
Hence q belongs to row 7 of the list.

e a =b=1. Ast = —1 by hypothesis, either t* =1, ¢¢t72 =1, or
else t™~2 =1 for some m = 1,2, 3: only m = 2 is allowed, which
forces ¢ = 2 or ¢ = —1. For ¢ = t> we have row 6 of the list, while
for t = —1, psq is a triangle with —1 in the three vertices and was
already considered.

One vertex labeled with —1. We fix g;; = —1 and start by distinguishing
three possible cases, namely

(a) qj5 = C S G‘/j'n Elej = _]-7 .7 = 273
(b) g;; = ¢ € Gf for a single j, say j = 2, q1; = —1, and ¢ = ¢33 #
—1,¢, so gisq13 = 1, m < 3.
(c) ¢52q12 =1 = ¢33q13, a,b < 3.
We analyze each case. For (a), we get the triangle

e
o
—1/ \‘
-1 -1 ¢
o ——39

for which Criterion 1 for a; + oo, ag gives s = ¢2.

As for (b), we have
q
—m o
q r
—1 /—1\ ¢
O —— O

r

S . If it is of Cartan type, then it follows
1. Returning to

and we focus on the line S
that ¢,r € G¢. If not, then we necessarily have r = ¢~

—1—m
Mg
o .

the triangle, we apply Criterion 1 for a; + a3, a3 and obtain 8¢
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This diagram is in the list if and only if it is disconnected (¢'*™ = 1),
finite (so ¢ € Gt), or parametric, which gives ¢?¢~1~™ = 1, for some
d < 3, s0 q € Gy.

For case (c), we consider two possibilities, namely

(cl) r=¢ € G5 and gs =1 (or, equivalently, ¢ = ¢, rs = 1).

(c2)

S

- q .
o o is of Cartan type, so we may assume r = ¢, s = ¢
m < 3.

T gy
For case (c1), Criterion 1 with a;+as3, ag generates the line s g ,
r=—-1-—5b,y=—1—a. If this diagram is either disconnected or finite,

then the case follows. If it is parametric, then we look at the possible

o -3

values of a. If a = 3, then ¢ € Gj ( o1 ¢ , @3 = —1) is of type G5(q).
e G A S S A -

If a = 2, then the line ¢ 6= 3 o is again G4(¢) and thus

¢> = =17 gives ordq < 30. If a = 1, the reflection p; generates a

triangle with at least two vertices with parameter —1 or a line, cases
already analyzed.
In case (c2), we consider the triangle

q’VYL

o
qum/ xm
-1 q q
O — 0

We analyze the possible values of (a,b). If @ = b = 1, then once again p;
leads to a triangle with at least two vertices with parameter —1 or to a
line. As above, if a = 3, then ord g = 6 (type G4(q)). Similarly, if b = 3,
then ord ¢"* = 6 and then ¢ € G¢. Finally, assume a = b = 2, that is,

qm

o
q*%"/ Yﬂl
-1 q? q
O — O

_1g—2m—2
In this last case, Criterion 1 for oy, as + a3 gives o & . If this is
either disconnected or finite, the case follows. If it is parametric, then
either ¢®> = 1 or there is d € I3 such that ¢?¢=>™~2 = 1. In either case,
q € Gg.
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No vertices with label —1.
We fix, without loss of generality, g11 = ¢, ¢ = 22 ¢ G% with q12¢ = 1,
so our triangle is of the form

S

[e)
¢ q ! q
O —— O

Again, we study some subcases, according to (a) st =1, (b) s*t =1, or
(c) 83t = 1.
In cases (b) or (c) we also have t¢ = 1, so s € Gy as above. Hence,

S T
o

$ is of Cartan type with ¢,r € Gy.

For case (a), we look at edge & . We have either (al) s* =1
and gr = 1 or (a2) s ¢ G4 so s = ¢™ = r~! for some m € I3. In

T

-2

(al), Criterion 1 for a; + ag, as gives S 3 , s0 ordg < 6. In (a2),

—1-m
Criterion 1 for oy + asg, as gives g ¢ and therefore q € Gg.

This ends all possible triangles in the lemma. O

6.2. GAP lemmas. In this section we use GAP to work with all possible
lines and triangles made up by gluing together diagrams of rank 2, ei-
ther finite or parametric, these last ones evaluated at roots in Gy. We
consider the criteria developed in Section 4 to rule out each such di-
agram, and we also discard those already belonging to the list. This
process is carried out with the help of the GAP software package, in two
lemmas, one dealing with lines and the other one dealing with trian-
gles. In each proof, we cite the code files used (lines/triangles.g)
and the log files obtained (lines/triangles.log). In turn, these code
files rely on definitions stated in basic.g. All of these files are stored in
https://www.famaf.unc.edu.ar/"aigarcia/logfiles_archivos/rank3.zip.

Lemma 6.8. Assume that d is a line obtained by pasting two diagrams,
either finite or parametric, evaluated at a root in G¢. Then GKdim B4 =
oo or d belongs to the list.

Proof: We check with GAP all possible combinations. See lines. (gllog).
After applying all the criteria, we have the following seven diagrams left:

e S S 1 =¢ ¢ =¢ =t a1 ¢ ¢ =¢ ¢
o o o, o O—— o, [¢] [©] o,
G ¢ a1 a1 ¢ ¢ 1 =¢ ¢ ¢ -¢ - & ¢
[©] ¢] [¢] [¢] [©] [0} [¢] o ]
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for ¢ € Gf, € € G),5. Now, the last one, involving £ € G/, is standard
with affine matrix Aff); the same is true for the sixth diagram. The first
is standard with indefinite Cartan matrix. The second and third are of
affine type D:(f). We recall the diagrams q(), n € I5, from Example 2.2:
the fourth diagram above is q(® up to ¢ < ¢2 and the fifth is ¥ up
to permutation; hence Lemma 3.4 applies. Thus the Nichols algebras of
these seven diagrams have infinite GKdim. O

Lemma 6.9. Assume that d is a triangle obtained by pasting three di-
agrams, either finite or parametric, evaluated at a root in Gg¢. Then
GKdim B4 = oo or d belongs to the list.

Proof: Again, we check with GAP all possible combinations of these three
diagrams, either finite or parametric, evaluated at a root in G¢; we also
discard those triangles than can be reflected to a line, as we have already
dealt with that case in the previous lemma. See triangles. (gl|log),
where we leave out the case of three edges of type sA;(q), analyzed
below.

After applying all the criteria, we have the following five diagrams
left:

-1 742 *C2
o] 0] )
27 NS NS 2 N
—1 -1 —1 — — — 2 — _
o —  © 017101 047401

—&4 &a

o o)
SN N
—&4 &4 -1 &4 —&4 -1
c —— o Oo——  ©

On the one hand, notice that triangles 4 and 5 are actually equivalent, by
changing the root £ <+ —¢ in Gj. Also, To3p2 of triangle 1 gives triangle 3,
with ¢ <+ ¢2. Similarly, p; of the second triangle gives the first triangle,
again with ¢ <+ ¢2. Hence we need to deal with matrices q and g’ with
diagrams 1 and 4, respectively. The corresponding basic data are

3 1,2 2
[ ] [ ] [ ) [ ] [ )

°
ps(aq) a p1(aq) q’ p2(a’) T13(a’)

3
°
T23(q’)

Both are standard with Cartan matrix Agl), and Proposition 2.4 applies.
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Let us now focus on merging sA;(q), sA1(r), sA1(s). That is,

-1
]
/ X . qrsek\ {£1}.
—1 q —1
o — O

Notice that when grs = 1, then it is of finite type (and it can be reflected
to a line, which is true also when ¢r = 1, gs = 1 or rs = 1). In any
case, a reflection at any vertex returns a triangle of a different type or

forces ¢, r, or s to be —1, a contradiction. O
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