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1 Introduction

Semileptonic tau decays are well-known to be a clean laboratory for studying QCD hadro-
nisation at energies below ~ 1.8 GeV [1, 2], where the light-flavoured resonances play a
key role. All non-perturbative information of the one-meson tau decays is encoded in the
corresponding P decay constants, that are best determined in lattice QCD [3]. Two-meson
tau decays are specified in terms of two form factors, whose knowledge has improved over
the years thanks to the use of dispersion relations [4-16], and nourished with high quality
measurements [17-24]. A similar good understanding of hadronization has not yet been
achieved in three-meson tau decays [8, 25-33] or higher-multiplicity modes, preventing for
the moment their use in searches for new physics.

On the contrary, one- and two-meson tau decays have enabled significant and promising
new physics tests in recent years [34-46]. At the precision attained, radiative corrections
for these decay modes become necessary, which motivated their improved evaluation for the
T~ — P~ v, case [43, 44, 47-49]. For the di-pion tau decays, the need for these corrections
first stemmed from their use in the dispersive integral rendering the leading order hadronic
vacuum polarization contribution to the muon g — 2 [50-52], which was again the target
of our recent analysis [53] (see also Refs. [54, 55]). Ref. [11] put forward that, assuming



lepton universality, semileptonic kaon decay measurements could be used to predict the
corresponding (crossing-symmetric) tau decays yielding a V,,s determination closer to uni-
tarity than with the tau decay branching ratios. In that work, the model-independent
radiative corrections were taken into account and the structure-dependent ones were esti-
mated (see also Ref. [56]), resulting in a relative large (conservative) uncertainty. Including
these model-dependent effects is one of our main motivations. Instead of relying on lep-
ton universality and checking CKM unitarity [11], one can in principle test the latter,
comparing the crossed channels, or directly bind new physics non-standard interactions
from 7= — (Km) v, decays [38]. For completeness, we also include the radiative cor-
rections to the di-kaon tau decays and recall our reference results for the di-pion mode
[53]. As noted in Ref. [46], see Fig. 1 for instance, bounds on non-standard interactions
from hadronic tau decays are competitive and complementary to those coming from LHC
searches and electroweak precision observables. As a relevant example, the precise compar-

ison of 7 — 779

v-(y) to eTe™ — w7 (y) data, which requires the radiative corrections
computed in this work (see also Ref. [53]), are able to reduce the allowed new physics area
(in the relevant Wilson coefficients plane) by a factor ~ 3 [46]. Real radiation was com-
puted for the 7= — 77~ v, decay channels in Ref. [57], showing that it can compete with
the non-photon decays, as G-parity and electromagnetic suppressions compete. Finally, we
also estimate the corresponding results for the K—n) channels.

The structure of the paper is as follows. In section 2, we recall the model-independent
description of the 7= — P, Pv,~ decays and give the leading model-dependent corrections
for the K7, KK and 77 cases, where only the latter are known (see e.g. refs. [51, 53]).
Branching ratios and spectra for the radiative decays are analyzed in section 3, and the
corresponding radiative correction factors are computed in section 4. Finally, we conclude
in section 5. Appendices cover K3 decays (A), virtual corrections to di-meson tau de-
cays (B), the non-radiative decays (C), and the kinematics of these three- and four-body
processes (D).

2 The 7= — P P)v,~ decays

The most general structure for these decays (7(P) — P; (p—)PY(po)v,(q)y(k) is our mo-
menta convention) is given by

GGFVJd * Hu(P—aPO) —

= V(1 —~° _ By ( P
(VI — AM)i(g)y, (1 = 7°)u(P)]
where the hadronic matrix element can be written as
A_
HY(p_,po) = CvFy(t)Q" + CSTOQVFO(t) ; (2.2)

witht = ¢, Q¥ = (p_ —po)”—%q”, ¢ = (p—+po)”, and Ay; = m?—m3. One recovers the
usual definition of HY._[38] by replacing p— — pr, po — pr and A_g — A, for K70,
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Figure 1. Feynman diagrams contributing to the term proportional to the metric tensor g# in
Egs. (2.3) and (2.4).

and p_ — pr, po = Pr, Cv,s =+ —Cy,s and A_g — —Ag, for K%~ (we comment on
the identifications for the P, = P, channels below Fig. (1)). In all cases, gauge invariance
implies k,V* = H"(p_,po) and k, A" = 0.

The structure-independent term is given by

v H"(px +k,px)(2pi + K Agr v
Vi’ = (K%,Z,K)j Pxt B H{-OVRL(®) - SET (CsRu(Y) - CVEL()] ) o
L) = Fo(t) o | Dkx / /
T T QY 21CeFy(t) — Oy FL(t
Cgt

TE ok + o) [Fo(t') — Fo(t)]}Q“qV ,

where 057”0 = C’é(iﬂo =1/v2 for 7~ — K~ 7,7, and

v HV<pK7p7r + k)(2p7r + k)'u AKTr v
G 2k - pr + k2 - {CvF+(t') - [CsFy(t') — Cy F ()] } g"
Fy(t') — FL(¢) Axr ' '
—Cy——F—"—=Q"¢" + 2|CsFy(t) — CyFy(t 2.4
Vk-(pK+p7r)Qq s 12 [Csko(t) = OvEL ()] (2.4)
Cst’ , }
_ U R - Fo(D)] b gt
k-(pK+pﬁ)[0() 0()] aq
with C{?OW* = 50”7 =1 for 77 = K% v,7, and ¢’ = (P — ¢)2. The main difference

between these two expressions comes from the sign in the term proportional to g, which at
leading order (LO) in Chiral Perturbation Theory (ChPT) is contributed by the diagrams
in Fig. 1.

Conversely, V{[” for the other tau decay modes can be obtained from Eq. (2.3) by
substituting px — p—, pr — po and Ag, — A_g. In particular, we are interested in the
7~ — K~ K%/~ decays where C‘I/CKO = C§7K0 =11

!We comment briefly on the P = 7 case at the end of Sec. 2.1, see Ref. [53].



The structure-dependent part is given by

V&S =vi(k - p_g"” — k"p") + va(k - pog"” — k¥ phy) 03
+v3(k - pop” — k- p—ph)p” + va(k - pop” — k- p_p})(p— + po + k)¥

and

A;w :ialfuupa (pO - p—)p k% + 1as (P - Q)y eupUTkpp‘ipz)— (2 6)
+ iageu,,p(,kp(P — q)a + Z'a4(p0 + k)yeHApUk)‘pp,pg y

where p_ and pg refer to the momentum of the charged and neutral meson, respectively.

From the last expressions, it is easy to show that the Low’s theorem [58] is manifestly
satisfied,

yor = P2 g )+{cpwo + 220 10y — cpwwg LT
“kop P—;Po Vit / skto(t vy kop_ g
2A
2 S [CsFo(t) — CyFi(t) (k pop’i —po> (p— +po)” (2.7)
k- po no M) { dF+ ) A_p VdFo(t)]

+2 (k L =w | | Oy — = Q"+ Cs——d"——| + Ok) ,

and the amplitude reads
GG Vu S * — v
M ==EENEEW o (1) H (p-, po)i(g)y” (1 — 7°)u(P)

V2

H P
x< L 12>+0w%,
kopo+iM2 k-P— 12

where Sgw encodes the short-distance electroweak corrections [59-66] and V,,p (D =d, s)

(2.8)

is the corresponding CKM matrix element.

In this limit, one gets

(M[* =262G% [Vup|* Sew {C3 IR DE (1, )+CszRe[F+()FS(t)]DfSPO(M)

p_-e P

+C3 P ()P DY P (tu)} Y- Pl op),
p_ kP k:
7 pols.
(2.9)
where
PPV m3
Dy (t,u):2(m —t) +2m2m?% — 2u(m? — t + m + m?) 4 2u?

(2.10)

A_p A2, 9

—i——m Ru+t—m 2m0)+—7(mT—t) ,



- A? m? t
DE P (tu) = 2207 (1) , (2.11)
2t2 m2

_ Ap_m?
D (1) = S0 |

A
2u+t—m3—2mg+to(m3—t)} , (2.12)

with u = (P — p_)2. In this way, besides the Low theorem, the Burnet-Kroll one [67] is
also explicitly manifest.

Thus, after an integration over neutrino and photon 4-momenta, the differential decay
width in this approximation reads

ar®|  G%|Vup|*Sew
- 3m3
dt du PPy 128mom2

{CEIR(0)2 D§ " (1, u) + CvCsRe [FL (1) Fo(t)] DLy ™" (t,u)

— p0
+C3 P (O DY (8, u) } graa(tu, M)

(2.13)
where (see Refs. [50, 51])
Grad (t, U, My) = gorems(t, u, M) + Grest (t, ) , (2.14)
with
Gbrems (t, 1, M) = % (i1 (t,u, M) + Joo(t,u, M) + Joo(t,u, M) (2.15a)
Grest (£, 1) = % (K11 (t,u) + Koo(t, u) + Koa(t,u)) (2.15b)

The expressions for J;;(t,u, M) and K;;(t,u), which correspond to an integration over
D and DV/M yespectively, can be found in Refs. [11, 51, 53] and in App. D.

Integrating upon the w variable in Eq. (2.13), one gets

dr’ G%Sew|Vup*m2 | 1 t\2 1 .
dt 38473t 212 (1 - m%) A2 (t,m2  mg)
« [ca P (1)) (1 + Ti’;) Mt 2, m2)5. () + 3C2AZ | Fo(8)2 (1) (2.16)
+C5Cy 3 (t)}
with
ut(t) Hp=po
< fu*(t) Dy (t,u) gorems(t, u, My)du
So(t) = : (2.17)
ut(t) Hp-po
Ju-) DET (&, u) du
7 fﬁé? DE P2 (t,11) Ghrems(, U, M,)du
0+(0) = , (2.18)

f;tj(%) DY P (t,u) du
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Figure 2. Vector and axial-vector meson exchange diagrams contributing to the 7= — P, Pdv,~y
decays at O (p4). VO stands for the p°, w and ¢ resonances, V~ = K*~ for the K7 modes and
V= =p~ for the K~ K° one, and A~ = K| in K"K° and K~7°, and A~ = aj in 7~ K°.

_ 37 [t
d40(t) = /(t)

=5 DY T (¢, u) Gorems(t, u, My)Re [F7 () Fo(t)] du (2.19)
T
The remaining contribution, dI'/dt|, it which corresponds to the integration over

Dy With grest(t,u) instead of gprems(t,u, M), is almost negligible and only becomes
relevant near the threshold. In Ref. [68], the subleading contributions in the Low’s ap-
proximation were studied, showing that they are not negligible and need to be taken into
account to get a reliable estimation.

2.1 Vector contributions

Including those Lagrangian terms that, upon resonance integration, contribute to the ChPT
O(p*) low-energy constants (LECs) 2, we have found the following contributions to the
vector form factors v; in Eq. (2.5), which are depicted in Fig. 2:

Fy Gy 1M2  2M? [ 1 . ]
=1+ =L+ L | |1+ = (- Aks) Dgi(t
o \/§f2Mg{<+3M3 3 M2 5 (= Axn) Dy (1)

+2MED () + M2 (t = Arer) Dyt (DDA (E) }

F2 [ 1( 1 M2 2M2> - -
(1 22 Sl ) (1Y DR () — M2EDRE ()
2 2 K p MK
2v2f2M2 | 2 3M2  3M; ( )

F3 s 1 1\ )
T VRPME, (112, ~ 5%ce + 5t) DRon + 471, (2.20a)
FyGy L( 1M2 aMP) o
=z (E+A —— 1+ 2L+ 22\ D) — M2DZ ()DL (¢

2We will simply write (’)(p4) in the following to express that, although it is clear that for ChPT with
resonances the chiral expansion is not applicable.



F‘% 1 ]‘MP2 2MP2 I =1 /4 2my—1 /4y
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+ ME, —m¥ —k-pr) Ditl(px + k)%, (2.20b)
ﬁf?Mf%l( e ) D5
U3 = I Dy, [(px + k)?] (2.20c)
2 K ) .
ﬁfQMKl 1
2Fy Gy 1 1 F? 1M2 2M2\ |
=— Dt (t) DA (¢t 1+-—L 4+ 22Dy, (2.20d
U4 V22 k- () Dy (1) 2\/§f2M3 +3M3+3M£ () ( )
for K70,
FvGy 2+2M2D*1(t’)+1 1+1M’%+2 , (t + Agr) DL (1)
v = — . — R A — A - 1
YT M prK 2\" " 3MZ 3 M 7K
+(t+ Agn) MED () D3 ()]
F‘Q/ 2—1/y 1 1Mp2 QM;% I ~—1 /47 1 1M3 2Mp2
F3 1 1 _
— o (M2 = 38+ 3t) De + 7] 221a)
al
FyGy 9 1 o 1 LMZ 2 MZ\
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1M 2M,§}
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Fp 2 =1y L 1M 2M; _ 1 1M? 2 M?
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ZfQMg[ D) =5\ Mgz Taaz ) P\ 3 g Y
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20 Gy 4 1 FZ 1 M2 2M2\
= Dt (t) DA (¢ 1+-"L 4+ L) Dt 2.21d
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Gy 1Mﬂ2 2MP2 -1 2 —1/y
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F2 1 M2 2 M?
v [—p — L+t DNt) - MgDpl(t’)]

2f2M2 | 3MZ 3 M;
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~ gz (Mo 5B+ 5t) Do+ (2222)
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2f2Mp2[ 3M2  3M: D, (1) = M, Dy (1)
Fle 2 2 —1 2
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M p
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K
2FvGy _ F2
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12 P

for K~ K°, where ©_g = m% +m? and D' () = M3 — 2 — iMT g(x). Off-shell resonance
widths are given in terms of the leading pseudo-Goldstone boson cuts [26, 27, 69].

It is straightforward to show that, except for a Clebsch-Gordan coefficient (CGC)
factor, one recovers the expressions found in Refs. [51, 53] for the vector form factors of
the 7= — 7~ 7%, decays, in the isospin-symmetry limit.

All the former resonance contributions are given in terms of three couplings: Fy,
responsible for instance of the coupling of the vector resonance to the vector current; F4
for the couplings of the axial resonance; and Gy which yields, among others, vertices
between the vector resonance and a couple of pseudo-Goldstone bosons (see e.g. Ref. [70]
for more details).

2.2 Axial contributions

The Feynman diagrams that contribute to these decays are depicted in Figs. 3-5. At O(p?),
the axial form factors a; in Eq. (2.6), which receive contributions from the Wess-Zumino-
Witten functional [71, 72|, are given by

N, N, N, (2.23)
ap = ) a2 = — ) az = — ) .
12272 f2 6212 f2(t' — m?2) 24,/272 f2
for K7V,
Ne
=———— 2.24
a3 242 f2 7 (2.24)
for KO7—, and
Ne
=_-° 2.25
9“7 anzpz (2.25)
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Figure 5. Axial contributions to the 7= — K~ K v, v decays at O (p4).

for K~ K°, where N, = 3 is the number of colors and f is the pion decay constant in the
chiral limit, f ~ 90 MeV.

In Fig. 5, only one diagram contributes to the 7= — K~ K%, v decays in a similar way
to the 7= — K97~ v, decays. This is because the K~ — K7~ (or 7= — K~ K%) ver-
tex is absent in the WZW Lagrangian®. We reproduce the known anomalous contributions
[51, 53] for the 7= — 7~ 7w, case. We neglect resonance contributions in the anomalous
sector, which start at O(p®) in the chiral power counting [74].

3 Radiative hadronic tau decays

The differential rate for the 7= — P; PYv,v decays in the 7 rest frame is given by

@n)*

dl' =
am,

> [MPddy (3.1)

spin

3This feature was already studied for the K 3 decays in Ref. [73], where the non-local kaon pole term is
only present in AIU for KT — 7%t vy decays.



where d®, is the corresponding 4-body phase space, given by

d3p_ d3po d3q A3k

b, = (4) P—p_ — —q—
d®y = 5 (P —p-—po—q "")(27r)32E_ (27)32E, (27)32E, (27)32E, '

(3.2)

and |M|? is the unpolarized spin-averaged squared amplitude. Inasmuch as this amplitude
is not IR finite, we follow the same procedure as in Refs. [51, 53] where a photon energy
cut, Egut, was introduced to study the dynamics of the 7= — 7~ 70,7 decays.

In this analysis, we call “complete bremsstrahlung” or simply “SI” the amplitude with
V1,234 = a1234 = 0. For the O(p*) contributions, as in Ref. [53], we distinguish between
using the set of short-distance constraints Fy, = 2F, Gy = F/v/2 [75] and F4 = F;
or Fy = 3F, Gy = F/\/3 and Fy = /2F [74, 76-78]. The former corresponds to the
constraints from 2-point Green functions and the second to the values consistent up to
3-point Green functions which include operators that contribute at O(p%) (that we are not
including in this work). The difference between both sets of constraints has been employed
to estimate roughly the model-dependent error of this approach [43, 44, 49, 53, 79]. In all
our subsequent analyses, the O(p?) results include the SI part and the structure dependent
part (either with the Fyy = v/2F or with the F}, = \/3F set of constraints).

Integrating Eq. (3.1) using the dispersive vector and scalar form factors [6, 7, 9, 13,
14, 80-82], we get the P, PY invariant mass distribution, the photon energy distribution
and the branching fraction as a function of E§Ut. The outcomes are depicted in Figs. 6, 7,
8 and 9, and summarized in Tables 1, 2 and 3.

The branching fractions of the radiative decays as a function of Eg““ are shown in Fig. 6.
In Tables 1 and 2, we can see that for EEY‘“ < 100 MeV the main contribution at O(p*) comes
from the complete bremsstrahlung (SI) amplitude in agreement with the results in Refs. [51,
53, 55] for the 7= — 7~ 7’v,y decays. On the other hand, the Low’s approximation
is not sufficient to describe these decays for energies above 100 MeV. Contrary to the
7~ — (Km)"v, transitions, where the K~ 7% and 7~ K decay modes differ only by a
squared CGC factor, the radiative decays are more subtle. At low energies these two modes
are approximately related by Br(t — K%r~v,.v)/Br(t~ — K~ 1%,7) ~ 2(mg/my) ~ T,
which explains their hierarchy (particularly, the relative size of the structure dependent
—which basically scale according to the CGCs of the two decay channels— and the 1B
contributions), as seen in the following phenomenological analysis. Conversely, the 7= —
K~ K%~ decays are more susceptible to SD contributions (see Table 3).

In Fig. 7, the decay spectrum is depicted with v; = a; = 0 for different E,CYut values.
For the 7= — (K7) v,y decays, the first peak is due to bremsstrahlung off the charged
meson i.e. K~ or w~, and the second one receives contributions from bremsstrahlung off
the 7 lepton and resonance exchange.

In Fig. 8, we compare the distributions for EEY‘lt = 300 MeV using the Low’s approx-
imation (red dashed line), the SI amplitude (dotted line), and the O(p*) amplitude with
Fy = V/2F (dashed line) and Fyy = v/3F (solid line). The most important contribu-
tion for the (Km)~ decay channels comes from the K*(892) resonance exchange around
s~ 0.79 GeV2. Tt is worth noting that for the 7= — K97~ 1.~ decays there is a huge sup-

~10 -
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Figure 6. Branching ratio for the 7= — K~ 79,7 (top), the 7= — K%t~ v,y (center) and
the 7= — K~ K%.,v (bottom) decays as a function of E;“t. The dotted line represents the

bremsstrahlung contribution, the solid line and dashed line represent the O (p4) corrections us-
ing Fy = /3F and Fyy = /2F, respectively. The red one corresponds to the Low approximation.

- 11 -



10717

100 MeV

300 MeV
© 600 MeV
700 MeV
© 10720F E
e
2
=l

[
10723

. -

0.5 1.0 1.5 2.0 2.5
t [GeV?]
T T T T T
100 MeV
300 MeV
10717 1
© 600 MeV
Seell. T~ 700 MeV
> . 3
© 10%¢
ke B
=] A .\' .:
"\ ‘.'
. 2
10723 ' H H
H H
f H
0.5 1.0 1.5 2.0 2.5
t[GeV?]
1018 100MeV |
----- 300 MeV
-------- 600 MeV
10—207 -
[
5]
O
.§ 10721, '\ -
% v
H
'
i 1
: 1
2 .
Ll ® ' i
10724 :
z '
: :
10726 \E L 1 :
1.0 1.5 2.0 2.5
t[GeV?]
Figure 7. The K—7° (top), K7~
distributions for several Eﬁ“t values.

(center) and K~ K° (bottom) SI hadronic invariant mass

- 12 —



ES | Br(Low) | BR(SI) [ BR(Fv =+v2F) [0 (p*)] | BR(Fy = V3F) [0 (Y] |
100MeV | 34 x10°°% [ 3.0 x 1076 3.5x10°° 38 x 1076
300MeV | 6.2 x 1077 | 3.4 x 1077 6.3 x 1077 9.4 x10~7
500MeV | 7.4 x 1078 | 3.5 x 1078 1.5 x 1077 3.3x 1077

Table 1. Branching ratios Br(t~ — K~ 7%,~) for different values of Ef/“t. The third column
corresponds to the complete bremsstrahlung, and the fourth and fifth to the O (p4) contributions.

ES | Br(Low) | BR(SI) [ BR(Fv =+v2F) [0 (p*)] | BR(Fy = V3F) [0 (p")] |

100MeV | 2.6 x 107° | 1.4 x 10~° 1.6 x 10~° 1.6 x 107°
300MeV | 6.2x 1076 | 1.1 x10°6 1.7 x 106 1.9 x 10~
500MeV | 1.0 x 1076 | 7.1 x 10~8 2.0x 1077 2.4 %1077

Table 2. Branching ratios Br(r~ — K°r~v,v) for different values of E,CY‘“. The third column
corresponds to the complete bremsstrahlung, and the fourth and fifth to the O (p4) contributions.

ES | BR(Low) | BR(SI) | BR(Fy =V2F) [0 (»")] | BR(Fv = V3F) [0 (p?)] |
100MeV | 53 x 1077 [ 3.7 x 1077 6.8 x 107 9.4x 1077
300MeV | 48x107% | 1.9x 1078 1.7 x 1077 3.1x 1077
500MeV | 3.7 x 10719 | 3.0 x 10710 1.1 x 10~8 2.9 x 1078

Table 3. Branching ratios Br(r~ — K~ K°v.v) for different values of ES$". The third column
corresponds to the complete bremsstrahlung, and the fourth and fifth to the O (p4) contributions.

pression around the K*(892) peak, when the full distribution is compared to the Low one.
The K~ K invariant mass distribution is more sensitive to SD contributions, although
the p(1450) effect is hidden in the spectrum because of the corresponding kinematical
suppression.

The photon energy distribution is shown in Fig. 9. The SI amplitude in all these
decays governs the distribution for £, < 100 MeV, in agreement with the outcomes for
the branching ratio. However, the SD contributions become relevant for £, 2 250MeV.

The above
phenomenological analysis, for the 7= — 7~ 7%, decays, can be found in Ref. [53], for

This feature makes these decays an excellent probe for testing SD effects.

instance.

4 Radiative Corrections

The overall differential decay width is given by

dr
dt

@
pp di

LT
mdt

dar

v dt

PP(y) dt

, (4.1)

rest

where the first term is the non-radiative differential width in Eq. (C.5), the second and
third terms correspond to the Low approximation integrated according to the kinematics
in Refs. [51, 53], Eq. (2.16), and the last term includes the remaining contributions.
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To evaluate the first term in Eq. (4.1) we use two models for the factorization of the
radiative corrections to the form factors (FFs). In model 1, we factorize the corrections to
the form factor [51] as

Fyjot,u) = Fypo(t) [L+6F ot u)] | (4.2)

while in model 2, they are written as [11]

Fy(t,u) = Fy(t) {1 +Ir [2(7712 +m2 —u)C(u, M) + 2log (mj\_j;%)
2

} +0f 1 (u)(4.3)

Fo(t,u) = Fy(t,u) + AL_Oa Fo(u) (4.4)

where 0 f, (u) and §f_(u) are defined in Appx. B. A similar factorization prescription was
used in Ref. [83] where model 2 was preferred over model 1 for the K3 decays since the
loop contributions to f;,_(u) are different *. We will see here that model 1 factorization
warrants smoother corrections than model 2 when resonance contributions are included, as
resonance enhancements will cancel in the long-distance radiative correction factor G (t)
in Eq. (4.5), as opposed to model 2. This motivates our preference of model 1 over model
2 in our following phenomenological analysis.

The correction factors gA(t) and 64(t), where A = +,0,+0, are both IR divergent
when M, — 0, nevertheless, the overall contribution, §4(t) = d4(t) + 64(t), is finite. In
Fig. 10, we can see the predictions for 64 (t) for the K~ 7% K%~ and K~ K° decay modes
using the FFs in model 1 and 2. Whilst our results for §;(¢) in model 2 agree with those
in Ref. [11] in Figure 2, the predictions for do(t) are slightly different as a consequence of
the parameterization of the scalar form factor °.

The differential decay width can be written as

dr
dt

G%WuDFJr(O)‘QSEng t\? 1/2 2 2
- 7687313 <1 - m2> N2t m?  m)
PP(y)

T

(4.5)

_ 2 _
< [CHEL P (14 25 ) At md) + 3C3A% | Fo(0)] Gona)

2
where GEwm(t) encodes the electromagnetic corrections due to real and virtual photons.
For simplicity, we have splitted Ggp(t) in two parts: the leading Low approximation plus
non-radiative contributions, Gg)lz/[(t), and the remainder, dGgy(t), which includes the SD
contributions to the amplitude. The predictions for both are shown in Fig. 11.

4Both prescriptions were studied for the K.3 decays in Ref. [68], their outcomes for di(Ds)(%) are
shifted from 0.41 to 0.56 for K% and from -0.564 to -0.410 for Kf?) modes where the former numbers
correspond to model 2.

This effect is mainly responsible for the slight difference between our results for model 2 in Table 10
and those in Ref. [11].
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Integrating upon ¢, we get

G SEwmi - 2
Crpi) = ggms— VanFe(0) Thp (1+65)" (46)

where

T 1 m72_ dt t 2 1/2 2 2
IPP:W_A t3<1_> )\/ (t,mf,mo)

2
thr mT (47)
_ ot _
« 217, 0P (1 + mQ> At m?, m3) + 30§A20]F0(t)|2] |

The results for 5]151\12 are shown in Table 4, where the second and third columns cor-
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dgm | Ref. [11] [ Model 1 | Model 2 | D'V/II SI 2F 3F

K—7% | —0.20(20) [ —0.019 | —0.137 [ +1.3-10~% [ —0.001 | +0.006 | +0.010
KO~ | —0.15(20) | —0.086 | —0.208 | +1.5-107° | —0.098 | —0.085 | —0.080
K- K° — —0.046 | —0.223 | 49.5-107° | —0.012 | 4+0.003 | 4+0.016
70 — —0.196 | —0.363 | +9.4-107° | —0.010 | —0.002 | 4+0.010

Table 4. Electromagnetic corrections to hadronic 7 decays in %.

respond to the first and second terms in Eq. (4.1), the fourth column to the third term
and the last three columns to the fourth term in that equation. The value in model 1 for
the K7~ channel agrees with the result in Ref. [56], which is related to our definition
by dpm = 0k /2 ~ —0.063%. Although our outcomes for the (Km)~ modes agree within
errors with those in Refs. [11, 56], the value in model 2 (and also model 1) for the K7
decay channel is larger than the K7~ one, which is at odds with Ref. [11]°.

The complete radiative corrections (that we always quote in %) are obtained adding
to the model 1/2 results, the (negligible) DY/ part and the 2F/3F contributions (which
include the SI part). We explained before why we preferred the model 1 over the model
2 results. We will take the difference with respect to model 2 as an asymmetric error on
the model 1 results. For the structure-dependent contributions, we consider the 3F' results
as our central values and the difference with respect to 2F as a symmetric error for our
model-dependence. To be on the safe side, we will take twice this error as our corresponding
uncertainty. Proceeding this way, our main results are

5K = — (0.009559%8) 65 = — (016670318 |
. . (4.8)
ORI = —(0.030255%) . o™ ™ =~ (0.186513)) .

We see that the model-independent contributions are responsible for the relatively
large radiative corrections obtained for the (K /m)°7~ modes. The dominant (asymmet-
ric) uncertainty comes from the difference between the model 1/2 results, which is much
larger than the deviation between the model-dependent 2F/3F' values. Our results for the
§Km /K% agree with those in Ref. [11], and we reduce the uncertainty band by ~ 45%.
We note that the estimate of the errors in this reference yields also an uncertainty band
in agreement with ours for 6% TKO/m a0 (our errors are smaller by a factor ~ 2 again).
Although our 65 and 65°™ seem to differ (the main reason being the scaling of the
inner bremsstrahlung contribution with the inverse of the charged meson mass), the corre-
sponding significance of their non-equality is only ~ 0.70, according to our uncertainties.
We understand that the radiative corrections in Eq. (4.8) constitute the state-of-the-art
results and, as such, should be employed in precision analysis like, e.g. CKM unitarity or
lepton universality tests [84] and searches for non-standard interactions.

For completeness, we have also evaluated these corrections for the K *77(' ) modes. In

the Gg)g/l approximation and using the respective dominance of the vector (scalar) form

SIncidentally, our results would agree more closely swapping the numbers for 6,7 < 651\?17 in Ref. [11].
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factor [13], we obtain
o= — (0.0265058) . 6% = (03047030) (4.9)

where the uncertainty is saturated by the difference between the model 1/2 results. The
K1 decay mode is the only one (completely) dominated by the scalar form factor, which
causes the relatively large magnitude of the corresponding radiative correction.

5 Conclusions

Radiative corrections to the one-meson tau decays have been employed in CKM unitarity,
lepton universality and non-standard interactions tests. The corresponding results for the
dipion tau decays allowed tau-based computations of the leading-order piece of the hadronic
vacuum polarization part of the muon g — 2. Even though the model-independent part of
these corrections was available for the K7 modes, the structure-dependent one remained
to be calculated. We have filled this gap, enabling a computation of the corresponding
radiative correction factors with reduced uncertainties. For completeness, we also quote
these results for the PP (P = 7, K) modes and estimate them for the Kn) cases.

A K3 decays

The most general amplitude for the K(px) — w(pz)l(P)ve(q)y(k) decays that complies
with Lorentz invariance and the discrete symmetries of QCD can be written as

SRk A U U

+H(V = A)i(g)y (1= "o (P)]

M =

where
H"(—pr,pr) = (7(pr) [57"u| K(pK))

— Cs——(px — px) ' Fo(t) ,

= —CyF.(t) |(pr +px)” — %(W —px)” t
(A.2)

] AKTK’
t

with t = (px — pr)?.

—90 —



The structure-independent term is given by
H"(—pk + k,pr)(k — 2pg)"
k2 — 2k - pg
Fy(t) — Fi(t)
k- (pK - pTr)

AKﬂ'
tt!

AKTI’
t

Vi = +{-OVRL(®) - SET [CsRu(t) - OV (E) | 9

AKﬂ'

(pic + pe)’ — 27 (e — pﬂ (pic — pr)*

C
+Cy ;

Cgqt!

+ e
k- (pK _pﬂ*)

{2loshe) - corv) + () - Fa(o) }

X (px — po)!' (P — Px)”
(A.3)

where C{/(_’TO = 5‘”0 =1/V2 for K* — 7% vy, and

v HV(*PKJ% +k)(k5+2pw)“ / AKﬂ' / / v
Ve = W2k +{CVF+(t)— v [CsFy(t') — Cy Fy(t )}}g“
E (t") — Fy(t) , Akr } p

+ Cvm (P + pr) ; (px —px)”| (K — Prr)
Ag Cst/
—TL 2 [CsFy(t") — Cy Fy(t Ft,—Ft}
+ S {21CsR) = Co P () + 12— [R() ~ A1)
x (px — pr)! (P& — Px)”

(A4)
where C{;(O”_ = 50”_ =1 for K® — 7= ¢y, both with ¢ = (px — pr — k)?. We recover
the Egs. (2.3) and (2.4) by replacing {]I;K} — {:51(} and my — m,. The structure-
dependent terms are analogous to those in Egs. (2.5) and (2.6).

At O(p?), we get
H H LV
wo Pk v uy o pKk A
Var Cr+o o~ (pr +pr)” — Cre+ (9 - 'pK> ) (A.5)
for K+ — 79, and
v ért v v #kl}
V&’ = =Cro 2= (pic + )" + Cco <gu _ 7/5.19 ) , (A.6)

for K9 — 17—, where C = Cis = Cy. Thus, the overall amplitude at O(p°) is given by

M, = %VJSCK+U(Q)(1 +97)(2p,. —me) (Z]; - ]ZZ;IZ * Qk%.;ép> v(P), (A7)

= SEVLCron(a) (L +77) 2+ me) (k]; -FE s 2,5’;) o(P).  (AS)
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These two expressions agree with the Egs. (13) and (14) in Ref. [68]. To this order, VI
and AL}, which are O(p?), can be neglected.

In the Low limit, we obtain

eGj;JSummu—v5>v<P>H”<—pK,pw>(”’* “o). @)

k-p. k-P
where the subscript + refers to the charged meson. The spin-averaged squared matrix

M’y:

element is then given by

- 2
m
‘Mv’2 :40%(626% |Vu5]2 Sé{w { [;(t — m?) + Qm%(mgr + 2u(m§ —t+ m%( + mfr) — 2u?

A A2 m?

_ K”m%(2u+t—m%—2m72r)+ g’r;(t—m%)] |F+(t)\2
Agrm? Agr

M Sl [2u+tm§2m3r+ K (mﬁt)} Re [Fy () F (1))

p_-€e P-el?

0

FRETE () |F0(75)|2} )3

2t2
7y pols.

(A.10)

where u = (pg — P)?. The last expression can also be written in terms of f,,_(t),

p_-€e P-el?

p—-k P-k

M [* = 20k mic® G Vs Siswp V(9. 2) 3
7 pols.

+0O(K% ,  (A.11)

where

POy, 2) = A0y, 2) | £+ ()1 + A (g, 2)Re [fo (0 F2 ()] + AD (5, 2) [/~ (01 . (A12)

and the kinematical densities are

AD =4y + 22— 1)1 —y) +redy + 32— 3) — drr + re(re — 10) (A.13a)
AD =2y (rp—re =2y — 24 3) (A.13b)
Aéo) :?”g(ﬁr—?"g-i-l—z) , (A13C)
with
_ 2pr-prx _ 2E; _ 2pk -pe  2Ep
z = 2 - ) Y= 2 - (A14)
my, my mi mg

re = (myg/mg)?, and 7, = (m./mg)?. Here, E; (Ey) is the energy of the pion (charged
lepton) in the kaon rest frame. The expression in Eq. (A.11) can be compared directly
with the results in Refs. [68, 83, 85].
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The K — 7lyy decay width without radiative corrections [11] is given by

GFmK

K — mlyy) = 10273

s StwlVus*[F4+ (0) I

where

3AK7rme
(2t + m2)A(t, m3,, m2)

X [0‘2/|F+(t)|2 + Cs|Fo(t)| ] ,

and tmax = (Mg — myr)2.

B Virtual corrections to the hadronic tau decays

(A.15)

(A.16)

The radiative corrections to the 7= — (P;Py)~v; decays at O(p?) in Chiral Perturbation

Theory [86-88] are depicted in Fig. 12. The overall contribution is given by [50]

SH"(t,u) = Cvd fr(u)(p1 — po)" + Cvdf—(u)(p1 + po)*

where

2

(B.1)

1
dfy(u) :% [2 + -~ E + log 4w — log% + (u —m2)A(u) + (u —m% —m2)B(u)

+2(m% 4+ m2 — u)C(u, M,) + 2log (%)] ,

2 2

1
0f—(u) 4(; [ 5—3<€—VE+10g47r) —Hog%—l—Qlog%%—(Bu%—m%—sz

+(u+m?2 = m2)B(u)]

Alw) =

1 1 2 —
- (—logr7+y ° logx> ,
u x

2
1/1 2r; —
B(u):u<210gm+ it xgc loga:) )

2

1 1 1
C(u, M) = _x 5 [—QIOng + 2log xlog(1 — z%) — % + glog2 rr

+Lig(x?) 4 Lig (1 —

z Lis(1 log z1 My
N + Lis(1 — z/r7) — log zlog ool NI

~ 93 -

(B.2)

)A(u)

(B.6)



Figure 12. Photon loop diagrams that contribute to the 7= — (P Py)~ v, decays.

and C@”’KKK?WO’KOW? = (\/i, -1 %, —1). Here, A(u), B(u) and C(u, M) are written in
terms of the variables

m U 1
ry = yzl—i—rT—m—z, z= 50 (y—\/y2—47“¢) , (B.7)
\/ T

_m2_7

SN

and the dilogarithm
L g
Lis(z) = —/ Tlog(1 -~ at) (B.8)
0

The radiative corrections to these decays induce a dependence in the u variable. From
a comparison with the results in Ref. [11], we get the following relation

5F (u) = ;‘rf:(m [0, m2, ) + Do, m2,m2)] + - - -
:407‘#:0) [(u = m2)A(w) + (u—m? — m2)B(w)] +--- | |
and
FF-0) = o [Tl mom) = Do m?) ] - .
- % f+1(0> [(Bu+m2 — 2m2) A(u) + (u+m?2 — m2)B(u)| + -+ |

C 71 — (PiP;) v, decays

After the inclusion of the virtual-photon radiative corrections to the form factor in Sect. B,
the amplitude for the 77 (P) — P; (p—)PY(po)v-(q) decays is given by

_ GrVupVSEW
V2

Thus, the spin-averaged squared amplitude follows

Mo Hy(p—, po)u(q)y" (1 — 7°)u(P) . (C.1)

(Mol =2G% [Vup|® Sew { CF [Fo(t, w)|> DY (t,w)

+CsCyRe [Fy (t,u)Fy (t,w)] DG ™ (8, w) + CF [Py (t,0)* DY (8, u)
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where we have defined F, o(t,u) = F, (t) + 6F+ o(t,u), and 0Fy(t,u) = 0F(u) +
ﬁéF_ (u). The expressions for DF P’ (t,u), DFy T’ (t,u) and Df_PO (t,u) are given in
Egs. (2.10-2.12).

The differential decay width in the tau rest frame is

d’T 1 7|2

dtdu 32(2%)3m§|M0 ' (C.3)

where t = (p_ + po)? is the invariant mass and u = (P — p_)? = (po + ¢)2. The physical
region is limited by (m_ 4+ mg)? <t <m? and u=(t) < u < ut(t), with

1
ut(t) = o [2t(m +md —t) — (m2 =)t +m% —md) £ (m2 — ),/ A1, mQ,mg)] ,
(C.4)
and \(z,y,2) = 22 + % + 22 — 22y — 222 — 2y2.

The invariant mass distribution is obtained integrating upon the u variable

@ :G%SEW|VuD|2m§' i 1— i 2)\1/2(t m2 m2)
m% 9 — 0

dt 38473t 2t2
ez 1 F (14+ 22 At m2, m2) (1+34(1)) +3C3A%, [Fo(1)]* (1+8o(1))
vV I+E+ m2 s o,y 1140 + S=—0 40 0

T

4 -~
+C'SC'V5+0(t)} ,

Vvt
(C.5)
where
() Hp- PO w)2Re “(t ) du
So(t) _ fu (t) D+ (t )2R [FO( )5F0 (t, )]d (C.G)
S8 DEP (tw)| Fo(t) [2du
ut (1) DPP° (1 1)9Re %
o) = et Dw) @ >02R[ '+ (H)OF (u)] du o
St 8 DR ()| Py (1) 2du
- (@) 0
Gio0) = 3% [ D (1) (Re [Py 08 )] + Re [Fo03FE )] - (C9

D Kinematics

As in Refs. [11, 51, 53, 89], after an integration over Dyy /i and Dyyp, the functions in
Egs. (2.15) are given by

Ji1(t,u) = log (W) élog (Tg)
w _

+ = [Lia(1/Y2) = Lin(Y) + log?(—1/¥3) /4 — log?(~1/Y1)/4] ,  (D.1a)

Ql\ —
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Joo (t,u) = log <J\/‘WH> , (D.1b)

mr x4 (t,u)
m24+m2—t—u
Joz (tau) = log <MW( rt (Ot ; )> ) (ch)
m_x4(t,u
KQ() (t, u) = KO,Q (t, u) = log (i;g’ Z;) y (D.ld)

where

—md + (md —t)(m2 —u) + mE(m2 + m +t +u)

t pu—
(D.2)
A2 (u,m2,m2) AVY2 (t,m2,md)
2m? '
These expressions are written in terms of
1-2a+4/(1-2a)2— (1-3?)
Yio = _ : (D.3)
1+3
with
a :(mz — t)<m72- + m% —t— u) . )\(u,mQj,mg)
(m?2 +m2 — ) 20 ’
_ Au,m?,m2)
b=- m% +m2—u ’
- A(u, m2, m2)
Y= = )
2V§
6 = —mgm2 +m2(m2 —t)(md — u) — tu(—m?2 +t +u)
+ m2(—m2 + tu + m2t + m2u) .
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