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Summary

Severa] possible distributions for d.escribing quasi-
stationary behaviour within the translent states of a
finite Markov absorbing chaln are proposed and studied."
The stud.y is motivated by some work of Bartlettrand
possible population model implications o

The subnratrix correspond.ing to the transient states
is found. to be of fund.amental importance, the most relevent
results obtained. being expresslble in terms of the eigen-
vectors correspondlng to its spectral radlus, when this
matrix is indecomposable. Vfhereas most attention is
d.evoted. to the primitive and cyclic alternatives of this
case, the theory is extended to the,: decomposable set of
states by some results of 1Vland.I, and developed analogously
for the finlte case with continuous parameter.

Durlng the evolution of the subject matier, it becomes,,

clear tha.t, in effect, a generaLization of ord.inary }larkov
chains is being consid.ered,, this glving rlse to the id.ea of
quasi-chains.¡ defÍned. on the transient states. The urost'
interestlng result in relation to this, is the existence
and propertles of a reverse Markov chaln, defined. also only
on the transient states.

The last part of the thesis is devoted. to examining
the concept .of quasi-stationary ö.istributions for absorblng
chàins with a denumerably infinÍte state space, in a few
special caseso In the process a theorem of Yaglom, coocêTrr-
ing sirrple d,isorete branching pro.cesses¡ is generalized.o
tr'ina11y ¡ àî append,ix gives some notes on generating functions
in our context, together wlth some remarks on the related.'
problems for diffusion processesc
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,, This thesis contalns no material which has been

acceptecl for the award of any other clegree or'tdíptLcnna

ln any Ïlnlversfty and to the best of the authorr s

hrowl-ed,ge and, bellef tb,er thesls contains no material
previously published or written by another person except
when clue reference' is made 1n the text of the thesis.

Slgned.,
(8. Seneta)



INTRODUCTION

rt is both theoretically and practicarly interesting
to stud.y the behaviour within the transient statgs of a
a finite absorbing Markov chain- Theoreticarly¡, sü.ch a
study is profitabLe because the problem has receiveö
virtua1ly no attention in the literature, apart from a
few lsolated. instances(Bartlett, tZJ; Ewens, IfOJ ; yaglom,

[33].,)where the natter arises; onlyT incidental-ly"" From a
practi.cal point of vlew, such a stud,y is signiflcant in
rel-ation to genetfc and, stochastÍc, population models, for
such mod.els are often just finite absorbing l{arkov chains
(e.g. Ewens, Iff1 ; Watterson, í321 ) " In such chains the
probability of absorption in a finite time is unity, but
llït may stiU- happen that the time to extinction 1s so.
long that it is stil-} of more rerer¡enee to consid.er the
effectively ultimate distribution, ca1led a ! quasi-
stationary' d.istribution, .. o" (Bartlett, t zJ ) - rt is with
such quasi-stationary d.istributions and. their variants
that we concern ourselves in thls thesis.

Finlte chains, with discrete time parameter are given
the most extensive treatment, and. the results are developed
analogously for the case of continuous time 'Ihe methods
used, are not applicabLe when the number of states is
denunerably infinite. Hoïvever Chapter T0, ín which a
few speclal cases are cons1d.ered., is included for complete-
ngss.

The general method. used. is to set up quantities
which are thought to provid.e sultable d.escriptions of the
behaviour, in some senser &s time goes on. Thus we often
consider limits as the time parameter increases beyond all
bounds. After investigating existence and aptnessr 

'JVO

compare such quantities. 0f considerabLe interest also,
is the comparison of the various expresslons rvith corres-
ponding expressions occuring in the ordinary theory of
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Markov chains, leadlng to a, somewhat parallel evolution
to it. Where relevent, results of other authors (e.g.
I[tand,I , IZZJ ) are appropriate, they are adapted to our
needsrwith due citatlon.

The material of Chapters I, 2r, at:d. B is not new

apart from the lemmas in I.3. fhe content of Chapters 3,
4, 5, 6, and 9 1s essentially new, except where othenvise
statedo tr'or the most part, Chapter 7'contains new matter,
apart from 7 "2, 'l .3, 7.4 , while Chapter I0 contains
nothing original apart from the generalization of Yaglomrs
theoremo

The most signi-ficant result of the investigation
is that it 1s in fact possible to d.evelop a reasonable,
unlfied theory of quasi-stationary behaviour. Moreovêr¡,
it is shown that such a theorlisr in fact, more general

- than the ordinary theory of f inite l,,Tarkov chains, in
that certain results a.re obtained. for sub-stochastic
matrices, which contain those for stochastic matrices as
particular cases. Hence it rnay be justif iable to speak
of finite Markov,'chalns as a particular case of more
general Markov Iquasi-chalnsI. However as regards
these statements, thlis thesis can be regarded. es only
a beginning.
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I. BASIC DE!'INITIO NS AND RNSU]-,TS.

I.I Non-nesative Matrices.
The theory of non-negative matrices has been

applied to finite l,{arkov chains in several böoks: see

Frechet [l+], Gantmacher [t¡] , ana Romanovskiii [rg]
Good d.escriptions of the theory, in Englishr may be

f ound in Debreu and. Hersteitr I B J, and. Gantmacher i, we

merely state what we require.
Definltion I.I vúe w111 caII a matrix A with real-

elements non-negative (positive) if all- its elements are

non-negative (positive ) , and- write it A7 O (a'O )

Def inition I.2 The square matrix 4= tcttJiis ca]l-ed'

decomposable if thre is a pennutatlon of ind'ices (i.e.
simultaneous interchange of rolvs and' colurnns) which

reduces it to the forrt

where 4,, , 4.., are square .

indecomÐosable.

therwi.se the matrix A is

Definitio n I.3 The non-ne gative ind.ecomposable

matrlx Â is caI}ed. orimitive if there is a power of Â 'tr

which is posütive i.e. Àp> 0 for some g> ?fr. Otherwise it
i s imprlmitive (or cvc].ic

THEOREM I.I An indecomposable non-negative matrix .A

a) always has a positive eigenvalue f, which is a

simple root of the characteristlc equation;
b) has the moduli of the other eigenvalues at most

L,

c) has correspond.ing to r positive 1eft and right
eigenvectors; and.

d) if A has precisely h eigenvalues t¡ )t, ' ' ' ' /¡ of
modulus equal to Ir then these numbers are all different
fron each other and are roots of the equation

ÀÞ- rb'O

I
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THEOREI\I I.2 An indecomposab]-e non-negative matrix
A is primitive iff r excêed,s the modulus of any other
eigenvalue. Iience if htilr such A is cyclic.
THIOREM I.3 IfA is cyclic, it may be reduced to the

following cyclic form by a permutation of indices:
O... r

A¿s' ' '

O."
o'o'

where the zerl1 matrices alOng the diagonal 'áre so.uare.

Thus h is is cal-Ied the petiod of the cyclie matrix.
TIIEOREI\T T .4 (RomänovskiÍ, I

indecomposable non-negatlve
min Z @;* lt 4

ù i'¡
with one equalitY holding if

Def inition T . { Vüe shall ref

A¡¿
o

A
o
o

z9] pp. 15-16) Ior an
matri¡sA - 6 a't*31

*"* Z *r*
I rt'

f both hold.
er to r as the spectral

rad.ius of the non-negative indecornposable matrix A.
Definition I. 5 A substochastic matriix is a non-

negative scluare matrix whose row Sums d.o not exceed.

unity. (A partj-cuLar case is the stochastig matrixt
whose ro\¡/ sums are all lurity.)

I.2 ErEo d.ic Chains and. AbsorbÍ-ng Chains o

We folIow the terminology of Kemeny and Snel1 [fgJ,
but the few remarks below serve to redefine the various
types of chains in terms of non-negative stochastic :,¡..

matrices. This is cOnvenient for comparison purposest

1ater, Ho¡ever, for the properties and.. general theory
of finite lVlarkov chains, the reader is referred to [fSJ,
the approach there being a matrix one alsor although the

authors a;Te careful to avoid. spectral theory, and foLlow
the more conmon classiflcation of chains in terros of
conrrunication relations .

a) A reglrl-ar chain is one with a primÍtive tran-
sitlon matrix.
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b) A cycl-ic chain is one with a cyclic transltion
matrlx.

c) An ergodic chain is one which ls either regular
or cyclic.

V/e recall- that an absorbing chaln is one whose

transition matrix can be written in the form

(l "r)
where O ls sxs and, go, ! are both sxl; where the totality
of statesfor this ¡ às any other finite chain in this
thesisrshall be denoted by Sr=[Orl-r2¡'...s]. The

set of translent statesr{.Lr7r.....sJ in the absorbing
chain, shall be denoted by T (in general we shall consider
only one absorbing state, O;)" Thus Q, is the matrix
of transitions within the transient states, and. has at
least one row sum less tha¡r unity(since P_ofl) *

It is found convenient to define certain rand.om

variables associated with an absorbing chainr which
simplify what is to fo]Iow. If the process starts in
state icT at time O, Iet Yij)=l or O according as the

ThereforeBrocess is or is not in state i at tÍme no

çj' - òtj. Further, ret

¡rJ=Z"d*' , x¿ =

It follows that ãt'o

rto* o

Lxtjr7 ¿ r',1ritT.

a) X¡ :-s the total number of visits to state i
before absorption (or alternately, the time spent in
state J bef ore absorption,)i having started. from i;

b) X¿ is the time to absorption, starting from i.
IVioreover, v¡hen the process starts with an initial
probability distribution whose conponent over the i
transient set T is t'T.@,Ile4L), it is convenient to
define rand.om variabÏu, X,ii X! to have analogous
meanings o Thus 2"
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Xl_t,j--X,j t X¡;,X;
where we denote øyf¿tne vector with one as the i th
coord.inate the others being zero¡ and. by 9 the unit
vectorr so that e'=f t,t¡"" ''J .

Finallyr wê note that from theorems I.I ;, T.2 and

I . 4 we have for an absorbing chain, with rnatrix O

priroitlve, that

(L.z) d='i!:' + O(*'r¡.t*),

Hete ¡'1 1s the spectral radius of 0, ut and' y'are the
correspondlng positive left and right eigenvectors
such that yy"l, and. l^'1 where;Pris the eigenvalue whose

modulus is closest to 1. The number k+l is the maximum

multlplicity taken over those eigenvalues whose modulus

is lfrl; hence it is wol.oog. the multiplicity of f,.
lhe vectors ¡¡ and. u' a;ne alsO assumed to be norrnalized
in such a way that !'9'4 , where I is the unit vectoro
It ls important to note that (L"Z) is true for any
primitive matrix Q,, apart from the bound on p o

)
Two Basjc Ï-,enrma.s "

Slnce it is ap:Lrropriate to use generating functions
several tirnes in the sections which deal with the d.iscrete
time parameter, we utilize a fairly welL lcnown approach
to counting problems in such the;ory. (e..g. 3hat, [ 51 ;,
Good., I le ] ¡ to prove the first of the lem¡ras" The

second gives an expression for the derivative of a

matrix power whlch enters into our generating functions.
lEl,rMA I.I I,et O be the substoclrastio, matrix which

correspond.s to the set of transient states T in an

absorbing lViarkov chain. T.,et D¡(ø) be the d.iagonal

matrix of the same dimension whose i th diagonal element'
1s r^r , the others being oneso Then, putting

r.3
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Tf'D¡ ('Ð '.

Q Ð,i (-) =

we have

( r.3) [* P [rr,j 'æ, /-r='w) :
a1 o

proof : E L co'r'i1 1 rç 
*, -''jrã

whe.me K'-is f 1xe d. .

, !'3,t G)[ e7r.t-lJ--'fr-aJ s

, T¡(,-r) Ql-'C,u) tI-AJ S

Hence (1"3), by differentiation and. eval-uation at
].,ilmVIA f .2 When Q:is primitive

Proof:

a

(t.4 ) + E q'¿r)J-,t = (+- Iy - r¿ -,! Y !' * O f)
J'oo

where uj,tj are the j th elements of the eigenvectors v'
and, r¿ respectiveJ-y ( see (t. e ) ) "

'¿o)J..,'Lg^ 9¡ (.o) çi-¿--
ã.O (()

4
d

':'^y,¡ lj ç

' is the j th col-umn of Q. From (1"1)where 
U I

o
L¿

(¡ .YL
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slnce t'y f 2' Q'4y,
convergent. Hence

t-ìv
ù.O

"(Yt) 1s bound.ed, beingf\ J ano
(1.4) .
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2. I\ÂOTIVAT]ON AND ANAIYSIS.

2.1 Bartlettrs Apo roach.
lvhile dealing wi-th stochastic popuration mod.el_s

of varlous kinds, BartJ-ett (ï,2J, p.2r) introduces the
id'ea of a quasi-stationary d.istributlon during the
discussion of one which is a Marlcov chaln, with transitlon
matrix (adapted to our notation and. context)

L:
Here the d,imensions of the various components are as in
(1.r) except that o is now (s-2)xf . The states orf , z¡..¡Ç
actuall-y represent numbers of ind.ividuals, and. the
transition probabilities are given by

f r', r.rt

f iì ¡-r

f "t
Thus when ¿>e t it is crear that the chain is regular,
whereas if ¿.o , the state o is absorbing (an "ex-binctionstate) but the matrix e is primltive. Both these
situatlons can, of course, be described. in terms of random
walks or a general birth-and-d.eath process.

Itlowr when t.o o extlnction occurs in a finite time
with probability l. To obtain an effectivery urtl¡nate
d'lstribution, when the time to absorption rnay be long,
he consid.ers a. chain which is 1n an obvious sense ,¡cl-oserl
to the absorbing chain, by taking tro , but smalro since
the chain is now 'regular, there exists a rirniting distrÍ,_
bution ind.epend.ent of any lnitial distribution, for which
Bartlett deríves an elcoressigl, tþrs last depend.ing on é,At this stage an assurnption is made tð îñä-õïieet

I¿o
d

( 2.r) P I
I
I

,t
I

a

>o
>o
>o

t 13 t : s-[
7:¿-¿5

,13¿-'5.



that, for certain states, the lirniting probability
consid.erably greater than for the zero stater this
to an approximation 1n which all the lirnits of the
zero states are indepenclent of éÞo , which cancels
approximation. This l-ast appears to say that

(z.z) r^ (¿) þ- ( ¿)

t-0

is
leading
non-
in the

tvt t L, Lr... ,5

I'- ," i[l
where p.(¿) is the limitj.ng probability of being in state

I
n, and. is intuitiv.ely obvious under Bartl-ettrs assumption..
It wilÌ be shown in 2.3 that the rlght hand side is
independ.ent of É>o; Bartlett reasons thai bec¿luse of tlij-s
the ri,r,ht hand side provides a descrintj-on for tlie corîrres-
pond.ing absorbing chaj-n, i.e. lvhen € =0. This vievrooint
w1Ìl al-so be discussed in 2.3.

2.2 Er"/ens t "Pseudo-trausientrr listribution.
Ewens IfO1 is concerned, (in a, :genei;ic context) r,vi.th

the lqrmal solution of the stationery eq.uatlcin of a.

diffusion process, vrlien both bounöaries ane "exit" (i.e.
absorbing) inwhich case no non-trivia.I sta,tionary dis'bri-
bution can exist. I,r'iith suitabie internr.'eta.'cion, tltis
pseudo-stationary distribution is shorvn to be the prolor'-
tion of time spent in any specified range before absor'¡-'
ti-on. We recognize this as bei-ng the cllffusion analogue
of the type of clistribution for rvhich rve search.

The paralle] d.iscussion for the discrete .jase is
also carried out in [fOJand is agaj-n coÌlcerned with matrix
(2.I), wheret-O" It is clear that the proportion of time
spent in any state j before absorption is

(e.3) lrj ) ã tr, E Eh¡1 E EXn,J l
J

)

(r :
,

Lnt E trd l E trg l
dcr

Ewens call-s this distribution a pseudo-disi;r'ibutÛon

eT



2.3

1I

since it obeys the formal- requirentents for a probability
distribution (i.e. alvrays positive, and of total mass

unity), although it j-s not the d.istribution of a:ny variate
1n the absorbing process. Iie ,giies it the name 'pseud'o-
transient' because he thinks that "...it d.escribes in a ri(

sense the behaviour of the process bef'ore absorptionn I

(Ewens, [fOJ ). The sequence of Elvens' papers on this
toplc is Iro], [rr], and [rz].
Ðiscussion.

ffe first ,qeneral-ize and then d'iscuss Bartlettrs
approacLr to the problem. let us take the chain with
matrix (2.4) wÌlere 1>¿> O and Q, merely indecollposa'trle:

v , represents a, re:¡;lar ìi'larkov
-chain i-n whlch thereis a probabiJ-ity of escape out of
state o enquaÌ to ê . Yrrhereas Bartlett took *" û," ¡tror""o),

here S is agenerar probability r¡ector ¡'vhose erements

give, the conditional probabilities of escape into'states
I12r...¡S.

llence there exlsts a unic¿ue stational'y (and l-imit-
ing) distribution, d.enoted bY

Lf'Cé,*) , h'(¿r*)J, "-/ ' ild

whence it f-'ol-l-olvs tliat

l¡"Cc,*), fü'(t,*)J f.-r 
êú1 . I ¡.1¿,*t , y' u,* ))

Lß.9J
and. theref'ore tlte stationary distriburtion conditional on

the process being in '1, is

s-'(*). ,4'(¿r* ) È¿ 'E r-qJ''
(2.5) !-f"G,!) o¿'Er-91- t

e
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and theref'ore independ.ent of ê,,o. Tlij,s is a generali-zaiuion
of (2.2). (i,iote that If-e/ is non-singular (trg]: p.22))

It isrhowever,quite cl-ear tha,t the ar--rsorbi-ng chain
with matrix P(¿, * ) where t=O, and the related. chain
where é )0.'äre only superficlally related.. Intuitively,
there 1s a vast dlfference betv¿een a finite regular and.

an absorbing chainr âo rnatter hov¡ snall is i.e. there is
a discontinuÍty'at L-4 as regards !Ìie physical system
bei-ng described. More concretely, lve refer to a paper
of Sinkhorn f3U r¡rho is concerned with a cætain lterative
proced.ure for positive stochastic matrices, and discusseg
by means of exarnples, the effeci of renlacin.:r ì;Ìre zero
entries of non-nep,ai;1ve matrices by "sma.ll-" Í'unctions
pt¡(e)tO. Iie cornrnents that "nven the afiparently natural
artifice of replacing zero en1;ries by rsmallr Í'unctions
'....and (subsequently) tetting É'+0 Ieads to dÍfficul-tiesl'
ano aliso "It may....be a poor policy to use a strictly
positlve approximationr..., unless there is a very good

reason for a particular selection.".
'Another considerabl-e obje'ction to the u-s,:, of A(*) in

describing quasi-stati-onary beharriour, is that it is a fa.r
too general function of Í . It can be made into almost
any probability tlistribu.tion !. over T bJ' a. suitabLe choice
of :, for

iff o(. t z , IT-AJ
:' tI'q I S

providing the denorninator is not zero. It is al-so

interesting that the distributions which are exclucle cl

by the d"enominator being zero, are just those forms v"hich
if re,gard.ecl as an initial dis'r,ribu-bion, al-Iovr no Ínunediate
absorption. thj-s 1a.st, ho\''lever, seemsl to be ;iust that
]<ind of property r,vhich would. be pleasing in a quasi-
stationary distribution. Bartlettrs quasi-stationar¡r
distribution was obtained by taking Í'=[f ,0,..-.OJ because



his state I correspond.s to a popul"ti-o., or size I. 
l-3

tr'rom now on, for the above reasonsr wo shall concern
ourselves only with absorbing chains, although we shall
have occasion to refer to the d.istribution a,(*) obtained,
1'rom the related regular chainragaln. The generalizati-on
.of Ewensr suggestion 1s given in 3.I, where \Ã/e first
take up the extension of possibl-e mod.es of d.escriptlon
of behavlour within the transient states, basing'our
study on the ideas put forvrard in-thls chapter.
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3.'l:[T\ro' QI]ASI -STAT IONARY ÐT S IRTBT]T IONS :DISCiìtrTE CASE

3.r The Ratio of N1eans 
"

The distribution (2.3) seerns a reasonable oner even

when the substochastic natrix Q correspond'ing to T 1s

arbitrary, so long as it is not stochastic, of course.

The matrix of means (tfg], p.46) can be written

t Erici

T - 9J

for any such Q, and hence (z-l) ¡ecomes

( 3.r) T'Lr-QJ-'

ll14

t

)

)

Possibly the most interes
of means distribution is

'!'lJ-çJ'',g
ti-ng characteristic of this ratj-o
that

T,(

,(

þ

T Ii a I It )(

providlng an interestlng l-ink betrveen the two. The

reason for this is as follols.
. In the chain governed by P(ðrl), the limiting propor-

tion of tirne spent in i is ¡1.¡(t r!)' the tirniting d'istribu-
tj_on. l,[ovr, \,ve can think of Ëach passage to the state zero

in this chain as a eomplete reali zation of the correpond-

ing absorbing chain wlth initial probability *=T . Thus

the lirniting proportion of time spent in state i/O in the

regular chain gives the ratio of the expected time spent

in jcT to the expected absorption time i-n the absorbingS

one. A mOre general application Of this 'rreturnl process

is described by iteureny and. Snell- [f9Jrp.I1?. It rvas also

us:ed by Ilwens, and. is the discrete ,analogue of the

elementary return process of d'iffusion theorv----- - qh" "S""; iidJA"antage of this distribuTion is
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that no simpJ-e expression for it can be obtained'r 'even

when 4 is primitive. Secondly, it is not independ,ent of

! , whereas j-t is reasonable to hope that a 'good r quasi-
stationary d.lstribution would. be. Both these facts ate :r

more read.ily seen by real:-zing that

c"^ )æ

'J €
.vr.! O

and, consid.ering, for instance, the spectral resolution
(I.Z) for prirait1ve 8. Vüe refer also to the example

in 3.3.
, 30 2 T}ie Mean Ratio o

, In view of 3.1, we a.re led to consider something,''..r'i;

similar, namely the expected. fraction of the time spent

in T r âs a possible cand.idate for the same purpose.

thus we d.ef ine, f or Úi=L¡
t'êÍ

(3.2) cj(T) - E[5 , Jut
L"ìl

as the mean ratio d.istribution. Now

E E Xrjl L f'j ¿

I
T,

t
It
¿)aL

õll

I xt! lEtls,¡ /
Irt,ilI¡

-'.J

LP
*¡o

(n' E x!,J'', , rn' *JI

Using LEiVili{A I.I, (f .3)
oA

( 3.3) c )1r( !

+ E T;¿-)Ã '*'' Qi^'(ò)[I-eJ-'].,
t a+\

o[<)
J

Once again, this expression for c¡ (3) does not reduce to

an easily manageable form, nqr is it independ.ent of T
(see next section).

This unfortunate d.ependen." rpo*?.in both !(t) and.

:(f) can be explained by recalling that any realization
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of the absorbing chain remains in T only a finite time,
and this is not Ìong enough for the dependence on the
initial distribution torwear off '.

3.3 Àn Exarnple .
The example vve consi.d.er is the substochastlc analogue

of the ind.ependent trj-als process. L¡et

where 4;,f;,o, i=f r 2r...s; ßtS =tr*'ß =¡rtÍo. Thus e is l,

primitive, with spectral radius and. aII other eigen-
values zero. 'Ihe corresponding elgenvectors are
tíren : -

a) ttati-o of l¡îeans.

I'¡$) T¡
oÕ (-)'L PriásO ¡ d

(l- ft' )

Q' * ß' I

I- t,j
r,'éT "âÈo

(r - à )Ti * f¡ V_ 
-ir; ú;

(l-à) +

which even in this very simple case
b) l'tean Ratio. (from (:.¡) )

ã -i-t
d.epends on 3

)

,

g(I) . 

!t[jø)Lr-çJe]-=, 
n i'-'Í:I5'(.) $'L^'

'Õ
,rr,ú.'N-al: ,^?'Uú "'rr-Qrs .i: Iljo]7.t trQJ-'fu,,.

Appì-ying LEivür'lA I.2, (I .4) to the l-ast summand

c¿' ( !), g4:rt-t,4 + ['!¡sn '¡r-!ß't-'i.5'if,*'i'f!f 'tt-!t?3n¡'r,

' t't1-u¡J + tt¡f¿ !'('['f ,-ü<¿'þt,-¿¡"¿]t!-ip.l'*J

which is also d.ependent on ,{ "
At thi-s stage it is useful to j"ntrod.uce some further

tr-oJsJ,.



)17
notation. fet Xrf - XU-J.1 , dx= 4 - I. It fol-Iows that
these rand,om variables disregard. the initial occupation
(of state i). Then the modlfied quantity

Tr E rr,Tl
æ

t-r. T
d,(1 'l 7.t f ''¡

(-)
( 3"+)

Err¿ Et.XÍ
ié7' L,.r'' E "- I

(r, r
t'o t/*l

- f¡ Cr ,¿)2

which, in this speciaÌ case, is i.naepend.ent of 3 . We

cannot however consid.er a mod.ified. mean ratio, since Xf;
can assume the value zerol €vorr if f,";=J.' icr

i
-t
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4o THE LIMIUNG OOI{ïITIONAI IIEAN RATIO:D]SCRETE c.{sn

0n aecount of the remarks at the conclusion of 3.2¡
it is plausibLe to consider those quasi-stationary
distributlons whlch can be d.erlved, roughly srreaking,
by consid.ering only those realizations of an absorbing
chain in whlch the time to absorption is long. In a,

regular chain, the stationary probability of any state
ì.s the limiting proportion of the time spent 1n that
state. One analogue of this for an absorbing chain is
c; (3). Another, but this time conforrning to the above
criterion, is

where n,. is J-arge; it is stud.ied in this chapter only for
the case v¡hen e is primitlve r âs are also its variants.

4 "f Derivation.
For priraitive a corres )oncilng to I irr an absorbin,3;

,"larkov chain

)

( +.t¡ 4'JJ¡- t Ílr rrj v¿ a

ï!
1Àre have in fact that

It is v,¡eII irnown that

L L*. Pr lu;*,x:="J
1t Xo='"n

i/1"'h,
JL tt

I a

f I xu '*1 T'g^-'rr-Ç3-ea

frorn e.g. llartlett (tfl r !.68); and the numerator 1s ,.i

given by (t.3). I',ence it foll-ows that the above is
É^rf T¿i t-¡ 9¡-''f-) t r- QJ-e I *--,

aT' 9'" t r-el g
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utilizíng (1.2) and (r.4)

{'' H-e? g * 7f a.) .f I-AJ_e -ru +O t)

'*-f 7r' o¿ v'f f' ê + O(+tkt't) JP./
r-2

,.t .f |QJS *(--U lf a¿t Y 'll-PJe * O tv

o'f ' '' !'?!'f f,-QJe * Q(a þ't) |-")/

an¿ since !í:,1'[I.4,1_e is nositive for nriniitj-ve Q, \r¡e

final-Iy obtaln

(+.2) tr

1

¡ u,f . ,:¿¿ ,O(*)
T 1l

\'/hence (+.f ).
Therefore there is no d.ependence on T in the lirnit.

Thi-s expression also has àY\ interesting reserrrblance to
certaln expressions Í'or a regular ehaiñ; this will be

taken up later.
4. 2 Ä Rel-ated. QuantitY.

Tlxamining (+.2¡, it may seem physically inore relevent
to study a modíf ied distri'oution, w)rich has the pilysical
i-nier-rcre'r,ation

"lirniting pro-!Ðortion of time n spent in state j Tt given

tn*at the trme to a.bsorption exceeds nil

for j=]r2,...si viz.
(-)

1i'n E ^rJ
a>'l)

/ I; t'*

if the j-nitial- state is i 
' c-)

x LYT
Y/frere

(q)

T

is the nurrber of visits to state j ulto tirle n. the

lilnit rnay be found by a rrrethod sj-lnilar to that used

to derive (+.Zi; however there is an alternative w'Ìiich

r¡/e apply. This, converseÌy, could ha"ve been used to



derlve (+.2) . \n/e have

E T.,

from (r.Z) ; i.e.

(4.3) t t

* L E t Yr'''/x,-ú
ryL æt=o

å Et
1!i'r L

. t{"1','*L
4L ¿ ãrr

Yr"-t / x¿ .,n'1
¿r

20

qlnlrtt

èo

?

ôr¡Ji¡*L frft#î-'J
rJi'5,r¡Î'-'¡t t, , ¡;r,^) J

*tj^'/ í¿.nJ "¡2 *OG,) )

which gives the same limit as before. A similarprocedirre
gives the sane result for arbitra::y oistrj-bution ! over
mJ_.

There äre considerable simil arities in the two '; ;.ì.
methods, all,-hough resul-ts (4.2) a.nd ( 4 .'3) are not
intuitively obrrious as equivalent. The I reasonr for the
simil-arj-t¡r, is the close unity betvreen either and. the
spectral clecompositlon (see al-so iippendi x) . ',,¡hereas j-t
v¡ould be easy to proceed in 4.I by realizrng that

¿ù'- 'l)

PJk fn.'
E L Y,;^' / Nr=^ 1

(È)

l,côr .P..nt'' fo-
t

IJ,',
¿

o

fìvt B €
a

¡ ', -t* ?

the p.g.f . ap¡rroach to derive (4.3), on the contrary, is
curnbersome.
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{.1 Oorn'parison with tÌre S tochastic Case.

It is, clear that the discussicn in +.2 is valid for
the corresponding stochastic ca.se 1.e.-for the re¿çular
iiiarkov chain (noting tirat p[X >

Y = 3, and is the unique stationary distributlon. Thus
we have been discussing a general-ization of this case. rt
is of interest to note that the quasi-stationary probabi-.
l-itv t^r¡v¡ d.epends on both the teft and right eigenvectors:
corres¡ondinß to the spectral- rad,ius, although for the . -,

a-Ì¡ove particular case,. it simprifies to l-o An interesting
problern is therefore posed: is there a quasi-stationary
probability that depend.s onry upon the ]eft eigenvector ?
rn fact there is, and hence again an inte:resting corÍìna¡;
rison v,¡j-th the regula.r chain (sge Cl.rapter j).

4.4 Ðxtensions o

il 'Ihere are several- extensions of 4.1 and 4,? in the
sense that the sarrre rqsul-t is obtained in the l-imitr of
expressj-ons closely rel-ated to 'ulÉe of these sections.
fhe most lmportant oÍ' these 1s one rvhich .iives the
quantityujvjan interlrretation as a rirnitlng proba bll_ity,
extending the analogy v¡ith the re,gurar chain; it is
suggested by the derivation of (+.3). consider for n> m

(+.+) P[,i" state j at 1;irne m/not absorbed at ti-rne n

.PI i-=j / ¿-*oJ
-Tf 

¿ .j-'( r - f¡ot-'-')

l t

ËT

-T, o, ( t - ¡r-'^')
LZlil-D
.4êT icr ,¡'"' ljn'--*'

'ì¡i-.. 
f ,.¿. 

t' '
"( tt

( 
JfD., l - -.\Irorít r,L.Z).

O- (- H ) . O- ( Þ-*')î
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Ihis converges to r.¡T as ll-rse. The result is once more

valid. for a regular chain.
'of particular lmportance is the case when n=m in

(4.+), when the final expression ¿erived is not valid;
this forms a special topic and is deferred' to the next

chapter.
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5. THE STATIOIIÀB.Y COIiIDITIOÌ'l¿.1 DIS.IRTBUTI0N :TJISC,..-illTE CASE

The stationary cond.itional distribution, vrhich v'¡e

are atout to develop, is again derived by effectively
considering only those real-izations of the absorbing chain
in which the time to absorption is long. lioreover it
has a l.irniting interpretation, and is much l-ike the
stationary-limiting distribution for a regular chain.

tr
)e I Definition and. Existence.

let us consider the probabil.ity distribution over
all (s+l-) states at t'ime nr when @ ls indecomposable:

t 1lo(-) , T'(-)J

and. denote fV d@) the conditional distribution restricted.
to the transiei,t states i.e.

d(-) "
-rr (-)

seelcing a quasi-srarionarj.r--3J;i", v/e sharl cal-l- d

à stationary oonditional distribution over I if

(5.r¡ d (-*') do) da

a

o

¡

Since

it fol-Iows that

!'U-) 9' 1l (-+')

I ft" (-,) , r'¿-)l P'
,'

i.11"(-*,),! ¡-+,) f ,
a

l'(4 Q

Ilence

Í
(Ð d'(,*')
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5 ¡2 Inte retation as a linri-t.
1'o inte4rcret as a Ìirriting d.istributlon, vrhen Q,

is ind.ecomposabl-e lve treat the tvro distinct ca,ses, rvhen

Q, is primitive and v¡hen it is cyclic, seperatel¡r. The

l-atter is treated in Chapter 62 which is devoted entirely
to it.

If the process starts in'state irt with orobability
'Tli , the probability j-t bas not been absorbed by time n

is

/
'Q , ¡t(n) d

J

Since Q is indecomposable ana d,,- O , it fol-Iows from
THSOIìEiri f .I and the orthogonalì-t¡r of left and right eigen-
vectors belonging to different eigenvalues, that

o('r')'f , ('!
JJ

a.nd. indeed, d. = y. satisfies the required cor:.dition (5.f ¡.

wfrere¡ (n) is a f'unction of n. f f d' exists,

L_r, (r - grJ-')(5 .z¡

and the pro-bability of being in state iéÎ a.t time n, Ei
that the nrocess is 'stitl i-n I is

(1.3) T- n¿ PüJ-' T' ç- ¿)'

'Q^3 
)

nVC

Notice that this i-s

L
r'éT

(1"+)

Lv;(r-p¡t'ë7 -
therefore the limit as n in
indepenclent of' ( c.'f . -haPter

rr) I-î¿ (t- pi"') !'
just (+.4) vrhen n=m.

a

¡.rom (I.2)

,J +oþ IP,
)-r

(5.3) i* , rvhich is
+) . r'râ,lrrel ctr-:tl'r--'ersolne

a
e

)-)

.(

'at')

a



proof of (i.4) is given in theorem l- of iiiandl ÍZZ) , 'O

alihough the context is somev¿hat dif.'ferent '
\Torth mentioninaj also is an interesting phenoinenon

noticed. by lvlandl IZZJ , whlch in'¡olves the stationar¡r an¿

llmiting nature of V. The result is of interest particu-
lar1y in the'absorbTn,ot chain context i.e. -f'1, althougir

as usual, it is also true for the re3ul-ar chain in the

saroe sense as bef ore. We have 'Uhat

P t å: ì ¿v¿ *'>* /X*',nl =
7T/
T ç o

Q*S
íç -fl- r ¡rf

-f Vr o.!þ3 L ,)

Thus

3 t X: = t-,+,w / x-,.- J - Í^'' 
(I-f) ,

rvhich is -bhe frequently occurÍns r3eo¡net:'ic cìistributiont
wÍth pararneterP.(iltris shows that the assertion of
Kerireny ¿¡.nd snglr [:. '- J that ei,:j-envalues have no d.irect
probabiJ-ity in-'uerpre'catj-on in .,iar.rov chain tneory is
not enti::e-.:-¡. true')

Ã)).) Ra-te s o f Conrrer;Tea.ce.

i¡rol¡L a physj-ca} point of r¡iewr a q.uestion of the

utmost irnportance concerning }imj-tin¡r; quasi-stationary
distributions, is that of the rate at v¿hich they are

approached.. in particular, vve may say that such a distyi-
butionis oi' nost relevence, when the rate of convergence

to it excsflÞ the rate of con'¡erijence to zero of the

probability of being,,rwithin the iransientÉe,t a,t tíme n.
This statenent is equirrarent to salring it is of most
relevence, when the tílne 'to abso::'otion in i.rost real-izations
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is ,long' (c.f . tsartlett, t 2l pp . 22-25). therefore s¡e

briefly turn to thÍs, àt least for. the case when the

matrix @ is primitive, the case of fundamental irnportancq'
The probability of still- being in T at time n is

c-)
(j .5) L¡t (r- ) oj

L*nT, Ì n;"' ,j *O(-

)
¿el lt'

from (1.2), v¡here , the spec'tra} raciius of I is less tYøn

unity .' ldow, re calling (5 . 4) ,

>-

L r; ( t- p'i')
tet

It follows tha'o if l,f'l is smal-l- compared to I , the

quantitv vi is most satisfactory, in the sense above.

THEORIII¡i I.4 gives that

(1-¡..) t-f f '")(5.0) max
¿'e l

min ( I-
¿'ê "

)

r,vj-th either equality true iff both aTe; thus, roughly
speakrng, vüe reo¡ire that Tå* (1-p") be close to unity.
T;he seme remarks apply to ihe p"obability\'uJ; from (+'+)

and, tlie subsequent cal-culations.
J3artlett [l], comparing the lirniting conditional

ciistribution v with his conditional tiniting distributiont
(Z.Z) , cornments that t¡e f o::mer r' . . .lûight be ¿efine¿

even if this d.j-strj-irution had slnal-lra.bso1ute¡ probability
contentr ...rr ulhereas, mentioning 12.2), " " 'the v¡ho1e

id.ea of my c¡uasi-stationary tìj-si;.rj-bution '¡¡as that it ha'ci

Iarge 'absolutet content , àt least over sorrle tinre interval',|
tle effeetivel¡r poinis out, Ìiorvever, tìrat if .!¡.lis small

compared to_f , the d.istrÍbution y i. indeed rel-event.
:;,OreOVerr â.S haSrbeen ürr;IltiOned. ¡;r.eViOUsIy, it Seems

rnore satisfactory than (Z "Z) f or several reasons . .

HOv¿eVer, tliere is a.n interestin,3 trel-ationrshin' betv¡een



26

the tv¡o which will be discussed in the next section.
5.4 Compari son wj-th a Preceding Distribution.

Sie compare ty', rvhich has been seen to be both a l-imit-
ing condltional and conditj-onal stationary distribution,
for prlnitive Q, r,¡ith g(*) (2.3; (2.5)) which was seen

to be a cond.itional- distri-outíon, 1n a certain sense.
Using the same notation as before, for ¿> O

(-)
a¡ {*) -- tsi(é,*) i 3 3.j (¿r* )

'L-F"Gt*) *3T (l-p t-''' ¡ tr¿ ¡¡
(-l

= I¡tn
( ¿r*)

r - f.'; (¿,* ) )

and, since d,j(* ) i" ind.epend.ent of é>0,

. Jjn litn
é-- O} ,7¡ ---Q

'l,in Ii.'-,
¡¡ +.<r L-- O +

vj

C¡l
t'

I_p-P
(¿,* )

a
to (¿t*)

On the other Ìiand t
(n)

ø¡ ()t)

v'rhich bears a cert

I'j (T) É L ii¿' E I XtJ

1.¡ ( ¿,* )
fr"t-' (¿r* )

Ç-T, P'J 
t"

NJ I
Thus the tv¡o dj-fferrbecausetthe linit operations do riot
corunute.

Another'd,iÍ'ferenceremer€çes froin the comparison of y
with y(! ) (= &{y )) , f,or

?..," E E r;¡J

resemblence totrÞ ¿'êr

. J¿¡n
¿¡->oç)

âìn

E rr(
a'eT

1- pr. ,-r) a

)
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Before proceeding to the cyclic case, it is, once

more, wortþ notlng that atl the llrececii-ng oiscussion is
vali-d rruhen 0 is a stochastic matrix i.e. the transitlon
matrix of a rep;urar chain, sinc,e we have nolvhere used the
fact tlnat¡ar. rn this srrecial case the probablrity of .

non-absorption af'ter n steps:

L¡, (t-
Jr ''

c-) )
r'e7.

is just unity, f'or all n.

)
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6. THE CYCL]C CASE

The purpose of this chapter is to consid.er the :j:':-. '-.

various limitine cistributions when the matrix Q corres-,,,
pondins3 to the transient set T, is õyc1ic. As with r€$ü-
lar and cyclic chains, the present case can be discussed.
by utilízing the material- for prirnitlve Q from previous
chapters.

6.f Prel-irninaries.
. i,'or sinrplicity, rthe period of O ls taken as 3r in
which case the matrrÍx can be written ln the form

O Q,. 'O

e

lvhere the diagonal ma
Qt,OO

the corresponding cyclic subsets of states T by T¡ r:T¿ r

o o 9.r,¡
,

ces are square. let us denote

and T, .

L

a

Then
e.. Q.;l

ol
Q,t OI
tricesÌ Q; ,.,

o

tO

o,
where the soruare ma

( 6.ta)

(6.r¡)

[,Qe., t.AQ*

Q,., Q.¡ Q¿, o o

O Q.¡ Q., Q,. o

o O Qr¡ Q,aQ¡

= It2r3

Q,=

V
(') '

¡

( subscripts to be reduced. urod.3) are primitlve, each
with the s¿ìne spectral radj-u=/o, end corresponding to the
si-rbsets T¿, i = L12r3 respec.Livel-y. liriting left an4 ,
right eigc+nvectors corresponcling to Qii*, Qri,¡i¡ Q...a¿.ytä.nA

norrnal-izecl as usualr so that
), the followlng relations

V ") Q,, Qr¡ e¡,
J

tt y"'
.r

-r
o

)

,") O, @r, Ç,,.

v(¿) Q,r, Q,. Q.¡ 5 !þs'(6.rc)



29

Ìi,'iultiplying (6.1a) ¡y Q,. and (0.¡-¡) by Q,r.. @¡¡ , and
invoking the uniqueness of v":' we have

!,,,, Q,,
( 6.2a)

(6.2¡) þ)

vt, Q,,vG) e

f,i
¡lc

f, - fio
o 11)J¡J

(3 f-¡ )

- Pio
h CTE) ¡ck-h,)

Q. Jj+

(t) t¡- t)
(I - f.r'" -t *J

lrrr' e," ert
y,(t)' e,t ezt !V

Vr'ê are now in a position to proceed.
6.2 the Limitin.g Cond.itional iriea,n lia.tio.

X:,
1

rvhich is ct:mbersorne enoughr âs
cyclic case. tr'or convenience,
stages.

a) 1, i e T;, i- = Lr2r3"
lr=3i( , kapositive

Vúe shal} restrict ourselves to consid.ering

, ! F. pr¡ (r -fr:. -)
-T I _ ftJ-,

alvrays Ìraplens in the
it is considered. in several-

integer
,l
ã

L

)tr

I
3lf t' lu

{

f
{

+

{

!

(J-¡¡" ¡ s.4

¿r)
since pcj = O if . s / 3h, h'.a por;itive in'teger" Since
the elenents p,Íjt' , i, i É T are the eiements of trle h th
power of the prirnitive matri>l Qf t*, Q.r+,t*rQ¿¡¡c*J, it follorvs
fronr the tÌreory of 4"1 that ihis expiession becomes

!_5
ri ) (¿ ) o (+).l¡..F.

J I
j é 1.'r, r i = Lr2r3.
, k a rtositir¡e integer.

+

b) i€ f¿,
n=3k



3k (t) r Jß'- s)

fr¡ (t-lio )
J-fio

tJh.e¡

and sinc
=Qif

o
t

30I
JIC

t --I Jh '¿,

ove becomes

t
a

ì-
L)

t_ï

hea

¡l

h a positive integer, ptj'ft"t

¿¿h-L)+r
fj¡-L

Jh,

tü+t¡L
3

h

{
¿

3rj z
J. (Ti J¡

¡(f-t) <r¡
f¡¿ ldr +

)

J

J

-?'.
(l-r)

À
3h 9;t lfi L

da'r l.tt J¡
L frr
T ¿Td

The calcu-ì-ation now becornes unnleasant, and so is ornltted.
\I/e mention only that v¡ith the aid. of (L.2) and (6.ta)-'
(6.2b) tire last expressíon can be wr:-tten as

-j o ce*)

Ï
a

¡ r'+ t¡,j +

as can be e)r.jrected..
c) te T¿, i € 1¿.", i - L12i3.

n = 3k,, k a positive integer.
Yr¡e state tire result without clerivation:

d) i € Ti, j e T

rr= lk+l_ ,

/

t - fÍo'
..)

a

(¡lh-L)l¡)

E
, r'+r2 ( ¡'r r)

,j-,,,, j + o (!*)

= l-12r3.

tlsi-ng 6þr¡i6r-:.9 l
7

(Jh+J)

a tì- ons "r¡i ' ( !b-t-s)
fdj t1-¡¡à J'j

h a positive inte,ger'.

+
J

If
(J-h'¡) t

L* o Jit'
h-', ¿ s L_ 1¡¡

.l' ê .itr *'Jj
L P,'J 

to**')
Jô7ir¡ J

E,
¡ (?J. I

ll(F-¡.¡)
P;ol PclJ-vT

(3lc+ r )

k ¿J\)

L
r ¡')

fêTì+,
,''i)
J

LrI tr;
+

{

I

J

jat fdJ

*J o (i) )

.J¡



by (I.2). All furtkrer cal-culations are omitted. The

results are sunmarized. by -bhe statement

dt'çTr'
!:'Q-S

3I

,,J 6T

( 6.3) I ¡tr. à E E r,; ' / rr '-,J
g
J

¿
J

I
ò

ti) ti )
-¡ \' if i, i ê Ti

¿r\r¡ ¿r'+l) if ie[]tn å,e T¿+,-J vj

¿ir r) ¿.'r À)
if ieiìJ;, j e t'i*¡ .*j vj

I'or any given i é T,
f orm sriz.

this can be er.prîessed in matrix

(6.+¡ lim- F t r¿J' '1Tr'n7 = f S ¡ oiil,'l'.. *;,'ii,' r;,'J,'l'.. -.ï':'Ji':.l. -:;).îJ
,lt -> .9

r¡¡here t; is the nurnber of states in T¿, t, + t. + tr =s.
The read.er r',¡i-JI notice the sirrrila-rity of the above to
the case of the cyc}lc gþa:l rnatrix, of v¿hich it 1s

ciearly a generallzat,ion, since we have nowliele used.

tlrat p. 1,. This wil-I be considered r:ore fully 1zr 6.4¡J
in the general comparison.

llote particu-J-i:.rly that the resnlt is independent
of the irritia..1 state i; it v¡oul-cl have been lnconvenient
to have considered an initÍaL distribution as v'/as

d.one ¡:.'er¡iousl¡r, tliough it is not d.ifficult to see that
in thio,niore genl.i:a} c&sc the resul'c i.rì incieneitdent of .

The Lirnitr.n¿i ConClii;ional Distr-'l:ution.
.ll'or si.rnplicr-t¡r 1,¿s i.efine and investi¡,;a-i;e the o.uantì-ty

a-)
PJJ

r ì
(nt

v.J

(6.5)
(5)

5iJ' ¡

,ã tu'"
iince the rnaxirnal nodulus ei¡ienval'Lres of A are given by

å-Íi "ag --:f

-f'=l
m;, ô, I ,2.
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from TliEOll.tri'ii I.f , it is clear that

lirn
nr*æ

5i.i

d.oes not exist. Fiowever, from 6.Ï
' rJ-)

li m 5''J' >' o )

being positive iff i and j belong to the same

subset I . In fact then

( 6.6iry) Ii- ' J;J
I Jt) r r'),j

l3ìt l)

ï

)

To get a complete description of the behaviourr we must

investigate the other non-trivial casesr ví2.

a) Ii- s

cyolic

irJ éTi.

¿. ,T y,j E Ti.'

i e'l i eA','¿t

<q>

(3-+¿¡

/ 3r rr)

I i-
¿l ÐS

Li'n

,

b) Iim 5,¡

fyì -> 
ô€)

¿n -> rÓ

i.e . I'i zn 5{

L .Pv 
t"

.J ¿7i+,
l¡-)

.Pr¡ 1¡jrzj êrt'r, i ¡ri ft¡' .P¡¡

ri) ,r"þ.j

)
ftn ->ÞQ

the, other possi-bilities having zero val-u-e for al-I n.

"P,'j
¡lr+t)

Ji- s'i ¡Jl+r) l.¡-a) F

a ì^¡

b) 1¿".' si

,--.Ì 1rIJ ZT
.it 7i., îeri j

¿i+t)

,

(6.6b)

frorn 6.n

,j

¡Jrr l)
,¿

¿í+al

)

-P¡



33
1n a sirril-ar inanner.

Once rìore, the results can be most conveni_entry
exlressed in matrix forin, correspond.ing to Qt- , et-", Q-"?

r J¡)
€r f"'a,r
y''Q,. e-.

o

ø, /'0,1
:"' a--e-

..-
ol
ol

c,ruiq),,o.r I*,e.1
\o.laj l-im f sdJ

.ll->@

( 6. Tb)
' (¡¡. ¡)

l-irn ttU"i = l:
aa ->oe l r_, rr,,

rh¡¡) 
=rirL f jrr' I = 
l"-i r,,, 

,
a-r*) 

k

J=

o

o

o

Q Q¡
L

o

( 6.2c )
o

o
et v"t'Q,. o

where y"'Q,. Q.. Q¡r = p¡ vt"and y"lb = 1,, (]Ìere e¡' is the unit
J'tvector v'rith t; eJ-ements.) /r.gain note ihe sirnirarity to

the cyclic case, except \ha.t here the limlt ¡;ratrices are
obtained as the limits of el-ements only, ivhereas 1n the
cyclic case the corf'espondiilg lnatrì ces may ar so be
obtained as li¡:its of the Dov\rers pt', p*", p.".., where p
is the cyclic transition natr.ix. (F -= e in the above, -Lcr
the s'pecial case when e ié stochastic)

6.4 Conirast lvii;h and Similarity to Cyclic L'hain
since the matter 1s of consÍcìerable irnnortance, we

stress, once ürore, Ehat al-l-the resurts in 6.1-6.1 have
been obtained for an absorbin,Ì chain r'¡ith cycric transient
T; þpwever since r;he fact that p'r l'.Las norvhere been used,Jeverythrng is val j_d r,vhen Q. is e stochastic mai;.nix i.e. the
tra.nsition jrta-ürix oÍ' a c,yclic chain (s,,.e 4.3 and j.+).
lhis 1s in accorcLance with our ¡rÍm oi'get-bing a more
lleneral theo:ryr of l-¡ilich the col:reslroncìin,3 },iarkov chain
is a pa.rticul-¿r case

thereÍ'ore, rnal<ing the ail,o.r,oo;-_ _ --¿.i-1..,Ìes in ( 6.3)_
(6.7c) i.e. pr.rtting yttl-a¡ ar,d, notin,g ûhat ei.i,9.r,= -€; in
vslrich case ¿i.It the cÌenomina.-bors of (6.7a)-( 6.7c) become
unity, farnilla.r resu-lts fo:: the cyctic cha.in emerEe. ¡'or
exampl_e, ( 6. ¡) yi

lim
ñ -ì O<'

r'jeT
elds

¿-ri)
å å.o r'i V

J
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\¡ihere u¡ is the j th elernent of 

"rfy"'!"i 
!"1, which is, in

the stochastic case, the un-i-o,ue positive l-ef t eigenvector
-cor:'responding tof . 'Ihis is just an expression of the
Cásaro suirrirraLbility of { p,f"J , f or a cyclic lViarkov chain
(see €.8. tl9J, p.101). Sirni-larly (6.7a)-(6.7c) yiel-d
the well- knov'n: limitÍng resrrlts f'or the n-step transitlon
probabil-ities in the cyclic case.

The fact that this treätment is a I consid,erable'
generalization, emerges'more clearly by noting that, when

e is not stochastic,

V ,., ,it Jr f yt,t
ð ,

is pot the unique positive ]eft eigenvector, corresponding
t"o¡'l. 1lor suppose we dez:ote this }ast O" 3 =tþi V: Y:J,
such that b? =L. Then

(6.8a) h Qo,

(6.8b)

( 6.8c )

'oh,'l

-t,--r l'h., Q,.

+' Q.¡ ' -f t,'

L' È,!"

a

I\Toreover, Þ i" a leTt eige;'rrrector of Q' ,

to at i.e. Í'rorn (6.Ìa)-(e .fc) we have that
)

}1- Þ.

corre sp oncling

(\,
v ]., , þr.!rtt.,

TbereÍ'ore ì/ve must d-e--,e-rlaine 8,, è,, Ðùr>O, such that D,+Þ.1tg

= 1. From(6.iìa) and (6.8c), it fol-Iows that

ivh.e n c e

D, Ð¡
2
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aL,(r6.9) h t â, vt''
, ,

where Þ, 1s determined from the nornrali zing cond.ition

Ð.' (I TI" 
, 

Q,, S- r)
J-

,Jtu
+ ) !

a,, j'
lf Q is stochastic -bhe ,ro",ru.it z]ng cond i-tion¡be come s

3Ð,= I i.e.O¡=$and

-rr

v
I
3 t a., lr) V

>4
,tr'J

as reo_uired..
Final l¡,.,

general case

Í-'orn is

Ìin f

as ex-'pected.
ì.:C;IIJ:- rf ú i_e-
to Q, in a rnanr.l

DA

it is natu¡a} to
about the Cásaro

V

t LJ¡

)

eno_uire in this more
lii.rit

l*)

1im
,ra -a È

ã¡O

€. y")

art

.,J'êT .

e' lQ)Qre.t
ìzt"'Qr.e.r€¡

t

This exists anc,¡ is positive for e:,ch'i, j é T -and is
inde¡endent of i -by the serûe arg,urnent as €.t3. that used.
by I(eneny and. Snel-l-rIfgJ p.]_Ol. ,fhe resul-t in matrix

(6.10) Ë"tv"J=å oLL -e'Y"'A^ €t !t't ?,. Q.¡I v
I't"'Qr. e t ur'r'Q* Qr: !

9n J "'Q,, S.yn'e,, e.-,
t

9' J"'
!"t'Q,,e-- {"Q,.Qr¡ f¡

the unique right ej-¡lenvector. corresponding
er analogous to the above one rnay vrriie it

I
'w

t
v-r

+E8, ,\ þ)
)

Ð¿ vr (r)

".'y "'J
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but the
require

ncrma-Ii zLY\g

:.h¡at vY = f.,
coniÌitions 'àre arn¿kv¿ard a.gaín. r,Te

which iinplies

I
y,rtr' e, y "'

lì:iius, except when Q is stochastic (then 0,9,*= å ),

t Lrr, V , tú-' V^, tù., Vt, ) 74rt vt J

! "" Q" !"'u'*t

7J a

Yt!)t q Jl P¡

+ 3 I ¿"r,",'. ' ,üt, v(, , u, v,
r¡) tÐ ,r¡ ¿ù, ¿¡) lJ) _ '

. UlètUër, t, t/t t..,)dtrU3, J .
lr ¡ lr) I ¡, l¡,
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7'. TF¡.|{SITIO}T AND AIJSOLUTE ;.:Ui'r SI -P ROBASIi,ITIES

-l T î11^a ]]'-I '+ 
L¡¡U IJI odi c Iina.l-o

rt Ís possibre to derive rûeny resurts coi'.rûon to
re,gul-ar and c¡rcì-ic l''iarkov chains vsithout clistingui:;Lring
between them; thus the irn¡o cases inay be treated under
the cor-rnon na.rûe of ergodi c chains . -Lhe sarûe i s true
for oÌrr tlj'enerarizeò. anaroJues to ihese tv¿o cases, vrhich
have their fundarnentar interest in th.e absorbing chain
sense .

Revlev'rin'3 chapters 4, 5, and 6, v¿hich cÌeal with,, an
indecornpor;abÌe @, we see tital, the o,uantities

t.:t'
(-)

f '¡' i,j 6lr

behave in a manner sinilar to transi_tion probabi.r ities
of the co.responcrin,g ergodic chains. h,loreover, cluasi--
stationary drstributions def ined on T exist, i_nvolving
t-he lef't r:i¡r'envecr,or of the matrrx e. .,ot onry are the
sf' ce-saro su.,,¡nabl-e as ex!ected, bu,c tirere is anoti.,er
generalizat:-on of the Cdsaro suirurrabil_itf , ví2.

,lr.n -L E I r.j'" / xt -,nuJ ,

å ¡,J'"

1y¡ ->OO /Ì1t

lvhich al-so behaves analo¡¿ously to the case of ergodic :,

chains. tlhus we hp-ve sotile
the quantitì-es srt'' n-step
'r,he quant-ities

justifi_cation in caÌJ_ing
transition quas]--Ðrobabilities.

-,rt ?U'-'
,t_, 

rr.,.ã I'J 
t'

the abqolr¿te_=L,lg_"a-Þ':oþnE-l_]lleq a.t time n; and consider
the wholerÐrocess' as being a uasi-ch¿rin ( er¡,;odic ) , lvhi- ch
is not necessariJ-y a iTrarl{ov chain.

-L)ossibl¡r the most interestin¡; conseílL)-ence of taiiing
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this point of vieu¿, is that a reverse chairi can be
defined on the states of r for an ergociic quasi-chaín,
the former bein.o; ín fact a true j\{arkov chain, and being
significant in the tìuasi-stationary context. The proced.-
ure is anai-ogous to that f'or the ordinary ergocìic chain/ ^-,(see iì'eller, [, I3J p3T3).

7 .2 The Reverse Process.
A reverse process can be derlned. on the transient set

T of an absorbing litarkov chain, the transition probability
from.: j to.kG T being

(z.r) PI i-,.k / i-.,..¡J- Tlnt*'.f nj
lf. aÉ ir ) h t f '

this reverse lrocess is a lriarkov clLain 1ff this clu_antity
is co¡istant v¿itkr respect to m for ail k, j € T. T.he
rr,e,cessary and suffici-ent condition for this (for ind,ecorrl-
-posable O) is

¡ æ¿lf.(-( .z) Ë,:rt,J,^-
The suf'ficiency is obvious, iiecessity for prinitlve A
forrorvs, since for al-1 arl-owabl-e rrietributions i.e. v¡ith
sorne- ma.js ì-n T,

1F" 
t-,

Vtc

I J'

2 j,r eT '
T 

¿Èti¡) J ,J.

r,'or cyclic Çjz

forward.
necessity cioes not eppear tq Lre strai.ght_

i_,et g be the ¡eriod of g. llhen the
eigenvalues are al-I d.ifferent and :{iven by

r ¿¿ læ

ø*7 , -' OrJ) "' ' ,3- f)

rnaximal nodul_us

as be f o::e . It enc e

f ' t¡ð''t > 
lf ¿'-t " ':fir' a



39The spectral_ decomposition is therefore

Q-

where {+ I is the nrultiplicity vr.l_.o.g.
cl-ear that no el_ement of the rnatrix

3-'¡L ùt

"f
F, * v,'e'l¡ +o(nò!j.,t-),

of¡¿"' It is

6t
ì^, V_r t

(7.3)

can be constant vøith respect to !:,
be ze-lo for all rn; if ,for instance,
were, then

J

for no e-ie¡nent can
the j, k th element

t ¿Tdrb'eT5:r È Vg

t¡)-l¿e
ô-J

woul_d have à limitut¡\,o as rùo-,_ Ímpossible as @, is ^:

cycric. t'rrez'ef ore, each elernent of, ( z. ¡) is a fr-#ction
of m, bounded but havin,.g no limif as ÍL-oõ . rile can
therefore ¡¡¡rite trn,t for suitable lr and sufficientry
lârge Ìi

llp
(q,

{q+r)

-rrà. w& v* Vn t*''ì

T 1 E lrd'v'ot',i *1 e q (-, ¡
+obatp"t)

r,n¿here the functj_on r{{(r) is obvious from (7.3), for
aII j, and depends onJi . j{ow, if the left hand slde is
constant for all n, for any jo k eT, then puttin¡1; j_k

ot t*'

{' 
l-+')

'rrol urd vj + tft t"-,1

-P 7* ?lt r¡¿ 'j'je \'t-^t
-J )

where 
"J, 

O . l.heref ore

t¡' r*, ) t r j .Ë'': E,*F't atd E riJi,J'- 
'J' f .

llence V @) is constant, and sincr: É; (m+t) =CSg @), \,t-) = O
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f or all j € T. Theref'ore

T, n(-) = vt
f, a-rr) Ñ ¡.'JJJ

It is,noreover, clear that tlie above , (-l ,Z¡, hotrds
for the quasi-ergodic'case if the forr,vard process starts

in state i ¿ t with probability )u¡,o.¿:! t j e T. rn the
case of prlmitive Q (quasi-regular case), it a.rso hords
if' a suffleientty long tirne has erapsed for -rrl-'to con-
verge ,o f"ro (ø,

îhererore, wlien the revelîse Þrocess 1s a }iarkov chai4,
its transition matrix, definecl on the states of I is

P-)r = t P.jtJ

where *
:,p 

T 'V;r¡ir'
-Í" VL

ì{mL, J J-

ìô Px QV

'r,vhere v = d.i-ag I v,, vt, . - -l ,rr1. The stationary probabi=-
lity vector of tliis ergodic lviarlcov chain 1s easiry seen
to be

=l,V

vu/ E, '¡¡f, U,, -L[Ly'., 
. ,r-r.U.].

lhis is just the c¿uasl-stationary(rrector)distrlbution
dlscussed in Chapter 4, at least when @ is primitj-ve (

see ,ì0îE, 6.4 aiso). This 1s therefore a pleasing J-inlc
with the material_ of this chapter. In the present case

-fr = 1, and-¡,' =;þ" with multiplicity ]<+l-.
tr'inallyn for priinitive e (and hence p*-), an j.ntui-uive

ciescription i-s enli,ghteninS, Go forv¡ard in time sufflcent-
ly far Í'or t¡')fi"|o be replaced. by T¡. / r, uo Given tjra.t

the forr¡¡ard processis stil-l- in T, corne 
/backv¡ard 

f or a
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The probabi-length of time m along the reverse process.

J-ity of being in state j is then

1^rj Þ

this interpretation e¡r.rr.v¿'1s quatrÍ-ia tvely;islmilar to (+.+).
7.3 The Ohapnan-Kol-mo¡{orov lJqu-ation: An Exannnl-e.

In view of the foregoing, the question that naturally
arises j-s, when do the n-step probabili-ties 

"rf', 
i, jc t

actuall-y beliave as the translr'ion probabil-ities of an
orC.inary i"arkov chain i.e. when d,o tiiey satisfy the
Chapman-K olnogorov e quation?

this is not true in general, so that v/e are interest-
ed in necessary and sufficient condÍtions on the tll'to
make thern satisfy

a\' O ('*,n (

L tÁt l-)

lrj f.rn'Q .4)
Jé7

f).
J_ ¿tr ^r-.Orlr2l .".

r,¡ c -r7

À sufficient condition is that the rows of Q. Ì.iave eclua}
suns 

^tA, 
say. fn the case of interest ).l,the transient

states of I are said to be J-umpable (K-erneny and iinel1 , [tg).
Therr

I )

¡

ô1^t
)

and tne quasi-statj.onary probabi-lities v,r. andLrJvJ are eoual
¡rtr exainnl-e of such a matrix is the ma.trix Q of 3.3, in
vrhich case Ì it is particulai:Ìy interesting ihat

(â)s¡'
(rt

"j1 _ ¡.,o,-,
f'J 1i

f or a}l- n.
'( .4 g iiiore General- Context.

J-,ookin.g back at the na.teriaj- urto the present, ret
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us notice tiiat we ];egan b¡' consi.dering the importan'b ques-
tion oÍ' pseudo-stationarity in absorbing i,'iarkov chains,
this gi-ving rise to the all-ied concept of rvhat haq been
descr.ibed. as clua.si-chain behaviour. r^rll- our theory to
date has tÌrerejlore been developed in the context of the
t::ansien-b states of an a,.bsorbing itía.rkov chain. It is
clear, however, tliat al-l our cluantities can be deflned, on

a.nd treated by the use ofonly th.e substochastic matrix
0 (and of cor-rrse tlie initia.l ¡robabill-ty). Thus, iñ a

broad.er sense r we a.Te not at all concerned with the exr,li-
cit fac-¡ that the I,parentr ch¿rin is abq_gsþi4_g, brrt onJ-y

rvith a set of states T, transi-tions betlveen which ¿ìre

éjoverned by a. substochastic ma.trix Q,, the set T being
not necessarily exhaustive (if it is , tLris becomes the
case v¡hen Q, is stochas'¡ic). iioij.ce t-liat this viewpolnt
is c] osefy relal;ed to Bartlettrs ob jection, discussed. in
Ã)).).

''i'irus, i;iandl EZZI considers any homogeneous ì"iarkov
chain rv'i ili an i.rritial probabili-ty i.istrlbu'uion; in
particul-ar he tahes any subset T ofstates ancj discusses
tlie asynptotj-e beharriour of the conclitional- pr'obability

(r.>) E,E¿^ = i, / T' J

rha.t tJ're systcrn '*,iJ.i be in sia'te ié lil at tirne n, under the
conciition iIta:" ii; does not l-eave the class T 

"

'jhe relr-ation to our ideas is s¿g:y to Fjee if we denote

. o¡r Q the matri-x of transition orobabj-Iitj.es p,J between the
states of t' onl-y. lùhen j-f we cÌet'j-ne ¡y pù'", i, j é T the
r;Iements of the rnzrtrix Q. , then (l .S) ¡ecomes

Z- rr; rri,
iË7¿s

t-)
0.e) Lr; ã¡ü'-'
¡,vith wliich cluan'city vre have dealt, at -l-east for inoecolÌt-
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-( .5

lrosable @, being nothì-ng rûore than (5.3). iriotice that
iii¿¡lijlts t:cea-,i;men-b al-so allows @ to be stochastlc, i.e.
T nay include aII the states of his chain. Ijefore proceed-
ingr i1; is r¡u,orth noticing that (7 .5) i" quite diff'erent
from Chung's concept of 'taboo' probabilities, tll o

The v{ay in ivhich füandl's paper is valuab}e as far as
ihís thesis is concerned, is that he al-so treats the limit-
ing behaviour of (l .f), and so 0.e), for the case v¡hen e,
is deconposable. ',,/e shall return to thls l_ater.
Íiote on a Paoer of Breny.

it seems aÐpropriater âs a conclusion to this chapt,er,
to mention an interesting paper of tsreny [.6) , lrirnarily
because we can arrive at an lnteresting conse(l-uence of
some of the theory we have deveJ-oped". À second reason is
that the rnetLrod put forrvard. leads to the construction of
several absorbing chalns with one absorbin.g state frorr
one v¿ith several absorbing states; Since .our tireory is
only rel-event to the transient set T, Ïris ideas could be :

further developed as a means of ttransforrning' the natrix
a . liov¡ i;his cones about rvill be exolained belov¡; Ìrolerrer
we will not pursue tlie topic beyoncì -¡his section, although
i'ú is rela"¡ed¡ âs v¿ill be shown, to the nature oÍ. the
problems und.er investiiíatj-on.

,Jrc;n)r' s iíore ,ìeneral absorbin¡"; ctiain Ìras iL:ansi1;ion ,:

marrl-x

[:]

0.7)

where P is (s*p)x(s+p), f is the j-denr,-jty rnat-rix, pxp,
ancl I corresponding',;o the set iil is sxs as usual; R is the
rnatri-x of ¿l.b:;or'ntion i.ra.nsitions and. is sxpr being the
;;r:neraliza.Xion of W nreviously. (iie adort Breny's ar,'.¡¡nent
'bo our iLeecis") íiivin'. a,s hj-s reason the i'act that the study
or.' tlie pas sa.¿.;eof e hoí:roijerieours ch¿iirr tlirougli iir: incìecom-

?
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îosabl-e groups, h¡rs as its iliief tool the'BreOry oí absorb-

ing chains, he se-bs out to derive Í'or the chain governed

by P the probabilities

j li-'L,ö=kJ(z.a) P t¿

1.e 'transition probabilitiesr , íiiven that the state (J into
which the s;'steril is absorbed, is Jc, Í'or i, i € I or = k'
I;t is undez.stood that cJ, j can be reached from aII i é T.

Subseguently, iiê proves tLrat the cierivecl prQcess, defined
on T and k is TviarÌ<ovian, fr:he transition -rrobabj-Iities

(Z.g) also being inC.ependent of the time parameter n. Thus

for every absorbing state k, a new .riarkov absorbing chain

can be defined-, having tra.r.rsition rnatrix

Ë

o
?tn

h Qlr
r¡,'here

9* = D.Q Ð¡, s/-s ; Rlx = ol R, gr, Ð^I t

D/n =diag (¡ltt

If , for sir.plicj-ty, we sup!ose @ itriri1i-uive, \ve cbtain
an interestin.,,- connectj-orL between it and @¡rc, as regards

our the oTlI t f or since both have e <alct]y the darne set of

ç1,';env;-Llues, the tates of cont/er .ence to tire c,uasi-

stationiz.r¡r cii stributiOns fr.TP the Saiile " ii'roreov3r, since

the eigenrrectors ìtre irensf'orLrecl r'ccoriin-; to

y Y- lr-r 
>

ai

\¡/e see that although the quasi-stationary oistribution {
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ci.ta.nges, the other'rrz.fu,v, 7, t,, t ¿ e rutt/s J does p_+.

\i¡e have seerr in 7.Z alreacìy, tìrat a tiioiit_'ied siinilar-
it;r transf'or'¡ira.tÍon of' @ ir¿rs an impor'cant conseoauencei, the
levense cha.i:n. In bhis s;ection, r,r.;rother sirLrl-lar1t¡r trans-
Í'orrnation has a.lso lecl to int.eresting pr.operties.
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This
paperrt zZ

deri.¿es e

lllE Uì C(-ltvÌpOS.,:i BI,u Ti,,AI,TSTEN 1l SliT 0f,' STi\TES
chapter consists of a brieÍ' survey of l;iandl_,s

1 , in r¡¡hich he shows the existence of and.
xpressions for

. E T¿ Pi;c-'rlm ie¡ -! \)

'h-'€" I, li'-' Ez, 1'J''-'
set of states T (and so the rnatrix e) is decom_

when the
posable.

B.T The Dec omposabl-e T ransition Surtrma trix 
"

The ìriarkov chain *rhich has a deconços¿rbl_e transition
matrix p, 1s one v¡ith a finite nu-äiber of closed inclecorn_
posabre sets of states, the stochastlc subrna.t'ices coryes_
ronding to these bcing indecoinposa.bre" Ther€ma.y arso be
a set of transient states T, v,¡hich -blie systern leaves in
a finite. time entering the crosed sets, The 1i*iting
behaviour of the n-step transition probabir_ities of such
a chain (apart frorn the probabllities of transition into
the absorbing sets) can be studied by usin¡i the resurts
for an ergodic chain, wirich has indeco'po"a.ól.e rnatrix.
No difficul-t;r is ltresented bJ, the eiejÍellts oÍ.e.- , since
d-r o as ?L--o¡n. 'The analogy to the above in the present
case is the sbudy of the above conoi1;j_onal- o r'obabili tie s
r'or a set of transient states u v,¡hi ch is ciecomp.s¿¿bre.
rt is cl-ear that bhe eigenvarue structure oÍ a decoui_
posable Q, is cotnparitiveì-¡r r¡ore \co¡r¡l_ex t;han r,or a decom_
posable P, and in fact the fo.ni.rrer reç¡ui_res quite invol_ved
treatment, 22 r âs compared to the r-atter" rf lve rewrlte
the rnatrix Q in the same form as v/e would i.ts stochastic
analogue by a suitable relabeÌli

@,,

O.r O

Qee

R.

have

Q=
o

'i 
þ0.,'o',

ng of the states in I, vre



8.2

47
where Q,,, ,......, Q¡.,¡,, are square. It will be seen that
\¡¡e cannot in generar negrect the ef'fect of the nratrix
Q¿.,¡', , which may itsel-f be d.ecornposabl_e. lvioreover, e r ,
8.. ¡ ...Qpr,¡., ma.X each have any spectral rac]ius not exceed.-
ing unity, which 1s one cause of the reratively greater
difficulty in treatment, than in the stochastic anarogue.
AS of ll'iandl-r s Results .

Any set of states whose submatrix of transition
probabilities is primitive is d.efined. as re¡1ular , and
the }argest positive ei-genvaì-ue (=p"ctral- rad.ius) of the
submatrix is called its characteristio nurnber. Before
proceeding, illancll restricts the cornprete arl¡itrariness
of the set r, by assuming that every sta'be of r conrnuni*.
cates r,vith i1;self i¡¡ith in T. This enables every state of
'r- to fal-r into one of the subsets r of co¡ffrrunicating
stateb i-nto which tlie set r can be d.ivided. second.ry,
these subsets are assumed. re,zuIa.r. They can then be
partialry ordered in the usual $/ay, i.e. deiine a.reration
t ¿ I on the class of subsets of ,1, to nean th,at Tr i Tj if
it is possible to pass fronr rc t9'rj . 'lhis j-s the wel-l
kno',vn orcie.l:,ing of antecedr:nt to consequen-b, and, may be
found e.g-. in ühung t Zl anci Ììomanovskii t Zgl . A l-ast
assunption states that at time zero the sJrstem will_, with
Þositive probabilityo be in the minil,rar subsets T i.e.
those I ilor' ,,-¡hich tkierê exists no îh ¿- t) , ,,nihere r¡./ Tj .
rn the paper, this is referred, to as 'concri-l;Íon Ar , but
is in eÍ-fect trivial-r às v¿ill- be seen in a norrrent.

lire theory is d,e'vel-opecl b)'iir^st ad.d.itionally assunt_
tn¡3 that T is s¡lit into sets T, , ,I, , o....., f I such
tliat r'rorn Tj the,system c¿in pass onry into T;rr. lt is \
then proveC ti'rat 

- ü

lizn
-, +€Õ

t ¡fu
I m

(i)
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exists, and is positive, l-rhere ç+= '' j'rì

-r 1i
'¡rLa x

;r lrår...rI

llr. 3

,

fi being the t:haracteristic number of Tr. , and h is the
numl;er of tines ¡ occurs among theyr' . An e_xpresslon is
derived for this llrnit.

v/hen the ad.oitionar assuÌnption is rernoved, it is
proved that for every j é T

L= tr¡ f 'i 
t-'

iirn ¡'éT

; -; ^' L 1i¿ ( r- 2,.o'-')
r.é T

exists, and the necessary and sufficient condition f'or
j-t to be positive is given. rts val-ue 1n general de¡ends
on the initial d.istribuiionr otr the arrangement or the
subsets T¡g \,vithin T, and on their characteristic nurnbers.

A result of particular interest to us, iiiandl' s
Theorem 5, states that if there is a unique h-mÊmber
Ðeoruence of subsets, each wlth characteristic nuinber
v¡here h is tlie Igtn;gg-!. posil;ive number (inte,3er) for which
such a sequence can exist i.e.

I _1 ?s¡_ .l.i + ÏiJ,

then the j-iniit is indeoenclent of the initial distribrrtion.
liir exarn',rle is ,,1iven irr tlie next section.

8.3 Corrnrent and CritlcislÌ.
Ïire r+!.59¡¡ vlhy Iviandl asÍlunr.es t'r:at everJ/ state t¡igiin

T couurunica.tes with itself , is to avoicl Íncreased cornprbx-
ity in r,*ire oroofs oÍ' his tlieorerns e.g. lilheorem 2. rf'
there exists a stai;e of r r'or rvhi cli tlie above condition
cloes not r.,.old., then it can be made into a group i_,). it-
se,lf , arici fittecì into the partiat orrìering; ä.s usuar,['/J.
5Ínce its iransiti-on submatrix is thc zero el-einent
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thÍs corn)licates ilatters as far as tlie soectral rad.ius
is concerned. rt 1s therefore rrrore conveni_ent not to
consid.er sets 'l u¡itþr:such'lu.iSance' subsets, whj_ch invol_ve
mocìii-ications in the proof , nor rearl-y f1t in with the r.r

assumntion that all the T are re.r.5uÌar.
ConditÍon A, stated, here as in Niandlrs paper, is

ambiguous. \\¡hat is intended, as energes from the .oane?,

is that.e_ag4 of i;Ìie rninimar subsets rnust have a positive
probabil jt¡r of being occupied initially. If' n.ot, then
tlLe minlmal- subsets having zero initial probablÌity can
be d,isregarded âsr clearl-y, they they do not affect the
behaviour in other subsets, and have zero rimltin,g proba+
bilities themselves. Thai this condition is reall¡r tri-
viar f'oll-ov¡;¡ f,rom the fact that if there is an arbitrary
iriitial- probability distribution over 1,, ,r,Ìien if 15 is ia

,tleasfeubset havin,g initial- positive probabillt¡r, (in the ;

sense that for.all ii.' such that U¡o*{j \, / j, there. is
zero initial probability) , then al_i L,r, iü, k / j , have
z,ero J-imiting conditional rrrobability i-or e1¡er\r state of
T ¡ , ancl ca.n be dis;ca,rded as they have no effect on tne
beha.vlour within oiher subsets. Hence there is reaÌJ-y no
loss of ";enerality vrhen conclition À 1s aprrried..

B.+ ¿ I'lurner ical- Exa.mllIe.
lllandl I ZZJ ,.,ives ?.n interestÍn¡1- exancle at the

concl-usion of' Ìiis pa-Ðer, but the foIl_ov¿in,g aìrnerical orre
is helnful- in cLernonstrating the val_idity of his Theorern j
(see tì .2 ) . consider !-' L

'l'L ö
Ia - .là ''r
l-t r' 3L6 'LHere the re.¡rlar subsets are in fact the states Lrz,

and 3 tliernselves, ernd. there is a uni,:lue 1;vio rnernber sequence
-of ma-xinar len1r;'uh.'þ = z and characreristic ¡u:nber ¿b.
Uti.lizin¿¿ r;he partial :t'ractions aplroach (or eciuivalently

3

ô

t'

¿,J
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f I - LQJ-'

Perronrs formula , [Zg) )

v,¡hence

e
(n¿

l¡'n
--ro(r

r-{l)" o

¡t-r5z)"¡r- 1 r)-' (¡- ¡i r)-'

(t-¡rzt(r' urz2-t(t-7r)" 
I þ- tlz)'' (J- ,!z)-'

(i), o o

(!)"- (!.)- ( ,b)' o
(i)-''' !(-+rt(!)r,¡{iI' ,?('!)''' (Ð- 

-.1

ã T¿ ( t- J;.'-')

o

o

l'hus if the initial- oistribution over !l is ÍzlÊ'-rr,1î¡J
¿tlte t t ., then consioerlng

E ri¿ g,','('/
icr -l .J

d+ Lirn T (i)i 'tt',( (i)'- tì)')'\ (-tÐ':' j (-*,t (!)- , i ( \)' )
¡¡ -> Ôo T¡ ¡ ! )'+ 'fi, ¡ r(Ð-- (!,) ) -r"(-t.l) ! t- t u ¡!¡'+ì tît z ;rìti'¡!l'tl

+ +

if Tt", O

1i. -
-lis (i(.-+,) (.t)-)

Å
7-

ô,r -- âO ''ïIs ( à (-" lG)" + fi (t^)*')

if T¡.o ,Î¿to ¡. then the llmit is å-.
iÍ' ]ir'o, Tt.o t ?¡.ô , the l-irnit is l-.

i-)

-r, 
TJ,o, the rimit is å.

if 'lt¡.o, Fr¡'p , the limit is l.!.
if Tñ'o¡ î..o , Tt.o¡ the limit i-s zero.

ì-)
J-J\

In all cases the Lirnit is zero.
Condition Ä rectruires E'o, and notj_ce e.g. for j = I

that 1¡ cancelsout; and, the answer is independent of Trf T= o, T, can,be disregárded, and if T¿- o the ind.ependence
of -li- is obtained for the same reason, on T, and r¿ . rf.
'tî¡t'tt¡z Q , the same reasonlng applies, giving the obviol)s.
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9 " 
,lllÌE I'Ii,If llE CONTIl'\iUOUS r)ARAivrliTER rlAS .1ìi;t iA\

Thi
time cha

s chapter surno'arizes the resurt,s for continuous
1ns arising out of lnvestlgation anal0gous to thediscrete time case. rt is therefore mueh..sÌ'orter than thepreceoing riaterial, and al_so because cycì-icity does notarise with the continuous pararneter,.

9.f Prereclui si-bes.
For the basic theory of finlte continuous parameter

chains we refer to Doob tgl . Assume, âs usual, that ifthe (stationary) matrix transitlon function is p(t), that

?t'IJ¿
?,j= lll

I - Ìtt^)
t,

f,¡ (t)
- lr¿ (o)

thls implies that pü(t)
È O, whence we can put

has a derivati,r" p,rllt¡ for. a1l- t

f'J ( o)t , i + j
The matrix f|fl, wliere

J,ri i-s -7t , is denoted by R. .'r.hen
we have

( 9.r¡

The simpl-e absorbing chain in v¡hich we are in-berested.
has transition functlon vvhich can be r¡¡ritten

where the matrix is (s+l)x(snï) ana the other dimensions
â)re as before - I-lowever, ii is as usual of rÌlore rel-eveirce
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to consider the matrix R of infinitesimal transition
probabil-ities (probabilíty densities)

with o.imensions analo,3'ous to (9.2). Notice that since

?: / g, and. 
2o>, 

O then at least one of the ro$¡ sums of' C

must be Ìess than zero.
the set I of transient states Ir2r...¡s shal-} be

caIled regular if every state of T can be reached. f'rom

every other state. lhis deternrines an indeconilosable (

though .not non-negatì-ve I ) matrix C, and is the case of '

fundamental importance. Then the matrix
(,:i :t.' \ Cþ
(g'+) Q(t) = e

is an indecomposabl-e substochastic matrix for any t O;

since v\re are rìealing v¡itlr an absorbing cilainr it is, as

bef ore, strictly sr,tbstochastic. tr'o11ov,¡ing ii'iaricil- t4l ,

lheOrenr I, lhere corresponds to C a chracteristic root

_1 , having naximal real part. Th'i s root is real,sirnple,
and less than zero. Corresponding to Ít are ''.rositive

left a,nd right eigenvectors {trü , and we can ',vrite¿J

tc 'e*J-vr 
ro(e¿.f')'--( 9.1) Qrc)' e'

3 = L, and' _f'l '"[)his expression is the analoi3uevlhere Yr^¡' v
-4-

of (].2).
' Before proÖeedingr wê note that we can no longer use

the expressions
'tiute sÞent in i T before absorption'

and

'nulnber of visits to i T berlore absorptionl
interchangeably, the f'orroer being the relevent one in our
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is the ra'bio of rüeans dis'bribution, which is rìependent on

, V . 'ilhis expression is vali-d when T is regular.
!.I The l,irnitine Condit ional l\Tean Jiatio.

v/e wirr only derive the exr)resslon analogous to (+.3)
i.e. an expression for

eli,li'',
Ë -!l'o

XU (tt / 'X;, ! øi (a) (J'fi. (t't))olt
I - ¡;o lt)'

-¿' 'J'

) J

where X,¡&) is the time spent in state jel in time t,
having started from i e T.. Iìeferring to 4.2, it is not
difficult to see that

x

E

1
É 7

tt
et¿ (t¿i vr) 4,x * O(ePë)

/ e.P 7^i: ,a9 v4 + o(.te?')
V u.r

t( G-l

-' -J '¡'
ior regular T, us j.n¿4

o (Ë) 
2

t^(9.)1. Hence

(9.8)

as is
true

rr-rf fu'tt) / x;,tlt---[ ë J

!

expected.. The ex¡ression
also, and can be der.ived s

s rel-ated to (9.8) hot-d
imilarly e.g. notice that

J fr' (Ð E, f¡n(t- Ð lrrod'.
L f;rCt)7¡nokêr ,

t

and. tlrat Z_vrJao>O, from (g.3).
K'7rt is rrot nracticable to use a ,3enerating function,

ê .8. La_nlace transÌorrn, approach Ìiere .

9.4 The Stationar.v 0onciitj_ onal .Di stributi_on.
Let us a¿.;aÍn conslder the concìitional probabirity

oistributlon, restricted to the tra,nsient si;ates, where
the distribution over aÌl- (s+1) states at time t is

\
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- [ t¡,¿Ð, t'(t) ] , This 1s

cLtr) T ¿ts
! )7-'Iro(.)

and. call it a quasi-stationary distribution if

dG) d t-.O-

(9.9)

,

Then since

it foll-ows

aL(t, )

If d exists it satisfies

(9.r0)

T'tt,) QCtu) . y'tt, + t') /'¡ tr" o
)

Q (t, )= p(t,,t.1 dt ¡t, ¡ e,¡
)¿

a

Q(t,), ¡(t,,,ë.) !'
true for all- t, t, >,0, Ì{ow, since T is regrrlar, f'or
fixed. tr' O Q(t,) i" indecomposable, with spectral raclj-us

.r/ vrltich are posi-
tive etc. I-lence it f ollows

o J¡-pJ =) ( tt, xt)

d

d

(r)_ea-ît

frorn (9.¡). llhe rate 'oÍ conver:,;erice is exponential as 1n

v a

Conversely, tf tt '- d.(o), tlien d(t) ; fr t"O.
the interyieLatlon as a lirnÍtirl'íconditional distri-

bution, followl f'r'om

X, 'lÍz' P;i (t)
dêT J J !:'Q(t){j -t(p- p')

Vr'+o(e " )I

F; or (I- t;ottt) )
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(5.+). the bounds on I anaiogous to (5.6) , a,ret

rrrin tlri-'?l rnax tll' )
f rT .¡'er J ,'elF J&'t '

with eitlier equaiity holding iff both do '
9.5 iliandlr s ltesults .

ftlandl's paper t.4J for the continuous Ðarameter, in
particular for I ,¡¡hich is not regular, follows the pattern

of E22) , the results being anarogoÌ'ls'i'¡":i

The corresponding subsets Tr' of rnutually corirnunicating

, states arlse lron a communication relation defined' in

terrns of the elements ?,i'O, viz' i é T is à consequent of

iéT if there exists a seo,uence i,r i¡r""'rit of states

of Ì suclt that f;, J;',',"?i,-.,"'?iq'a;re all positive' If i is
also a consequent of j then i ancì j are saic. to comrnuni-

cate. l\o assump-tion is rrrade about all states bein¡{ able

to co,rrirLunicate rvith .thernseives. Jnsteaclr every state is
said to corninunicate with itself . fhe usúal partial order-

ing follows a,s in tlie discrete parameter case. The ne\¡/

f'eature is that arnong the submatrices Qi¡tC corresponding

to sets T.¡ r there nay nov/ occur one-d-irnensional zeros t tkre

otl'iers bein¿'; j.ndecolnposable .

conditíc¡n A is as be:fore; hclr,vever t]iere âppears to

be an additional assumptj,on that tlie initial .-'robabj-Iity

ctistributlon is non-zero only in T: this seenLs unnecess-

aTy. 1

the proofs follow a similar pattern to the d'iscrete

case, with the matrices Qr¡ t C, i / j playing the role
of iransition step matrices betv¡een the subsets Tr' and' 1Ì.,'

i / i, and convolution integrals playing a prominent

role.
Ì{OTE. In copclusion to this chapter, we renark that 9'3-l
.g.5, and g.I (rnaking appropriate ai., justrnen'ús) nora :-r.lso



for regula.r sets 'I such tliat Aft) =ê
C¿

for regular chains as in the cliscrete
9.3 and. !.{,and for d"ecoi;¡oosable c}ial

'57
is stochastic i.e.
case as regards

ûs , as regard s 9 .5 .



5B

10. A ÐEi'iü\,rBiiABLE IITI'I1''TI'lY Ol,' STAÎ]1S

I'or completenessr wê present here the few ]cnov¡n facts
gJ-eaned frorn the Li'cerature for particular special cases,
that are relevent to our study 1n the case of absorbing '.;

chains with a countably infinite nunber of states.
10.I A Survey.

Ii is apparent that virtually all the preced.ing matter
1s d.epend.ent upon tlie stectral resol-ution of a finite ::i,i-ii-

matrix, Ir the present case the rnatrlces are Ínfinite,
and. the saine techni-c¡ue is not generally applicable.

SarymsaXov [ 30],ff 22-24 atter.rçis to oeal vrith t]re
cLiscrete Þaralleter case by a passaúe from fj-nite to infii
nite uaLrices v¡ith the reason that ihis v¿ili ai-ford a

computational procedure. Ilis rllethod is to consioer'a
sequence of matrices

t Þ*J ôvt I 1, 1r "'

where the ¡iatrix (Þ- i" composed. of the first rn rows and.

col-unms of the inflnite matrix P, talten to correspond. to
a single essential aperiodic class of states ( we use
CJhung's termlnolosyr [Z] ). A further assutûption is made,

to the effect that afier a finite rn al-l- ð,., t". inde\compos-
able, and, then several theorems about reigenvaiuesr and.
I coTactorsr are proved.. I'r ovuever, the theory is far f rorn

coritplete, and even v¿lien Q, is of the satlle form as the above

mentioned, P, does not enable us to obtain res.uÌts for e.g.
the lirniting cond.itional dÍstribution.

Iìeuter and r,ecLerrnann t2S] have developed sorne spectral
theory, for the special case of Ì-'irth-and-cleath. orocesses
(continuous parameter) alonig lines v¡hich souier'¿hat resembl-e
Saryrnsaliovrs,

liarlin'and irtcGregor tfZl have obtained. sone results
for this soecial cese al-so, and for the discrete (ranclom
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walk) analogue a-l,so, If81. Their resu]ts aTe apptied. in
10 .3 and, IO .4.

yaglom,s paper [¡¡] is important as regards the lirnit-
inij conditional- distribution. A ;4enerali- zation of his
basic tliêorêrrr is ¿1iven in 10.2.

In the infiuite ciiscrete case I w€ a;,,ain consid,er a 'ì'

chain with one absorbing state and. a set T of non-essenti-
aI and therefore non-recurrent states wiiich, f'or simplicity
nay again be called. 'ürarrsi,ent, tI3J. the non-essen'cial

states fal} into non-essential classesr wliich nay or may

not be period.ic. chung t7), p.r, Jras pointed. out that,
in ¡3eneral, the l.imit of a:h individual ratio

?uÍ-,

TF''
does lot exist as t1-tec for a recurrent a¡eriodic classt
v.¡hereas in the corresponciing finite ßase it does. ,'

Whether or not'this is al-so true for i, i, k' Ir ê T

vui_th T a sin¡;le non-essential a.periocìic class, does not
appear to be knolvn. A knov'rlec1ge of v¡hat Ì:.ËiÞpens in 'this ;:

case, would clearly be helcful in considering the l-imit
of 

!-) /

,rJ t-t 7;j

It,

1'ï ,l.¡.'

L 1.J, 
,^,

jér

The rernainj.ng point of inierest ivhich trrtts't, 'r:e ilentioned,
is thati, it only seems relevent to consioe:: the countabl-e

case if a.bsorption Ís certain i.e.
so

L
ù!o

Ljer
t- ¿11 ; êT

whereas, iû f,eneral-, the above sum -¿ 1.

I0.2 the Simple Di screte rlrancliinP; Process o

A sirnple dj-screte brancþing .'rrocess def ines an a'csorb-
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ing irTarkov chain u¡ith a countable nul,rber of' states, 0r It
21...... representlng the number of indivj-d'uals in tÌre

population. (tr'or a sketch of branching processes, and

extensive bibliography, see Bharuch¿-Leid', t 4 J .. ) Let
the deterrnining probability distrlbution, lvhich grves

the probability that the number of ind.ivid.ual-s x produced'

in any one generation by any one .individual, Ue ¡(x), the
reproduction taking place ind.ependently of other individ'-
uals; and. the oorrespond.ing generating function be

oo

F(r) = I;Pcr)s' ¡sl -'J

'Ihen
3

Pt' = coefficient of "J in t rrs¡¡

'lo have an absorbing chain, vre rnust a.Ilolv the poss|bility
of the populati-on oyi-ng out i.e. Y.ie ¡Lust have o¿fto)'J.-
which ¡¡ss.nsthat absorption can taice place in one steir

from any state í = 1r 2, 3r...r..r these beinqtransìent.

it is e consequence of the f'andarnental th€orem of
branching processesr that if

Ijtn
5'-> f, -

F'( s) 8 ô,, .3 t

then the ,orobability of absorption (excinction) is unity,
Í'or any initial- probability distribution ]f , although T
is usually taken a" f,-* , since ín general v,te are concerned.

v¡ith starting from a fixed number of j-nciivj-d'ua1s, i.
Thus, lvhen rn 31, wþ liave an analogy to the finite case"

Und.er the assuïnptions that ¡a < 1 and F" (l)t-, Yagl-om

proves that
I irn
rå -t oç¡

(r) 6t¡

r,j =Yj)
Ë, rv

<-t J.,
a
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He therefore 'oroves the existence of' the limitlng conditi-
onal distribution for a parti cu:'ar T . We extend this
resurtr folrowing the lines of Ìris theorem, to obtaln the
exibtence of the limlt for a large class' of !, this }imit
being ind.ependent o,f T .

We need, another result before proceeding. let us
denote the probability generating function of the number
of individuals in the n th generatlon, starting with one
initialÌy, by î-("). It ip welt known that (e.e. t4J p.
1e)
(to.l) F- (s) F I F--, tr)f z

and that if the original- nunber of individ.uars. is i, then
thè correspond.ing generating function is [e-ts¡' Therefore

(]p.2) P'J = coefficient of s r F- (ÐJ

TIinOiìlllvi : Generali ze d, tire orem of Yaglom.
If a,,tt , Fl,1,(1-)."lc, O . Llii 1 !, and. the,olnitial

distribution ' has fi-nite firs-b moment i.e. Itt; 'n
then

(n)
J ti.n ?

co (û,
E- 'li'¿ Pi;
L':t 4 v

Iim i o; (t - !t.'-))
t vJ J

eT,

where f.vJ' - 1, ='and V¡ is independ,ent of 5 .

.Yl -Doê
ôô

Proof:
lLet cO

t4 t Itr ?i¿ pri' S r
J.r ¿ v

G-(s)= 't|z' (I-fio )

-¡ri ( e-t'ls ) - å' (o) )

?': I

¡sl +l
d¡,

aa

ors

z.
t'ti'from (ro.e) , i.e.

1t:i (r- p- (o
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'rí¿ ( F'-l("t - l)
G-(s)- I

út
l'¡l(t0.3)

(10.5)

+ a

Lr; ( 1'F-
d:'

We now use an extenslon of a cl-assi-cal result due
to Köni8ï,.*bx l(neser f21l (c.f . YagJ-om,, f 33l). This is
concerned, functlonal lteration in the forrn of (t0.1-),
and. considers a functi-on 

"f 
(s ) derineO j-n 'a neighbourhood

of s.ô r v¡here e is a fixpoint of the function i.e. rl F),u
and.

(o) )

J
( 10 .4) I C¡ts>-<)- a(5-c)l 1 llls-cl

in the neighbourhood. of c , with &, l4'o , oÎ'f constant
and o¿lôl¿1. Then, for S sufficlently close to c ,

9 (s) Litn Ea'-(f,-{s)-c)J
¿yì -> €

a 2 (s )

is a solution of Schröd.er's functional equation

€ t¡t'>;

and the conditions [t.¡= Or f '{.) = 1.
In our case, we know the function F(s) is analytic

for -1 ¿ s ¿ L, with î(f-) = 1. Considering the left
neighbourhood of the point c = I we need. only verif,y
thàt condition 1f0.4) is satisfied to be abl-e to apply
Kneser's result. In fact from 'Iaylorts tlieorem with
remalnder

F (") . F (i-)+ F'(J')(5-J) t O(¿s-r))

(since ¡rt (I-) rcO) for -1 . s -< I; and. O(.'n'F,(l-)¡]as
required., m correspondlng a in (10.4). Ilence, ,from (]CI.5)
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( ro .6)
F- ctl - 7. L- (s)

¡¡ls)

- u(o) > o

I

has the propertY that

which satisfiest
equation

Iim
ó -Þ<,

L-(s)= P(s)

in a 1èft neighbourhood. of 1r the

H(F¿s)) -- ¿tY' H (J)

t ¿r) : ( I + '"-'- L- (s) )'

. I + i-.'L (s) * .( i¡¿-'iL't 'l )ì - ' ' (*'t' t")i

since 1 is a positive integer. Hence

F-'(s) - I - !- (s) + O (*')

and l.¡(l-):o, þl'{ l')'J.
Notice that H(O)¿ Or since H(s) is non-ôecreasing for
O ¡ s r 1r from (1O.6), and is strj.ctly decreasing at
s = |- where it is zero.

Now from (r0.6)

f-

¿

(ro.?) Ir-3
(r0.8).'. lln

Â+CC

The series

I:'¿s)-l
d.r--

¡ - e-t' (or

e
zj-r 7r ( F:r¿s) _ I )!

is uniformly convergent with''respect to n: from (I0.7)
and (f0.8) for 0 1s4 !¡ we have for K> O and n sufficient-
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Iy large
F^r (s) - I

¿ il-H(o)+ß)

Êl

{Tt H (ô)

s (s ) a

d,

11, -¿É

- i.e. G

with G (¡-)
f0 .3 Rand,om Walks.

snd since L'ot is finite by assumptlon, ihe unif-orm con-
vergence f ol-lows from Weierstrass' I!l-test.

Therefore, from (t0.3), for 0 I s -¿ l-

;T¿ H(s)
I¡ra C-- (s) ' I +

I
I H (o)

The. series/'G,.(S) i" uniformly convergent r¡¡ith respect to
n for 0'-' s < 1r hence the assertion of the theorem.

It is convenient to express lh" conditions on FI(s)'

in terms of cond.ltions on G(s')r where
It, r #:l ' G/s)

Den'otine -H(O) by B¡, wê have from (rO.6) that

G(F/s))r']+ ( C-ls ) - f )

I

t',¡', h , I eT

¡¡¡s)) , (l-i.")*,*,G[st

, I +'+P . I ; G'(L-¡ "{#)' 3''.

Karlin and .rcGregor tfB] have consid.ered the exist-
ence of the }imit of

in that class of d.iscrete lriarkov chains ter¡ned semi-
finite rand.om walks. The transitlon matrix P of such
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processes as a.Jacobi matrix i.e. P.j'= O j-f 11 l/ t I,
where the set of states is Or l? 21..... \¡/e are conce'rn-
ed with the particular random walk with an absorbing
state(or târrier) at O, and therefore assume

7 f i, i-,

ã¡ Qr a"¿) Q¡ t¿l

fiÇtbuQ¡ ¿at
?r Q¡c ¿".r Qz (*t

?r >o ¿¿Ifoo=1

fr,r'+,'!i>o't ft,.' : d¿- "? ¿"f

7i , ¡; + lt ¿,.1.

(lfris is in keepin$ with our previous labelling of states
although -I is taken as the absorbing state in [fA] . ) Put

)m>2-Îd¡' I E

t

,

We then have the folLowing lrnpòrtant results of
Karlin and, liicGregor. '

.\t) rr.rd = O foi'atl ieT (i-.e. f ={1r2r3,...J f'orns
a periodic rroil-essential class, p'eriod 2) then

'€j Qd {'c) Q¡ c"c/

l1m
fYl -D€

lim
¡¡ -> C(r

where cP > Q¡(*)' O

ii) If all f¿>

('2çl
P.j:- aår ¡

fr¡
¡lql¡)Dii'

äi, t"'" =

if[i:{} even

ir{t-l.J oaa

J
( see
, o,

IIBJ); i, i,
j, é, 'I then

k, Iré T.

Iirn ÊÙ,t"
â,, _-î po¡,-,

. TJ Qi("¿> a (q)

f7 QçH) Qt H)
for i, j, k, lré T, and is therefore finite and. positive.

OnJ.y the latter result wilÌ ,be consid.ered. herer this
bei-ng a case when T is a non-essentiaL aperlodic class
and corresponds to' a finite set with prirnitive submatrix
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(except thatt¡ absorption into O may no longer be certain).
Let us now examine the limiting condltional probability

.li-,
tl +æ

li"n oü t-'
an¡æ

ta)-n;3,i
.rrd (1- 1Ío''

,)

IItn-

a

(-,

L;,n 7 - Piot-'

a,

tr'irst take I'J-t : then the above becomes

P¡J trJ êt

t

6t
E
f. ï ai (o¿,)

Th (,¿)

L Tc g¿c (o¿)

provid.ing it is peru,issäble to iäïercnange the limiti-ng

andsurmatio]Eprocedures.i{oticethatifsolthe}imit
is ind.epend.ent of i..' .In the general case

' J'* #i,r-','l':=#;"'
lrr

( ErrQit<t) z,r oJ'r'.)
(T.,Tc g¿n¿"r.r) ( .ã rio Qn F) )

?¡ Q¡t"t>

-. ã, ': 
ew to)

ind.ependent of T , provided al}'the operations carried' out

to this point aTe validr ( e.g. ËiliQiqz)"o¡' 
,.

The vah-dity of such operations has not been inves-
tigated, but it seems clear that some restriction on

T is necessary (c.f . IO.2). iiioreover, it is conjec-

tured that forthese operations to be val-id, absorption

with probabilitY I is neceõsary'

.I'inally,Iet,usremarkthateverythin'¿-discussed
here hold.s true, r=rom I fAJ , when

a
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¿,r. J
2

in which case the rnatrix Q corresponding to states 1, zr.
. o. is a Jacobi matrix, although P is not. This inequar-
ity therefore glves a sright extension of the usuar rand.om
walk theory.

. Thus we have at l-east some. indication of the exist-
ence of a c1uas1-st_ationary distributlon independ.ent ofy ,
in ùis particul-ar case at f.east.

10.4 The Birth-and-death PhÒcess.
rn continuous time, the process anarogous to a random

walk (TO .3, q.v; ) is the birth-and.-death process, which
has arso been investigated. by Karrin and iltcGregor l7 .'ì The resuÌts of their two papers [l-l] and []_Bl are analog-
ous, apart from the fact.that periodicity cannot occur
when the parameter is continuous.

The birth-and-death process or lnterest, is the olle
with states O, l, 2, ,.....with O .absorbingr âs bef ore,
1s specified by the foì_lowing scheme:

f ;,t'' Lr) Vtt + o(è)a

! i i+r (t) lrt Þ o (t),

Ì rt (t) T (7;t7;)t ço(ë)

as t-'0, where p; r *i > 0" Then for E;, yL,.I. defined as
in r0.1, lve have the resurt correspond,lng to ii) of that
section:

J¡- lt'(t) z Q,'(¿) (-¿ ) , t,J' , lc, J <-1.

t-¡.o I,h¡ (t) ?¡ Qrt<) Qz(¿l
(rne reader is referred. to [rT]ror tne remalning syrnbolsl)
Therpmaining cliscussion is analogous to I0.3.

I
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APFENÐIX

A.l Some l).emarks on Genera tin,s tr'unct lons for Fini te niscrete
lüarkov Chains

According to Romanovsklí [ZgJ, ffZ>_lA, generating
'functions for flnite discrete chains $/ere used by lvÍarkov
himself tà prove his ri¡rit theorems; subsequently, much
use has been made of them as regards frequency counts (
e.g. Bhat, I jl z Good., I l6J ; t{euts, l,Z7).), and. other
purposes. I

It is noticeabl-e that vrhenever thi.s method has been
used in. thls thesis i . e . l_ .3 r 3. 3, and tr.L s the elgen_
val-ues and elgenvectors of the transient state transition
submatril Qr have figured prominentJ-y. A good. understand.-
ing of this rerationshlp may be obtained by stud.ying

. Romanovskll's cha-oter Òn charact'erlstic functions; vre
shal-I onry briefly indicate the basis of the connectlon.
The notation is that.of chapter 1 of this thesls.

suppose we.consid.er a more generar case than
previously i.e. the probr-en of obtalning the joint p.g.f .
of Í¡, , ty,, , , X!, , with time to absorption
fixed vj-2. ,E'XI,; = X¡ = tL. It then follolvs, by a ïnetliod
analogous to that of' I.3, that this is

q-
¿

( r-),r r^).,, . r.J, ) " T' (u,rúr)r,.. ., ar)Q''i-r,.,rurS$'AJ3
f"ut ftt,-.,. . .f t tòt

where
frr rrJr f¡rt Jt " ' fi¡

Q ( -,, 6.,., . . oc)t) =
,T 

(w',"',u4)'

!t,tJ,prtlr..,frrurrorr as in I.3

å- 
'( e{,,b!t¿ . . . ¡ u)l) . Tt 'Ð [ A) J'-'f t'Qi e
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Wlrefe D = d.iag t,'.),rti.)t-,.' ' t t)tJ.

Accord.ing to the Cayley-llamitton theorem 4D satis-
fies the equation

t Àl - ab I oI t. - \(ll'.I,)

Now, it is certainly true that J-= 3- 
(4ùrtr',,...wt) satisfies

the d.ifference equation

(.q .2 ) I FI - eÞ )3^ = o

from (4.1),'where E is the shift operator in the finite
dif f erence calculus ( see ai"o- Ijartlett, tfJ p .32 ) . The

characteristic equatlon of (f . Z,) is (e . f ) and its charac-
teristic values are the eigenvalues of 8D (depending on
t¡Irr.....sús,¡ but red.ucing to tliose of I when the para-
meters are equated. to unity).

It is now clear that the p.g.f. apDroach is tanta-
rnount to a suectral resolution Drocedure, exr-rlicitly or
irnpIlcitLy. Dxtensive cliscussior'r. of' the belraviour of' tlie
generati-ng runction in the vicinity oÍ' (.r,,.. ...,.ts)= (I, l-,
..,. rI) is ¿jiven by iìomanovslcil [,29] , aithou:ih he cliscur;s-
es cbaracteristic functions ratl'rer tharr orcbaÌ¡ility
generatin,r4 ones.
The Problem f or Diffusion Pr'ocesses.

lipart from ìris papers Í.221 anð. 123) , ,,a'rrdl has been
concerned with'the analo¡,;ous':'irclblerir t'or ciiffusion ÐÌ"ocess-
es hòundeci or1 one sid,e'oy a reíIecting, aìlsorbing or
elastic barrier, the resul-ts or' Ïris i;-rvesti'¡ãtions beinÍ{
conta,i¡,ed j-n tz+J , [Zf) ancl tZAJ. (c.f . ljv',,ens, floJ ,

tif] , Ileì ). ,re ;ive iiis stater,rent i"or the cs,se of
alrsorbing ,airrì re J'1ecting barriers, f'r'on l,25J :

". ..to find the conditions for the covergence to a limit
distributlon of the probabllity ciistribu'cion of the

I

)

a..2
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trposition of the particle.at time t, under the condition
that the partlcre was not absorbed before trre tirne t.,l

' iiowever, it is not rvithin the scope of thls thesis
to study d.iffusion processes, therefore v,/e do.not pursue
it furtherr but hope to take up the study in the future.
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Conclusion..

In this thesis, ï/e have developed some lCeas relevent'
to the descrl.ption of transient behaviour in arbsorbing
Ì'larkov chains. In particular, this has been done for
discrete finite chains, an$ extended to finite continu-
ous chains. !L'he rnaterial- lent itsel-f easi-I¡r to the concept
of a generalized'tfinite ll,{arkov chain, and several ana}og-
ous resul-ts to the ordinary liiaricoü chain theory were

obtained..
There is obvioîsÌy a great dea.l- yet to be done,

particularly v¡hen the number of states is denumerably
inflnite. Clearly, more sophis$icated tools nee,d. to be

used than are to be found. in the -present thesis.
Moreover, a vast new fi-eld for -uhgse ideas 1s contained
in the theory of d.iffusion 'orocesses, in lvhich several
papers have already appeared.. rn Dar-bicular, the inter-
pretation of the formal- solution of the stationary
equation, vrhen no stationary ctistrÍbution can exist, ha,s

causeQ considerable controversy
. It is hoped. that this t}resis may be a srnal] beginning

to the study of the ideas outl-ined in it.

A cknov¡Ie d gement .

the author wishes to a.cknov,¡l-ed.ge the heh, ¡pidance
and, patience of his suoervisor, l)r.J.N. Darroch, who

orlginated the idea of stud.ying o,uasi-statj-onarJr rìj-strib-
utions, and suggested several of the possibil-ities
contained. here, 1n particuLar the Ìirniting conditionaL
probability.
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