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The Landau-gauge quark propagator is calculated using overlap valence fermions on 2+1-flavour 
dynamical clover fermion gauge fields from the PACS-CS collaboration with pion mass mπ ∼ 156 MeV
and spatial volume ∼ (3 fm)3. The observed features of the mass and renormalisation functions are 
discussed, including a comparison with recent results using O(a)-improved Wilson fermions on 2-flavour 
dynamical gauge fields.

© 2023 Published by Elsevier B.V. This is an open access article under the CC BY license (http://
creativecommons .org /licenses /by /4 .0/). Funded by SCOAP3.
1. Introduction

The quark propagator in momentum space offers valuable in-
sight into the two main features of nonperturbative low-energy 
QCD, namely confinement and dynamical chiral symmetry break-
ing. Lattice QCD calculations can directly probe the structure of the 
non-perturbative quark propagator.

Previous lattice studies have utilised a range of fermion ac-
tions [1–21]. In principle, calculations from all valid fermion ac-
tions should agree in the continuum limit. However, at finite lattice 
spacing the choice of discretisation does have significant implica-
tions.

Wilson-type fermions have been used to study the quark prop-
agator [1–5], including the twisted-mass variant [6,7]. However, 
there are associated difficulties, primarily stemming from the fact 
that chiral symmetry is explicitly broken by the Wilson term. This 
implies that the fermion propagator is no longer protected from 
additive mass renormalisation, and the extraction of the mass and 
renormalisation functions of the quark propagator becomes non-
trivial. Whilst more straight-forward ‘additive’ [3] and ‘multiplica-
tive’ [4] tree-level correction methods work well within certain 
regimes, they run into issues. A more sophisticated ‘hybrid’ method 
resolves these, however at the expense of introducing ambiguities 
into the results [4].

A recent study [5] computed the quark propagator on a large-
volume lattice with dynamical O(a)-improved Wilson fermions for 
the first time. The study employs the hybrid method for the mass 
function and supplements it with an H4-extrapolation [22,23] for 
the renormalisation function. The nonmonotonic behaviour with 
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a peak around p ∼ 3 GeV observed in the renormalisation func-
tion [5] is a phenomenon previously unseen in quark propagator 
studies.

Studies using staggered fermions [8–11] benefit from being rel-
atively cheap to simulate and maintaining a remnant of chiral 
symmetry, though the formulation is not without its own compli-
cations. In particular the fermion doubling problem is not removed 
but only reduced, such that a number of additional fermion species 
or ‘tastes’ remain.

The overlap fermion action [24–29] is a solution to the Gins-
parg-Wilson relation [30], providing an implementation of chiral 
symmetry on the lattice and is sensitive to the topological struc-
tures of the gauge field. Despite its significant computational cost, 
the overlap action has been used extensively in lattice studies of 
the quark propagator [12–19]. The advantage of the overlap lies 
not only in its superior chiral properties, but also the straight-
forward, prescribed manner in which the mass and renormalisa-
tion functions are extracted. The only tree-level correction neces-
sary is to identify the kinematical momentum.

Given the different properties of the various fermion discretisa-
tions, it is of interest to compare quark propagator results obtained 
from the respective fermion actions. In this work, we use a hybrid 
setup to compute the quark propagator using the overlap fermion 
action on 2+1-flavour dynamical clover fermion gauge fields from 
the PACS-CS collaboration, and present the mass and renormalisa-
tion functions.

2. Landau-gauge overlap quark propagator

2.1. Overlap fermions

Within the overlap formalism [24–29], the massless overlap 
Dirac operator is given by
 BY license (http://creativecommons .org /licenses /by /4 .0/). Funded by SCOAP3.
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Do = 1

2a

(
1 + γ 5ε (H)

)
, (1)

where ε(H) is the matrix sign function applied to the overlap ker-
nel H . Typically, the kernel is chosen to be the Hermitian Wilson 
Dirac operator, but other choices are valid and in particular the use 
of a kernel which incorporates smearing can have numerical ad-
vantages [31–37]. In this work, we consider the fat-link irrelevant 
clover (FLIC) fermion action [14,31,38,39] and choose H = γ 5 Dflic

with

Dflic = /∇mfi + a

2

(
�fl

mfi − 1

2
σ · F fl

mfi

)
+ mw . (2)

Here, the subscript mfi denotes the use of gauge links which have 
been mean-field improved [40] by taking

Uμ(x) → Uμ(x)

u0
(3)

where

u0 = 〈1

3
ReTr

[
Pμν(x)

]〉 1
4 (4)

is the mean link. The Wilson and clover terms are constructed 
from fat links, denoted by the superscript fl, which have under-
gone four sweeps of stout-link smearing [41] at ρ = 0.1. For these 
terms, mean-field improvement is applied to the fat links. The Wil-
son hopping parameter κ is related to mw by

κ ≡ 1

8 − 2amw
. (5)

The utility of the FLIC kernel is the significant improvement of the 
condition number following the projection of the 80 lowest-lying 
eigenmodes [31].

The massive overlap Dirac operator [42] is defined as

Do[μ] = (1 − μ)Do + μ, (6)

where 0 ≤ μ ≤ 1 is the overlap fermion mass parameter, related to 
the bare quark mass by

mq = 2mw μ. (7)

2.2. Quark propagator

The massive overlap quark propagator in coordinate space is 
given by

S(x, y) = 1

2mw(1 − μ)
(D−1

o [μ](x, y) − δx,y), (8)

where colour and spinor indices have been suppressed. The sub-
traction of the contact term implies that the overlap propagator 
satisfies

{γ5, S
∣∣
mq=0} = 0, (9)

mirroring the continuum chiral symmetry relation. After taking the 
colour trace and transforming to momentum space, the general 
form of the overlap quark propagator on the lattice can be writ-
ten as

S(p) = Z(p)

i/q + M(p)
, (10)

were Z(p) is the renormalisation function and M(p) is the mass 
function. The kinematical lattice momentum qμ is defined by con-
sidering the tree-level propagator
2

S−1
tree(p) = i/q + mw , (11)

with the link variables set to unity, Uμ(x) = 1 ∀ x, μ. This is 
the only tree-level correction required for the overlap quark prop-
agator. The simple form of Eq. (10) is afforded by the absence 
of additive renormalisation in the overlap formalism. Isolation of 
M(p) and Z(p) is straightforward. We can rewrite Eq. (10) as

S(p) = −i/qZ(p) + M(p)Z(p)

q2 + M2(p)

≡ −i/C(p) + B(p), (12)

where we have defined

B(p) ≡ 1

nsnc
Tr [S(p)] = M(p)Z(p)

q2 + M2(p)
, (13)

Cμ(p) ≡ i

nsnc
Tr

[
γμS(p)

] = qμ Z(p)

q2 + M2(p)
, (14)

and ns and nc are the respective extents of the spin and colour 
indices. Defining

A(p) ≡ q · C
q2

= Z(p)

q2 + M2(p)
, (15)

the mass and renormalisation functions are calculated with the ra-
tios

M(p) = B(p)

A(p)
, (16)

Z(p) = C2(p) + B2(p)

A(p)
. (17)

2.3. Landau gauge fixing

The quark propagator is gauge dependent, and hence requires a 
choice of gauge fixing condition. In this work we use the Landau 
gauge condition, which in the continuum is defined by ∂μ Aμ(x) =
0.

On the lattice, this condition is satisfied by finding the gauge 
transformation which maximises the O(a2)-improved functional 
[43]

FImp = 4

3
F1 − 1

12u0
F2 , (18)

where

F1 =
∑
x,μ

1

2
Tr

[
Uμ(x) + U †

μ(x)
]

, (19)

F2 =
∑
x,μ

1

2
Tr

[
Uμ(x)Uμ(x + μ̂) + U †

μ(x + μ̂)U †
μ(x)

]
. (20)

The use of an improved gauge-fixing functional ensures O(a) im-
provement contained within the overlap formalism is realised in 
the results. We use the Fourier accelerated conjugate gradient 
method [44] to optimise Eq. (18).

3. Results

3.1. Simulation parameters

We use a hybrid setup for the fermions, where the valence 
quarks use the overlap action and the clover action is used for 
the quark sea. The Landau-gauge overlap quark propagator is com-
puted on a 323 × 64 PACS-CS 2+1 flavour clover fermion ensem-
ble [45] at the lightest available dynamical quark mass, corre-
sponding to a pion mass of mπ = 156 MeV. The lattice spacing is 
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Fig. 1. Mass function M(p) for all bare quark masses mq considered with p on a linear scale.
a = 0.0933 fm as set by the Sömmer parameter, providing a spatial 
lattice volume of ∼ (3 fm)3. These dynamical configurations were 
generated using an nonperturbatively-improved clover fermion ac-
tion [46,47] and an Iwasaki gauge action [48]. The large volume of 
the configurations provides significant averaging over each config-
uration such that statistically accurate results are obtained on 30 
gauge field configurations.

The FLIC overlap fermion action was employed at six valence 
quark masses mq = 6, 9, 19, 28, 56, 84 MeV where the lightest 
mass was tuned to match the pion mass of the ensemble. In ob-
taining a favourable condition number for the inversion, the Wil-
son mass parameter was set to amw = −1.1 corresponding to a 
hopping parameter of κ = 0.17241 in the FLIC matrix kernel. The 
matrix sign function was calculated using the Zolotarev rational 
polynomial approximation [49]. The evaluation of the inner con-
jugate gradient was accelerated by projecting out the 80 lowest-
lying eigenmodes and calculating the sign function explicitly. Fi-
nally, cylinder [50] and half cuts are applied to the propagator 
data.

The quark renormalisation function Z(p) implicitly depends on 
the chosen renormalisation scale ζ . Z(p) is determined by scaling 
the bare lattice renormalisation function such that

Z(ζ ) = 1 (21)

at the largest momentum considered, ζ = 6.8 GeV. The mass func-
tion is independent of ζ .

The simulation was undertaken using the COLA software library 
for lattice QCD [51].

3.2. Results

The mass and renormalisation functions M(p) and Z(p) for all 
bare quark masses considered are plotted as functions of p on a 
linear scale in Figs. 1 and 2, respectively. To resolve the infrared 
3

behaviour we also plot M(p) and Z(p) for all masses considered 
versus a log scale in Figs. 3 and 4, respectively.

The mass function exhibits the expected qualitative features. 
Namely, we see agreement in the ultraviolet with the bare mass 
consistent with asymptotic freedom. The enhancement in the in-
frared is a clear signature of dynamical chiral symmetry breaking, 
with a generated constituent quark mass just below 400 MeV. The 
steadier drop-off of the mass function away from the peak with in-
creasing p as compared to the results of Ref. [5] is consistent with 
previous overlap studies. The central values of the peak increase 
with decreasing bare mass, but are otherwise statistically consis-
tent with no mass dependence.

In fact, if we examine the mass function plotted against a log 
scale in Fig. 3, we are able to see signs of a plateau at small 
momenta as has been suggested elsewhere [52,53]. This is more 
clear at heavier quark masses. Within statistical errors the level of 
the plateau is independent of the valence quark mass, suggesting 
the behaviour may be determined by the sea quarks which in the 
hybrid setup used herein are treated by the nonperturbatively im-
proved clover action.

Future studies which are able to more effectively probe the 
low-momentum behaviour by gaining access to additional data 
points in the deep infrared region and closer to p = 0 through the 
use of larger volumes or twisted boundary conditions would be of 
interest to confirm the behaviour observed herein.

The renormalisation functions shown in Fig. 2 are consistent 
with the tree-level value at large momenta as expected. Within 
statistical errors, Z(p) is monotonically decreasing with p for the 
4 heaviest bare masses considered. For the lightest masses the pic-
ture is less clear. The log scale in Fig. 4 enables the resolution 
of some fluctuations in the small momenta region. At the light-
est masses there appears to be an uptick in the central values in 
the deep infrared, albeit with very large statistical errors, with a 
low-lying point at p ∼ 0.75 GeV suggesting the possibility of a 
minimum for Z(p) in the p = 0.5–1 GeV region. This would be 
consistent with Schwinger-Dyson results which reported a min-
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Fig. 2. Renormalisation function Z(p) for all bare quark masses mq considered with p on a linear scale.

Fig. 3. Mass function M(p) for all bare quark masses mq considered with p on a log scale.
imum for Z(p) in quenched calculations at light quark masses 
[54–56].

Otherwise, there is a weak mass dependence in the infrared 
suppression of Z(p), which becomes slightly more prominent at 
heavier quark masses. This is in contrast to the findings of Ref. [5]
4

which found increasing infrared suppression with decreasing quark 
mass. Furthermore, Ref. [5] observed a peak in the renormalisation 
function in the region of 3 GeV. This seems to be a peculiarity of 
Wilson fermions, and is not seen in our results or studies using 
other discretisations.
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Fig. 4. Renormalisation function Z(p) for all bare quark masses mq considered with p on a log scale.
4. Conclusions

The Landau-gauge overlap quark propagator has been calculated 
on a 2+1 flavour gauge ensemble with light dynamical quarks near 
the physical pion mass for the first time. The signature of dy-
namical chiral symmetry breaking is clearly seen in the infrared 
enhancement of the mass function. Hints of a plateau in M(p) at 
small momenta can be resolved when plotted on a log scale. The 
level of the plateau is statistically independent of the quark mass 
suggesting its behaviour is determined by the sea quarks, which 
are treated with the nonperturbatively improved clover action.

The behaviour of the renormalisation function is consistent 
with previous smaller-volume studies using overlap fermions. The 
advantage of using a chiral fermion action to study the quark prop-
agator is made clear with the observation that Z(p) monotonically 
decreases with p (up to statistical fluctuations in the far infrared 
at the lightest masses considered). The uptick of the central val-
ues within these fluctuations and low-lying point around p ∼ 0.75
GeV are suggestive of a minimum in the p = 0.5–1 GeV regions, 
consistent with Refs. [54–56]. These observations are in contrast to 
a previous calculation [5] that explored the Wilson fermion prop-
agator with dynamical quarks on a large-volume lattice and found 
nonmonotonic behaviour in the renormalisation function for p > 1
GeV with a maximum around p = 3 GeV, and monotonically de-
creasing behaviour for p < 1.

Future investigations using even larger volume lattices, or 
twisted boundary conditions, would provide access to smaller 
nontrivial momenta, enabling a better resolution of the infrared 
behaviour of the mass and renormalisation functions. These re-
sults can inform theoretical formalisms that depend on knowledge 
of the fundamental propagators of QCD constituents [57–62]. Of 
course, it is desirable to seek an understanding of the nonperturba-
tive properties of the quark propagator by examining the features 
of the QCD ground-state vacuum fields that give rise to these phe-
nomena. In particular, the role of topologically-motivated degrees 
5

of freedom [63] such as centre vortices [64] is of contemporary 
interest.
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