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Abstract

We propose a change detection method for the famous Cox—Ingersoll-Ross model.
This model is widely used in financial mathematics and therefore detecting a change in
its parameters is of crucial importance. We develop one- and two-sided testing proce-
dures for both drift parameters of the process. The test process is based on estimators
that are motivated by the discrete time least-squares estimators, and its asymptotic
distribution under the no-change hypothesis is that of a Brownian bridge. We prove
the asymptotic weak consistence of the test, and derive the asymptotic properties of
the change-point estimator under the alternative hypothesis of change at one point in
time.

1 Introduction

We consider the well-known Cox-Ingersoll-Ross (CIR) model
(11) dXt = (a—bXt) dt—|—0'\/ Xtth, t 2 0,

where @ >0, b>0, 0 >0 and (WW;);> is a standard Wiener process. We will be interested
in detecting a change in the parameters a and b, and for brevity we will use 8 := (a,b)".
The volatility parameter o will not be estimated because we work with a continuous sample,
from which (and indeed, from an arbitrarily small part of which) o can be calculated exactly,
see Barczy and Pap (2013, Remark 2.6). Therefore change detection in ¢ is not necessary
— we can calculate, without any uncertainty, whether o is constant across our sample. The
constraints on the parameter values ensure the ergodic behavior of our process — for details
see Theorem 2.2 below. These constraints also ensure that any solution of (1.1) starting
from a nonnegative value stays nonnegative indefinitely almost surely — see Proposition 2.1.

The process was proposed as an interest rate model by Cox et al. (1985) and is one
of the standard ”short rate” models in financial mathematics. The statistical properties
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of the model have therefore been extensively studied: Overbeck (1998) provided estimators
based on continuous-time observations, while the low-frequency discrete-time CLS estimators
were proposed by Overbeck and Rydén (1997). High-frequency estimators were proposed by
Ben Alaya and Kebaier (2012, 2013), whose results we will require occasionally.

There are a handful of change detection tests for the CIR process in the literature:
Schmid and Tzotchev (2004) used control charts and a sequential method (i.e., an online
procedure, which is in contrast to our offline one, where we assume the full sample to be
known before starting investigations). They also supposed noisy observations, which will
not be our interest. Guo and Héardle (2010) used the local parameter approach based on
approximate maximum likelihood estimates. In essence, they wanted to find the largest
interval for which the sample fits the model. Also, they used a discrete sample, whereas we
will use a continuous one. The main result of our paper is that we were able to prove some
asymptotic properties of the testing procedure under the alternative hypothesis as well as the
null hypothesis. We believe this to be important because, if investigated only under the null
hypothesis, a change-detection procedure is essentially a model-fitting test, and results under
the alternative are necessary to verify its use for the more special task of change detection.

The statistical problem we are concerned with is the following: we would like to test the
null hypothesis
Ho : (Xi)iepo,r is the path of a CIR process

against the alternative hypothesis

Ha 0 37 € [0, 7] :(X})teo,, is a CIR process with parameters a = o/, b =1V', and

(Xi)teprr) is a CIR process with parameters a = a”, b =1b".

In general, we will be interested in asymptotic results as 7" — oco. Under Hy we will also
require 7 = pT with p € (0,1).

The layout of the paper is the following: in the remainder of the present Section 1 we
will explain our notations. Section 2 will deal with the basic finite-sample and asymptotic
properties of the CIR process and establishes the tools for our proofs. We will introduce our
parameter estimators in Section 3 and derive their strong consistency. We will not investigate
them in more detail than necessary since we will only use them to construct the test process,
and we are more interested in their nice algebraic form than their statistical properties.
We construct our test process and describe the test procedures in Section 4, where we also
obtain the asymptotic distribution of the test process under Hy. Section 5 contains the first
of our two asymptotic results — namely, the weak consistence of the test. The second result,
which concerns the properties of the change-point estimator under Hy, is stated and proved
in Section 6. Section 7 explains how to modify the proofs in order to detect a change in b.
Finally, the lemmata necessary for the proofs of the main theorems have been collected into
Section 8.



1.1 Notations

In the following we describe our basic notations. Let N, Z,, R, R, and R,, denote

the sets of positive integers, non-negative integers, real numbers, non-negative real numbers

and positive real numbers, respectively. For z,y € R, we will use x Ay := min(z,y) and

rVy:=max(z,y). By ||z|| and [JA|| we denote the Euclidean norm of a vector z € R?

and the induced matrix norm of a matrix A € R¥™?, respectively. We will use asymptotic
f(t)

notation for rates of convergence: f(t) = O(g(t)) means that limsup,_, o < 0o. Similarly,

for a stochastic process X, the notation X; = Op(g()) means that the collection of measures

(E (%)) is tight for some ¢y € R,. Unless otherwise noted, asymptotic statements are
t>to

to be understood as T — oo. Following the usual conventions, L, Pooand 2% will

denote convergence in probability, in distribution and almost surely, respectively.

As for the probabilistic setup, (Q, F (Fi)ier +,IP’) will always be a filtered probability
space satisfying the usual conditions, i.e., (€2, F,P) is complete, the filtration (F;)icr, is
right-continuous and Fy contains all the P-null sets in F. We will repetadly work with
continous martingales; as usual, their quadratic variation will be denoted by (-).

2 Preliminaries

In our first proposition we recall some well-known properties of the solution of (1.1).

2.1 Proposition. For any random variable & independent of (Wi)er, and satisfying
P(§ € Ry) =1, there is a (pathwise) unique strong solution (X;)icr, of the SDE (1.1) with
Xo = &. Further, we have P(X; € Ry forall t € Ry) =1 and the following equalities:

t t
(2.1) X, = et (Xo + a/ e du + O’/ e/ X, qu) , teR,,
0 0

t t
(2.2) X2 =e ®X2+ / e 2= (20 4 0%) X, du + 20/ e =W X3/2 q1y,, teR,.
0 0

The conditional distribution of X; on X, where s < t, is noncentral chi-squared and we have

(2.3) sup E(X}) < o0

teR 4

for alln > 0.

Proof. By a theorem due to Yamada and Watanabe (see, e.g., Karatzas and Shreve, 1991,
Proposition 5.2.13), the strong uniqueness holds for (1.1). By Ikeda and Watanabe (1989,
Example V.8.2, page 221), there is a (pathwise) unique non-negative strong solution (X;)icr,



of (1.1) with any initial value ¢ independent of (W,);cr, and satisfying P({ € Ry) =1,
and we have P(X; € Ry forall ¢t € R,)=1. Next, by application of the It6’s formula for
the process (X)ier,, we obtain

d(e"X;) = be" X, dt + e”dX, = be” Xy dt + € ((a — bX,) dt + o1/ X, dW})
= ae” dt + oe'\/ X, AWV,

for all ¢+ € R, which implies (2.1).

The noncentral chi-squared distribution is a well-known property of the process, and it
can be found in the paper of Feller (1951). The property (2.3) is a direct consequence of this
fact and the calculations can be found, e.g., in Ben Alaya and Kebaier (2013, Proposition
3). O

The following result states the existence of a unique stationary distribution and the
ergodicity of the CIR process. The proof can be put together from Feller (1951), Cox et al.
(1985, Equation 20), and Jin et al. (2013).

2.2 Theorem. Let a,b,0 € Ry;. Let (Xi)wer, be a strong solution of (1.1) with
P(Xo e Ry)=1. Then

(i) X; N Xo as t— 0o, and the distribution of X is given by

—2a/0?
(2.4) E(e ) = (1 + U—QA) / NER
. - 2b ) +

i.e., Xoo has Gamma distribution with parameters 2a/c? and 20/0?, hence

Eory = LGEre) o <—% oo).

[e.e]

(ii) supposing that the random initial value Xy has the same distribution as X, the
process (Xi)ier, s strictly stationary;

(iii) for all Borel measurable functions f:R — R such that E(]f(Xx)|) < oo, we have

(2.5) %/0 f(X)ds 25 E(f( X)) as T — oo.



2.3 Corollary. In the setting of Proposition 2.1 we have

t
E(X;) = e E(X,) +a / e b= qy
0

t U
E(X?) = e ' E(XZ) + / (2a + o?) (e_b(zt_“) E(Xo) + a/ e b2t-u=v) dv) du.
0 0

Hence,
2 2 2 .2
(2.6) lim E(X,) = E(X) =, lim B(X?) = E(X2) = — &7
t—00 b t—00 00 2h2
moreover,
(2.7) / [E(X,) — E(Xo0)| df < oo, / [E(X2) — E(X2)| dt < o.
0 0

Proof. The first equalities are straightforward by taking expectations on both sides in
Proposition 2.1 (we note that the stochastic integrals in question are indeed martingales due
to (2.3)). From there, (2.6) is a question of elementary calculus: for the first equation we
write

t t [e%¢)
(28)  lim (e_thE(XO) +a / e b= du) = lim a / e™dv=a / e dy = %
0 0 0

—00 t—o00

For the second equation we observe

(2.9)
t u 1 t 1 t e—bt t

/ / e—b(2t—u—v) dodu = = / (e—2b(t—u) . e—b(2t—u)) du) = _/ e—2bu du+ / e—bu du
0 JO b 0 b 0 b 0

and hence

t u
lim <e_2th(X02) +/ (2a + 0?) (e_b@t—“) E(Xo) + a/ e b@tu=) dv) du)
0 0

t—o0

t t u
(2.10) = (2a + 0%) lim (E(Xo)e_bt / e ™ dw + a/ / e b= gy du)
0 0 Jo

t—o0

1 [ee]
= (2a + 02)5 /0 e 2 dw.

For the first part of (2.7) we consider (keeping in mind (2.8))

| E(X,) — E(Xa0)| = < eME(Xp) +able ™,

e " E(X,) — a/ e " du
t



which yields the result immediately. For the second part, we combine (2.9) and (2.10) to
obtain

t
|E(X?) —E(X2)| = ‘e_%t E(X2) + (2a + o?)e / (E(Xo)e—b“ - %e—b“) du
0

1 oo
__/ e—2budu
b Ji
1 1 1 —2bt

< e ME(XE) + (2a + o?)e ™ (E(Xo) + —) —+—e

b) b 2b?

This yields the desired result immediately. O

Finally, we recall a strong law of large numbers and a central limit theorem for continuous
local martingales.

2.4 Theorem. (Special case of Liptser and Shiryaev, 2001, Lemma 17.4) Let the
process (Wy)ier, be a standard Wiener process with respect to the filtration (Fi)ier, . Let
(&t)ier, e a measurable process adapted to (Fy)ier, such that

t t
(2.11) IP’(/ fidu<oo) =1, teR, and /ggdugoo as t— oo.
0 0

Then

t
uqu a.s.
%—)0 as t — oo.
0 Su dU

2.5 Theorem. (Special case of Jacod and Shiryaev, 2003, Corollary VIII.3.24.)
Let (X]')ier, be a series of locally square-integrable continuous martingales such that

(2.12)

(X">ti>t, teRy, as n — oo.

Then (X™)icr, P, (Wi)ier, , where (Wy)er, is a standard Wiener process.

3 Construction of our parameter estimators

In this section we will define some estimators for the drift parameters of the CIR process,
based on continuous time observations. We will do this in the following way: first we
introduce least squares estimators based on low-frequency discrete time observations, then
we will introduce our estimators as a formal analogy; we will not try to construct our
estimators as solutions to a least-squares problem.



An LSE of (a,b) based on a discrete time observation (X;)icfo,1,..n}, can be obtained
by solving the extremum problem

(&5,35) = arg min Z(X, — X1 — (a—bX;1))>
(a,b)€R? T
This is a simple exercise, which has the well-known solution
~1
a, _ n - Z?:l X1 Z?:l(Xi — Xi1)
by, — i X XL XY > (X = X)X

provided nY " X7, - (>0, Xi—l)2 > 0.

By a formal analogy, we introduce the estimator of (a,b) based on a continuous time
observation (X)) as

/éT = ?T =
by

2
provided TfOT X2ds — <f0T X, ds) > 0, which is true a.s. To see this, consider that, by a
simple application of the Cauchy—Schwarz inequality,

T T 2
T/ des—(/ Xsds> >0,
0 0

and equality happens only if X is constant almost everywhere on [0, 7. In particular, since

- -1
T —Jy Xods
— fOT X, ds fOT X2ds

X7 — X,
— [T X, dX, |’

X is continuous on [0, 7] almost surely, this implies X, = X7 almost surely. However, since
the distribution of X conditionally on X, = x is absolutely continuous by Proposition 2.1,
P(X7p = Xo|Xo =) =0 for all x € R, which suffices for the statement.

To condense our notation, we will use

— [? X, d Xs—X
(3.1) Q, = TS {0 ! and ds = . 0
— [T X,du [T X2du — [P X, dX,

3.1 Remark. The stochastic integral fos X,dX, is observable, since, by It6’s formula, we
have d(X?) = 2X,dX; + 02X, dt, t € R,, hence

S 1 S
/Xuqu:—<Xs2—X§—o—2/ Xudu).
0 2 0



Using the SDE (1.1) one can check that

(3.2) FT - a] = Q7' [ ’ fOTTXsl/Q o ] ,
T

—o [ X7 aw,

2
provided T fOT X2ds — ( fOT X, ds) > 0, which is, again, true a.s. In further calculations

we will use

s y1/2
(3.3) d, =0 J ;Xug qu :
— [T X2 aw,

3.2 Theorem. Let (X;)ier, be a strong solution of (1.1) with P(X, € Ry) =1. Then
the LSE of (a,b) is strongly consistent, i.e., (aT,b ) 2% (a,b) as T — oo.

Proof. Recall (3.2) and write

2 (T x,ds o fF X2 aw,
~ -1 2 T 3 UfO 22 . 2o 2
ar—al _ (Qp o? [y Xids o2 [T X3ds o2 [ Xods
[ - 3/2
by —b T T —o Jy X2 aw,

o2 [T X3ds

(3.4)

Now, the statement is evident from (2.12) and (2.5), noting that

o? fOT X.ds  T7'o? fOT Xsds as E(Xy)
2 (T x3qs  T-192 [T x3 —)E(X?’)'
o [; X3ds T-lo? [ X3ds %

4 Construction of the test process
First we introduce the martingale
MS::XS—XO—/(a—bX du-a/ v X, AW, s € Ry,
0

which satisfies

(4.1) dM; = dX, — (a — bX)ds = o/ X, dW.

Let us fix a time horizon T € R, ;. The process will again be introduced as a formal
analogy to the efficient score vector, as is done in Gombay (2008). The analogue of the



efficient score vector process at time t7T', ¢ € [0,1], will be

tT 1
/ dMM,.
0 - X,

The information contained in a continuous sample (Xu)ue[g,m is the quadratic variation of
the efficient score vector process, namely,

tT 1 1 T tT X _X2
(M),ds = o? ° | ds =: Iip,
o |—Xs s 0 X3

-X -X?
since (M), = 0?X,, s € R.. Foreach s € R,, replacing the parameters by their estimates
in M,, we obtain an estimate MS(T), ie.,

S

]/\is(T) = Xs — XO — / (/dT _/l;TXu) du, S € R+.
0

Our test process will be the estimated efficient score vector multiplied by the square root of
the inverse of the information matrix, i.e.,

1

—~ (T 2
0 _Xs

]d]\/ff), t e0,1].

This process can also be written in CUSUM form
—~ (T B ~ -~

Indeed,

tT 1 P tT 1 tT 1 1 T R
/ M) = / dX, — / 6rds
0 _Xs 0 _Xs 0 _Xs _Xs
. tT 1 R
= QtT Qt_T /(; _Xs dXS - 0T .

4.1 Theorem. Let (X;)icr, be a strong solution of (1.1) with P(Xo € Ry)=1. Then
(1)
(Mt ) 2, (By)tefo,] as T — oo,
te[0,1]

where (Bi)icpo,) 15 a 2-dimensional standard Brownian bridge.



Proof. We have

and

[ [ ey = 1] G -vm)e

- - T
= ~ ds = Qur Q7' dr,
/0 X, [—XJ [bT - b] e

with the notations from (3.1) and (3.3). In the following, E5 denotes the 2-dimensional
identity matrix. From the preceding calculations it follows that, for every ¢ € [0, 1],

~—~ ()

M, = I;l/z <3tT - QtTQc?laT>
=1, (dr — tdr ) + I (LB> — QuQ7')dr
— (TI)~V? (Zth - tET) 4 (T )Y - V)T (Zth - t’{zT)
+ I (tBs - Qr Q7' )dn,

where
E(Xe) —E(X3)
-E(X%) E(X3)

I:=0?

It is a simple consequence of the ergodic theorem that T-'I; =2 T as T — oo. Conse-
quently, Theorem 4.1 will follow from

(4.2) sup (tEs — Q,rQ7") =50 as T — oo,
0<t<1

and

(43) (T_1/2 atT> o] i) (I1/2 Wt)te[o,l] as 1T — o0,

where (Wt)te[m} is a 2-dimensional standard Wiener process.

We begin by the proof of (4.3). The convergence is a simple consequence of Theorem 2.5.
d, is a locally square-integrable martingale, therefore we only need to check the pointwise
convergence of the quadratic variation. Using (iii) from Theorem 2.2 it is easy to show that,

10



for every t € [0, 1],

1, /tT X, —-X?
—0 ds =t
ToJo |-XxX2 X?

S

E(X) —E(X%)

=tI, asT — cc.
—E(X%) E(X3)

For (4.2), introduce
1 - E(XOO>

O By E(x2)

and note that due to Theorem 2.2 we have T7'Q; =2 Q. Now, first observe that

(%)

For this transformation to be sensible, we needed to extend % continuously to s = 0, but

e @
ItB: - Qr@y'l <t | % - %

this can be done since all components of I? has a finite upper limit at 0 almost surely (i.e.,
the powers of X;). Since the last factor converges to ||@"| almost surely, for (4.2) it is
sufficient to show that

Qr_Qu| »

4.4 t

0<t<1

In order to exploit the almost sure convergence of QTT, we note that %T 2% @ implies

SUDgw 7 Q“' QH 2% 0 as T — oo and thus sup,. r Q QH — 0as T — oo. Now let us
mtroduce
K :=sup %
s=0 S
Q

This limit is finite almost surely since =* is continuous on R, and has a finite limit at infinity
almost surely. Now we observe, for an arbitrary € > 0,

(Sup tHQT Qur >€)
0<t<1
Qr  Qu >e)—|—IP’< sup t >e)
1 <t<1
<IP’(—2K>€) +IP’< sup (tHQT —QH ‘%_QH) >6>

4K < <<l
Qs €
S QH g 5) |

Qr Qu

T tr

<P sup t
0<t< S AL

NIK

T tT
K XU
QT €
< P —_-= — — P
0+ (|%-0|>5) +r (=0

4K

11



Dividing the last probability according to the value of K, we have

? (e - 7>
Q € Q. €
<*(|%-al-5)*({gm|%-al- 5N trevm))
+P(K > VT)
Q € Q. €
<P<HTT_Q >§)+IP’ sup ?—QH>§ —I—IP’(K>\/T>.

#gs

All three terms in the last expression tend to zero as T'— oo, therefore (4.2) is proved. O

4.1 Testing procedures

Based on Theorem 4.1, we can develop the following tests with a significance level of a:

Test 1 (one-sided): if it is clear that, in case of a change, a’ < a”, reject Hy if the minimum
—
of (Mi ))te[oﬂ is greater than C}(a)), where C}(«) can be obtained from the distribution of
the minimum of a standard Brownian bridge. The same test can be applied to the maximum
— (2
(for a’ > a”) and to (Mi ))te[o,T} (for a change in b).
—
Test 2 (two-sided): reject Hy if the maximum of |M£ )|t€[0,T] is greater than Cy(«v), where

Cy () can be obtained from the distribution of the maximum of the absolute value of standard

—~ (2
Brownian bridge. The same test can be applied to |M§ )\te[oﬂ (for a change in b).

Naturally, the test for a and b can be applied simultaneously, in which case the significance
levels for the individual tests have to be modified accordingly, in order to produce an overall
significance level of «.

5 Asymptotic consistence of the test

Before stating our results under the alternative hypothesis, we need to examine the ergodicity
results that we can use more closely. Let us take two parameter vectors: 6" and 8" (in the
formulation of the theorem, 8’ = (a/,b)" and " = (a”,b)", but for the time being, we can
work more generally). Furthermore, we take two random variables, X/ and X’ | such that
they are distributed according to the stationary distributions corresponding to 8" and 6",
respectively. Let us take a process (X;),er, such that it evolves according to (1.1) with
parameters 6’ until ¢ = pT and with parameters 8” thereafter. We would like to apply the

12



ergodic theorem (i.e., Theorem 2.2) separately to the process before and after the change-
point (i.e., pT'). However, we cannot do this directly for the second part because the initial
distribution may depend on T'. However, we do have

65.1) o | 5 Ble(E),

where ¢: R, — R with E(|g(X)|) < co. Indeed, for an arbitrary & > 0

(|7 | atxae - s> o)
-/ ® <\T i) 006t~ B(g(X")

+/R+P <‘T—1pT /p:g(Xt) dt — E(g(X"))

where P* is the distribution of X', P is the distribution of X, and ||| is the total
variation norm. The first term converges to zero because the CIR process is positive Harris

> €

XpT = [L’) dP)p(T(ZIZ')

<|pg-pr > e

Xor = x) dP*(z),

recurrent (Jin et al., 2013, Theorem 2.5). This implies ergodicity by Meyn and Tweedie
(1993, Theorem 6.1), since in this case the 1-skeleton (i.e., the process (X;);cz, ) is clearly
irreducible because the support of the distribution of X; conditionally on X is R, . In the
second term the measure is finite, while the integrand is bounded by 1 and converges to
zero pointwise, therefore (5.1) is proved by the Lebesgue Dominated Convergence Theorem.
The same line of reasoning can be used to apply Theorem 2.4 (with weak convergence) and
Theorem 2.5 after the point of change. Let us now introduce

f; 1d X, f:lds —f; X, ds
djop) = ; Qo =

_f;Xsts —fabXsds f;des

With these notations,
A -1
0r = (Qu. + Qpury)  (dios + diray).

With the help of the ergodic theorem, we can see that this quantity has a finite weak limit:

0 := E] =(pQ +(1-p)Q") " (pQO +(1-p)Q"0"),

where

Q =

1 —E(Xga] o
—E(XL) E((XL))] |

1 —E(X;)]
~E(XZ) E(XL)%)]

13



5.1 Theorem. If a changes from a’ > 0 to a” > 0 at time T = pT', where p € (0,1), then
for any v € (0, i) we have

sup M") = Top + Op(T'7),

0<t<T
with ¥ = (a' —a")1] ((pQ")™* + ((1 — p)Q")~Y)~11,. Here 1, = (1,0)7, the first unit vector.

5.2 Remark. Note how the sign of the principal term depends on the direction of change:
it is negative in case of an upwards change and positive in case of a downwards change. This
gives us the possibility to design one-sided tests.

Proof. First we show how the estimates behave in this case. Clearly,

0/ —0 = (1 o p)(pQ/ 4 (1 o p)Q//)—lQ//(e/ - 0//).

We have
1 _Q 1
—E(x)| o]’
and hence
~ 1
(5.2) N _Y
—E(X.) P
In the same way we can conclude that
~ 1
(5.3) 0" —0)" __ ¥
—E(xYL)| 10

Now we apply the following decomposition (which is useful for ¢t < 7; for ¢ > 7 it has to be
modified in a straightforward manner):

/Ot 1AM = /Ot 1dM, + /Ot [(’5 CWYE(X,) + (d — 5)} du

t/\

# [ =)0~ B dut [ [Gr DB + @ -an)] o

t t _
:/ 1dMu+/(0’—0)T
0 0

+/Ot(0’—5T)

(5.4)




This leads to

t
sup / 1dM1(LT)—T1/)‘
0

0<t<T

TAL t vt
< sup / 1dM, + / 1dM]| + sup / (6 —0r) du
o<t<T |Jo AL o<t<T |Jo —E(X,)
TAL _ 1 t ~
+ | sup / @ —-0)" du + / 0" —6)" du — T
o<t<T \Jo —E(X,) AL —E(X,)
TAE - t ~
+ sup / 0 —-0)" du + / 0" —0)" dul.
o<t<T |Jo E(X,) — X, At E(X,) — X,

The first term is Op(T7~!) according to Lemma 8.4, the fourth term by Lemma 8.3 and the
second term by Lemma 8.5. For the third term, we write

T T 1 ! n__p\T 1 u—
o<rer (/0 =0 [—E(Xu) et /m(e ? [— E(Xu)] ‘ W)’

TAL . 0
< sup / @ —-0)" du
o<t<T |Jo E(Xw) — E(X,
! ~ 1 At (t—T1)t
+ Sup / (0// _ 0>T du _'_ sup <7_ o ( 7_) _ T) ¢‘ .
0<t<T |J7nt E(Xs) — E(X,) o<t<T \ P I—p

The first two terms in this decomposition are bounded by (2.7) and the last one is obviously
zero, with the supremum attained at ¢ = 7. This completes the proof. O

6 Estimation of the change point

The natural estimate of the change point if @’ > a”, i.e., when a downward change in a is
being tested, is
7r = inf{t € R, : Mt(T) = sup Mt(T)}.

o<t<T

Clearly, this is a well-defined, finite quantity, since ]\//Tt(T) has continuous trajectories almost
surely. Regarding this estimate, we state the following result:

6.1 Theorem. Under the asumptions of Theorem 5.1, if a' > a”, then we have
7r — pT = Op(1).
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Proof. We remind the reader that, according to the assumptions, 7 = pI". We need to show
that

lim supP(|7r —pT| > K) =0 as.,
K—o0oper

or, equivalently,

lim limsupP(|7r — pT| > K) =0 as.
K—oo  7¢eRr

For this, it is sufficient to show that

(6.1) lim limsup P ( sup ]\Z(T) < sup ]\Z(T)) =0
K—o00 7400 pT—K<t<pT+K 0<t<pT—K

and that

(6.2) lim limsup P ( sup ]\Z(T) < sup ]\Z(T)) = 0.
K—=oo 7 400 pT—K<t<pT+K pT+EK<t<T

First we prove (6.1). We observe

IP’( sup M < sup J\Z(T)) <IP’(J\7,§?< sup J\ZT))

pT—K<t<pT+K 0<t<pT—K 0<t<pT—K
— — pT —
=P < inf (M3 - M) < 0) =P < inf t—l/ 1dMD < 0)
p

0<t<pT—K K<t<pT Tt

We apply the decomposition (5.4) to show that

pT _
IP( inf 7! / 1dM™) <0)
K<t<pT pT—t

pT ~ Y
<P inf t‘l/ @ —-0)" ds < =
K<t<pT  Jr—y —E(X,) 2
6.3 +P ( sup ‘t_l(MpT — MpT—t)} = %)
( . ) K<t<pT 6
T ~ 0
+P | sup t_l/ 0 —0r)" ds| > id
K<t<pT pT—t E(Xs) — A 6

er 1
+P( sup t_l/ 0 —6r)" ds| >
K<t<pT pT—t —E(X;)

In the first term we take the probability of a deterministic event, therefore it is either 0 or
1; we show that for sufficiently large K, N it is 0.

16



Actually, this is the same statement in continuous time as Lemma 7.7 in Pap and Szabd
(2013), and the proof is also the same. First we note that, as has been shown before,

f(t):=(0'—90)"

— Y, t— o0.

—E(Xy)
For an arbitrary € > 0, let us introduce v(¢) := sup;. (4 <y_. < 00. Furthermore, let

k(e):= inf f(t) > —o0.

0<t<v(e)

Then we have, for a sufficiently large T',

0<t<pT—v(e T+t v(e)<s<pT

>min(¢—5v%+¢_€)'

As 286 5 0 a5 T — oo, we conclude that the second term in (6.3) is 0 for sufficiently
The fourth term in (6.3) converges to zero as 7' — oo for any K, as

pT—v(e)
1 T 1
. [— E<Xs>] " H

large T', irrespective of K.
and the right hand side is bounded as T" — oco. Meanwhile, 0 — ET — 0 a.s., which suffices
for the fourth term in (6.3). For the third term we use Lemma 8.6 and for the second one

s (| nt o / o) ds s (R(Ewle) + (T (e i F)) )

1

sup
—E(X)

0<t<pT

< sup
o<t<pT

we can use Lemma 8.4. O

7 Detecting a change in b

In Theorems 5.1 and 6.1 we postulated a change in a. However, this was only done to keep
the resulting calculations tractable. Straightforward modifications allow us to prove the
same results for a change in b — following the same thoughts as in 4.1. In this case, we would
have

7.1 Theorem. Ifb changes from b > 0 to V" > 0 at time 7 = pT, where p € (0,1), then

17



for any v € (0, i) we have

t
sup / (=X )dM™) = T¢ + Op(T ),
0

0<t<T
with ¢ = (V' —=0")1y (1—p)Q") 1+ (pQ") 1) ~11y. Here 1, = (0,1)7, the second unit vector.

In place of (5.4) we have, then,
/ t X, dM™ = / t X, dM, + / t [(?5— VYE(X2) + (d —a) E(Xu)} du
[ [ = )02~ BOXE) + o~ DX, — ECG)] du

+ /Ot |:(/5T —b) E(X2) + (a —ar) E(Xu)] du

(7.1)
[ [0 -ar [ 2

Lo E(X) - X, L~ o - E(X)

+/0(0 —07) X2 B(X2) du+/0(9—9T) E(X?)

The second term is approximately

/o pN\T _E(Xc/x;) o /_~T/O_?
o' — 9) E((X;;)?)] — 10 -0)'Q H =t

as in (5.2). From here the proofs proceed as for a change in a, with the only added difficulty
that we will require (8.2) and as well as (8.1), but the proof of that result is merely a matter
of algebra.

8 Details of the proofs

In this section we detail the necessary lemmata for the proofs of our main theorems. Some
of them, especially Lemma 8.1, are rather technical and depend essentially on tedious but
straightforward calculations. Others, while using more sophisticated tools, are also tailored
to the specific needs of the proofs and their proofs are not particularly insightful themselves,
hence they were relegated to this section. The one exception to this is Lemma 8.2, which is
an analogue of Lemma 8.8 and may deserve independent interest.
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8.1 Lemma. For the model described by (1.1) we have

(8.1) Var (/Ot Xsds) = 0(t), t— o0,
and
(8.2) Var (/Ot des) =0(t), t— oo.

Proof. For (8.1) we note
t t
Var </ Xsds) =E (/ (Xu — IEXu)du/ (X, —EX,) ) // Cov(X,, X,)dudv.
0 0 0 e
By using (2.1), we can write

Cov(X,, X,) = E[(X, —EX,)(X, —EX,)] =
:EKe‘b“(XO—EXO +o—/0 e b w\ﬁdw)
(8.3) x-(e‘b”(Xo—EXo +a/0 e b=z fdw)}

_ 6—b(u+v) Var(Xo) +o / e —b(u+v—2w) E(Xw)dw
0

uNv
< e Var(Xo) + (B(X,) + g)02/ e butv=2w) qqyy.
0

b

since

E(X,) = e "™ E(Xy) +a / e "ds
0

by (2.1). Furthermore,

uA\v e—b(u+v—2w) w=uNv
// (/ e_b(“+”_2w)dw) dudv = // {7} dudv
0 2b -

[0,£] [0,2]2

// [26 o—blu—v| _ g—b(u+v) }dudv // =l quydy = O(t).

[0,4]2
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We combine this with the last line of (8.3) and note that

(8.5) // e Pt dudy = O(t),
[0,¢]2

which completes the proof of (8.1).
For (8.2) we use the same approach. By (2.2),

Cov(X2 X2) = E[(X2 — E(X2))(X? - E(X2))] =

- [(e_zbu(Xg — E(Xo)*) + /0“(2a +0%)e ™) (X — B(Xo)) dw
+ (2a + 0*)o /Ou e~ 2bu=w) /Ow e b(w=2) \/YZdWZ
+0o / ' e~ 2bumw) x3/2 dWw)
0
X (e—%v(Xg —E(X0)?) + /0 v(2a + 0?)e b (X — E(X)) dw

—|—(2CL+U2)U/ e—2b(v—w)/ e—b(w—z) /Xz dWZ
0 0

. /u e_gb(v—w)Xiﬂ dWw)}
0

= ¢ ) Var(X7) + (2a + 0%)%e ") / e dw / ™" dw Var(Xo)
0 0

200 0% [ aw [ du Cov(Xa, 43)
0

(2a + o / / (/ “bumw=2) X AW,
X /0 " br=a) \/)quwq) drdw
+ (2a+ 0%)o /O E < / e XLAW, / ) e—2b<”—q>X§/2qu) dw
0
+ (2a+ 0%)o /O E ( / ~hEvme=a) /XA, /0 ’ e—%(“—q)Xj/?qu) dw

_'_/ €—2b(u+v 2w) E(Xlgv)d )
0
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Proceeding with the calculations, we have
1
Cov(X2, X2) < e 2+ Var(X2) + (2a + 02)26—26_b(“+v) Var(Xo)

+ 207+ (94 4 o2 ) Cov(Xo, X7)
wWAT
+ (2a + o?) / / / e b@ut2v—w=r=22) @ X Ydzdrdw
wAv
+(2a+02)02/ / e b@ut2mw=3) B X2 d 2w
0
v wAU
+(2a+02)02/ / e bRutvmw=3 | X2)d2dw
o Jo

UNv
+ / €—2b(u+v—2w) E(Xi)dw
0

Referring to (8.4) and (8.5) we see that we need only concern ourselves about the fourth,
fifth and sixth terms. For the fifth term, we have, for u < v,

/ /w/\U —b(2u+2v—w—3z) dZd’LU _/ / b(2u+2v—w—3z) dZd’LU

:/ 3b(e—b(2u+2v dw) e—b(2u+2v—w))dw
0

1 1

_ —2b(v—u) _ —=2b(v+u)y _ _~ (. —=blu+2v) _ —2b(utv)
and for u > v,
WAV
/ / b(2u+2v—w—3z) dZd’LU _/ / b(2u+2v—w—3z) dzdw
/ / b(2u+2v—w—3z) dzdw
:/ (e—b(2u+2v 4w) —e —b(2u+2v— w))dw
3b
0
‘1 —b(2u—v—w) —b(2ut2v—w)
+ %(e —e Ydw
_ 1 —2b(u—v) —2b(u+v) 1 —b(2u+v) —2b(u+v)
e (T ) g (T e
1
+ ﬁ ( —b(u—v) _ e—2b(u—v) - (e—b(u+2v) . e—b(2u+v))) )
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The same results, with u and v exchanged, hold for the sixth term. All the exponential
expressions in question can be estimated from above by e~**~*! whence we can invoke (8.4)
again to conclude that the fifth and sixth terms, integrated over [0,]?, are O(t).

All that remains is the fourth term: for u < v,

v v wAr
/ / / e—b(2u+2v—w—r—2z)dzdrdw
0 0 0
:/ / /e—b(2u+2v—w—r—2z)dzdrdw+/ / / e—b(2u+2v—w—r—2z)dzdrdw
0 0 0 0 w JO
-1

+/ / i (e—b(2u+2v—3w—r) . e—b(2u+2v—w—r)) drdw
0o Juw 2b

vl
2_b (e—b(2u+2v—w—37’) . e—b(2u+2v—w—7’)) drdw

“ 1 - u v—4aw - u v—w 1 - u V—2Ww - u v—w
:/0 {@(e b(2u+2v—dw) _ ,—b(2u+2 ))_ﬁ(e b(2u+2v—2w) _ o—b(2u+2 ))
+% (e—b(2u+v—3w) - e—b(2u+2v—4w)) . % (e—b(2u+v—w) _ e—b(2u+2v—2w)) dw

_ 1 —2b(v—u) —2b(u+v) 1 —b(u+2v) —2b(u+v)
= oup (e —¢ ) - 603 (e —¢ )

_ ﬁ (e—2bv B e—2b(u+v)) + 55 (e—b(u+2v) _ e—b(2u+2v))

i % (e_b(v_u) . e_b(2u+v)) N 8_; (e—2b(v—u) _ e—2b(u+v))

1 1

(e—b(u+v) . e—b(2u+v)) + (e—2bv - e—2b(u+v))

)

28 4b3

and, u and v have to be interchanged for v > v (in this case, we exchange the two outer
integrals, and from there, the modifications are trivial). Again, we see that all the exponential
terms are dominated by e~t1“~* which, by invoking (8.4), completes the proof of the lemma,
noting that sup,.,E(X}) < co. 0

The following lemma is an analogue of Lemma 8.8, which is a Hajek—Rényi type inequal-
ity. With Lemma 8.8 one can estimate the tail probabilities of the maximum of a random
sequence, based solely on the joint moments of the elements and, critically, without the
assumption of independence. In our applications, not the supremum of a sequence but the
maximum of a function is considered, so we had to modify the statement accordingly.

It turns out that the proof can be constructed along the lines of Theorem 4.1 in Kokoszka
and Leipus (2000). In that paper, a slightly stronger result than Lemma 8.8 was formulated
and proven; however, it was impractical to use, hence the more useful corollary formulated
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as Theorem 3.1 in Kokoszka and Leipus (1998), which is obtainable from Theorem 4.1 in
Kokoszka and Leipus (2000) by a simple application of the Cauchy—Schwarz theorem.

8.2 Lemma. LetY; be a process with a.s. continuous trajectory, o, 5 € Ry with o < 3 and
¢ a deterministic function. Then, for any e > 0,

2P {S:}g’)ﬁ] (c(s) /08 Yudu)2 > 52} < cla)? /Oa E(Y?) du
/ (/ / (Y,Y, dudv) dfe(s) |+2/ o(s)? {E(YSQ)/OS/OSE(YUYU)dudv} v ds

Proof. For any nonnegative process Z; with a.s. continuous trajectories and a.s. locally
bounded variation, let 7. be the first hitting time of [¢, 00) in [a, 00), A be the event {7. < 5}
and D; be the event {sup,,, Z, < ¢}. Note that Dg = A“. Then it is easy to check that

B
(8.6) 14 < Zo+ / 1p.dZ..

Indeed, if A occurs, the LHS is e, and the RHS is ¢, if Z, < € and Z, if Z, > . If A®
occurs, the LHS is zero, while the RHS is Zz > 0.

2
Let us apply this result with Z; = c(t)? ‘ fot Y ds‘ . We take expectations on both sides:

c(s) /OS Y.du| > 5)
<E {C(af /Oa y?2 du] +E /j 1.d <<C(s) /0 Yudu)2>]
= c(a)? /O ’ E(Y?)du+E {2 /a i 1p.c(s) /O S Y, du (( /O 8 Yudu) de(s) + c(s)sts)}

= c(a)? /0 ’ E(Y?) du

+E {2 /a i 1p, ( /O S /0 s YuYUdudv) d(c*(s)) + 2 /a ’ 1p,c*(s)Y, /O S Yududs}

2P ( sup

a<s<f

B s s B s
+E[2 / 1p, < / / YuYUdudv) d|3(s)] + 2 / 1p,2(s)Y, / Yududs}
« 0 0 « 0
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In the last step we replaced the induced norm of ¢?(s) by its total variation norm. Indeed,
the inequality holds because [ [V, Y,dudv = ([ Yudu)2 for every w in the probability
space where Y is defined, therefore the integrand is nonnegative. Now, we employ several
well-known inequalities and the replacement of the indicator function by 1 to obtain our
statement. O

8.3 Lemma. If the parameters a and b remain constant, we have, for any v < i,

t
sup tV_l/ | X, — E(X,)|du = Op(1).
0

0<t<T

Proof. We will use Lemma 8.2 for the process V; := X; — E(X;) and ¢(s) = s7! and
a =0, 8 =T. Then we can use Lemma 8.1 to conclude that

//E(Yuﬁ,)dvdu:/ / Cov(Xy, Xy)dvdu < ks, seR,,
o Jo 0 Jo

for some constant £ > 0. Hence, in this case,

/OT (/0 /OSIE(Yqu)dudv) dle(s)?| +2/0Tc(s)2 {E(Yf)/gs /OSE(Yun)dudv] - ds

T
< / k(2 — 27)s¥2ds + 2/ s 2(Krs)'?ds
0 0

T T
=kr(2—2v) / s 2 ds + Q(Km)l/z/ 732 ds < oo.
0 0

This implies the desired statement immediately. O
8.4 Lemma. If the parameters a and b remain constant, we have, for any v < %,

sup 777 |M;| = Op(1).

0<t<T

Proof. First we note that (M;),cr, has an a.s. continuous trajectory on R, , therefore also
on [0,1]. Thus we conclude that supyc,<; |M;| = Op(1). Next, we use the law of the iterated
logarithm for continuous martingales. This can be put together from the Dambis—Dubins—
Schwarz theorem (Karatzas and Shreve, 1991, Theorem 3.4.6) and the law of the iterated
logarithm for the Wiener process (Karatzas and Shreve, 1991, Theorem 2.9.23).

1
=1 as., VA>—,

M, M,
lim sup M| < lim sup | M| 5

() et Lo
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which means that the supremum on [1, 00| is finite a.s. (since the process in question has
a.s. continuous trajectories). Now we note that

g (fg X, du))\

" — 0P E(X,)" as.

Now the statement of the lemma is obtained straightforwardly since

sup T M,| = max(sup T7 M|, sup T M),

0<t<T 0<t<1 1<t<T

and both terms have been shown to be Op(1). O

8.5 Lemma. Under the conditions of Theorem 5.1 we have

0—0=0(T""?).

dor — QrQ <pQ’ [Z] )
ar-a* (oo )]

The first factor converges almost surely, so we analyze

-0 ([

~ ~—1 N |d
=T 2d, + 17712 (Q[O,T] -Q:Q rQ ) [b’]

Proof.

TV~ 6) = (T7'Qy) ' T V*

T—1/2

The first term is Op(1) by (4.3). We need to show that the second term is also Op(1). For
this, we can neglect the vector of the parameters, which are constant, so we investigate

T2 (Q, - pQQ Q) =T (Q, —E(Q.) + T (EQ,) - Q)
- 177 (p(Qr —E(Q)Q Q)
-1 (p(EQ) - TR Q)
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The first and third factors have a finite variance at the limit, by Lemma 8.1. Therefore,
by an application of Chebyshev’s inequality, we have that they are Op(1). The second and
fourth terms are deterministic and O(1) by (2.7). O

8.6 Lemma. Under the conditions of Theorem 5.1 we have

- /pT (X, — B(X,)) ds

T—t

>%>:0.

Proof. We use Lemma 8.2. We choose ¢(s) = s and Y; = X,p_s — E(X,7_;) with a = K
and = pT'. The estimate on the probability in question is then

pT pT pT pT
K Var(X,) du + / (/ / Cov(Xy, Xv)dudv) d|s7?|
K pT—s J pT—s

pT—K

lim limsupP < sup

K=o 7400 K<t<pT

(8.7)
pT pT pT 1/2
+2 / s72 {Var(xs) / Cov(Xu,Xv)dudv] ds.
P

K T—s JpT—s

Now we make use of (8.3) and (8.4) to show that

pT pT pT pT
/ Cov(X,, X,)dudv < Var(Xo) / / e ) dudy
pT'—s J pT'—s pT'—s J pT'—s
pT pT
+ (E(Xy) + ab_l)azb_l/ / e vldudy < ps,
pT—s J pT'—s
for some positive constant . We introduce A := sup,.p Var(X;) < oo, to continue the

estimation started in (8.7):
p pT
K2K\+ 2/ Ts?nusds + 2/ s (M) 252 ds.
K K

Clearly, as T — oo (and hence pT" — o0), and then K — oo, this expression tends to zero,
which completes our proof. O

8.7 Lemma. Under the conditions of Theorem 5.1 we have, for any e > 0,

lim limsup P < sup |t (M, T — Myp_y)| > 8) = 0.

K—=oo 7400 K<t<pT

Proof. Let us take a backward partition of [0, pT] such that 0 = ¢, < t, 1 <t, 2 <...<
ty < to=pT. For t € [ti11,t;], we have

M,T — M,
pr —t

M,T — M, ,,
pT —t;

Mt - Mtz‘+1
pT —t;
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Therefore, we have the following estimation:

P ( sup [t (M,T — Myp_,)| > 5) =P ( sup  |(pT — )" (M,T — M,)| > 5)

K<t<pT 0<t<pT—K

€
88) <P <er<1§g<n\ (pT = 1) (M, T = My,.,)| > 5)

_ g
+ZP( sup | (pT —t;) 1(J\4t—z\4m-+1>\>—),

i b1 <t<t; 2

where i* = min{i : t; < pT — K}. Let us use this estimate with ¢; :== pT' — 277! for 0 < i < n,
so that n = |log, pT'| and i* = |log, K| + 1.

For the first term we can use the following lemma:

8.8 Lemma. (Kokoszka and Leipus, 1998, Theorem 3.1) Let (Y, )nen be a sequence of
random variables with finite second moments, and let (c,)nen be a sequence of nonnegative
constants. Then, for any a > 0,

k

>,

J=1

n—1 k
> a) < |, — Z E(Y;Y;)
1

a’P | max ¢
1<k<n
k= i,j=1

n—1 k 1/2
+2 Z Cist (E (Vi) Z E (YzYJ)>
k=1

,7=1

n—1

+2 Z Ci+1 E(Yk2+1)-
k=0

Let us set Yy := My, — Myp, and Yy, = My, — My, , for 1 <k <n—14"+1and
cr = (pT —ti1x—1)"". Let us note that due to the structure of the ¢;, we have ¢, = 270" +k=2)
for k <n—4*and 27"V < ¢, ;-1 < ¢,_;+. Consequently, we can use

‘Czﬂ - Cz‘ < |Cz+1 - 4Cz+1| = 3Cz+1-

Also, notice that

27



with p = sup,cgp, E(X;) < 0o, and that similarly,
E(YZ) < 0P pltiog, — tiesgr) = o2 p2 2,

All in all, with Lemma 8.8, we can estimate the first term in (8.8) by

4 n—i*+1 . . n—ix+1 . . .
? (302M Z A= +k=1)o (" +k—1) + 202,u Z 4G +k—1)(2(2 +k—2)4(i +k—1))1/2
k=1 k=1

n—ix+1
—|—2O’2,LL Z 4—(i*+k—1)2(i*+k—2)>
k=1

4 . — o — . — 56 .

<= (30%2—@ > 27U 20227y "ol 9007y 2—<’f—1>> = otu2™".

£ £
k=1 k=1 k=1

This does not depend on n (hence, on T), and since i* — 0o as K — oo, we have that the
first term in (8.8) converges to zero as pT' — oo and then K — oo.

For the second term in (8.8) we will use Doob’s submartingale inequality (see, e.g.,
Karatzas and Shreve, 1991, Theorem 1.3.8. (i)) to the submartingales

Nt,i = (Mti+1+t - Mti+1)2> te [Oatz - ti-i-l]) i=0, .. ) Ty

Y

for which clearly

€ 52 T—tzz
IP’( sup ‘(pT—ti)_l(Mt_Mti+1)}>_):]P< sup Nt,i>M)-

b1 <t<t; 2 0<t<t; —ti41 4

The inequality states that

IP’( sup  Ny; >

O0<t<ti—tit1 4

e2(pT —t;)? < 4E(Nt,—4,,,) _ AE(M,;, — M,,,,)? - 40° p(t; — tigr)
= e(pT - t;)? E2(pT —t,)2  —~ 2(pT —t;)?

Now, in our present setting,
ti—tis1 < (pT — 271 — (pT' — 2 =271 and  (pT —t;)* > 2274

Thus, the second term in (8.8) can be estimated from above by

2, 2 2,2 o0
g pe —i+3 o~ T HE 5 43 —i
1 g 2 < T? ZE:O 27

1=1*

Again, clearly this does not depend on n (thus, 7) and converges to zero as i* — oo (and
thus, as K — 00). This suffices for our statement. O
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