Hiickel-Hubbard-Ohno modeling of w-bonds in ethene and ethyne
with application to trans-polyacetylene
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Quantum chemistry calculations provide the potential energy between two carbon atoms in ethane
(H3C—CHs), ethene (HoC=CHz), and ethyne (HC=CH) as a function of the atomic distance. Based
on the energy function for the o-bond in ethane, V,(r), we use the Hiickel model with Hubbard—
Ohno interaction for the 7 electrons to describe the energies Vo (1) and Vi (r) for the om double
bond in ethene and the onw triple bond in ethyne, respectively. The fit of the force functions
shows that the Peierls coupling can be estimated with some precision whereas the Hubbard-Ohno
parameters are insignificant at the distances under consideration. We apply the Hiickel-Hubbard-
Ohno model to describe the bond lengths and the energies of elementary electronic excitations of
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trans-polyacetylene, (CH),, and adjust the o-bond potential for conjugated polymers.

PACS numbers: 71.20.Rv,36.20.Kd,31.15.vn

I. INTRODUCTION

Electronic structure calculations for small molecules
can be performed with very good accuracy using quan-
tum chemistry methods."? However, the computational
cost rises strongly with the number of valence electrons,
and macromolecules with hundreds of delocalized valence
electrons cannot be treated using accurate ab-initio quan-
tum chemistry methods. In such a situation, models
with adjustable parameters are analyzed to describe the
ground state and excited states approximately.®*

An example are m-conjugated polymers such as poly-
acetylene (PA) or polydiacetylene (PDA). Typically, the
backbone made of o-bonds is treated in the adiabatic
approximation, and only the 7-electrons are included ex-
plicitly in the many-particle model.?# The electrons’ itin-
eracy is described by the Hiickel (tight-binding) Hamil-
tonian, and their Coulomb repulsion is approximated by
the Pariser-Parr-Pople (PPP) interaction. Recently, we
reproduced the optical properties of PDA using a tight-
binding model with a Hubbard-Ohno parameterization of
the PPP interaction between the 7 electrons.® However,
the applicability of Hiickel-PPP models for m-conjugated
systems has been put into question® because the PPP
model only includes density-type interactions and ignores
bond-charge repulsion terms that could be important for
polymers; for a thorough discussion, see Refs. [3,7].

Another point at issue in conjugated polymers is the
size of the ‘spring constant’ KF'* that parameterizes the
strength of the o-bond. In Ref. [8], the value KFA1 =
3leV/ A? was proposed for PA, close to the value for the
carbon-carbon bond in ethane, D{? = 27.2eV/A? at
bond length r&® = 1.536 A.%10 In contrast, in Ref. [11]
a substantially larger value, K EA’Q =46eV/ A%, was put
forward, closer to empirical values for benzene, Kb°" =
41.3 eV/A2 with bond length 7o = 1.4 A.'2 The larger

value is related to the tendency of bonds to become
stiffer at smaller atomic distances,'® and the average
bond length in polyacetylene is the same as that in ben-
zene. !4

Apparently, Hiickel-PPP models can also be applied
to small molecules with 7 bonds so that the applicabil-
ity and accuracy of the model description can be tested
against results from quantum chemistry. In this work,
we use the two-site Hubbard model to describe the m-
bonds in ethene (H,C=CH;), and ethyne (HC=CH). We
find that the Hiickel approach provides a reasonably ac-
curate description of the m-bonds. The application to
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FIG. 1. (Color online) Ground-state energy in electron volts
of ethane (HsC—CHs), V5 (r), ethene (HoC=CHy, ethylene),
Vor(r), and ethyne (HC=CH, acetylene), Vorr(r), as a func-
tion of the carbon-carbon distance r in units of A. The ener-
gies are shifted by their values at the energy minimum. The
carbon-hydrogen bonds are fixed at their positions for the
equilibrium structure.
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(a) (b)
HSC—CHS HQC:CHQ HC=CH HgC—CHg HQC:CHQ HC=CH
r/A Vo (r)/eV r/A Vor(r)/eV r/A Vorr(r)/eV r/A Vo (r)/eV r/A Vor(r)/eV r/A Vorr(r)/eV
1.0000 10.8084 1.0000 6.56351 1.0000 3.42482 1.0000 11.3730 1.0000 6.68729 1.0000 3.42561
1.0500 7.89061 1.0500 4.25500 1.0500 1.78346 1.0500 8.31871 1.0500 4.33523 1.0500 1.78388
1.1000 2.60229 1.1000 0.75783 1.1000 2.65165 1.1000 0.75802
1.1500 1.45774 1.1500 0.20269 1.1500 1.48570 1.1500 0.20275

1.2000 2.68283 1.2000 0.70626 1.2000 0.00484 1.2000 2.84798 1.2000 0.72002 1.2000 0.00485

1.2097 0 1.2097 0

1.2500 1.74053 1.2500 0.25796 1.2500 0.07592 1.2500 1.85257 1.2500 0.26309 1.2500 0.07594

1.3000 1.06070 1.3000 0.04249 1.3000 0.34680 1.3000 1.13216 1.3000 0.04336 1.3000 0.34691
1.3372 0 1.3372 0

1.3500 0.58770 1.3500 0.00464 1.3500 0.76329 1.3500 0.62916 1.3500 0.00474 1.3500 0.76358

1.4000 0.27742 1.4000 0.10095 1.4000 1.28284 1.4000 0.29792 1.4000 0.10310 1.4000 1.28340

1.4500 0.09475 1.4500 0.29714 1.4500 1.87198 1.4500 0.10209 1.4500 0.30366 1.4500 1.87290

1.5000 0.01163 1.5000 0.56612 1.5000 0.01258 1.5000 0.57893

1.5290 0 1.5290 0

1.5500 0.00563 1.5500 0.88651 1.5500 0.00609 1.5500 0.90718

1.6000 0.05877 1.6000 1.24145 1.6000 0.06391 1.6000 1.27127

1.6500 0.15668 1.6500 0.17101

1.7000 0.28788 1.7000 0.31534

1.7500 0.44322 1.7500 0.48722

1.8000 0.61542 1.8000 0.67891

1.8500 0.79872 1.8500 0.88423

1.9000 0.98856 1.9000 1.09820

1.9500 1.18131 1.9500 1.31686

2.0000 1.37414 2.0000 1.53703

TABLE I. Ground-state energy of ethane (HsC—CHs), V,(r), ethene (ethylene, HyC=CHs), Vo« (r), and ethyne (acetylene,
HC=CH), Vorr(r), in units of eV as a function of the carbon-carbon distance r in units of A. The energies are shifted by a
constant so that the potential is zero at the equilibrium distance. (a) The whole molecule is relaxed; (b) The carbon-hydrogen

bonds are fixed at their positions for the equilibrium structure.

trans-PA shows, however, that some adjustments in the
o-bond spring constant are necessary to reproduce the
experimentally observed bond lengths.

Our work is organized as follows. In Sect. II we use
data from quantum chemistry calculations to express
the ground-state energies V,(r), Vor(r), and Vyrr(r)
for o-bonds and m-bonds in ethane, ethene, and ethyne.
In Sect. IIT we use the Hiickel-Hubbard-Ohno Hamilto-
nian to model the energy of the m-bonds in ethene and
ethyne. We shall see that this is possible with an ac-
curacy of about 5%. However, the Hubbard-Ohno pa-
rameters for the Coulomb interaction remain essentially
undetermined. In Sect. IV, to test and adjust our param-
eter set, we determine the bond lengths and the energies
of elementary electronic excitations in trans-PA. Short
conclusions, Sect. V, close our presentation.

II. ENERGY OF CARBON SINGLE, DOUBLE,
AND TRIPLE BONDS

A. Data from quantum chemistry

We employ the quantum chemistry code MOLPRO us-
ing the CCSD(T) method with the cc-pVTZ basis.!6 We
calculate the energy of the molecules ethane (H3C—CHs),

ethene (a.k.a. ethylene, HoC=CHy), and ethyne (a.k.a.
acetylene, HC=CH) as a function of the carbon-carbon
distance r. The data for the energies are listed in Ta-
ble I. Similar calculations have been done recently for
ethyne,!” and for CyHs, for n = 0,1,2,3.1%1 We can
(a) choose to relax the whole molecule, or (b) to fix the
carbon-hydrogen bonds at their positions for the equi-
librium structure. The data from quantum chemistry in
Table I show that the changes are marginal for ethyne
and still very small for ethene. This could be expected
because the carbon-hydrogen bonds in the corresponding
linear /planar structures do not interfere when we stretch
or shrink the carbon-carbon bond. For ethane with its
three-dimensional structure, however, the discrepancies
in energy are noticeable. Since we are interested in the
properties of the o-bond, we later use the data for fixed
carbon-hydrogen bonds and plot the corresponding ener-
gies from Table I(b) as a function of distance in Fig. 1.

B. Polynomial parameterization

First, we compare the bond lengths with the experi-
mental data. We find for ethane (one o-bond), ethene
(one o-bond plus one 7-bond), and ethyne (one o-bond



(a)

(b)

HSC—CHS HQC:CHQ HC=CH HgC—CHg HQC:CHQ HC=CH
Dy [eV/A™| Df™ [eV/A™')| DF™™  [eV/A™|| DY [eV/A™]| D7 [eV/A]I DFTT [eV/AM
D 26.3496| D{™  57.4115| D{™™  101.0452|| DY 28.5307| D{"™  58.5984| D{™"  101.0741
D3 —69.9253| DS™ —162.4340| D3™™ —294.7982|| DS —72.8851| D3™ —164.9132| D3™" —294.8085
D3 104.1792| DS™  259.2015| D§™™  482.5564 || D3 106.8931| D™  263.5307| D§""  482.7707
DF —119.1238| D™ —336.1312| D{™™ — 656.0314 || D§ —122.0097 | D{™ —342.9333| D{™" —656.2767
DZ  105.2503| D™ 284.6613| D™ 664.8695|| Dg  111.0721| Dg™  296.9368| DI™™  664.6464
Dg  —70.7506 | D" —116.8712 Df  —81.3086| Dg™ —141.5545
D? 135.5519| D7™  816.7895 D? 131.5314| D™ 815.7742
DF —146.0841 Dg —136.7223
D3 —86.5683 D3 —63.3005

TABLE II. Parameters D; (I < 9) for the force fields Fi(r), For(r), and Forrx(r), of ethane, ethene, and ethyne, respectively.
(a) The whole molecule is relaxed; (b) The carbon-hydrogen bonds are fixed at their positions for the equilibrium structure.

plus two 7-bonds),

re = 1.5200A, 7P = 1.5360A [9],
rer = 1.3372A, r&P = 1.3390A [9], (1)
Torn = 1.2097A, 792 = 1203 A [20],

in very good agreement with the experimental values,
with deviations of less than 0.5%.

Next, we express the energies V,(r) as a Taylor series
around the equilibrium distances s,

Dc—l n
n (T_TC) )

10
Ve(r) =V + (2)
n=2

where e = o, 0m, onm for the three molecules, and Vj is
independent of . In the following, we focus on the force
fields Fo(r) = —=V](r),

9
Fo(r) ==Y Dy(r—ro)", (3)
n=1

because they enter the optimization equations. The pa-
rameter sets for ethane, ethene, and ethyne are collected
in Table II.

One of the vibrational modes in ethane, ethene, and
ethyne with reciprocal wave length (wave number) 1/\®
can be assigned to a bare carbon-carbon stretch mode.
They can be compared to the values from quantum-
chemistry calculations,

1/ = 1013cm~1, 1/A%P = 992.9cm~' [10],
1/Aor = 1671cm™, 1/ASP = 1623 cm~! [21],
1/Aorr = 2000cm~t, 1/XASP = 1974 cm~! [22].

(4)
The experimental values in eq. (4) are in very good agree-
ment with the results from quantum chemistry, with de-
viations of less than 3%. This is the desired accuracy of
the fit to a Hiickel-Hubbard-Ohno model.

The normal-mode frequencies given in eq. (4) corre-
spond to vibrational modes that involve the movement
of all atoms in the molecule. Instead, one may want

to invoke a simpler oscillator model with fixed carbon-
hydrogen bonds, a single force constant DY, and an
effective mass m® = (12 4+ n)u/2 (atomic mass unit:
u = 1.66054 - 10727 kg; n = 1,2,3 for ethane, ethene,
ethyne).!? Then, the force constant obeys

2
e2(27r)
mec .
e
CC

A fit to the experimental data for ethane, ethene, and
ethyne then leads to

D§ = ()

Dy = 272eV/A%, D = 26.3eV/AZ,
DI™ = 67.8eV/A2, DJ™ = 57.4eV/A%2,  (6)
D™ = 93.1eV/A?, D{™™ = 101.0eV/A2,

where we used 1N/m = 0.01 mdyn/A = 1/16.022eV/A?
for the conversion of units. The comparison shows that
oscillator models with a single ‘spring constant’ shall em-
ploy values D; that deviate from the bare values Dy from
quantum chemistry calculations by 10%-15%.

III. HUCKEL-HUBBARD-OHNO MODEL

A. Hamiltonian for a w-bond

We model a m-bond by a two-site single-orbital Hiickel—
Hubbard-Ohno model,
Iy(r) = =) (& 40 + gy + 2l yoy + b0 )
+U (1471, + NogTia )

+V(r) (y — 1) (ng — 1) , (7)

where ézr_g (¢, ,) creates (annihilates) an electron with
spin o = {T,i} on carbon atom [ = 1,2. Moreover,
N, = éj_gél_g counts the number of o-electrons on carbon
atom [ and n; = 7y 4 + 7y, . We assume that the o-bond
is rigid and contributes the potential V; (r) to the energy.

The Hamiltonian parametrically depends on the dis-
tance r between the carbon atoms. The electron transfer



parameter decreases exponentially as a function of dis-
tance,

to(r) =toexp (—a(r —ro)/to) , ()

with t4(r9) = to = 2.5eV at distance r = rg = 1.4 A.
The strength of the Peierls coupling av and the values for
the Coulomb interaction U and V are fit parameters. The
distance-dependence of the density-density interaction is
given by the Ohno expression®*

V(T):\/ﬁﬁ: (ﬁ) )

The Ohno form guarantees that, at large distances, the
electrons interact via their unscreened Coulomb interac-
tion, €2 = 14.397eVA.

The ground-state energy of the Hiickel-Hubbard-Ohno
model is denoted by E.(r,«,U,V). The two-site model
is readily diagonalized,’

U—V(r) (U= V(r))?
2 _\/ 4

ETI'(T7 a? U7 V) =

+ Afta(r)]? .

(10)
Up to a constant energy shift, V,(r) + E(r,a, U, V) de-
fines the Hiickel-Hubbard-Ohno approximation to the
energy function for ethene, V(7).

For ethyne, we further assume that the two m-bonds
are independent of each other. An explicit calculation
of the ground-state energy of a two-site model with four
orbitals per site shows that, for moderate Coulomb inter-
actions, the ground-state energy can indeed be approxi-
mated as the sum of two independent two-orbital models.
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FIG. 2. (Color online) Force function differences AFy(r) =
For(r) — Fs(r), AF2(r) = Forx(r) — For(r) due to the m-
bonds in ethene and in ethyne for carbon distances 1.15 A <
r < 1.45 A. The force function differences are not the same,
they deviate from each other by about 0.2eV for 1.15A <
r < 1.45 A, as seen in the inset. The dashed lines show the
fit from the Hiickel model, Fi(r) = —E.(r,4.035eV /A, 0,0)
and from the Hiickel-Hubbard-Ohno model, Funo(r) =
—EL(r,4119eV/A, 6eV,3eV).

Therefore, the Hiickel-Hubbard-Ohno approach predicts
Vaﬂ—('f') — VU(T') + Cl = Vaﬂ-ﬂ-(’f‘) — Vgﬂ—(’f‘) =+ CQ . (11)

The quality of this hypothesis can be tested by com-
paring the corresponding differences in the force func-
tions, AF(r) = Fyr(r) — Fy(r) and AFy(r) = Fprr(r) —
For(r).

In Fig. 2 we show the two force function differences
AF;(r) for carbon-carbon distances 1.15 A < r < 1.45A.
As is seen from the inset, they differ by about 0.2eV/ A.
Similarly, the Hiickel force field Fy(r) at o = 4.035eV
and the Hiickel-Hubbard-Ohno force field Fypo(r) at
a = 4.119eV and U = 2V = 6eV deviate from AF;(r)
by several tenth of an eV/A. Since AF(r) is of the or-
der of 10eV /A, the Hiickel-Hubbard-Ohno description
of the m-bonds in ethene and ethyne is accurate within
a few percent which is of the same order of magnitude
as the accuracy of the quantum chemistry data for the
vibrational frequencies. Therefore, the Hiickel-Hubbard-
Ohno description is accurate enough to match the quality
of the quantum chemistry data. For a further improve-
ment, one may refine the expression (8) for the distance-
dependence of the electron transfer parameter.??

B. Parameter optimization

Since the force functions AF;(r) differ, we cannot de-
termine Er(r,a, U, V) from eq. (11) as the difference be-
tween V() and Vi, (r). Instead, we have to set up an
optimization scheme. We define the cost function (all
lengths in A, all energies in eV)

1.45

W(a,U,V) = / dr (Fyn(r) — Fy(r) + EL (1))

1.15
Fon(r) + EL(r))?,
(12)

where EL(r) = (dEx(r,a,U,V))/(dr) is the negative
force field due to the m-bond in the Hiickel-Hubbard-
Ohno description. Using this cost function for the param-
eter optimization, the Hiickel-Hubbard-Ohno model will
provide a suitable description of the w-bonds in ethene
and ethyne.

As a first step, we seek the optimal value for the bare
Hiickel model, i.e., we optimize W («,0,0). The result is
oM = 4.035eV/A. The Hiickel model with o!! provides
a good description of the m-bonds, see Fig. 2. The bare
Hiickel force field, Fy(r) = —E.(r,4.035eV/A,0,0) de-
viates from the force fields AF; 2(r) by only a few tenth
of an eV/ A. As a consequence, the Hiickel model repro-
duces the bond lengths r,, and r,;, and the parame-
ters D™ and D{™™ from quantum chemistry calculations
with good accuracy, see Table III.

The success of the bare Hiickel model indicates that
the Hubbard-Ohno interaction cannot improve the re-
sults very much. More importantly, for moderate values

1.45
+/ dr (Forr(r) —
1

.15



A eV/AZ A eV/AZ
Experiment 1.3390 1.203

Quantum Chemistry 1.3372 58.60 1.2097 101.07
Hiickel model (U =V =0) 1.3403 57.28 1.2079 100.10
Hiickel-Hubbard-Ohno model 1.3417 55.66 1.2071 99.28

TABLE III. Equilibrium distances and force parameters for
ethene and ethyne from experiment, quantum chemistry
CCSD(T)/cc-pVTZ, the Hiickel model with o = 4.035eV /A,
and the Hiickel-Hubbard-Ohno model with o = 4.119eV /A,
U=6eV,V =3eV.

for V (V < 6eV) and for r of the order of one Angstrom,
the dependence of V() on r is fairly small, and the range
of acceptable values for U and V is quite large for the
optimization functions chosen. Correspondingly, short-
range parameterizations of the PPP potential can give
parameter values very different from ours.?* Given the
finite accuracy of the quantum chemistry data, it is there-
fore difficult to derive reliable values for U and V from
our fits.

We note, however, that U and V strongly influence
the size of the single-particle gap and the exciton bind-
ing energy in polymers. Therefore, we argue that the
Coulomb parameters for short molecules should not dif-
fer much from the parameter set (U = 6eV,V = 3eV)
as obtained from our analysis of the PDA spectra.® For
this reason, we restrict ourselves to the optimization of
W(a,6eV,3eV), and obtain a™M© = 4.119eV/A as the
optimal value. As for the bare Hiickel model, the Hiickel-
Hubbard-Ohno model reproduces the bond lengths and
force parameters from quantum chemistry calculations
with good accuracy, see Table III. The overall agree-
ment with the force functions is also quite good for all
carbon-carbon distances 1.15 A < r < 1.45 A, see Fig. 2.

IV. APPLICATION TO POLYACETYLENE
A. Parameters for trans-polyacetylene

The analysis of the bond energies in our di-carbon
molecules permits two conclusions. First, the Peierls cou-
pling should be a &~ 4eV/ A which is somewhat smaller
than the value proposed by Su, Schrieffer and Heeger,
™S = 4.7¢V/A3? Similar values, with a deviation
of £20%, were generally used for the description of 7-
conjugated polymers.*&11

Second, we can expand the o-bond potential around
the average bond distance in trans-PA to determine the
spring constant KF4. We Taylor expand the o-bond force
field F,(r) around r = ro,

9

9
F,(r)=- Z Dl (r—ry)" =— ZKU)W(T—TO)" , (13)

n=0

and find (K, is in units of eV /A1)
Koo =—5.16199, K,1 = 53.8098, K, = —129.282,

Ko3= 193365, Koy = —226.216, K,5 = 234.224,
Ky =—252402, Koy = 234716, K, = —63.2203,
(14)

and K,9 = —63.3005e¢V/A'0 = D¢, see Table II(b).
The first term, —K,o = 5.2 eV/A > 0, describes the
repulsive force of the o-bond. It opposes the shrinking
of the o-bonds in trans-PA from r, = 1.529 A down to
ro = 1.4 A. This repulsive force must be compensated by
the binding due to the itinerant m-electrons.

The second term describes the enhanced spring con-
stant due to the compressed o-bond, K, = 54 eV/Az,
so that we should set KfA = Ky1. This value can
be compared with the literature values used for trans-
polyacetylene.®'! Our analysis of the o-bond poten-
tial in ethane, V,(r), supports the larger value derived
in Ref. [11], KPA2 = 46eV/A%.  Moreover, we find
o/ KPA = 0.08 A which implies that the electron-phonon
coupling constant,

202

A - ﬂ'toKa,PA ) (15)

is small, A ~ 0.08.% Therefore, polaronic effects are pre-

dicted to be of minor importance for trans-polyacetylene,
in contrast to the SSH picture, \SHH = (.2.25

B. Hiickel model

The values for the electron-phonon coupling and the
o-bond potential V, (r) are important for the theoretical
description of the bond lengths in PA. We find that the
simple Hiickel model cannot account for the dimerization
in trans-polyacetylene.

1.  Hamiltonian

We consider L unit cells with two carbon atoms each.
The spin-1/2 electrons move on sites I = 1,2,...,2L, and
periodic boundary conditions apply. The system is half
filled, i.e., the number of electrons equals the number
of sites, Ny + N, = 2L; the system is paramagnetic,
Ny = N = L. In the Hiickel description, the electrons
move between neighboring sites,

L
n N R
T=- Z Z {todd (02171,002147 + 021,00217147)
o =1
i (é* & +ob e )]
even 2l,02l+1,0 2l4+1,0 2,0 ’
(16)
where

todd = toz (Ts) P teven = ta (Td) (17)



are the electron transfer matrix elements for the single-
bonds and double-bonds, respectively. In this Ansatz we
take into account the bond dimerization (Peierls effect).
The lengths of the single and double bonds are given by

Ts=Te—S+A |, 1rq=7s—8—A. (18)

Here, s describes the average bond-length reduction from
ro to 1y —s, and A describes the bond-length alternation.

The total Hamiltonian is given by the sum of the elec-
trons’ kinetic energy and the potential energy contribu-
tion from V; (r),

H%(s,A) = T(s,A) + LVpona(s,A) ,
Vbond(sa A) - Va’(ra' — s+ A) + VO’(TU — 85— A)(lg)
At the optimal values of s and A, the ground-state energy
of H" has its minimum. Experimentally,'* we have ry =
1.44 A and rq = 1.36 A with (rg +74)/2 = ro = 1.40 A,
so that AG® = (rg—7q)/2 = 0.04 A and 5§ =1, —79 =
0.136 A.

2. Ground-state energy

To determine the ground-state energy as a function of
s and A, we introduce the dimensionless units
s A«
— , 0=—".
to to
The bare dispersion relation e(k) and the hybridization
function A(k) are given by

(k) = —(fodd + teven) cos(k) = —2tq cos(k)e” cosh(d) ,
A(k) = (toven — toda) sin(k) = 2y sin(k)e” sinh(d) . (21)

Here, we use the abbreviation #y = to exp[— (15 —70)a/to].
The Hiickel-Peierls Hamiltonian is diagonal in reciprocal

ag =

(20)

space,25:26
T = Z E(k)(dl,a,-i-&k,a,-l- - dz,o,—dk,a,—> )
|k|<7/2,0
E(k) = V[e(k)]* + [A(K)]?
= 2tge” \/[cosh(8)]? — [sin(k)]2 . (22)

Here, +E(k) is the dispersion relation for the upper (+)
and lower (—) Peierls band. The ground state is the
Peierls insulator,

o) = H H d27017|vac) , (23)

o |k|<n/2

where the lower Peierls band is completely filled. Note
that the wave numbers k are quantized in units of
27 /(2L) because the chain has 2L sites.

The sum of the electrons’ kinetic energy and of the
lattice potential energy per unit cell is given by

etot(0,0) = T(0,0)/L + Vhond(too/a, tod/a) ,

/2
T(0,8)/L = —4foe” / 4% /Teosh(O)E = (R .

—x/2 T

™

(24)

A factor of two in the kinetic energy accounts for the spin
degeneracy. The minimization with respect to o gives

o _ /2
_M = Aoe” /ﬁ/z %\/[COSh(%)P — [sin(k)]?
_ %O[Fg(r,, — (to/@)ao + (to/c)do)
+ Fy(re — (to/a)og — (fo/a)50)} - (25)

The minimization with respect to § leads to

T'(00,00) _ = o0 /2 dk  cosh(do) sinh(do)
Lt /_,r/z ™ /[cosh(,)]? — [sin(k)]2
= %{Fa’(ra' — (to/a)oo + (to/)do)

— FU(TU — (fo/Oé)O'Q — (to/a)éo) . (26)

The equations (25) and (26) must be solved simultane-
ously to obtain the values for the ground-state distortions
8 and 0. This is done using MATHEMATICA.?”

When we use ol = 4.035e¢V/A and V, (r) from eq. (2)
with the parameters from Table II, we find that the o-
bond shrinks by sfl = 0.128 A so that the average bond
length is 7l = 1.401 A, in good agreement with exper-
iment. However, the dimerization is Al = 0.004 A, an
order of magnitude smaller than in experiment. These
numbers do not change significantly when we use the lin-
ear approximation F,(r) = —[K,0 + Ky 1(r — r9)] for
|r —ro| < ro. This shows that the curvature of the force
field can be ignored when we optimize the structure in
the vicinity of the equilibrium distance, r ~ r. For given
sp and Ag, the Hiickel-Peierls model requires the param-
eters K,9 = —5.2 eV/A and K, = 34.36V/A2, corre-
sponding to the much smaller spring constant KI41 =
31eV/A? suggested for trans-polyacetylene.®

The comparison shows that additional terms must be
included in the Hamiltonian, e.g., the Coulomb inter-
action between the m-electrons, that must be responsi-
ble for a large part of the bond dimerization in trans-
polyacetylene.

3. Single-particle gap

Experimentally, it is very difficult to determine the
single-particle gap in trans-polyacetylene because high-
quality single-crystals as for PDA cannot be fabricated.
Therefore, Franz-Keldysh oscillations of unbound single-
particle excitations have not been detected in electro-
absorption experiments on trans-polyacetylene.

The optical absorption of polyacetylene films becomes
significant above Eynset = 1.5eV and shows a peak at
Epeax = 1.9 eV; the electro-absorption measurements dis-
play a strong signal at Aw = 1.4eV.?32% Third-harmonic
generation is large at Awr = 0.6eV which is evidence
for an excitonic state at Eexe = 1.8eV,?° as also seen in
combined absorption/refraction measurements, Fey. =



1.7eV.31 Apparently, the linear absorption spectrum of
trans-polyacetylene results from disorder-broadening of
the exciton resonance.3?

We assume that the exciton binding energy in trans-
polyacetylene is of the same order of magnitude as
in other conjugated polymers such as PDA, A, =
0.4eV...0.5eV.?3 Then, the single-particle gap is esti-
mated to be Fgup ~ 2.2eV...2.3eV. These estimates
are supported by calculations of Mott-Wannier excitons
for correlated electrons in one dimension.?*

We compare these numbers with the predictions from
the Hiickel-Peierls model. The Peierls insulator has the
single-particle gap

ng; = 2A(7/2) = 4te® sinh(dp)
= 4tg exp|—(ro — 70 — S0)/to] sinh(dp)

The approximation holds because we have r, — rg &~ so
and 0p = Aga/ty < 1. From eq. (27) we see that
the combination of o ~ 4eV/A with the experimen-
tal value Ag = 0.04 A leads to a Hiickel-Peierls gap of
ng; ~ 0.64eV. Apparently, the Peierls gap alone can-
not account for the observed single-particle gap in trans-
polyacetylene.

C. Hickel-Hubbard-Ohno model
1. Hamiltonian

The Hiickel-Hubbard-Ohno Hamiltonian includes the
Coulomb interaction of the m-electrons in the Hubbard-
Ohno approximation,

HYO = A% 1 U " (g — 1/2) (g — 1/2)

with the Hiickel part A" from eq. (19) and
Vi = V(71 = inl) (29)

with V(z) from eq. (9). The carbon atoms are at the
positions 77 of a zig-zag chain in the z-y-plane as is shown
in Fig. 3. We optimize such trans-polyacetylene geometry
numerically as will be discussed briefly below.

2. Numerical procedure

We employ the density-matrix renormalization group
(DMRG) method?®3:35 together with the dynamic block
state selection (DBSS) approach,®”38 to calculate the
ground-state energy and excited-state energies for the
Hiickel-Hubbard-Ohno model for up to Lg = 66 car-
bon atoms (L = 2L+ 2) for fixed bond parameters. We

FIG. 3. Planar and unflexed trans-polyacetylene (CH), in
the ideally dimerized zig-zag Lewis structure with alternating
double and single bonds between the carbon atoms (black
dots). Linked to each carbon atoms are the hydrogen atoms
(white circles) on alternating sides of the chain.

use a fixed-point recursion method to optimize the ge-
ometry.® In this procedure, DMRG is called iteratively,
thus playing the role of a kernel function. The electronic
Hamiltonian for a fixed geometry is solved by the DMRG,
and expectation values of the required operators are de-
termined from the obtained wavefunction. These quan-
tities are used to minimize the total energy comprising
the electronic contribution and the lattice potential en-
ergy. This geometrical optimization terminates when the
energy difference between two subsequent iteration steps
gets below an a-priori defined threshold that we set to
10~*eV. A more detailed description will be given in a
subsequent paper.>?
In addition, we employ the force field

Fo(r) = =[Ks0 + Ko 1 (r —10)] (30)

and start our analysis with the parameter set motivated
in Sect. 1T, K,y = —4.7eV/A and K,; = 50eV/A2.
Moreover, we show data for an improved parameter set,
K, = —4.86V/A and K,1 = 42eV/A2. For a com-
parison with our earlier study on polydiacetylene, we
fix U = 6eV and V = 3eV. Furthermore, the di-
electric screening of the surrounding medium is incor-
porated using the dielectric constant e; = 2.3 for the
long-range part of the Coulomb interaction. Moreover,
we use tg = 2.5eV, a =4.0eV.

3. Bond lengths

The results for the average bond length Té{HO are

shown in Fig. 4. As for the non-interacting case, the
Hiickel-Hubbard-Ohno model almost perfectly describes
the bond-length reduction from r, to rp. We find
retO! = 1.397 A for our first parameter set (K, o =

—4.7eV/A, K, 1 = 50eV/A?) as motivated in Sect. ITI,

and ré{ HO.2 — 1399 A for the improved, second param-

eter set (K, 0 = —4.8eV/A, K,1 = 42¢V/A?), in very
good agreement with experiment, 79 = 1.40 A. Now that
ré{’l = ré{’Q = 1.391A for a = 4.0eV/A, we sce that
the electron-electron interaction and the parameter Ky 4
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FIG. 4. (Color online) Average bond length r{™°(L¢) in

Angstrgm as a function of the inverse system size 1/L¢
in the Hiickel-Hubbard-Ohno model with o = 4.0eV/A,
to = 2.5eV, and a linear o-bond force field F,(r) with
Koo = —4.76\//A7 Kon = E)Oez\//A2 (red circles), Koo =
—4.8eV/A, K,1 = 46eV/A? (blue squares), and K,o =
—4.8eV/A, K, 1 = 42eV/A? (black crosses). The experi-
mental value 7o = 1.40 A is shown by a horizontal line, the
quadratic extrapolation lines are included as a guide to the
eye.
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FIG. 5. (Color online) Dimerization AF°(L¢) in Angstren
as a function of the inverse system size 1/L¢ in the Hiickel
Hubbard-Ohno model with o = 4.0 eV/A7 to = 2.5eV, an

a linear o-bond force field F,(r) with K,o = —4.7eV/A
Koq1 = 50eV/A2 (red circles), Koo = —4.8eV/A, Kon =
466V/A2 (blue squares), and Koo = —4.86V/A, Kon =

42eV/A? (black crosses). The experimental value Ao =
0.04 A is shown as a horizontal line, the quadratic extrap
olation lines are included as a guide to the eye.

do not significantly influence the average bond length.
Moreover, the analysis of the bond potential V,,(r) pro-
vides a good estimate of Ky g.

In contrast, the dimerization sensitively depends on
the parameter for the o-bond spring constant K, i, see
Fig. 5. Moreover, the estimate for K,; = 50eV/A?
as motivated in Sect. III leads to a too small dimer-
ization even in the presence of the electron-electron in-
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teraction. Indeed, we find AgHo’l = 0.025A for the
parameter set (K, o = —4.7eV/A, K,; = 50eV/A?),
as compared to Aé{"l = 0.006 A from the bare Hiickel
model and Ay = 0.04 A from experiment. Apparently,
the electron-electron interaction substantially increases
the dimerization. For the first parameter set, the dimer-
ization in presence of the Hubbard-Ohno interaction is by
a factor five larger than the Peierls contribution alone.

To obtain a better agreement with the experimentally
observed dimerization, we address the improved param-
eter set (K, 0 = —4.8eV/A, K, = 42e¢V/A?). We find
AEHO’Q = 0.037 A, as compared to Aj"® = 0.016 A and
Ag = 0.04 A. The value for the dimerization now agrees
with the experimental value within experimental error
bars. The electron-electron interaction still is decisive
for the dimerization in trans-polyacetylene because the
electronic contribution to the dimerization is a factor 1.4
larger than the Peierls contribution.

4. Band gaps

The Hiickel-Hubbard—Ohno results for the exciton en-
ergy and the single-particle gap are shown in Figs. 6
and 7, respectively.

The exciton energies extrapolate to EIHOT = 1.64eV
and EIMO2 = 1.82¢eV, within the experimental bounds
1.5eV < FEexe < 1.9eV. The value from the improved pa-
rameter set is in good agreement with the prediction from
third-harmonic generation.? The position of the exci-

ton energy sensitively depends on the force-field parame-

21 [x K 48K =42 _
— 1.82+206 (L) il
S| Ko 48K, :6
> — 173+181 (LY
g\ 0 Kgo=-4.7,K =50
P19 — 164+208 W’
ov
T 3
L

1'60 O.‘Ol O‘.OZ 0.03
L.
FIG. 6. (Color online) Exciton energy FEex.(Lc) in eV as

a function of the inverse system size 1/L¢ in the Hiickel-
Hubbard-Ohno model with a = 4.0 eV/A, to = 2.5eV, and

a linear o-bond force field Fiu(r) with Koo = —4.76\//A7
K1 = 50eV/A2 (red circles), Koo = —4.8eV/A, K1 =
46eV/A? (blue squares), and Ky,o = —4.8eV/A, K,1 =

42eV /A% (black crosses). The quadratic extrapolation lines
are included as a guide to the eye.
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FIG. 7. (Color online) Single-particle gap Egap(Lc) in eV

as a function of the inverse system size 1/L¢ in the Hiickel-
Hubbard-Ohno model with o = 4.0 eV/A7 to = 2.5eV, and

a linear o-bond force field F,(r) with K,o = —4.7eV/A,
Kon = S)Oe\//A2 (red circles), Koo = —4.86V/A7 Kon =
466V/A2 (blue squares), and Koo = —4.86V/A7 Kon1 =

42eV/A? (black crosses). The quadratic extrapolation lines
are included as a guide to the eye.

ter K, 1. The corresponding results for the single-particle
gap are E?ago’l = 1.94¢eV and EgHaIgO’z = 2.20eV. The
binding energy of the exciton Ay = FEyap — Fexc is pre-
dicted to be ATHOL = (.30eV, and AHHO2 = 0.38¢V,
in agreement with experiment.?® Apparently, the binding
energy A, increases slowly with decreasing force-field pa-

rameter Ky 1.

V. CONCLUSIONS

In this work we investigated the o-bonds and =-
bonds in ethane (H3C—CHs), ethene (a.k.a. ethylene,
H,C=CHz), and ethyne (a.k.a. acetylene, HC=CH) as
a function of the carbon-carbon distance r. We demon-
strated that the m-bonds in ethene and ethyne can be de-
scribed using the Hiickel model with the potential V,(r)
from the o-bond.

The bond lengths and spring constants in equilibrium
agree with the data from quantum chemistry within a
margin of a few percent. The comparison provides a
robust estimate for the value of the Peierls coupling,
o = 4eV/A, for a given electron transfer to = 2.5¢V at
carbon-carbon distance 79 = 1.4 A. Unfortunately, the
parameters of the Hubbard-Ohno interaction cannot be
determined from dimers or short polyenes because the
Ohno interaction is essentially constant for small dis-
tances. Therefore, we choose U = 6eV and V = 3eV
as derived from the the analysis of excited states in poly-
diacetylene.?

We tested the Hiickel-Hubbard-Ohno model for trans-
polyacetylene with V,(r) as backbone potential. Close

to the average bond length ro, we may linearize the o-
bond force F,(r) = =V/(r) = —[Ks0 + Ko1(r — 19)]
when we determine the structure. The o-bond repul-
sion balances the lattice contraction induced by the itin-
erant m-electrons. We find that the size of the aver-
age bond contraction is mostly determined by the con-
stant term K, o and the Peierls coupling o whereas the
Coulomb interaction and the linear term K, ; are fairly
unimportant for the average bond length. Moreover,
the optimal value for K, is very well predicted by

Vo(r), K 1513 = —5.2eV/A while our analysis for trans-
polyacetylene suggests K ((,23 = —4.8eV/ A.

The dimerization Ay in trans-polyacetylene is trig-
gered to a large part by the Coulomb interaction. Nat-
urally, the dimerization strength sensitively depends on
the size of the ‘spring constant’ K, ;. We find that the
value obtained from the analysis of the o-bond potential,
K ((,12 = 54eV/A?) is too large. For an agreement with
experimental data in trans-polyacetylene, we propose to

use the smaller value K <(721) = 42eV/A?) in agreement
with empirical values for benzene, KP*» = 41.3eV/A2,
that has the same average bond length.'? Our value is
considerably larger than K22 = 31eV/A? proposed for
trans-polyacetylene in Ref. [8] and closer to the value

suggested in Ref. [11], KPA2 = 46eV /A2,

Given these parameter sets, we calculated the energy
for elementary excitations in trans-polyacetylene. We
find an exciton with substantial binding energy, Ag =
0.4eV, in agreement with experiments for m-conjugated
materials.>® The parameter K,; mildly affects the ex-
citon binding energy but determines the energetic posi-
tion of the exciton. For our second, optimal parameter
set [to = 2.5eV, a = 4.0eV/A, U = 6eV, V = 3eV,
KS) = —48eV/A, K[?) = —42eV/A?], we find a good
agreement with experiment, Fe. = 1.8eV.3%3! The
single-particle gap is found at Eg.p, = 2.2eV. Our values
for Fexc and Egyp, also agree with the predictions from re-
cent calculations of Mott-Wannier excitons for correlated
electrons in one dimension.3*

In sum, the analysis of short molecules gives a rea-
sonable first estimate for the parameters necessary for
a Hiickel-Hubbard-Ohno description of conjugated poly-
mers. To reproduce the experimental ground-state
conformation, some parameters, typically the ‘spring
constant’ at the optimal average bond length, must
be adjusted by some 20%. After the adjustment of
these parameters, the Hiickel-Hubbard-Ohno model pro-
vides a fairly good description for m-electrons in trans-
polyacetylene, as can be seen from the good agreement
of theoretical and experimental data for the exciton en-
ergy and the exciton binding energy.

The measured optical phonon spectra provide another
testing case for the Hiickel-Hubbard-Ohno model. In-
deed, this theoretical approach reproduces the optical
phonons in trans-polyacetylene with good accuracy, as
we shall show in a subsequent paper.3?



ACKNOWLEDGMENTS

We thank G. Frenking, M. Hermann, and P. Knowles

for useful discussions and for providing us their quantum-

o = ¥

10

11

12

10

chemistry data for comparison. This research was sup-
ported in part by the Hungarian Research Fund (OTKA)
under Grant Nos. K 100908 and NN 110360. L.V. was
supported by the Grant Agency of the Czech Republic
(Grant No 15-10279Y and Grant No. 16-12052S).

florian.gebhard @physik.uni-marburg.de
libor.veis@jh-inst.cas.cz

legeza.ors@wigner.mta.hu

F. Jensen, Introduction to Computational Chemistry (Wi-
ley, Chichester, 1999).

The Chemical Bond, ed. by G. Frenking and S. Shaik, vol. 1
and 2 (Wiley-VCH, Weinheim, 2014).

D. Baeriswyl in Conjugated Conducting Polymers, ed. by
H. G. Kiess (Springer Series in Solid-State Sciences 102,
Springer, Berlin, Heidelberg, 1992), p. 7.

W. Barford, Electronic and Optical Properties of Conju-
gated Polymers (Clarendon Press, Oxford, 2005, 2009).
G. Barcza, W. Barford, F. Gebhard, and O. Legeza, Phys.
Rev. B 87, 245116 (2013).

S. Kivelson, W.-P. Su, J. R. Schrieffer, and A. J. Heeger,
Phys. Rev. Lett. 58, 1899 (1987); D. Baeriswyl, P. Horsch,
and K. Maki, Phys. Rev. Lett. 60, 70 (1987); J. T. Gammel
and D. K. Campbell, Phys. Rev. Lett. 60, 71 (1987); S.
Kivelson, W.-P. Su, J. R. Schrieffer, and A. J. Heeger,
Phys. Rev. Lett. 60, 72 (1987).

D. K. Campbell, J. T. Gammel, and E. Y. Loh, Phys. Rev.
B 42, 475 (1990).

A. Girlando, A. Painelli, G. W. Hayden, and Z. G. Soos,
Chem. Phys. 184, 139 (1994).

G. Herzberg, Electronic spectra and electronic structure of
polyatomic molecules (Van Nostrand, New York, 1966).
K. van Helvoort, W. Knippers, R. Fantoni, and S. Stolte,
Chem. Phys. 111, 445 (1987).

E. Ehrenfreund, Z. Vardeny, O. Brafman, and B. Horovitz,
Phys. Rev. B 36, 1535 (1987).

L. Goodman, A. C. Ozkabak, and S. N. Thakurt, J. Phys.
Chem. 95, 9044 (1991); S. Rashev and D. C. Moule, J.
Phys. Chem. A 108, 1259 (2004).

E. J. Mele, Mol. Chryst. Liq. Chryst. 77, 25 (1981).

C. S. Yannoni and T. C. Clarke, Phys. Rev. Lett. 51, 1191
(1983).

H.-J. Werner, P. J. Knowles, G, Knizia, F. R. Manby, and
M. Schiitz, WIREs Comput. Mol. Sci. 2, 242 (2012).

T. H. Dunning, Jr., J. Chem. Phys. 90, 1007 (1989).

J. B. Robinson and P. J. Knowles, J. Chem. Theory and

18

19

20

21

22
23

24

25

26

27

28

29

30

31
32

33

34

35

36

37

38
39

Comp. 8, 2653 (2012).

M. Hermann and G. Frenking, submitted to Chemistry —
A European Journal (2015).

M. Mottet, P. Tecmer, K. Boguslawski, 0. Legeza, and M.
Reiher, Phys. Chem. Chem. Phys. 16, 8372 (2014).

J. Lievin, J. Demaison, M. Herman, A. Fayt, and C. Puz-
zarini, J. Chem. Phys. 134, 064119 (2011).

W. Krasser, A. Fadini, E. Rozemuller, and A. J. Renou-
prez, J. Mol. Struc. 66, 135 (1980).

H. Fast and H. L. Welsh, J. Mol. Spec. 41, 203 (1972).
M.-B. Lepetit and G. M. Pastor, Phys. Rev. B 56, 4447
(1997).

D. Zhang, Q. Qu, C. Liu, and Y. Jiang, J. Chem.
Phys. 134, 024114 (2011).

A. J. Heeger, S. Kivelson, J. R. Schrieffer, and W.-P. Su,
Rev. Mod. Phys. 60, 781 (1988).

F. Gebhard, K. Bott, M. Scheidler, P. Thomas, and S. W.
Koch, Phil. Mag. B 75, 1 (1997).

Mathematica, Version 9.0 (Wolfram Research, Inc., Cham-
paign, 2012).

J. Orenstein, G. L. Baker, and Z. Vardeny, J. de Phys.
Colloques 44, C3-407 (1983).

S. D. Phillips, R. Worland, H. Yu, T. Hagler, R. Freedman,
Y. Cao, V. Yoon, J. Chiang, W. C. Walker, and A. J.
Heeger, Phys. Rev. B 40, 9751 (1989).

W.-S. Fann, S. Benson, J. M. J. Madey, S. Etemad, G. L.
Baker, and F. Kajzar, Phys. Rev. Lett. 62, 1492 (1989).
G. Leising, Phys. Rev. B 38, 10313 (1988).

T. Kubo, T. Watanabe, T. Nishioka, H. Takezoe, and A.
Fukuda, Jpn. J. Appl. Phys. 31, 3372 (1992).

M. Liess, S. Jeglinski, Z. V. Vardeny, M. Ozaki, K. Yoshino,
Y. Ding and T. Barton, Phys. Rev. B 56, 15712 (1997).
M. Rohlfing and S. G. Louie, Phys. Rev. Lett. 82, 1959
(1999).

S. R. White, Phys. Rev. Lett. 69, 2863 (1992).

S. R. White, Phys. Rev. B 48, 10345 (1993).

0. Legeza, J. Roder, and B. A. Hess, Phys. Rev. B 67,
125114 (2003).

O. Legeza and J. Sélyom, Phys. Rev. B 70, 205118 (2004).
M. Timér, G. Barcza, O. Legeza, and F. Gebhard, in
preparation.



