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Abstract. In this paper, we introduce the notion of co-annihilator on a lattice equality algebra
and investigate some basic properties of them. Specially, by using the generated filters in E, we
prove that the set of all filters of E forms a bounded distributive pseudo-complemented lattice,
which pseudo-complemented of any filter is co-annihilator of it. Finally, we construct a Boolean
algebra by the set of all co-annihilators of .
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1. INTRODUCTION

A more general algebraic structure in logic without contractions is residuated lat-
tices [14]. Among logical algebras, residuated lattices have received the most atten-
tion due to their interesting properties and including two important sub-classes: BL-
algebras and M V-algebras. Fuzzy type theory was developed as a higher order fuzzy
logic. Novék and De Beats generalized residuated lattices and proposed EQ-algebra
[10]. Because by replacing the product operation with a lesser or equal operation, we
get an EQ-algebra again, Jenei [7] introduced a new algebra, called equality algebra.
Since equality algebra can be a good alternative to possible algebraic semantics for
fuzzy type theory, the study of equality algebra is very valuable.

In [3], it was proved that equality algebras and BCK-meet semilattices (under dis-
tributivity condition) correspond to each other. Because different filters have natural
expressions as diverse sets of provable formulas, filter theory has a significant impact
on the study of logical algebras. For this, in [1], Borzooei et al. introduced some
types of filters in equality algebras. For more recent studies about equality algebras,
you can see [5,6, 11, 12].

Many works have been done with respect to the co-annihilators and annihilators.
Davey studied the relationship between minimal prime ideals conditions and anni-
hilators conditions on distributive lattices [4]. Turunen defined co-annihilator of a
non-empty subset of a BL-algebra and proved some of its properties [13]. Leustean
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introduced the notion of co-annihilator relative to a filter F' on pseudo BL-algebras.
Then Meng introduced generalized co-annihilators in BL-algebras and gave charac-
terizations of prime and minimal prime filters [9]. Also, Zou et al introduced the no-
tion of annihilators in BL-algebras and investigated some related properties of them
in [16].

In this paper, we introduce the notion of co-annihilator in equality algebras. We
study basic properties of co-annihilators and investigate relationship between them
and filters. Also, we get that the lattice of all filters of an equality algebra forms
a pseudo-complemented lattice. Moreover, the collection of co-annihilators of an
equality algebra forms a Boolean algebra. The paper is organized as follows: In
Section 2, we gather the basic notions and results on equality algebras. In Section 3,
we study generated filters in equality algebras and get some interesting results about
them. In Section 4, we introduce the co-annihilators on a lattice equality algebra and
investigate some related properties of them.

2. PRELIMINARIES

In this section, we gather some basic notions relevant to equality algebra which
will be needed in the next sections.

Definition 1 ([7, Definition 1.1]). An algebraic structure E = (E; A, ~, 1) of type
(2,2,0) is called an equality algebra, if, for all a,y,m € E, it satisfies the following
conditions:

(E1) (E,A,1) is a commutative idempotent integral monoid,

(E2) a~y=7~o,

(E3) a~a=1,

(E4) a~1=0,

(E5) a<y<mnimpliesa~n<y~mnando~n<a~7,
(E6) oo~y < (aAm) ~ (YAN),

(E7) oo~y < (o~m)~(y~m).

The operation A is called meet and ~ is an equality operation.

Notation 1. From now on, we let (E,~, A0, 1) or E be an equality algebra, unless
otherwise state.

On E we write o < yif and only if a Ay= a.. Clearly, (E, <) is a poset. Also, other
two derived operations are defined, as the following, and we call them implication and
equivalence, respectively:

oa—»y=0o~(aAy) and o+ y=(a—>7)A(Y—> Q).

Proposition 1 ([7, Proposition 2], [ 15, Proposition 3.1]). The following statements
hold on E, for all o.,y,m € E:

(i) o —y=1ifand only if o <,
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(ii) 1l »oa=0a,—»1=1,and . - a =1,

(iii) a <y— 0,

(iv) a < (o—7y) =,

(v) o= (y—=>mn) =7 (a—>m),

(vi) o <vyimpliesy—»>nN<o—-»nNandn—o<n—7,

(vii) o —y=o0— (aAAY),

(viii) e —>y< (N —>a) - (n—>7).

A bounded equality algebra E is an equality algebra with the least element 0 € E
such that 0 < q, for all € E. If E is bounded, then we define the operation negation
" onEby,a =a—»0=a~0,foralla € E. If o=~ = q, for all o € E, then
the bounded equality algebra E is called involutive. Also, E is called prelinear, if 1 is
the unique upper bound of the set {ot — 7y, y— o} for all o,y € E. A lattice equality
algebra is an equality algebra which is a lattice.

Proposition 2 ([ 15, Proposition 3.7]). IfE is a lattice, then for all a,y,m € E, the
following statements hold:
(i) (aVy) »n=(a—=>n)A(y—>n)
(ii) o=y = (Vy) = .
Definition 2 ([8, Definition 3]). Let @ # F C E. Then F is called a deductive
system or filter of E, if for all a,y € E, we have
(1) aeFand a <yimply y€ F;
(i) aeFanda~yeFimply yeF.
Proposition 3 ([8, Proposition 3]). Let F CE. Then F € F (E) if and only if, for
alo,yeE
(i) 1 €F,
(ii) ifa€eFand oo - yE T, theny€eF.
The set of all filters of E is denoted by ¥ (E). Clearly, 1 € F, for all F € F(E).

A filter F of E is called proper if F # E. Obviously, if E is bounded, then a filter is
proper if and only if O ¢ F.

Definition 3 ([ 1, Definition 3.1]). Let F C E such that 1 € F. Then F is called a
positive implicative filter of E if o — (y—m) € Fand o — y € F imply o — n € F,
for all a,y,m € E.

Definition 4 ([11, Definition 4.1]). Let (E;Ag,~g,l.) and (Q;Ag,~q,lg) be
two equality algebras. Then a map f: E — Q is called an equality homomorphism,
if for all o,y € E, the following conditions hold:

flarey) =f(@)Agf(y)  and  fla~gy) = f(a) ~q f(Y).
Moreover, if E and Q are two bounded, then an equality homomorphism f is called

bounded, if f(Og) = Og. An equality homomorphism f is called an equality (epi-
morphism) monomorphism, if f is an (onto)one-to-one mapping and an equality
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homomorphism f is called an equality isomorphism, if f is a one-to-one and onto
mapping.

Definition 5 ([2, Definition 5.1]). Consider X as a non-empty set. A mapping
¢:P(X)— P(X) is called a closure map on X, if for all Y, Z € P(X), the following
statements hold:

(C1) Y Co(Y),
(C2) ¢*(¥) =o(Y),
(C3) Y C Zimplies ¢(Y) C ¢(Z).

3. SOME RESULTS ON FILTERS OF EQUALITY ALGEBRAS

In this section, we investigate some properties of generated filter on equality al-
gebras, that these results will be used in the next section to prove some theorems
related to co-annihilators.

Definition 6. Let X C [E. The smallest filter of [E containing X is called the gen-

ted filter by X in IE which is denoted by (X). Indeed, (X) = F .
erated filter by X in E which is denoted by (X). Indeed, (X) mngefF(E)

Example 1. Let E = {0,p,q,r,1} be a poset with the following Hasse diagram.
Define operation ”~” on E as follows:

1

~ 0 r pql - | 0 r pq 1

0 |1 0001 0 1 1111

r r 01 qpr r 01111
p | 0qg 1l rop P 0 g1 q'l

q [0 pr Ig q 0Opp 1

o 1 10 r pgqll 1 0O r pqll

Then (E,~, A, 1) is an equality algebra. If X = {p, g}, then (X) = {p,q,r,1}.
Proposition 4. Let @ # X C E. Then
(X)={acE]| for somenecNandpy,...,p, € X,
pr=(p2= (= (pn—0)...)) =1}
In particular, for any element p € K, we have
(p)={acE]| forsomenecN, p-"a=1},

where o —"y=yand o.—"y= 0o~ (0. —"""7).
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Proof. Suppose
B={o€E| forsomen € Nand py,...,p, € X,
pr=>(p2—= (= (pa—a)...)) =1}

Since p - 1 =1, we have 1 € B, and so B # @. In addition, since p — p = 1, for all
p € X, we get p € B, thus X C B. Now, we prove B € F (E). Let a,o0 — y € B. Then
there exist m,n € N, py,...,p, € X and qy,...,q, € X such that

pi— (= (.= (pp—a)...))=1.

a1~ (@~ (..~ (gn— (@—>7)...)) =1
Thus by Proposition 1(viii), we get
oY < (pn—>0) = (pn =)
< (pnfl - (pn - (X)) - (pnfl - (pn - 'Y))

<lpr=> P2 (..(pp>0)...))| > [p1—> (2> (- (P> 7))

=1—=Y

=Y.
Since oo — Y <Y, by Proposition 1(vi), we get g, — (a0 — ) < g, — Y. By repeating
this method, we conclude that

a1~ (2> (.= (g~ (@=>7)...)) <q1—> (2> (.. > (gn—>Y))...).

Since g1 — (g2 = (... = (gm — (0 —7Y))...)) = 1, we have g — (g2 = (... =
(gm —Y)...))=1andso

a1~ (2> (> (gm—> (p1 > (.. > (Pn > V))))...)) = L.

Hence y € B. Therefore, B € ¥ (E) containing X. It is enough to prove that B is the
smallest filter of E containing X. Suppose F € ¥ (IE) containing X and o € B. Then
there exist py,...,pn € X such that p; — (p2 - (... = (pp > @)...)) = 1. Since
Fe F(E),1 €Fandp; € X CF, we geta € F. Hence B C IF, and so B is the smallest
filter of E containing X. Therefore, (X) = B. O

Proposition 5. IfF € F(E) and p € E\T, then
(FU{p}) ={a€E| for someneN, p—-"acTF}.

Proof. Let C ={a € E | forsome n € N, p —»" o € F}. Clearly, 1 € C. By
Propositions 1(iii), for all f € F, we have f < p — fthenp - f€Fie. feC
and so F C C. Also, since p»p=1¢cTF, we get pe C. Hence FU{p} CC.
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Now, let o,,a0 = v € C. Then there exist m,n € N such that p -»" oo = f € F and
p =" (a0 —7v) € F. By m-times using of Proposition 1(viii), we have

a>y<(p—>a)=>(p—>Y)

<= p>"0))—=[f—>(p->"17)
1

=1—(f— (p—"v)) by Proposition 1(ii),

=f=p—>"7).
Then oo — y < f — (p —™ ). Also, by Propositions 1(vi) and (v), we get

p>@=>Y)<p—>(f=>(p>"1)=Ff>{E>"""17.
By the similar way and n-times using the above argument, we conclude that
p=" (=) < f—(p>""y).

Since p »" (0 - y) € Fand F € F (E), then f — (p - y) € F. Again, since
f €F, we obtain p """y € F and so y € C. Hence, C € ¥ (E) containing FU{p}.
Let G be an arbitrary filter of E such that containing FU {p}. If o € C, then there
exists n € N such that p »" o € F. Since G € ¥ (E) and FU{p} C G, we have . € G.

Hence C C G and so C is the smallest filter of E containing FU {p}. Therefore,
(FU{p}) =C. O

Corollary 1. IfF and G are two filters of equality algebra E, then

(FUG)={o e E| forsomege G, g—»ocF}
={acE]| forsome f €F, f - acG}.

m+1

Proof. Let D= {o € E| forsome g € G, g — a € F}. If € D, then there exists
g € G such that g — o € [F. Thus by Proposition 5, we get e € (FU{g}) C (FUG).
Thus D C (FUG). It is enough to show that (FUG) C D. Let o € (FUG). Then by
Proposition 4, there exist fi,..., fm € Fand g1,...,8, € G such that f; — (...(f,n
(g1~ (...(gn—~)))))=1. Since I, fi e Fand F € F(E), then g; — (...(g, —
a)...) € F. Hence there exists f € IF such that g; — (...(g, — ®)) = f and so by
Proposition 1(v),

l=f—>f=f>@—>(..@n—>x)...)=8—(..(g > (f—>®))).
Since 1,g; € G and G € ¥ (E), we have f — o € G. Thus there exists g € G such
that g = f — o and so by Proposition 1(ii) and (v),
l=g—»g=g—»(fra)=f—>(g—>).

In addition, from 1,f € Fand F € F (E), we get g —» o € F i.e. o € D. Therefore,
(FUG) = D. The proof of other case is similar. O
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Proposition 6. Let F and G be two proper filters of E. Then for all X, C E and
o, p,q € E, the following statements hold:

(i) if X C 9, then (X) C (),

(ii) if F C G, then (FU{a}) C (GU{a}),

(iii) if p < q, then {(g) € (p),

(iv) if F is a positive implicative filter, then (FU{p}) ={yeE| p »yeTF},

(v) (p)U({q) < (pAg).

Proof.

(i) Let o € (X). Then there exist pi,...,p, € X such that p; — (...(p, —
a)...)=1. Since X C 9", we get p; € ¥ forall 1 <i<nandsoaec (Y).
Hence (X) C ().

(ii) By (i) the proof is clear.

(iii) If p < g, then by Proposition 1(ii), p - g =1 and so g € (p). Let o € (g).
Then ¢ »" =1, for some n € Nie. ¢ - (g — ---(g > a)) =1¢€ (p).
Since ¢, 1 € (p) and (p) € F(E), we have o € (p). Hence (q) C (p).

(iv) Let FF be a positive implicative filter of E and y € (FU{p}). Then by Propos-
ition 5, p »" Y€ F forsomeneNi.e.p— (p— (---(p—7y))) € F. Since
p— p=1¢&TF and F is a positive implicative filter of I, we get p —"~! yc FF.
If we use this argument (n — 1)—times, then we conclude that p — y € F.
Conversely, if p — v € F, then by Proposition 5, y € (FU{p}).

(v) Since pAg < p,q, by (iii) we get (p) U (g) C (p A q).

]

Example 2. Let E = {0,p,q,1} be a poset with the following Hasse diagram.
Define the operation ~ on E as follows:
1

~ | 0 pql — | 0 p q 1
» q 0O | 1 qp O 0 1 1 11
p | g1 0p p ql ql
q | p 01qg q | pp 11
1 |0 pql 1 0 pq 1l

0
Then (E, A\, —, 1) is an equality algebra. Since

(phg)=(0)=EZ (p)Ulq) ={p,1}U{q, 1} = {p.q,1},

so the converse of Proposition 6(v), is not true in general.

Theorem 1. Let E be a lattice and p,q,0. € E. If p »" oo =1 = g —" o for some
n € N, then there exists k € N such that (pV q) —* o= 1.

Proof. By using induction on n, we have, if n =1, then p - o =1 =g — o. Thus
by Proposition 2(i), (pVgq) »a=(p > a)A(g—>a)=1A1=1.
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Suppose the statement hold for n. Let p —"*! oo = 1 = ¢ —"*! o. Then by Proposi-
tion 1(ii), ¢ =" (p »"*' &) = 1 = p =" (¢ ="' ). Thus by Proposition 1(v), we
have

p—>(g—"(p—>"a)=g—"(p—> (p>"a)=q-"(p>""Ta)=1, 3.1
q—(q—"(p~>")=qg>"" (p>"a)=p->"(g>""a)=1. (32
By Proposition 2(i), (3.1) and (3.2) we get
(pVg) —»lg—="(p—>"a)l=[p—>(g—" (p—>"a)A[g— (g—=" (p—~"a))]

=1A1=1. (3.3)
By (3.3) and Proposition 1(v), we have
q—[(pVa)~ (g—""" (p—>"a))]=1. (3.4)

Also, by Propositions 2(i), 1(v) and (ii), we have
p—I[pva) = (g—""(p>" )
=p—=[lp— (""" (p—>"))
Ng— (g=""" (p—"a))]]
=p—[lg="" (p=>"" )\ [g " (p " 0)]]
_l,_/
=p—>[g=>""1)Ag~"(p~"0))]

S
1

=p—lg—~>"(p—>"0)]
:q_»n (p _»n-H OL)
|
1
=1.

So we get
p—~pva) > (@—>""(p—>")] =1 (3.5)
Now, by Proposition 2(i), (3.4) and (3.5), we get
(pva)=* (g """ (p ")) =1. (3.6)
So, if we repeat this argument (from (3.1) to (3.6)) (n+ 1)—times, then we conclude
(PVg) " (p>"a)=1, 3.7)
thus by Proposition 1(v), and (3.7)
p—"((pvg) »""a) = 1. (3.8)

n
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By the similar way,

(pVag) =" (g—"a)=1. (3.9)
By Proposition 1(v), and (3.9), we have
g—"((pvg) »""a)=1. (3.10)
n

Hence, by induction hypothesis for (3.8) and (3.10), there exists ¢ € N such that
(pVgq) »'m=1. Thus

1=(pvg)~»'n=(pVq) > (pVqg) »"" a)=(pVvg) > .

Theorem 2. LetF € F(E). If pV q €T, then

F = (Fu{p})N({FU{q}),
forall p,q € E.

Proof. Let pV q € F. Obviously,F C (FU{p})N(FU{q}). Conversely, if a €
(FU{p})N(FU{q}), then by Proposition 5, there exist m,n € N such that p —"
o, g "o € F. Let | = max{m,n}. Then by Proposition 1(vi), p " o < p - «
and ¢ " o < ¢ —' a.. Since F € F(E), we get p —! a,q —' o € F. Hence there
exist f1, f> € Fsuch that fj — (p —' a) = 1= f, - (¢ - &) and so by Proposition
1(viii),

p~' (ira)=1 and g-'(L>a)=1
Also, by Proposition 1(iii),

L@~ (irw)=1, ad fi>(g~' (h>a)=1 G
Again, by Proposition 1(viii), and (3.11), we get

p=> = (i»w)]=1 and g—'[Hh—> (fi>a)]=1 (3.12)
n n

By Theorem 1, and (3.12) there exists k € N such that (pVq) —* [fo — (fi = a)] = 1.
Since pVgq, fi,fo,1 € Fand F € F (E), we get a € F. Hence (FU{p})N(FU{q}) C
F. Therefore, F = (FU{p}) N (FU{q}), for all p,q € E. O

Corollary 2. IfE is a lattice, then (pV\ q) = (p) N {q).

Proof. Since p,q < pV g, by Proposition 6(iii), (pV g) C (p) N {(q). Conversely,

from p € ((pV gq) U{p}) we have (p) C ((pV q)U{p}) and similarly () C ((pV
q)J{q}). In Theorem 2, take F := (pV g), then

(p)N{g) € {(pVg)U{phn{{pVqgUiq}) =(pVg).
Therefore, (pV q) = (p) N {q). O
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Definition 7. Let E be a lattice and F be a proper filter of [E. Then [ is called a
V—irreducible filter of E, if «Vy € F implies v € F or y € I, for all o,y € E.

Example 3. Let (E,A,~,1) be the equality algebra as in Example 2, F = {p, 1}
and G = {1}. Then F is a V—irreducible filter. Since pVg=1¢€ G but p,q ¢ G, we
get G is not a VV—irreducible filter of E.

Theorem 3. Let F € F(E). Then for each p ¢ F, there exists an \V-irreducible
filter P containing F such that p ¢ P.

Proof. LetE={G € F(E)|F CG, p ¢ G}. Since F € £, we have X # &. Since
any chain of elements in X has an upper bound in X, by Zorn’ Lemma on (£, C),
there exists a maximal element P € £ such that F C P and p ¢ P. Now, we prove
that P is V-irreducible. Let aVy € P and a,y ¢ P. Since P is maximal, we get
(Pu{a}),(PU{y}) ¢ X and so p € (PU{a})N(PU{y}). Moreover, by Theorem
2, we have p ¢ P = (PU{a}) N (PU{y}) which is a contradiction. Therefore, P is a
V—irreducible filter of E. U

4. CO-ANNIHILATORS IN EQUALITY ALGEBRAS

In this section, we introduce the notion of co-annihilators on a lattice equality
algebra [E and investigate some related properties of them. Specially, by using the
results of last section, we prove that the set of all filters of E is a bounded dis-
tributive pseudo-complemented lattice, which pseudo-complemented of any filter is
co-annihilator of it. Finally, we will construct a Boolean algebra by the set of all
co-annihilators of E.

Notation 2. From now on, we let E = (E,~, A, 1) or E be a lattice equality algebra
(there exists the operation V on [E), unless otherwise state.

Definition 8. Let @ # X C E. Then the set
X"={aecE|pVa=1, forall pc X},

is called a co-annihilator of X. In particular, if X = {a}, then X" is denoted by ",
for short.

Example 4. Let (E = {0, p,q,r,s,1},<) be alattice with the following Hasse dia-
gram. Define the operation ”~” on E as follows:

~ | 0pqr s 1 —- | 0 p qr s 1

1 0 [1srqpo 0 [1 11111
r p | s 1 p s p p | s 1 prr 1

q | rpl 0 s q q | r1 1 r r 1

q s r | q s 01 pr r | gqpqlpl
0 s | pr s p 1l s s | p 1 p 111
1 | 0Opqr s 1 I | 0pqr s 1
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Then (E,~, A, 1) is a lattice equality algebra. Let X = {g,s}. Clearly, X" = {1} and
T_
q = {ra 1}
Proposition 7. If @ # X CE, then X' € F (E).

Proof. Consider @ # X C E. Since forany p € X, pV1 =1, we have 1 € X .
Suppose o, &t — Y€ X . Then for all p € X, wehave aV p =1 and (& —y)Vp = 1.
Ifyvp:=t,thenp<tandsol=oaVp <trVo. Thus aVs =1 and by Proposition
2(ii), we get

o—»t=(aVt)»t=1—>»t=t.
Moreover, since Y < ¢, by Proposition 1(vi), we have ¢ » y< o — ¢t =¢. Thus 1 =
(a—7)Vp<tVpandsorVp=1.Ontheotherhand,yVp=(yVp)Vp=tVp=1.
Hence, Y€ X '. Therefore, X' € F(E). O

Proposition 8. Suppose X CE and p,q € E. Then the following statements hold:
(i) E" = {1} and 17 = E. IfE is bounded, then 0T = {1},
(i) ifp<q, thenp' Cq',
(iii) (pAg)" Sp'Nq’,
(v) p'Uq" C(pVa)',
(v) ifacplandyeq’, thenavye (pvq)  andavye (p'nqg'),
(i) If f : By — B, is a lattice-equality isomorphism, then f(p') = {f(p)}", for
any p € Ey.
Proof.
(i) By definition of co-annihilator, we have
E'={acE|aVvp=1,forany pcE} ={acE|ava=1}={1}.
Also,
1"={acE|aVvi=1}=E.
In addition, if E is bounded, then
0' ={acE|av0o=1}={acE|a=1}={1}.
(i) Let p<gandacp'.Thenl =aVp<aVg. ThusaVg=1landsoocq'.
Hence p' Cgq'.
(iii) Since pAg < p,q, by (i) we get (pAgq)" C p',q". Hence (pAg)’ C
p'ng'.
(iv) From p,q < pV g, by (ii) we have, p",q" C (pVq)'. Hence p'Uq" C
(pva)'.
(v) Leta€ p" andye ¢q'. Then
(avy)V(pvg)=(avp)V(yvg) =1VI=1.
Thus (aVy) € (pVg)'. Also, since o,y <aVyand p',q" are filters of E,
we have aVye (p' Ng').
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(vi) Lety€ f(p"). Then there exists o € p " such that y= f(ct). Since aVp =1,
we have

YV f(p) = f()V f(p) = flavp)=f(1)=1
Thusy€ (f(p))" andso f(p") C (f(p))". Conversely, lety€ f(p)". Then
YV f(p) = 1. Since f is onto, there exists o € E; such that f(a) =y and so
F)=1=yVvf(p)=fla)Vf(p)=flaVp).
By f is one-one, we get oV p=1. Thusa € p" andsoy= f(a) € f(p").
]

Proposition 9. Let X, C E. Then the following statements hold:
(l) XT = npexpT’

(ii) XNXxT ={1},

(iii) XTnxTT ={1},

(iv) if X C Y, then YT C X7,

) X'nyT=xunT,

i) XTuyT C(xno)T,

(vii) XC X7,
(viii) XT=xTTT,
Proof.

(i) By definition, the proof is clear.

(i) Letaoe XNXT. ThenaV p =1, forall p € X. Since a. € X, we get Vot = 1
andsoo = 1.

(iii) By (ii) the proof is straightforward.

(iv) Let X C 9 and o € ' ". Then for any p € 9, aV p = 1. Since X C ¥, we
getforany pe X,aVp=1landsooe€ X',

(v) Since X, C XUY, by (iv) we get (XUY)T CXT 9T andso (XU C
X'noyT. Conversely, let o € XN, Then for all p EXUY, we have
pEXorpeYandsoaVp=1. Hencea € (XUY)".

(vi) Since XN C X, , by (ivyiweget X', 9" C(XN9) andso X Uy " C
XNyt

(vii) By definition of co-annihilator for X ',
X'T={aecE| yva=1, forallye x'}.

If pe X, then pvVy=1,forallye X". Thus p€ X' " andsoX C X',
(viii) By (vii) X C X TT and so by (iv) we get X TThcxr. Conversely, let X T =
9. Then by (vii), Y C YT T andsoXT CX'T7T Hence, X" =xTTT,

O

In the following example we show that the converse relation of (vi) and (vii) of
Proposition 9, may not be true, in general.
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Example 5. Let E be lattice equality algebra as in Example 1. If X = {p,q} and
Y ={q,r},then X" = {1} =97, but

(XN ={a} ={p, 1} Z {1} =xTU".

Also,since X' T ={1}T =E,weget X'T Z X.

Proposition 10. If @ # X CE, then
X' C{aeE|a—p=p, forallpec X}n{acE| p—>o=a, forall pe X}.

Proof. LetY :={acE|a—p=p, forallpec X}and Z:={a€E| p—o=
a, forall p€ X}. If a € X7, then oV p = 1, for all p € X. Thus by Propositions
2(i1) and 1(iii), we have

a—>p=(aVp)»p=1-=p=p.
Hence oo — p = p and so a. € 9. Moreover, by Propositions 1(iii) and 2(i), we get,
o=1—oa=(@Vp)»oa=@—>a)A(p—>a)=1A(p—>a)=p—>o.

Thus p — o= a and so o € Z. Therefore, X' Ccoynz. O

In the following example we show that the converse of Proposition 10 does not
hold, in general.

Example 6. Let I be equality algebra as in Example 4, and X = {r}. Then X" =
{p,1} and

{aeE|a—p=p, foralpe X}N{acE| p—>oa=aqa, forall pec X}
={p,q;1:N{p,q,1}.
So{p.q, 1} Z{p,1} =XT.
Proposition 11. Let X and " be two non-empty subsets of E and F,G € F(E).
Then
(i) (O)nxT ={1},
(ii) FNG = {1} ifand only if F CG" and G CF',
(iii) X" Ny T ={1}ifandonly if XT CY " T and yT C X7,
Proof.
(i) Leta€ (X)NXT. Since o € (X), there exist py,...,p, € X such that p; —»
(p2 = (-..(pn — @)...)) = 1. Also, since o € X, by Proposition 10, for
any 1 <i<n, p;»>a=aw. So

l=pi>P2—> (.. (pn—>a)...))=p1 > (p2 > (.. (Ppp—1 > @) ...))
" = :pl—»(x:aof

Thus o= 1 and so (X)NXT = {1}.
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(ii) Let FNG = {1}. Then forany f e Fand g € G, f,g < f Vg. Since F,G are
filters of E, we have fVg € FNG = {1}. Thus f € G and g € F'. Hence
FCG"and G CF'. Conversely,if FCG',then FNG CG' NG = {1}.

(iii) By Proposition 7, XT,9T € F(E) then by (ii), the proof is clear.

0

Proposition 12. Let @ # F C E. Then there exists @ # X C E such that F = X7
if and only if F is upset, F' T =F, FNX"T = {1} and X" NF" = {1}.

Proof. If there exists @ # X C E such that F = XT, then by Proposition 7, F =
X" € F(E), then F is upset. Also, by Proposition 9(viii), F' T = XTTT =XxT =F.
Moreover, by Proposition 9(iii) and (vi), we have FNXTT =X NX'" = {1} and
finally, X 'NFT =x"nx"T ={1}.

Conversely, if o € IF, then for all p € X, o, p < oV p. Since F and X' " are upset,
we have pVa € FNXTT ={1}. Thus pVa=1andsoo€ X'. Hence FC X'. On
the other hand, since FT N.X " = {1}, by Proposition 11(ii), we have X TCF'T =F.
Therefore, X ' =. O

Theorem 4. Let X CE. Then (X)T =X,

Proof. Since X C (X), by Proposition 9(iv), we have (X)" C X T. Conversely, we
show that X" C (X)": Letov€ X" and y € (X). Then oV p = 1, for all p € X and
there exist py,...,p, € X suchthat py — (p2 = (...(ps = 7)...)) = L aVvVy#1,
then since IF = {1} and by Theorem 3, we get there exists an \V-irreducible filter of E
as P € F(E) such that YV a ¢ P. Moreover, since a0V p; =1 € P, forall 1 <i<n,
and definition of V-irreducible filter, we get &« € P or p; € P. If o € P, then from
a<aVyandP € F(E), we get VY € P, which is a contradiction. Thus p; € P for
all 1 <i<nandsop;— (p2— (...(pn > 7)...)) = 1 € Pimplies y € P, which is
a contradiction. Therefore, «Vy=1and a € (X)T. O

Definition 9 ([ 16, Proposition3.17]). In a lattice L with bottom element 0, an ele-
ment o € L is said to have a pseudo-complement element if there exists the greatest
element o* € L, disjoint from o, with the property that a A o* = 0. More formally,
o =max{ye L|aAy=0}. The lattice L itself is called a pseudo-complemented
lattice if every element of L has a pseudo-complement element.

Theorem 5. The algebraic structure (F(E),C,A,V,{1},E) is a bounded dis-
tributive pseudo complemented lattice, where for any F,G € F(E), FAG =Fn
G,FVG = (FUG), and F" is pseudo-complement of F.

Proof. Clearly, ¥ (E) is closed under A and V. So, (¥ (E),
bounded lattice. Now, we prove distribution i.e., for any F, G, H

FA(GVH)=(FAG)V (FAH).

SAV{ILE) is a
€ 7 (E),
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Since G,H C G VH, we have FNG,FNH C FN (G VH) and so
(FNG)V(FNH)=(FAG)V (FAH) CFN(GVH)=FA(GVH). 4.1

Conversely, if o € FA (G VH), then o € F and o € GVH = (GUH). By Corollary 1,
there exists g € G such that g — o € H. Thus there exists 2 € H such that g — ot = h.
Since o0 < g — o and I is upset, we get h = g — o € FNH. Moreover, by Proposition
1(iv), g < (g - &) - o =h — a and from G is upset, we have h — a € G. Also,
by Proposition 1(iii), & < h — o, and F is upset, we get h — o0 € FNG. Hence
o€ (FNH)U(FNG)). Thus

FA(GVH) C(FNH)U(FNG)) = (FAH)V (FAG). 4.2)
By (4.1) and (4.2), we get
FA(GVH) = (FAH)V(FAG).

Hence (7 (E),C,A,V,{1},E) is a bounded distributive lattice.

Now, by Propositions 9(ii), FNF " = {1}, for any F € F(X). If G € #(E) such
that GNIF = {1}, then by Proposition 11(ii), G CF'. Hence F' is the largest filter
of E such that GNTF = {1}. Then F' is a pseudo-complement of F. Therefore,
(F(E),C,A,V,{1},E) is a bounded distributive pseudo-complemented lattice. [

Notation 3. Let Coyun(E) = {XT | @ # X C E} be the set of all co-annihilators
of E. Since X" = (X) ", by Proposition 4, then Coy,,(E) = {F' | F € F(E)}. Thus
Cognn(E) is the set of all pseudo-complements of the pseudo-complement lattice

F(E).

Proposition 13. For any @ # X CE and F,G € F (E), the following statements
hold:
(i) {1},E € Cogn(E),
(ii) F € Counn(E) if and only if F'T =T,
(iii) amap TT : F(E) — F(E) defined by F — F' " is a closure map,
(iv) FNG)'"=F'"NnG"T,
(v) (FVG)T =FTNGT,
(vi) if F,G € Cognn(E), then F ¢, ) G=(F NG

Proof.
(i) By Proposition 8(i), {1}T =E and E" = {1}. Thus {1}, E € Couum(E).
(ii) Let F € Couum(E). Then there exists @ # X C [E such that F = X" Thus, by
Proposition 9(viii),
FIT—xTTT_xT _F
Conversely, if F' T =F, then F = (F")" € Coun(E).
(iii) By applying Definition 5, Proposition 9(vii), (viii) and (iv) the proof is clear.
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(iv) Since FNG C F,G, by two times using of Proposition 9(iv), (FNG)'" C
F'"NG'"". On the other hand, by Proposition 9(ii), (FNG)N(FNG)" =
{1}. Then by Propositions 11(ii) and 9(viii), we get

FN(FNG)'CG'=G'™"

SoFNG'"N(FNG)T = {1}. By the similar way, we can see that G' T N
(FNG)'CF'=F" T andsoF' "NG'"N(FNG)" = {1}. Thus, F' "N
G'T C(FNG)'". Therefore,

FNG)'"=F""NnG"".
(v) Since F,G C F VG, we ahve
(FVG)" CF'NG" by Proposition 9(iv),
=F'"TNG™"" by Proposition 9(viii),
=F"'NGH'" by (iv).
So (FVG)" C(FTNG")"T. Moreover, F' NG" CF' and by Proposition

9vii), (V) FCFTT C(F'NGT)T". Similarly, G C (F'NG")T, and by
definition of "V, we get FVG C (FTNGT)T. Thus

F NGT)TTCFVG) CEF NGT)TT,
and so, (FVG)" = (F'NG")"T. Hence, by (iv)
FVG) =F NG T=F TG T=F NG".
(vi) By (ii) and the proof of (v), F V¢, G = (FVG) "= (F'NG")".
g
Theorem 6. The structure (Cogn,(E),A\,V, T,{1},E) is a Boolean algebra.

Proof. By Proposition 13(i), Cogn(E) # @ and it is bounded. By Proposition
13(iv), (v) and (vi), for any F,G € Cogpy(E),
IE“/\Cotmn (E)G =F N G’ F vcoarm (E) G = (FT N GT)T'

Thus, (Cogm(E),A,V,{1},E) is a bounded lattice. For distribution, let F,G,H €
Counn(E). Then by Proposition 13(ii), we have

FAGC (FAG)V(FAH)=[(FNG)V(FNH)]'m =K', (4.3)
K

By (4.3) and Proposition 11(ii), we get (FNG)NK' = {1}. By using one more
time of Proposition 11(ii), FNK" C G'. Similarly, we get FNK™ C H' and so by
Proposition 13(ii),

FNK'CG'NnH =G nH")TT. (4.4)
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Then by (4.4) and Proposition 11(ii), we get (FNK")N(G" NH") = {1} which
implies that

FNG nH")'CK'T =K. (4.5)
Hence, by (4.5) and Proposition 13(vi)
FAGVH)=FN(G ' nH")" CK=(FAG)V (FAH). (4.6)

On the other hand, since FNG C G and FNH C H, by Proposition 9(iv), we have,
G'"C(FNG)" and H" C (FNH)". Thus

G'NH' C (FNG) ' n(FNH)"
and so by Proposition 9(iv)
(FNG) ' Nn(FNH)"]TC (G nH")T. (4.7)

Also, since FNG,FNH C F, by two times using of Propositions 9(iv) and 13(ii) we
get

(FNG)"N(FNH)']T CF'" =F. (4.8)
So by (4.7) and (4.8),
(FNG)'N(FNH)"]" CFN(G NnH") .
Hence, by Proposition 13(iv),

(FAG)V(FAH)=[FNG) ' Nn(FNH)")" CFN(G ' NnH")T =FA(GVH).
4.9)

Now, by (4.6) and (4.9), we get
FA(GVH)=(FAG)V (FAH).
Thus Co,n, () is a distributive lattice. Since for all F € Cog, (E),
FAF" ={1} and FVF = (F nF' )" =@F"nF)" ={1}" =E,

we get F' is the complement of F. Therefore, (Cogn,(E),A,V, T,{1},E) is a Boo-
lean algebra. g

5. CONCLUSIONS AND FUTURE WORKS

In this paper we introduced the notion of co-annihilator of a subset X in an equality
algebra E. We investigated many important properties of the co-annihilators. Finally,
we define the Co,,, (E) to be the set of all co-annihilators of |E, then we show that it
can be made as a Boolean algebra.

In our future work, we will continue our study of algebraic properties of this spe-
cial sets and define the notion of minimal prime filter and ideals on equality algebras,
and we investigate the relation between these new notions with co-annihilators in
equality algebras.
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