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Comparative analysis of the interplay of hadron and Coulomb interactions in pp± scat-
tering amplitudes is performed in a broad energy interval,

√
s = 1 − 106 TeV, for two

extreme cases: for the asymptotic interactions of hadrons in black disk and resonant disk
modes. The interactions are discussed in terms of the K-matrix function technique. In
the asymptotic regime the real part of the hadronic amplitude is concentrated in both
cases on the boundary of the disks in the impact parameter space but the LHC energy
region is not asymptotic for the resonant disk mode that lead to a specific interplay of
hadronic and coulombic amplitudes. For the pp scattering at

√
s ∼ 10 TeV an interplay

of the hadron and Coulomb interactions in the resonant disk modes is realized in a shoul-
der in dσel/dq

2 at q
2 ∼ 0.0025 − 0.0075 GeV2. The absence of such a shoulder in the

data at 8 TeV can be considered as an argument against the resonant disk mode.

PACS numbers: 13.85.Lg, 13.85.-t, 13.75.Cs, 14.20.Dh

1. Introduction

New data1 for dσel/d|t| at
√
s = 8 TeV in the region |t| = 0.0006−0.2061GeV2 shed

light on the problem of the asymptotic regime of hadron cross sections at ultrahigh

energies.

The analysis of the pre-LHC2–6 and LHC7–10 data for hadronic total cross sec-

tions and diffractive scattering cross sections points to a steady growth of the optical

density in the impact parameter space, T (b, ln s), with increasing energy,
√
s. At

LHC energy the profile function of the pp-scattering amplitude reaches the black

disk limit at small b. Two extreme scenarios are possible at larger energies,
√
s >∼ 100

TeV.

First, the profile function gets frozen in the black disk limit, T (b) ≃ 1, while the

radius of the black disk, Rblack disk, is increasing with
√
s providing σtot ∼ ln2 s,

σel ∼ ln2 s, σinel ∼ ln2 s. The black disk regime was studied in a number of papers,

see refs.11–14 and references therein.

1
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In another scenario the profile function continues to grow at
√
s >∼ 100 TeV

approaching the maximal value, T (b) ≃ 2, that means the resonant disk mode. In

this mode the disk radius, Rresonant disk , increases providing the ln2 s-growth of

the total and elastic cross sections, σtot ∼ ln2 s, σel ∼ ln2 s, but a slower increase of

inelastic cross section, σinel ∼ ln s, see refs.15–17 .

Hadron physics at ultrahigh energies is a physics of large energy logarithms,

ln s ≡ ξ >> 118–20 , and increasing parton disks21–25 . The black disk picture

corresponds to the non-coherent parton interactions in hadron collisions. In the

resonant disk mode the partons interact coherently thus providing a maximal cross

section corresponding to the Froissart limit26 .

In this paper, considering an interplay of hadron and Coulomb interactions, we

concentrate our attention on the resonant disk mode; the corresponding considera-

tion of the interplay in the black disk mode was performed in refs.27–29 .

The asymptotic regime in the resonant disk mode starts at essentially larger

energies than in the black disk regime. In the LHC energy region the resonant

disk profile function increases more rapidly than that in the black disk mode. It

results in a larger real part of the scattering amplitude and, correspondingly, in a

larger interference of hadronic and coulombic terms. At
√
s ∼ 10 TeV the interplay

of hadronic and coulombic interactions reveals itself in a shoulder in dσel/dq
2 at

q2 ∼ 0.0025− 0.0075 GeV2. The shoulder is not seen in the data for pp scattering

at 8 TeV1 that provides an argument in favour of the black disk mode.

In Section 2 we calculate the real part of the hadronic amplitude in the resonant

mode. Inclusion of the Coulomb interaction is performed in Section 3, a comparative

analysis of results in the black disk and resonant disk modes is presented. In these

section we demonstrate the data at 8 TeV1 versus calculations of dσel/d|t| in the

black disk and resonant disk modes - the comparison definitely argues in favour of

the black disk mode.

2. Hadronic amplitude and K-matrix function

For the hadronic scattering amplitude with switched off Coulomb interaction we

write:

AH(q2, ξ) =

∫

d2beiqbTH(b, ξ),

TH(b, ξ) = 1− η(b, ξ) exp (2iδ(b, ξ)) =
−2iKH(b, ξ)

1− iKH(b, ξ)
, (1)

where ξ = ln s and b = |b|. The complex function KH(b, ξ) presents part of ampli-

tude without elastic rescatterings (or, with inelastic processes in the intermediate

states only).

For the imaginary and real parts of the introduced functions we write27, 28 :

− iKH(b, ξ) = KH
ℑ (b, ξ)− iKH

ℜ (b, ξ) ≃ KH
ℑ (b, ξ)− i

π

2

∂KH
ℑ (b, ξ)

∂ξ
. (2)
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At the asymptotic regime the imaginary part of the amplitude is a gener-

ating function for the real part of the amplitude, the asymptotic equality

[σtot(pp)/σtot(pp̄)]√s→∞ = 1 is supposed for that, see refs.27, 28 for details. The

total and diffractive cross sections read:

σtot = 2

∫

d2bTH
ℑ (b, ξ), 4π

dσel

dq2
= (1 + ρ2)

∣

∣

∣
AH

ℑ (q2)
∣

∣

∣

2

, (3)

with the usual notation AH
ℜ (q2, ξ)/AH

ℑ (q2, ξ) = ρ(q2, ξ). Taking into account that

ρ2 is small (ρ2 ∼ 0.01 and asymptotically ρ ∼ 1/ ln s) one can approximate:

∣

∣

∣
AH

ℑ (q2, ξ)
∣

∣

∣
≃ 2π

1

2

√

dσel

dq2
, (4)

Eq. (4) makes possible direct calculations of the real part of the scattering am-

plitude, AH
ℜ (q2, ξ), on the basis of the energy dependence of the diffractive scat-

tering cross section. The corresponding calculations were performed in ref.28 us-

ing preLHC2–6 and LHC7–10 data. The results were extrapolated in the region√
s = 10−106 TeV using the black disk mode hypothesis for the asymptotic regime.

The next step, an inclusion of the Coulomb interaction into consideration of the

scattering amplitude, was made in refs.27, 29 .

2.1. Resonant disk and K-matrix function

From the data it follows that both TH(b) and −iKH(b) are increasing with en-

ergy, being less than unity. If the eikonal mechanism does not quench the growth,

both characteristics cross the black disk limit getting TH(b) > 1, −iKH(b) > 1.

If −iKH(b) → ∞ at ln s → ∞, which corresponds to a growth caused by the su-

percritical pomeron (∆ > 0), the diffractive scattering process gets to the resonant

disk mode.

For following the resonant disk switch-on we use the two-pomeron model with

parameters providing the description of data at 1.8 TeV and 7 TeV17, 30 , namely:

KH
ℑ (b) =

∫

d2q

(2π)2
exp

(

− iqb
)

∑

g2s∆e−(a+αξ)q2)

=
∑ g2

4π(a+ α′ξ)
exp

[

∆ξ − b2

4(a+ α′ξ)

]

, ξ = ln
s

s0
. (5)

The real part of the K-matrix function is determined in accord with Eq. (2).

The following parameters are used for the leading and the next-to-leading

pomerons:

parameters leading pole next-to-leading

∆ 0.20 0

α′
P [GeV−2] 0.18 0.14

a [GeV−2] 6.67 2.22

g2 [ mb ] 1.65 27.2

s0 [GeV2] 1 1

(6)
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The description of the data at 1.8 TeV and 7 TeV within the resonant disk mode and

neglecting the real part of the amplitude was performed in ref.17 . The inclusion

of the real part into consideration of these data leads to some corrections of the

parameters, see30 . We use here parameters of ref.30 for the presentation of diffractive

scatterings at 8 TeV and 14 TeV.
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Fig. 1. The K-matrix function, −KC(b), for the pure Coulomb interaction in pp collision at
different λ, we use β = λb for abscissa with a) λ = 0.01 GeV and b) λ = 0.001 GeV.

3. Diffractive scattering amplitude at ultrahigh energy and

Coulomb interaction

The interplay of hadronic and Coulomb interactions was studied in a set of papers,

see31–37 and references therein. In the region of ultrahigh energies and small q2,

the K-matrix function technique allows to take into account directly the combined

action of hadronic and Coulomb interactions (H + C).

3.1. Interplay of hadronic and Coulomb interactions in the

K-matrix function technique

We consider two types of scattering amplitudes and corresponding profile func-

tions: the amplitude with combined interaction taken into account, AC+H(q2, ξ)

and TC+H(b, ξ), and that with the switched-off Coulomb interaction, AH(q2, ξ)

and TH(b, ξ).

For the combined interaction profile function we write:

TC+H(b, ξ) =
−2iKC+H(b, ξ)

1− iKC+H(b, ξ)
=

−2i
(

KC(b) +KH(b, ξ)
)

1− i (KC(b) +KH(b, ξ))
, (7)

where the Coulomb interaction is written as:

AC(q2) = ±if1(q
2)

4πα

q2 + λ2
f2(q

2),

−2iKC(b) = ±i

∫

d2q

(2π)2
eiqbf1(q

2)
4πα

q2 + λ2
f2(q

2) . (8)
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Fig. 2. Diffractive scattering cross section for pp at 7 TeV (TOTEM7) versus description with
interplay of hadronic and Coulomb interactions (Eq. (10), λ=0.001 GeV): figures (a,b) refer to the
black disk mode, figures (c,d) refer to the resonant disk case; solid curves refer to pp, dashed ones
to pp̄. Dotted curves show a contribution of the real part in the pp scattering, the last term in Eq.
(10).

Here α = 1/137; the upper/lower signs refer to the same/opposite charges of the

colliding particles. The cutting parameter λ, which removes the infrared divergency,

can tend to zero in the final result for AC+H(q2, ξ). Colliding hadron form factors,

f1(q
2) and f2(q

2), guarantee the convergence of the integrals at q2 → ∞; for the

pp± collisions we use:

f1(q
2) = f2(q

2) =
1

(1 + q2

0.71GeV 2 )2
. (9)

In Fig. 1 we show −KC(b) for λ = 0.01 GeV (Fig. 1a) and 0.001 GeV (Fig. 1b). At

large b the KC(b) is a scaling function in terms of β = λb, the β-scaling gets broken

at small β.

For a diffractive scattering cross section with Coulomb interaction taken into
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Fig. 3. Diffractive scattering cross section for pp at 8 TeV (TOTEM1) versus description with
interplay of hadronic and Coulomb interactions (Eq. (10), λ=0.001 GeV): figures (a,b) refer to
the black disk mode, figures (c,d) refer to the resonant disk case; solid curves refer to pp. Dotted
curves show a contribution of the real part in the pp scattering, the last term in Eq. (10).

account we write now:

AH+C(q2, ξ) =

∫

d2beiqbTH+C(b, ξ),

4π
dσel

dq2
=

∣

∣

∣
AH+C

ℑ (q2)
∣

∣

∣

2

+
∣

∣

∣
AH+C

ℜ (q2)
∣

∣

∣

2

. (10)

The diffractive scattering cross sections with Coulomb interaction taken into account

are shown in Figs. 2, 3, 4 for
√
s =7, 8, 14 TeV.

3.2. Interference of hadronic and Coulomb interactions

At the LHC energies (
√
s ∼ 10 TeV) the real part of the resonant disk amplitude

demonstrates an essentially stronger contribution compared to that in the black
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Fig. 4. Diffractive scattering cross sections for pp± at 14 TeV (Eq. (10), λ=0.001 GeV): The
figures (a,b) refer to the black disk mode and (c,d) to the resonant disk one; solid curves refer to
pp, dashed ones to pp̄. Dotted curves show a contribution of the real part in the pp scattering, the
last term in Eq. (10).

disk mode, see Figs. 2, 3, 4 for
∣

∣

∣
AH+C

ℜ (q2)
∣

∣

∣

2

and Figs. 5, 6 for KH+C(b, ξ) and

TH+C(b, ξ). For the resonant disk mode it results in a shoulder in the pp diffractive

cross section dσel(q
2)

dq2 at q2 ∼ 0.0025− 0.0075 GeV2. The shoulder is a qualitative

attribute of the resonant disk picture in the pp scattering, and it means that a

presence of the shoulder, or its absence, can serve as a sign for the disk modes.

3.3. Asymptotic regimes in the black disk and resonant disk modes

For the black disk mode the valuable asymptotic regime works at
√
s >∼ 102 TeV.

The real parts of KH+C(b, ξ) and TH+C(b, ξ) (see Figs. 5d, 6d) have peak shapes,

with fixed maximal peak values ∼0.12 and ∼0.10, respectively. At large b where the

pure Coulomb interaction works (b > Rdisk radius) the K-matrix function (and the
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Fig. 5. K-matrix functions for pp scattering (imaginary and real parts) in the energy region
√
s = 1− 106 TeV; figures (a,b) refer to the black disk mode, (c,d) to the resonant disk mode.

profile function) is negative for the pp scattering as it should be for particles with

the same electric charge.

In the resonant disk mode the asymptotic value of the imaginary part of the

amplitue reaches its maximal value, TH+C
ℑ (b, ξ) ≃ 2 at

√
s >∼ 105 TeV only. The

maximal values of the real part continue to increase at
√
s >∼ 106 TeV. The stable

maximal values are reached at
√
s >∼ 1019 TeV where TH+C

ℜ (maximal) ≃ 0.6.

Negative values of the real part of the pp scattering profile function, TH+C
ℜ (b, ξ) < 0

at b > Rdisk radius, are inherent to resonant disk mode as well.

3.4. The 8 TeV data as an argument for the black disk mode

The resonant disk picture at
√
s ∼ 10 TeV results in an essentially larger value

of the real part in the scattering amplitude than that in the black disk mode.

The large real part is realized in a shoulder in the pp diffractive cross section at

q2 ∼ 0.0025−0.0075 GeV2. The shoulder is absent in the data at 8 TeV1 that agree
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Fig. 6. Profile functions for pp scattering (imaginary and real parts) in the energy region
√
s =

1− 106 TeV with the Coulomb interaction taken into account; (a,b) refer to the black disk mode,
(c,d) to the resonant disk mode.

with calculations for the black disk picture.

Figures 7 demonstrate the region of small momenta transferred for the pp diffrac-

tive cross sections at 7 TeV (the data from ref.7) and 14 TeV, the solid curves refer

to the resonant disk mode and the dashed curve to the black disk one. The data7

do not distinguish the modes being well described in both of them.

Figures 8 show the 8 TeV data1 at small q2. The data are described in terms of

the black disk mode while the resonant disk gives essentially smaller values of dσ
dq2

at ∼ 0.0010 GeV2.

The data for ρ(q2 = 0, ξ) = AH
ℜ (0, ξ)/AH

ℑ (0, ξ) prefer also the black disk mode:

√
s 7 TeV 8 TeV 14 TeV

ρ(data) 0.12± 0.03[1]

ρ(black disk) 0.17 0.17 0.16

ρ(resonant disk) 0.34 0.34 0.33

. (11)
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Fig. 7. Diffractive scattering cross sections for pp at 7 TeV (a) (Eq. (10), λ=0.001 GeV). The
dashed line refers to the black disk mode and the solid one to the resonant disk mode.

So, the 8 TeV data1 provides convincing arguents in favour of the black disk picture

at ultrahigh energies.

The extraction of the real part of the amplitude is based on the asymptotical

relation (2), the question arises how small deviations from (2) effect the interplay of

the hadron and Coulomb interactions. In Fig. 8b we show the diffractive scattering

cross section with the real part enlarged by a factor 1.10 that demonstrates the

sensitivity of dσ
dq2 to the value of ρ(q2, ξ). It also tells that the procedure of the Eq.

(2) determines the real part of the amplitude within ∼10% accuracy.
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Fig. 8. Diffractive scattering cross sections for pp at 8 TeV (Eq. (10), λ=0.001 GeV). The dashed
line refers to the black disk mode and the solid one to the resonant disk mode. The dotted line
(fig. b) shows the diffractive cross section with real part enlarged in factor 1.10.
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4. Conclusion

Our studies are performed in terms of the K-matrix function, in hadron physics the

K-matrix techniqe was used for non-relativistic processes38 and relativistic ones39–41

as well as for high energy hadron-hadron collisions42 . For ultrahigh energy produc-

tion processes the technique was applied in refs.43, 44 .

The problem of parton cloud structure of hadrons with ultrahigh energy is a

subject of lively discussions45–50 . A slow growth of the parton cloud radius with

energy increase argues for a glueball origin of the parton clouds23–25 , the glue-

ball origin of the parton clouds leads to the universality of all hadron total cross

sections51 .

Performing the unitarization of the scattering amplitude we restrict ourselves

to the consideration of the comparatively small momenta transferred region thus

concentrating our attention on peripheral interaction of the conventional pomerons.

At large q2 other types of the input pomerons are possible as well as non-pomeron

short-range contributions (for example, see52–55) but these problems are beyond the

present studies.

We study the asymptotic regime supposing for the parton clouds two different

extreme modes: the black disk mode and resonant disk one. In the black disk mode

the diffractive scattering occurs due to non-coherent parton interactions while the

resonant disk scattering is the result of coherent interaction of partons with the

same impact parameter b; the resonant disk mode realizes the maximal growth of

the amplitude compatible with the Froissart constraint26 .

In a number of papers13, 16, 23 the appearance of a black spot at LHC energy in

the profile function at small b is emphasized but the pre-LHC and 7 TeV LHC data

do not supply us with information to determine definitely the asymptotic mode of

the scattering amplitude. The 8 Tev data1 fill a gap in the information noticeably.

The Coulomb and hadronic interaction interplay is realized due to the inter-

ference in the real part of the amplitude, and the real part of the resonant disk

amplitude is essentially larger than that for the black disk mode. In the pp scat-

tering the large interference results in the resonant disk mode as a shoulder in the

region q2 ∼ 0.0025 − 0.0075 GeV2. The shoulder is not observed in 8 TeV data1

this is an argument in favour of the realization of the black disk picture at ultrahigh

energies.
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