arXiv:1203.4346v1 [math.ST] 20 Mar 2012

Testing stability in a spatial unilateral autoregressive
model

SANDOR BARAN!, GyuLA PAP? AND KINGA SIKOLYA!

'Faculty of Informatics, University of Debrecen

Kassai ut 26, H-4028 Debrecen, Hungary

?Bolyai Institute, University of Szeged
Aradi vértanuk tere 1, H-6720 Szeged, Hungary

Abstract

Least squares estimator of the stability parameter o := |a| + |3| for a spatial
unilateral autoregressive process X, = aXp_1,+ BXpe—1 + r¢ is investigated.
Asymptotic normality with a scaling factor n®* is shown in the unstable case, i.e.,
when ¢ =1, in contrast to the AR(p) model Xj = oy Xj—1 + -+ + 0 Xp_p + €,
where the least squares estimator of the stability parameter ¢ :=a;+- -+, is not
asymptotically normal in the unstable, i.e., in the unit root case.
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1 Introduction

Consider a spatial unilateral autoregressive process {Xy¢: k,0 € Z, k+¢ > 0} defined by

(1.1)

X, — OéXk_17g+ﬁXk,z_1—|—6k7g, for k+/¢> 1,
“7 o, for k+0=0,

where {epo:k, 0 €Z, k+ (> 1} are independent random variables with E(ex,) = 0 and
Var(er,) = 1. This model is stable in case of |a|+ |3] <1 and unstable if |a| + [5] =1
(see Whittle (1954); Besag (1972); Basu and Reinsel (1993)), hence ¢ := |a| + |8| can be
considered as a stability parameter.

For aset H C {(k,l) € Z* : k+( > 1}, the least squares estimator (LSE) (@H,BH) of
the coefficients (o, 5) based on the observations {Xj,: (k,f) € H} can be obtained by
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minimizing the sum of squares
2
Z (Xne — aXp1,0 — BXpe-1)
(kL) eH

with respect to a and S, and it has the form

-

Xi—14 Xp—14 X1,
=(A:)7'y,,  where A} = ’ T, by = X .
(i) e Sl oo | o BT S sl

(kL) eH

Model (1.1) has been investigated in details by several authors. Paulauskas (2007) de-
termined the exact asymptotic behaviour of the variances of the process, while Baran et al.
(2007) proved the asymptotic normality of the LSE of the coefficients («, ) both in stable
and unstable cases.

The limiting behavior of the LSE of the stability parameter o has not been treated yet,
but such a stability parameter is well investigated in case of unstable AR(p) processes, see
the unit root tests, e.g., in Hamilton (1994, Section 17, Table 17.3, Case 1). Namely, for the
simplicity, in case of an AR(1) process Yy = oYy 1+ (x, k£ €N, with Yy :=0 and an i.i.d.
sequence {(; : k € N} having mean 0 and positive variance, the LSE of the parameter p
based on a sample {Yj,...,Y,} takes the form

5. = > ket YVi-1Ye

DD/ IFD

see, e.g., Hamilton (1994, 17.4.2), and, by Hamilton (1994, 17.4.7), in the unstable case, i.e.,
when o =1,

n € N,

1
W dW,
n(@\n—l)i)M as n — oo,
Jo Widt
where (W)) o 18 a standard Wiener process. Here n(g, — 1) is called Dickey-Fuller

unit root statistics. It turns out that in case of unstable spatial unilateral autoregressive
processes asymptotic normality holds, see Theorem 1.1.

With the help of the stability parameter o the model can also be written in the form

X {Oé(Xk_Lg — sign(aﬁ)XM_l) + gsign(ﬁ)XW_l + Sk,g, fOI‘ k‘ + ﬁ 2 1,
kit —

(1.2)
0, for k+¢=0.

This reparametrization can be called the canonical form of Sims et al. (1990) (see also
Hamilton (1994, 17.7.6)). Observe that (1.2) gives four different models according to the
signs of a and (. Hence, in order to derive estimators of the parameters («, o) one
should have information about these signs.

For aset H C {(k,¢) € Z* : k+{ > 1}, the least squares estimator (ag,0n) of (a,0)
based on the observations {Xj,: (k,¢) € H} can be obtained by minimizing the sum of
squares

2
> [Xk,Z — a(Xp-1,0 —sign(af) Xpe-1) — QSign(ﬁ)Xk,Z—l]
(k,O)EH



with respect to a and p, and it has the form
am
on

A L Xk—l,é — sign(aﬁ)XW_l Xk—l,é — sign(aﬁ)Xk,g_l
H -— E
sign(8) X e—1 sign () Xp,i—1

= A'by,

where
-

= BAyB',

(k,0)eH

X1 — sign(aB) Xy,
b= Y XM[ e sE0f) Xl g i e

Sign(ﬁ)Xk,Z—1

1 —sign(aﬂ)]'

(k,0)eH 0 sign(ﬁ)

Obviously, this estimator is well defined if «f # 0 and then we have

oo )

B
Now, let us define an estimator of 8 by B\H = (@H —sign(a)&H) sign(f3). Short calculation

shows that ay = aj; and Sy = B\}}

For k,0 € Z with k+ ¢ > 1, consider the triangle
Tho:={(i,j)€Z*:i+j>1, i<k and j </}
For simplicity, we shall write 7T, :=1T,, for n € N.

Theorem 1.1 Let {cx,: k0 € Z, k +{ > 1} be independent random variables with
E(ere) =0, Var(ere) =1 and sup{E(e},) : k,l € Z, k+{> 1} < c0.

If laj+18] <1 and af #0 then

n(or, = 1) 2> N (0, (1 + s sign(B) o3 (1.3)

n(ar, —a)| p 0 1 1 s
L(ETH - m] - (H 1205 5(1= 55 5) [—naﬂ 1 ] ) | -

as n — 0o, where

and

0375 = ((1 +a+p)(1l+a-01—-a+B)(1l—a-— ﬁ))_1/2,
(1= a?=pad s -1
Ra,8 = 2@50-276 )
If lo|+18)=1 and aB#0 then
Wi~ 1) S N O (1.5)
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and

(oL ) o
n(Br, — B) 0 — sign(ap) 1

as n — 0o, where

_ (1 = o) _ 15y/mla|(1 —|a])
fai= o and o= 53 .

We remark that (1.3) is a direct consequence of (1.4) which is the first statement of
Theorem 1.1 of Baran et al. (2007). Further, (1.6) has already proved in Baran et al. (2007),
too, but with a far more complicated method than here.

Now, observe that to prove the statement of Theorem 1.1 in the unstable case it suffices

to show
n(oqf ) Ly N(0,5,) as n— oo, (1.7)
n®*(or, — 1)
where

o 0
DIRES v )
0 e
Limit (1.5) is obvious, but (1.7) also implies n(or, — 1) 25 0. In this way (1.6) follows
from (1.7) and

F@%—aq_[ n(ar, — a) ]
n(Br, —B)]  [sien(8)(n(2r, — 1) — sign(a)n(ar, — @)

@ >[ PRELC 1>[0]
=nlar, —« . n\or, — . .
— sign(ap) sign(5)
Further, we can write
?‘\Tn ol Aifdn,
or, —1

where

Xi_10— sign X oo
dp, = Z Ek,é[ g M, ign(a5) X 1] )
(k,£)E€Ty Slgn(ﬁ)Xk,Z—l

and by the continuous mapping theorem (1.7) is a consequence of the convergence

~ nt 0 nt 0 nt 0 D v~
(ATn)dTn) = <[ 0 n_5/4] ATn [ 0 n_5/4] 3 [ 0 n_5/4] dTn) — (A,d) (18)



as n — oo, where

A= ll/gpa 0 ] and  d 2 N(0, A).
0 1/¢a

Obviously, (1.8) can be verified by proving the following two propositions.
Proposition 1.2 Under the conditions of Theorem 1.1

Ar, A as n — oo. (1.9)
Proposition 1.3 Under the conditions of Theorem 1.1

dr, =5 N(0, A) as n — oo.

The aim of the following discussion is to show that it suffices to prove Propositions 1.2
and 1.3 for a« >0 and >0 implying o= a+ . In this case we have

r 2
i Z " (Xp—1,0 — Xeo1) =M (Xp—10 — Xio—1) X1 (1.10)
T, = , .
(k)eTn 0 (X1 — Xiom1) Xioa n_‘r’/zX;?,g_l
g Z N (Xp—1,0 — Xioo1)ene (1.11)
T, = : .
(k,0)eTn L n_5/4Xk,Z—15k,£

Model equation (1.1) implies that random variable X, can be expressed as a linear
combination of the variables {e;; : (i,7) € Ty}, namely,

bt C—i— 3\ oo
Xee= Y < . ])ak Bte, . (1.12)

(4,5)€Tk ¢

for k,e€Z with k+¢>1. If a+ =1 we can also write

Xie= D P(STiy =k —i)e, (1.13)

(4,5)€Tk e

where S is a binomial random variable with parameters (n, ).

Let a <0, 8 <0 implying 0= —a—f and put &, := (—1)rttey, for ke Z
with k+¢>1. Then {e,: k(€ Z, k+{>1} areindependent random variables with

E(ezr) =0, and Var(e;,) = 1. Consider the zero start triangular spatial AR process
{Xigikt€Z, k+ >0} defined by

X — —aXp 1= BXi oy tepy for K+02>1,
" o, for k+¢=0.



In this case (1.2) takes the form

X* = _a(XZ—l,Z - X/lk,z_1) +0Xj 1 tepp for K+02>1,
) for k+¢=0.

Then, by representation (1.12),
. k+0—1—j 4 i s
X = Z ( )(_a)k (—B)" e = (1) Xy

4 k—i
(ZJ)GT]@,Z
for k.0 €Z with k+¢>0. Hence,
— * * 2 — * * *
A — Z [ n 2(Xk—1,£_Xk,£—1) -n 9/4(Xk—1,£_Xk,£—1)Xk,£—1
T ™ — * * * — * 2
k0T, LT 9/4(Xk—1,€_Xk,€—1>Xk,é—l n S/Q(Xk,e—ﬁ

1 1]~ [-1 1
1 -1 1 -1

—n YX:,, - X * -1 1|~
d:}n: Z [ n ( k-1, k,é—l)gk,z] _ [1 ]dTn,

—5/4 y* *
(k)T nXG 1 —1

where Az, and dg, have forms (1.10) and (1.11), respectively. Consequently, in order to
prove Propositions 1.2 and 1.3 for o <0 and [ < 0 it suffices to prove them for o > 0
and [ > 0.

Next, let o <0, >0 implying o= —a+ [ and put 5;,5 = (=1)repy for k0 €Z
with k+¢>1. Then {5;:’5 ck, 0 €Z,k+{>1} are again independent random variables

with E(e,) =0, and Var (g, ,) = 1. Consider the zero start triangular spatial AR process
{Xy kL €Z, k+0>0} defined by

x* - —aX  +BX e, for kK+02>1,
"7 o, for k+¢=0.
Now X, = (=1)"X;, and (1.2) takes the form

X+ {—a(XIj_M—X,IZ_l) +oX ety for k+02>1,
kot =
k) (:]7

for k+¢=0
and
_ 2 _
AT = Z [ " 2(X1:_—174+X1::é—1) —n 9/4(X;—1,4+XIIZ—1)X1:4—1
Tn - — - 2
(k0)eT, LT 9/4(X;—1,5+X1I5—1)X1:£—1 n 5/2(Xl:£—1)

Y

-1 1| ~ -1 1
= Ar,
1 -1 1 -1

1 X+ X+ + -1 1 .
i = Z [ nH( -1 T k,z-1)5k,z] :[ ]dTn,

e
(k,0)ETn X 1€k

)




where A7, and dp, have forms (1.10) and (1.11), respectively.

In the same way one can handle the case a > 0, g < 0 implying 0 = a— by
considering {Xp,: k,{ € Z, k+{ >0} defined by

X°o — aXp = BXPe Fery for k+021,
S ) for k+(=0,

with 5275 = (—1)58167@.

2 Results on the covariance structure

In order to prove Propositions 1.2 and 1.3 one has to know the asymptotic behaviour of the
covariances of the process Xj . By representation (1.12) we obtain that for all ky, (1, ko, {5 €
7 with ki +/¢; >0 and ko + ¥¢5 >0, and for all a,( € R,

ki4+b—i—j\ (kot+la—i—j ; »

COV(Xkl,zl,sz,eg) _ Z ( 1 +k 1 »Z J)( 21 L2 Z j)ak1+k2—225€1+€2—2j’ (2.1)
(4,9)€Thy Akg,0q ALs 1=

where &k A ¢ := min{k,¢/} and an empty sum is defined to be equal to 0. Observe, if

0<a<1 and f=1—a then by representation (1.13) covariance (2.1) can be expressed

in the form

k1NAko+£1Nlo
a,l—a
Cov (Xkl,flekm@Q) = Z P(Sl(ﬂ-i-&—)n%kz-i-fz—m =kt by — m)’
m=1
where for v, u € (0,1) real numbers S,g’fé”) = ](g”)%—néu), and f,(f) and néy) are independent

binomial random variables with parameters (k, ) and (¢,v), respectively. Now, Lemmas
2.4 and 2.6 of Baran and Pap (2011) directly imply that there exists a constant D,, > 0
such that forall £,>0, k+/>1, 0<i<k+/¢ and 0<j <k+/{—1 we have

D,.,
k+

P(SE =) < and  [P(S{ = j+1) = P(s(” = )| < Duv —(9.9)

k40

[

Hence, one can determine the magnitudes of the covariances and prove the following
lemma.

Lemma 2.1 (Baran et al., 2007, Lemma 2.1) If |a|+|B]=1 and 0<|a| <1 then
‘COV(Xkl’gl,Xk%gQ)‘ S Ca\/lﬁ + 61 + ]{32 + 62

with some constant C, > 0.

Now, for n € N, let us introduce piecewise constant random fields
ZSB)(S, t) = n_1/4X[nS]+17[m] and Zéjll)(s, t) = n_1/4X[nanﬂ+1, s,teR, s+t>0.

Concerning the asymptotic behaviour of their covariances one can verify the following result.
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Proposition 2.2 (Baran et al., 2007, Proposition 2.2) Let si,t1,89,ta € R with s;+t; >
0, so+ty>0. If 0<a<1 and B=1—a«a then

Cov(Z “( f1), 219 (s2,12)) - Cov(Zy (s1,1), Zg3) (52, 12)) L0
(n) ( ) (n) (n) _>Za(81>t1a827t2)
COV( (82, tg) Z (81, tl)) COV(ZOJ (81, tl), ZO,l (82, tg)) 1

as n — oo, where

Veitsattitta—y/|si—sal+ti—ta| .
if (1—a)(s;—sy)=a(t; —ta),
Za(81, 11, S2,t2) = V2ra(l-a) f o )(51 2) (ta 2)
0, otherwise.

Moreover, if (1 — «)(s; — s2) # a(ty —ty) then the convergence to 0 has an exponential
rate.

Further, one can also estimate the difference of two neighbouring covariances.

Proposition 2.3 (Baran et al., 2007, Proposition 2.5) If 0 <a <1 and f=1—« then
there exists a constant K, > 0 such that

|Cov(Z (s1,11), 2V (52, t2)) — Cov(Z (s1,11), Z12 (50, 2))| < Kan™'/?
forall n €N, s1,t1,80,ts €R, with s;+t1 >0, so+1t, >0 and (i,5) € {(0,1),(1,0)}.

Finally, in order to estimate covariances we make use of he following lemma which is a
generalization of Baran et al. (2004, Lemma 11).

Lemma 2.4 (Baran et al., 2007, Lemma 2.8) Let &, ...,&x be independent random vari-
ables with E(&) =0, E(3) =1 forall i=1,...,N, and M, := max;<;<yE(§}) < co.
Let al,...,am,bl,...,bm, Cl,...,CnS,dl,...,dn4 S R, N1, N2, N3, Ny < N and

ni no ns ng
Xo=> &, Y=Y b&, Z:=) ab, W= dg
i=1 j=1 i=1 j=1

Then
ni1Ana2/AngAna
Cov(XY,ZW)=> " (E(&)— 3) aibicid; + Cov(X, Z)Cov (Y, W) + Cov(X, W)Cov(Y, Z).
=1

Moreover, if a;, b;,c;,d; >0 then
0 < Cov(XY,ZW) < MyCov (X, Z)Cov(Y, W) + MyCov(X, W)Cov(Y, Z),

and
0<EXYZW)< M4(E(XZ) E(YW)+E(XW)E(YZ) 4+ E(XY) E(ZW)).



3 Proof of Proposition 1.2
Let a,f € (0,1) with a+ =1 and

Sp1 = Z (Xk_l,z—Xk7g_1)2, S 1= Z (Xh—1,0— Xpo1) Xiom1,  Snyz = Z Xiio1-

(k,0)ET, (k,0)ET, (k,0)ET,

Thus,

;4/ B n_2Sn71 n‘9/45n,2
Tn = n=4S,, 0528,

and (1.9) follows from

1 2 1 29/2
n"2Sn1 T N n=s, , L2, n"2S,3 Ly - . (3.1)
Yo ol —a) Yo 15\/ma(l — )

The last two statements of (3.1) have already been proved, see Baran et al. (2007, Propo-
sition 1.2 and Section 6, pp. 40-41). In order to verify the remaining statement one has to

show

lim n_2E(Sn71) = ) and lim n_4Var(Sn,1) =0. (3.2)

n— o0 (pOé n—o0

It is easy to see that

n2E(Sn1) / \/_Var(Zm(s t)) + Var(Z{7) (s, 1)) — 2Cov (257 (s, 1), 24 (s, t)))dsdt,

where T :={(s,t) €R*:s+t>0,s<1,¢t<1}, and using (2.1) one can prove

1

i i (Var (20 (5.0) - Cov(285)(1). 27 611)) = 51—

n—oo

where (,5) € {(0,1),(1,0)}. The details can be found in Baran et al. (2007, Section 5,
pp. 36-37). Hence, Proposition 2.3 and the dominated convergence theorem imply the first
statement of (3.2).

Now, by Lemma 2.4

Var Z Z COV Xk1 1,0, — Xkl 01— 1) 7(Xk2—1,£2_Xk2,£2—1)2)

(k1,61)ETR (k2,£2)ETh

Z Z <2M4 bty ety T (M — 3)+L1(f21),£1,k2,£2> +0(n?),

(kl 01)E€T, (ka,t2)€T,



where
Ly = Cov(Xp, 14, — X X — Xtptr1)”
k1,01,kala ov k1—1,01 k1,01—1; ko—1,02 kolo—1) >

2
ngzl),flyk%@ = Z (P(S/g?—l—ﬁ 1—i—j — kl - Z) - P(Slg?+€1 1—i—j — kl —-1- Z)) (33)

(4,0)€Tky Akg—1,00 Ay —1
2
< (PSEsiy =k = 1) = P(Sy oy = ke 1-4))
< Y (PO =k i) PSS =k 1))

(4,9)€Thy Akg—1,01 ALy —1
-« l—« A 2
X <P(Sliz+32) 1—i—j — =l —1- j) + P(Slgg—l-ég)—l—i—j =l — J) )

Obviously,

n! Z Z Ll(ﬂll)fl k2,2

(k1,£1)ETy (k2,l2)€Th

2
/// ICOV 01(51at1) fog)(sl,tl),Zéﬁ)(SQ,tQ) — Zgz))(Sg,tg))) dSl dtl d82 dtg,

where due to Propositions 2.2, 2.3 and dominated convergence theorem the right hand side
converges to 0 as n — oc.

Further, the second inequality of (2.2) implies

D4
L(2) < a,a
k1,ly ko, be = Z (]{71—|—€1 - 1—’i—j)2(l{32+€2— 1—i—j)2

(6,0) €T hy Akg—1,00 ALy —1
_ ’“1Ak2§“2—2 DY (ki Aka+ 6 Aly —1—m)
- (l{;1+£1—1—m)2(/€2+£2—1—m)2

m=1
k1 Nko+l1 N Nlo—2 4 kiNka+l1Nbo—2 4 2 M4
D D D
< ’ < 2 < 2 < o0,
- mZ::I (k’l/\k‘g—i—fl/\fg—l—m)?’ mz::I m2 6
SO
27T2wa
Z Z Lk1 A1,k by //// [ns1],[nt1],[ns2],[nt2] d81 dtl d82 dtg .
(k1,£1)ETy (k2,l2)€Th
Finally, e.g.
() _ (1-a _ 2
Z P(S[nsl1+[nm—1—i—j = [ns1] - ) (5[n32]+ nto]1—i_j = [nta] =1 — 7)

(4,0) €T {ns ] A[nsg) —1,[nty | Antg] — 1

<\/_C0V( 10(51,151) Z%)(Smb))’

which by Proposition 2.2 converges to 0 as n — oo if (1 — a)(s; — s9) # a(t; — ta).
Similar results can be derived for the remaining three terms of the right hand side of (3.3),
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so by the dominated convergence theorem

nh—>r£lo n Z Z kl ,Zl,kg,ég 07 (34)

(k1,01)ETy (ka,l2)ETy

which completes the proof. U

4 Proof of Proposition 1.3

Again, let «,8 € (0,1) with a+ 8 =1 and denote by d¥. i =1,2, the components
of dp,. First we show that (dr,),>1 is a square integrable two dimensional martingale
with respect to filtration (F,),>1, where F, denotes the o-algebra generated by random
variables {exy: (k,f) € T,}.

In order to do this we give a useful decomposition of dr, —dz, ,, where dr, := (0,0)".
By representation (1.12),

d1(11) _ dillzl — Z 616,5( Z (Sk‘-i-f 1—i— j = ]{Z - 1 - Z)gl,]
(4,

(k) €T \Tn—1 4,5)€Tk—1,0

- Z P(Sl(ci)ﬁ—l—i—j =k - i)5i7j>>
(4,3)€Tk,0—1

d? —d?, = Z Ehit Z P(Slii)z—l—i—j =k —i)ei.

(k,0) €T \Tr—1 (4,5)€Tk,0—1

Collecting first the terms containing only ¢;; with (i,7) € T}, \ T,,-1, and then the rest,
we obtain decomposition

dr, —dr,_, =dpi+ Y Erednae (4.1)
(k,Z)ETn\Tnfl

- 5(217 0

n,

@N\T B T .
1) and dpoke = (On2k-1,6 — On2ke—1,0n2ke-1) With

n,

where d,; = (5(1%

n,

57(11,% = Z Ek,t Z P(Slg(j-ﬁ 1—i—j — =k—-1- EZ] - Z Z Oé - ifk,ngi,m

(k,)ET \Tn—1 (3,J)€Tk—1,6\Tn—1 k=—n+2i=—n+1
n
2) ._ § § (@) _ § : 2 : —1—
6n,1 T €kt P(Sk—l—é 1—i—j — k—i EZ,] - 5 ]En LEn G,
(k£)ETR\Tn—1 (3,)€Tk 0—1\Tn—1 l=—n+2 j=—n+1
. § (@) _ .

(4,3) €Tk, eNTn—1

The components of d,; are quadratic forms of the variables {e;; : (4,7) € T, \ Thi—1},
hence d,; is independent of F,_;. Besides this the terms 0,25, are linear combinations
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of the variables {e;; : (4,7) € T,,—1}, thus vectors d, 2, are measurable with respect to
Fn_1. Consequently,

E(dr, —dr,_, | Fact) =E(dun) + D dupreE(ere | Faot) =0.
(k,Z)ETn\Tnfl

Hence (dr,),>1 is a square integrable martingale with respect to the filtration (F,)n>1
and obviously the same is valid for (dr,)n>1.

By the Martingale Central Limit Theorem (Jacod and Shiryaev, 1987), in order to prove
the statement of Proposition 1.3, it suffices to show that the conditional variances of the
martingale differences converge in probability and to verify the conditional Lindeberg condi-
tion. To be precise, the statement is a consequence of the following two propositions, where
15 denotes the indicator function of a set H.

Proposition 4.1

z": E((JTW - JTWH) (JTW — aﬁlvafl)T ’]:m_l) oA as n — oo.
m=1

Proposition 4.2 For all 6 > 0,

Z E(HJTm o JTmflH2]]'{||JT7,L—CTTm71”Z5} )}—m—l) i> 0 as n — o0.

m=1

Proof of Proposition 4.1. Considering separately the entries of (JTm — cflVTmfl) (JTm —

JT”H)T one can see that the statement of the proposition is a consequence of

S| L
n=? Z E((dfv%) - dg)_1)2 ‘Fm—l) =T @Di’ (4.3)
m=1 o
=9/ i E((d;? —dW ) (d? —d2) ) }fm_l) N (4.4)
m=1

as m — oo. Limits (4.2) and (4.3) have already been proved, see Baran et al. (2007, Section
6, pp. 40-41 and Proposition 4.1). A more detailed proof can be found in Baran et al. (2005,
Propositions 6.1 and 4.1).

Now, let Uy, i= E((dl) — d\}) )(d2) —d? )| Froy) and we have

dV—d0) = Y (XK= Xee)ere AP —dP = > Xieaere

(k,Z)GTm\Tm,1 (kyz)ETm\Tmfl

12



Representation (1.12) and independence of the error terms ¢;; imply

E((dg,}) —dD ) (d? - dﬁf}_l)) = Y E((Xkore — Xieo1)Xiemr) E(€1,)

(k) ETm\Tm—1

= > E((Xkmre = Xpee1)Xpoo1) = E(Sm2) = E(Smo12),

(k,@) eTm \Tmf 1

so using the second statement of (3.1) we obtain

n~ %4 Z E(Un) =n Y*E(S,2) = 0 as n — oo.

Further, decomposition (4.1), independence of 4! 1 5,51 and {exs, (k,0) € T\ Tn1}
from F,,_1, and measurability of 0,, 2%, with respect to F,,_; imply

U, = E((dﬁb?l — 5573?1)5f,f?1> + Z (Om2k—1,6 = Om2 k,0—1) Om,2 -1

(k,@) eTm \Tmf 1

In this way, to complete the proof of (4.4) one has to show

n_9/2Var< Z Um) = n_9/2Var< Z Z (5m,2,k—1,£ — 5m,2,k,£—1)5m,2,k,£—1) —0 (45)
m=1

m=1 (k,0) €T\ Tin—1

as n — oQ.

Now, consider

( Z Z (Om,2,k—1,6 — 5m,2,k,£—1)5m,2,k,4—1)

m= 1 kZ)ETm\Tm 1

- Z Z Z Z Gm1,m2,k1,€1,k2,€2 (46)

mi=1 (k; xneTml\Tmrl ma=1 (ka,l3)€Trmy \Trmy -1

n n mo—1
= E E < E E Gm1m2,k17m1,k27MQ+ E E : Gml,M27k17m1,M2742

mi=1mso=1 k1=—mi+1 ka=—mo+1 ki=—mi+1 lo=—mo+1
mi1—1 mi1—1 mo—1
+ § E Gmhmz,ml,fl,kQ,mQ + § : E Gm17m27m1,517m2752)
l1=—m1+1 ka=—ma+1 l1=—m1+1 lo=—ma+1

where

Gml yma,k1,01,ko,l2

= COV((5m1727k1—17£1 - 6m1,27161,51—1)57?11,27k1,51—17 (5m272,k2—1752 - 5m2,27k2,52—1)5m272,k2752—1)'
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By representation (1.12) of Xj, and definition of 6,,2, we have

Om2k—1,m = Xk—1,m — Z Oék_l_ié?i,m, —-m+2<k<m,
i=—m-+2
Om2km—1 = Xkm—1, —-m+1<k<m,
-1
0—1—j
5m,2,m,z—1 = Xm,z—l - Z (1 - a) Je’:‘mm —m+2<{<m-—1,
j=—m+42
6m,2,m—1,€ = Xm—l,fa —-m+1< 14 <m-—1.
Hence, e.g.

E : E : Gm17m2,k17m1 k2,ma

ki=—m1+1 ko=—mo+1

mi me ki—1
ki—1—1
= E E COV(<Xk1—1,m1 - thml—l - E a™t 1€i17m1)Xk17m1—1a
ki=—m1+1 ka=—mao+1 i1=—m1+2
ka1
Z ka—1—i
<Xk2—17m2 - XkQ,mQ—l - a 2€i27m2>Xk2,m2—1)
io=—mo+2

_ § E ' (3)
- Gk17m17k2 mo Gk17m17k2,m2 - sz ma,k1,m1 + Gk17m17k27m2’

ki=—m1+1 ka=—mao+1

where

1) .
le,ml,kg,mg := Cov (Xkl—Lml - Xkl,m1—1>Xk17m1—17 (XkQ—l,mQ - Xk27m2—1)Xk2,m2—1 )

ko—1
Gy = Cov | (X - X )X X ka—l-i,
k1,m1,ko,ma * ov k1—1,m1 k1,m1—1 ki,mi—1y “Xkomao—1 « €Z7m2 s

i=—mo+2
k1— ko—
(3) R ki—1—141 ko—1—19
Gk1,m1,k2,m2 := Cov Xk17m1—1 E : al 6i17m17Xk27m2—1 E : Q €izmg |-
11=—m1+2 ig=—m2+2

Thus, Lemma 2.4, representation (1.12) and independence of the error terms ¢;; imply

ko—1
ko—1—1
le,ml,kg me = Cov <Xk1—1,m1 - Xk17m1—1’ sz,mz—l) Cov (Xklmn—l’ E a Ei,mz)

i=—mo+2

ka—1
ko—1—i
+ Cov (Xkl,ml—lung,mg—l)COV (Xkl—l,ml — Xy mi—1, E a’? gi,mg)u

i=—mo+2

ki—1 ko—1
ki—1—1 ko—1—1
le,ml,kg me = Cov <Xk1,m1—17 X/'Cz,mz—l) COV( E al 162'1,m17 E a? 26i2,m2)

i1=—m1+2 io=—m2z+2
ko—1 k1—1
—1—3 —1
+ Cov <Xk17m1—la E Oé 2512 mg)COV (sz ma—1, E Oé 161177711)
io=—mo+2 i=—mi+2

14



Moreover, using again the independence of the error terms ¢;; one can easily see that
a2 =0 if me>m; and G =0 if ms # my. In this way

k1,m1,k2,m2 k1,m1,k2,m2

Z Z Z Z k17m17k2,m2 (47)

mi1=1mao=1ki=—m1+1 ko=—mo+1

n m m m-+kiAko—3
IZ Z Z COV(Xkl,m—lang,m—l)a|k1_k2‘ Z o
m=1ki=—m+1 ke=—m-+1 =0
n 2m—12m-—1 BC
e R ID 9 IBYRIEERC RS
m=1 k1=0 ko=

where the first inequality is a consequence of Lemma 2.1 and the empty sum is defined to

be zero.

Further, let

ko—1
(1) — ko—1—i
Bk1,m17k2,m2 = Cov Xklvml_l’ a? Eima |,

i=—mo+2

ko—1
(2) — ko—1—i
Bkl,ml,kg,mQ = COV Xk;1—17m1 - Xk‘hml—l, Z « 2 €i7m2 .

i=—mo—+2

Assuming my < my, with the help of representation (1.13) we obtain

ki1Nka—1
(1) E ko—1—1 ko—k1—1 mi—mao—1
Bkl,ml,kz,mz - P k1+m1 —mo—1—1 kl - Z) _'_ «Q (1 Oé) l{klgk2_1}7
i=—ma+2
k1Aka—1
@) _ (@) _ : N
Bk1,7711,k27m2 o P(Sk1+m1—m2—l—z’ =k —1- Z) - (Sk1+m1 —mg—1—i =k — Z) 04
i=—mo+2

akz—kl—l(l _ a)ml_mz_ll{klgkg—l}

for ky +my > 3, otherwise the above quantities are equal to zero. Hence, using (2.2) one
can easily show that for k; < ks —1

k1—1

(1) ko—ki1—1 mi—ma—1 ko—Fk1 Dava
‘Bk1,m1,k2,m2} <a (1 o a) to i:—Xm:g—iQ (k‘l +my—mg—1— i)1/2
< Hoaa™ ™M (kg +my)'/?,
(2) ko—k1—1 mi—mo—1 ko—k s Da,a
Bk17m17k27m2}§a2 Tl - )T e Z ki+my—my—1—1
t=—mo+2

< Hya*2 " 1og(ky +my)
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with some constant H, > 0, while for k4 > ky — 1 we have

ko—1
D, o H
B(l) < akz 1—1 o :
‘ ki,m1,ka,ma| — (kl k2 +m1 m2 1/2 Z__Zm:z_i_g kl k2 ‘l‘ml _ m2)1/2
ko—1
B sl S e S g
Fomukemal = F ok my —my o Tk — ke +mg —my
i=—mo
Obviously, if m; = my then
0 @) P o ko1 _ ikl
Bkl ma,ka,ma =0 and Bk1 mikame — Z P(Skl—l—i:kl_]-_z)a 2 7 < e
i=—mi1+2

In this way, by Lemma 2.1 and Proposition 2.3,

Z Z Z Z kl my,k2, mz‘ = 12’22 Z Z Z (kl+k2+2m)1/2a|k1_k2‘

mi1=1 mo=1ki=—m1+1 kg-—mg—i—l m=1ki=—m+3 ko=—m-+3

n mp—1 ko—1

+1, 3 Y Z 3 af R (hytm, )1/2<K 120, log(k2+m1)> (4.8)

m1=2ma=1 ko=—mo+1 kl——m1+3

n mi—1
Ka Ca(k1+k2+m1+m2)1/2
H,
5 35 SHD DID Dl (e ——

ki—ko+mi—m
mi1=2mo= lk‘l —mi1+3 ko=—mo+1 1 2+ 1 2

SCa n m
S(l—a)(l o) 2 m3/2 1—042 Z mk+m1/2<K +2C, log(k—irm))

m=2 k=—m+1

+ 20, Z m(k +m)"2 (Ka 420, log(k + m)) < Qu(n+ 1) log(n + 1)

with some constant @, > 0. Inequalities (4.7) and (4.8) imply

n n mi m2
E E E E GM17M2J€1,M1J€2,M2

mi1=1mao=1ki=—m1+1 ko=—mo+1

=> > 2 i Gl s koms T O (7 og(n)),

mi1=1mo=1ki=—m1+1 ko=—mo+1
and the same can be proved for the remaining three terms of (4.6). Hence

ar ( mi:l Um) - i > i > Gy ot (4.9)

m1=1 (klvgl)eTﬂ’q \Tmlfl ma=1 (k27z2)€Tm2 \Tm271

Z Z G](911)7€1 ko lo + Rn>

(k1,61)€Tn (k2,£2)€Tn

and R, = O(n/*log(n)). Further, Lemma (2.4) implies
1 1 2
G/gl),fhkmfz - ﬁl(fl,fhkmfz + ’6121)751,162752’
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where

£W

k1,m1,ka,m2

.—COV(Xkl_l’ml — Xk1,m1—17 ng—l,mg - Xk27m2—1)COV (Xk17m1_17 ng,mg—l)
+ COV(Xk‘l—l,ml - Xkl,ml—la XkQ,mg—l)COV(XkQ—l,mg - Xk:z,mz—la Xk‘l,ml—l)a

and using the same ideas as in the proof of (3.4) on can show
i - () _
Yim n2 % 0 Y L7 e, =0 (4.10)
(k1,61)ETy (k2,62)ET

Finally,

n=? Z Z ﬁi(cll)él k.l

(k1,€1)ETn (k2,02)ETn

//// (fcov Z5) (s1,t0) — 20 (s1,10), 287 (50, t2) — 218 (52, 1)) (4.11)

X COV( 50)(81,151),2}70)(82,152)) + COV( 0,1 (Sl,tl) Z£ )(Sl,tl) Z:ETB)(SQ,tQ))
X \/_COV( 0,1 (82, tg) ZSB)(SQ, tg), Z%)(sl, tl))>d81 dtl d$2 dtg.

With the help of Lemma 2.1 and Proposition 2.3 one can easily show that the integrand
on the right hand side of (4.11) can be dominated by K, (C’a\/sl +t1+so+ta+1+ Ka),
which has a finite integral on T'xT". Hence, by Proposition 2.2 and dominated convergence

theorem
: -9/2 (1) —
Ymn=2 N Y Lk =0
(k1,01)€Ty (k2,02)€Ty,
which together with (4.9) and (4.10) implies (4.5). O

Proof of Proposition 4.2. We have

2017 T 2
L@y, 125} < 02Nz, — dr,, P,

hence to prove the proposition it suffices to show
. ~ ~ 4 P
> E([[dr, = ||| Fucr) 0 as n — oo,
m=1
which is a direct consequence of
ST E(JAY — d ]| Far) 20 and a7 YT E([dR - [t Ft) S50,
m=1 m=1

However, these statements have already been proved, see Baran et al. (2005, Section 6, pp.
47-48) and Baran et al. (2005, Section 4, pp. 31-32), respectively. O
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