1704.00346v2 [quant-ph] 6 Jul 2017

arXiv

Multipartite nonlocality and random measurements

Anna de Rosier,! Jacek Gruca,! Fernando Parisio,? Tamés Vértesi,® and Wiestaw Laskowski!

! Institute of Theoretical Physics and Astrophysics, Faculty of Mathematics,
Physics and Informatics, University of Gdansk, 80-308 Gdarisk, Poland
2 Departamento de Fisica, Federal University of Pernambuco, Recife, PE 50670-901, Brazil
3 Institute for Nuclear Research, Hungarian Academy of Sciences, H-4001 Debrecen, P.O. Box 51, Hungary

We present an exhaustive numerical analysis of violations of local realism by families of multi-
partite quantum states. As an indicator of nonclassicality we employ the probability of violation
for randomly sampled observables. Surprisingly, it rapidly increases with the number of parties
or settings and even for relatively small values local realism is violated for almost all observables.
We have observed this effect to be typical in the sense that it emerged for all investigated states
including some with randomly drawn coefficients. We also present the probability of violation as a

witness of genuine multipartite entanglement.

I. INTRODUCTION

Quantum multiparticle systems do not provide a mere
amplification of the nontrivial effects displayed by two-
party systems. Rather, they bring about completely new
phenomena and applications. On the fundamental level,
multipartite systems, e. g., have been employed to illus-
trate nonlocality without Bell inequalities [1] and, more
recently, to show that finite-speed superluminal causal in-
fluences would allow for superluminal signalling between
spatially separated parties [2]. In what concerns applica-
tions, one-way quantum computing [3] and multipartite
secret sharing [4] are outstanding examples where com-
plex quantum systems can be employed.

As is the case for multipartite entanglement, the char-
acterization of nonclassical features of multiparticle sys-
tems is a hard problem with several open questions [5].
One interesting possibility to analyze the nonclassicality
of complex states is to study their correlation properties
under random measurements. With this motivation we
will be concerned with the following quantity
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where the integration variables correspond to all param-
eters that can be varied within a Bell scenario and, f =1
only for settings that lead to violations in local realism,
and vanishes otherwise. Note that, when properly nor-
malized, P, can be interpreted as a probability of viola-
tion of local realism.

The probability Py can be used at different context
levels. One can select a particular Bell inequality I and
integrate f; over all possible settings of the corresponding
Bell experiment. This was mainly the approach adopted
in previous theoretical [6, 7] and experimental [8] works.
This is also the case of ref. [9], where the quantity defined
in (1) has been considered as a measure of nonlocality
and applied in the context of the Collins-Gisin-Linden-
Massar-Popescu (CGLMP) inequality [10, 11]. This pro-
cedure, however, would face increasing difficulties as the
number of parties grows. For a relatively modest number
of qubits, e. g., the corresponding number of inequivalent

Bell inequalities with a fixed (say 2) number of settings
is already very large and, thus, addressing one inequality
at a time would become prohibitive. On a deeper level
we can dispense with the choice of a particular inequal-
ity and directly consider the space of behaviors (space
of joint probabilities), which local polytopes inhabit. In
this case, the integration refers to all possible measure-
ments, the only context information required being the
number of measurements per party. This is the approach
that we will adopt here, so that we use the probability of
violation to evaluate the degree of nonclassicality of sev-
eral relevant states involving up to five qubits and also
bipartite states of qutrits.

This work is presented in the following way. In the
next section we provide a brief description of the numeric
method to be employed (linear programming). In section
IIT we present our results in the form of several tables and
discuss their main consequences. In the last section we
give our final remarks and some perspectives.

II. DESCRIPTION OF THE METHOD

In our numerical analysis we consider the most gen-
eral Bell experiment with N spatially separated ob-
servers performing measurements on a given state of
N qudits with d = 2 (qubits) and d = 3 (qutrits).
Each observer can choose among m; arbitrary observ-
ables {01,05,...,0}, } (i = 1,2,...,N) defined by or-
thogonal projections O’ = Zf::lo rlvf) (vE] linked by the
general unitary transformations [v}) = U/|r’). The uni-
tary transformations are parametrized by three angles for
qubits:
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and eight angles for qutrits:
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A local realistic description of an experiment is equiv-
alent to the existence of a joint probability distribution
Pre(rl, T s s ™V, r%N) where 7 = {0,1,...,d—1}
denotes the result of the measurement of the ith ob-
server’s O;- observable. If the model exists, quantum pre-
dictions for the probabilities are given by the marginal

sums:
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where P(rt, ..., rN ‘Okl, o Oy’ ) denotes the probability
of obtaining the result 7" by the ¢th observer while mea-
suring observables O} and j; # k; (i = 1,...,N). It can
be shown that for some quantum entangled states the
marginal sums cannot be satisfied, which is an expres-
sion of Bell’s theorem.

Our task is to find, for a given state p and a set of
observables O% (i = 1,...,N; k; m;), whether
the local realistic model ex1sts ie., all the equations (4)
can be satisfied. This can be done by means of linear
programming (see e.g. [12-14]). Tt is worth mentioning
that the method allows us to reveal nonclassicality even
without direct knowledge of Bell inequalities for the given
experimental situation.

Finally, we check how many sets of settings (in per-
cents) lead to violation of local realism. We introduce
a frequency py (p) which for a sufficiently large statistics
converges to the probability of violation Py (p). We pro-
vided sufficient statistics to not observe changes in results
on the third decimal place.

The measurement operators are sampled according to
Haar measure [15]. The angles ¢, and x, are taken from
uniform distributions on the intervals: 0 < ), < 27 and
0 < x» < 27. To generate ¢, in interval 0 < ¢, < 7 it
is convenient to use an auxiliary random variable &, dis-
tributed uniformly on 0 < &. < 1 and ¢, = arcsin({rl/ 2)

for r € {1,2} and ¢3 = arcsin(&l/‘l). Of course, all vari-
ables are generated independently for each observer ¢ and
measurement setting j.

IIT. RESULTS AND ANALYSIS

We applied the numerical method to prominent fami-
lies of quantum states:

(1) the generalized N qubit GHZ state [1, 16]
|GHZ(«))n = sina0...0)x + cosall...1)x,
and for o« = 7/4, |GHZ(«))x = |GHZ)x;
(2) the four qubit singlet state [17, 18]
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(3) the N qubit Dicke state with e excitations [19]
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permutations

0101) + |0110) + [1001) + [1010));

where the special case e = 1 is referred to as the N
qubit W state W)y = |DL) [20];

(4) the four qubit cluster state [21]

1
[Clusters) = = (/0000) + [0011) + [1100) — [1111));

(5) the generalized N qutrit GHZ state

GHZ=3(0))x = sin a[0...0) + % cosa(|l...1) +[2...2)):

(6) the three qutrit singlet state (Aharonov state) [22]

1
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A7 )3 =

101) — [110));
(9) the three qutrit Dicke states with the sum of exci-
tations equals to e [23]

Q3) = Z {l001)}
1Q2) = (22 {|011}+Z {1002) )

0 1 _
|Q3>—m(2|111>+; {|012>}>.

We calculated the frequencies py (p) for an increasing
number of different settings per site. All results are pre-
sented in Tables I, IT and III. Some states which appear
on the tables are not listed above. They will be defined
in the appropriate paragraphs. Our results lead to the
following observations.



1. Comparison with known results

The probability of violation was previously examined
in several contexts. The only analytical result on tight
inequalities was obtained in [6] for the simplest scenario
of two settings and two outcomes, where the probabil-
ity of violation of different versions of the CHSH in-
equality [24] has been obtained by the two qubit GHZ
state (the Bell state). In this case our numerical method
gives the same value (No. 1) as the analytical expression
pv(GHZy) = PGHSH(GHZ,) = 2(7 — 3) ~ 0.283183 with
accuracy to four decimal places.

For N > 2, the GHZ state has been studied only nu-
merically. In [6] the state was analyzed in the context of
WWWZB inequality for N < 6. In [7] the analysis was
extended to N = 15 qubits (WWWZB inequality) and
N =6 (using a similar linear programming method). In
all cases, the results agree with our numerical method.

2. Genuine tripartite entanglement criterion

We note that for any two-qubit state and two mea-
surement settings per party, the probability of violation
of local realism cannot be greater than 2(m — 3), i.e., the
two-qubit GHZ state gives the highest probability. The
analytical proof is deferred to the Appendix.

Then, it is straightforward to prove that for any
biproduct state |112) ®]1)3) the two-qubit quantum prob-
ability P (r1,r2 |A;, Bj) is described by a local realistic
theory if and only if P (rq, re,73|A4;, B;, C) ) does. Hence,
in the examined cases of entangled states of Np par-
ticles, multiplied by the product state [0)®No, the full
(Ng + Np)-particle state has, as expected, exactly the
same probability of violation as its entangled component
alone. The above property comes along with the fact
that biseparable states (i.e. convex mixtures of biprod-
uct states) can only lower the probability of violation
compared to biproduct states. So we can argue that for
any 3-qubit state (including mixed states) with two mea-
surement settings per party, if Py (p) > 2(7 — 3), this
certifies that the three qubit state is genuinely tripartite
entangled, that is, it can not be written in any of the
forms [112) ® |0), |¢13) ® [0) and |0) ® [th23) and con-
vex combinations of these states. Indeed, data in the
table I indicates that both GHZ3 and W3 states are gen-
uinely tripartite entangled as the respective probabilities:
74.688% (No. 28) and 54.893% (No. 36) are much higher
than 28.319%.

One could construct a similar condition for higher
number of parties (N > 3) but in this case one may
give only numerical bounds for the critical probability,
because analytical results are not known in these cases.

We also considered the probability of violation for the
state 13(0) = cos0|111) 4+ sin | W3) (Nos. 42-50). For all
values of angle 6 > 25.975° one can prove that the state
is genuinely three-partite entangled [25], whereas our nu-
merical method reveals the threshold slightly below 30°.

This discrepancy, though small, is due to the fact that
our criterion is a necessary but not a sufficient one.

3. Non-additivity and multiplicative features of Py (p)

The question of additivity seems to be better posed
in terms of ?y(p) than in terms of maximal viola-
tions of a Bell inequality. Consider the example of the
state |GHZ2) ® |GHZ3), for which probability of vio-
lation is non-additive, since py(|GHZ2) ® |GHZs)) =
1.7pv(|JGHZ3)), and is a bit less than half of py (|GHZy)).

Therefore instead of additivity, we should consider the
multiplicative features of 2y (p). Concerning py (|GHZ2))
and py(|GHZ2) ® |GHZ2)), the probabilities that mea-
surement results admit a local realistic description,
Prr = 1 — Py, should be multiplied. In this particular
case,

PLr(|GHZs)) =1 — Py(|GHZ,)) =1 -2(7 = 3),  (5)
?rr(|GHZ,) ® |GHZ,)) = PLr(|GHZ,))? = (7 — 27)2.

Hence, PV(p\GHZ2> & P|GHZ2>) =1- (7 — 27’(’)2 = 0.486176
which fits our numerical results up to displayed digits
(No. 53).

We also examined the product of the two qubit GHZ
state with a state that does not violate any two setting
Bell inequality, namely the Werner state: pwerner, =
1/v2|GHZ)2(GHZ| + (1 — 1/3/2)1/4. In this case the
probability of violation for the resulting state is the same
as for |GHZs), what can be explained by the above mul-
tiplicative feature, since Pr,r(pwerner,) = 1.

4. Non-mazimal probability of violation for GHZ states of
more than & particles

We observe a surprising feature, which emerges if the
number of qubits is larger than three. It is well known
that the N-qubit GHZ state maximizes many entangle-
ment conditions and measures [26]. However, already for
N = 4 the probability of violation for the cluster state
(No. 94) is greater than for the GHZ state (No. 57).
The situation is even more dramatic for N = 5, where
the probability is greater for any out of 10 randomly sam-
pled pure states (Nos. 133-142).

There is a particular entanglement measure which is in
pace with the above observations, namely the generalized
Schmidt Rank (SR) [21], corresponding to the minimal
number of product states required to represent a given
state. The SR of a GHZ state is two for any number of
qubits, and it has been shown in [21] that the SR behaves
as 2LV/2] for cluster states of N qubits.



5. All typical states of five or more qubits violate local
realism for almost all settings

Even with only two observables per party it becomes
almost impossible not to detect non-classicality for states
with 5 qubits or more. Any of the studied states
(Nos. 108-117) including random 5-qubit states (Nos.
133-142) lead to nearly 100% probability of violation.
In fact, the numbers are so close, that one can not dis-
tinguish the states by means of the violation probability.
This amounts to an enhancement of the content of Gisin’s
theorem in the sense that not only all entangled states
seem to be nonclassical, but they violate local realism
for almost all experimental situations. That is, given an
entangled state it is very likely that one can prove its non-
classicality on a first try by choosing random observables
(note also related recent results in Ref. [29]). This is to
be contrasted with the original demonstration [27, 28],
involving two qubits, where the settings have to be care-
fully selected. Of course, one can always find some states
with a py (p) which is much smaller than 100% (e.g. Nos.
114, 115), but they are strictly less entangled.

6. pv(p) rapidly increases with the number of settings

The probability of violation increases significantly also
with the number of settings per party. For the two qubit
GHZ state, and five measurement settings per site, the
corresponding violation probability is almost equal to 1.
This means that almost all randomly sampled settings
lead to a conflict with local realistic models and to the
violation of some Bell inequality.

This rapid growth is more pronounced than it is for
robustness against white noise admixture. An increase
is also observed in the resistance to noise, but it is usu-
ally a much less evident effect and visible particularly in
multipartite cases [13]. For example, due to the recent
work [30], an increase of 0.58% in the noise resistance
of the two-qubit maximally entangled state required 30
settings (see also a previous work [31]). It is also con-
jectured that the above improvement in the noise resis-
tance could not be attained with fewer settings. Note
also that one cannot go beyond the increase of 3.682%
in noise resistance using an infinite number of projective
measurements [32].

The dependence of py(p) as a function of the number
of settings can be approximated by 1 — ae™%*, where a, b
are constant parameters and x can be either the number
of settings referring to one party (with the other number
of settings fixed) (Fig. 1a) or a product of the number of
possible measurement settings (Fig. 1b). Of course there
are other possible combinations involving the number of
settings.
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FIG. 1. The probability of violation for the two qubit GHZ
states vs. (a) the number of measurement settings for the
first observer; (b)a product of the number of settings for both
observers.

7. Nonclassicality of bound entangled states

A bound entangled state (BES) is entangled but undis-
tillable [33]. However, in [34] it was shown that the 4-
qubit bound entangled Smolin state [35] can maximally
violate a 2-setting Bell inequality similar to the standard
CHSH inequality. In accordance with this finding, when
numerically investigating the possibility of a local real-
istic description for the Smolin state, even with 2 set-
tings per party, we get small, but nonzero probability
of violation, py (psmolin,)=0.023% (No. 101). Although
this value is three orders of magnitude smaller than that
for other examined entangled states, it grows very fast
(faster than for other entangled states) with the number
of settings (Nos. 102-107) and the growth seems to be
exactly exponential.

In general, if we investigate the Py of a PPT state [36,
37] and find it to be non-vanishing, then the state must
be entangled. Note that this conclusion can be reached
even without the knowledge of which Bell inequality is
to be violated. This may be particularly useful when
the state involves many subsystems. In general, if we



investigate the # of a PPT state [36, 37] and find it
to be non-vanishing, then the state must be entangled.
Note that this conclusion can be reached even without
the knowledge of which Bell inequality is to be violated.
This may be particularly useful when the state involves
many subsystems.

The three qubit BES pgig*? introduced in [38] also
violates some Bell inequality, but this seems to be sta-
tistically very rare since we had not observed any viola-
tion of local realism for two settings per party. Never-
theless, when the same measurement is applied to every
particle, we observed a nonzero probability of violation,
pv (Prs ") =0.008%.

The last considered example of bound entangled states o (deg)
is the two qutrit state p%ﬁgs that was used to disprove the
famous Peres conjecture [39, 40]. Despite the fact that ~ FIG. 2. Probability of violation for 2 qutrit generalized
this state does not admit a local realistic model, the vio-  GHZ(«) state vs. «
lation is proved only for judiciously specified observables
and inequality, which occur seldom enough, so that we
did not find violations in any of the 10'° randomly chosen

probability of violation (%)
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to quantify nonclassicality. Our numerical results show 17 2 |GHZ,) 5x4 108 98.460
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around o = 0, where we observe a small local mini- 27 3 |GHZ) © |0) 3X2x2 10 52399
mum for « = 6° (see Fig. 2). The minimum remains 28 3 |GHZs) 2x2x2 109 74.688
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42 3 [43(15°)) 2% 2% 2 10° 4.941 TABLE II. Frequencies of violation of local realism py ob-
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83 4 [D3) 3x 32210 98.428 112 5 T(oms + pps) 2X2x2x2x2 107 0.047
84 4 |D3) 3x3x3x2 107 99.716 1 2 G‘EZ D3 XX T 10" 4‘24
85 4 ID2) 3x3x3x3 10°  99.964 112 5 |GHZ )4[0) e 10, 94' 0
86 4 ID2) Ax4x4x2 10°  99.996 5_ |GHZ)5|00) 2x2x2x2x2 107 74688
87 4 o) XX x 2 I0°  TA043 115 5 [GHZ)2J000) 2x2x2x2x2 10°  28.318
‘ ©
8 4 o) 3x2x2x2 107 89604 116 5 Ls) [41] 2x2x2x2x2 107 99.782
20 4 o) Ax2x2x3 107 04918 117 5 [Rs) [41] 2x2x2x2x2 10°  99.957
90 4 ) 3x3x2x2 107 96.621
91 4 ) 3x3x3x2 107 99.344
92 4 [y ) 3x3x3x3 10° 99.908 TABLE III: Frequencies of violation of local realism py observed statis-
93 4 |1y ) 4x4x4x2 10° 99.991 tically with random measurements on qutrit states
94 4 [Clusters) IX2X2X2 10: 97.283 N v Stato Scttings Stat. pv
95 4 |Clusters) 3x2x2x2 10°  99.275 —— 5
9 4 |Clusters) 4x2x2x2 107 99.705 143 2 |GHZ' ™ (0°)): 2x2 107 9.925
97 4 |Clusters) 3x3x2x2 107 99.884 144 2 [GHZ ™(5°))2 2x2 10 9.801
98 4 |Clusters) 3x3x3x2 107 99.976 145 2 |GHZ' ™ (10%)) 2x2 10710021
99 4 |Clusters) 3x3x3x3 105  99.997 146 2 (GHZ' ™ (15°))2 2x2 10 11.609
100 4 |Clustery) Ax4x4x2  10°  99.999 147 2 |GHZ' ™ (20%))2 2x2 1070 15.057
101 4 PSmoling 2x2x2x2 10°  0.023 148 2 |GHZ(257)) > 2x2 107 19.363
102 4 PSmoling 3x2x2x2  10°  0.068 149 2 |GHZ7°(29.24%))> [asym] 2x2 107 22.317



2x2 10° 24.011
3x3 107 78.667
4x4 107 98.229

150 2 |GHZ=3(35.26°))2 [sym)]
151 2 |GHZY3(35.26°))2 [sym]
152 2 |GHZY73(35.26°))2 [sym]

153 2 |GHZ=3(40°))2 2x2  10% 22.980
154 2 |GHZY=3(45°))2 2x2  10% 19.763
155 2 |GHZ=3(50°))2 2x2 10% 15.054
156 2 |GHZ=3(55°))2 2x2 10® 10.153
157 2 |GHZ=3(60°))2 2x2  10° 6.329
158 2 |GHZ=3(65°))2 2x2  10° 3.638
159 2 |GHZI=3(70°))2 2x2 10% 1.818
160 2 |GHZ=3(75°))2 2x2 10 0.714
161 2 |GHZ=3(80°))2 2x2 10% 0.174
162 2 |GHZ=3(85°))2 2x2 10 0.012
163 2 |GHZ=3(90°))2 2x2 10 0.000
164 3 |[GHZT=2(0°)) 2x2x2 10° 53.360
165 3 |GHZS3(35.26°)) 2x2x2 10° 82.720
166 3 [A7)s 2x2x2 10° 72.328
167 3 Q5) 2x2x2 10° 31.371
168 3 Q3) 2x2x2 10° 48.506
169 3 Q3) 2x2x2 10° 48.564

IV. CLOSING REMARKS

In this paper we employed linear programming as a
useful tool to analyze the nonclassical properties of quan-
tum states. We checked how many randomly generated
sets of observables allow for violation of local realism.
Most of the conclusions were presented in the previous
sections. Here we want to stress that the overall message

of the obtained results is that either for many particles
or many measurement settings we observe a conflict with
local realism for almost any choice of observables (the
probability of violation is greater than 99%) for typical
families of quantum states.

Concerning the nonclassicality of two qutrits, our re-
sults are compatible with those presented in [9], that is,
maximally entangled and maximally nonclassical states
coincide. It is worth mentioning that, in addition, we
addressed the apparently paradoxical result obtained in
[42]. Tt amounts to the observation, that the products of
k-qubit GHZ states and (N — k) pure single qubit states
are more nonclassical than the N qubit GHZ state, if
we employ the robustness of correlations against white
noise admixture as a measure of nonclassicality. Our nu-
merical method shows that the probability of violation
of local realism for such product states (for N = 3,4,5
and k = 1,...,N) is the same as for k-qubit GHZ state
and thus strictly smaller than for the N qubit GHZ state.
This suggests that resistance against noise, although rel-
evant, is not a good quantifier of nonclassicality.
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Appendix A: Proof

The following observation is proven below: The prob-
ability of violation Py for any two-qubit state and two
binary-outcome measurements cannot be greater than
2(m — 3).

In order to prove it, first recall that 2, = 2(7w — 3) for
the |GHZs) state using two binary-outcome settings per
party [6]. Let

|GHZ(«))2 = sin «|00) + cos or|11) (A1)
stand for the two-qubit pure partially entangled state
with « € {0,7/4} written in the Schmidt bases. Clearly,

a = m/4 recovers the two-qubit maximally entangled
state. Let Py («) denote the probability of violation cor-
responding to the state |GHZ(«a))2. Note that mixed
two-qubit states cannot provide higher probability of vi-
olation, therefore we can restrict our attention to the
probabilities Py ().

Firstly we prove the following lemma: if the CHSH
inequality is violated using a state |GHZ(«))2 and some
projective measurements, at least the same violation oc-
curs with the maximally entangled state |GHZ)2 using
the same measurements.

Proof. Let us write the measurement observables A and
B as

A=ayo, +ay0y+a,o.,

B =b,0, +byoy +b.0., (A2)
where 0 5 . denote Pauli matrices, and the coefficients of
Alice measurements az, ay, a. square to 1 (and similarly
for Bob). Then we have the joint correlator

(AB) = a.b, +sin2a(azb, — ayby). (A3)
On the other hand, the CHSH expression reads
CHSH = (A1 By) + (A1 B2) + (A2B1) — (A2Bs).  (A4)
Using formula (A3), we get
CHSH(a) = C; + sin(2a)(Cy — Cy), (A5)
where o € {0, 7/4} and
Ci = a1;bii + a1ib2i + azib1i — az;bai, (A6)

where i can take z, y, and z. Notice that C, < 2, there-
fore a CHSH value greater than 2 in equation (A5) im-
plies that C, —Cy > 0. This in turn implies that in case of
violation of the CHSH inequality (that is CHSH > 2), we
have CHSH(7w/4) > CHSH(«) for all « € {0,7/4}. O

Given the above lemma, it is not difficult to see that
Py(a) < Py = 2(r — 3) for all @ € {0,7/4}. Indeed,
notice that the classically attainable region of the 2-
setting 2-outcome scenario is completely characterized
by eight different versions of the CHSH expressions (see
e.g. [6]). However, after suitable relabeling of the in-
puts and flipping of the outcomes they all end up in
the standard CHSH defined by equation A4. Hence, vi-
olation of any of the versions of the CHSH inequality
using a partially entangled state (Al) along with some
projective measurements entails at least the same viola-
tion of this version using the maximally entangled state
and the same measurements. This implies the relation
py(a) < py = 2(m — 3) we set out to prove.



