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Abstract

In this paper, we study the convergence of solutions of the a-Euler equations to solutions
of the Euler equations on the 2-dimensional torus. In particular, given an initial vorticity
wo in LE for p € (1, 00), we prove strong convergence in Lg® L? of the vorticities ¢*, solutions
of the a-Euler equations, towards a Lagrangian and energy-conserving solution of the Euler
equations. Furthermore, if we consider solutions with bounded initial vorticity, we prove a
quantitative rate of convergence of ¢® to w in LP, for p € (1, c0).

1 Introduction

| In this paper, we consider the incompressible a-Euler equations on the two-dimensional torus,
which, given a > 0, read as

O v* +u® - Vo* + Zj viVug = —Vp, on (0,7) x T?

vY = ut —aAu®, on (0,T)x T? (1)
divu® =dive® =0, on (0,T) x T?

u*(0,-) = ug, on T?

and our primary objective is the rigorous study of the limit as o — 0 of solutions of (IJ).
Formally, if we substitute @« = 0 in (), we obtain that v® = u®, and then, employing the
identity

agy o _ VU

and defining 7% := p + |u®|?/2, we obtain the two-dimensional incompressible Euler equations:

O+ (u-V)u=-Vr, on (0,7) x T?
divu =0, on (0,T) x T? (2)
u(0, +) = wo, on T2
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The «a-Euler equations are part of a larger class of approximation schemes called Large
Eddies Simulations (LES), which have been first introduced in [25] by Smagorinsky and later
generalized by Leonard [I8]. LES approximations are relevant for numerical simulations of fluids
in turbulent regime. Indeed, due to the high number of scales needed in turbulent dynamics,
Direct Numerical Simulation (DNS) of fluid equations are computationally very demanding.
The idea of LES models is based on the fact that the whole range of flow scales may not be
necessary in order to have an accurate approximation. Therefore, a filter cutting the small scales
is applied to the velocity. Since the operation of filtering does not commute with the nonlinear
convective term, one needs to estimate the commutator between the filter and the convective
term and this procedure gives rise to an approximation. We refer to [I] and [16] for more details
on the derivation and the motivations of LES models. In particular, we refer to [14,22] for the
derivation of the a-Euler equations.

Concerning the system (), the filter is given by the so-called Helmholtz filter, which is
exactly the second equation in (), namely

u® = (I—aA)"tv®. (3)
The action of the filter [B]) can be written in Fourier variables as

— o v(k) 2

U (k)_71+a|k|2’ vk e Z*. (4)
The denominator of the right hand side of {]) diverges as the frequency grows, cutting the high
frequencies as a consequence.

The analysis of the limit as @ — 0 for solutions of the a-Euler equations has been widely
studied in literature. In particular, we mention the important result in [20], where the authors
analyse the convergence in L? for the velocity fields in two dimensions for smooth solutions of
the () equations on a bounded domain with Dirichlet boundary conditions towards smooth
solutions of the Fuler equations. The importance relies on the fact that in the limit of @« — 0
no boundary layers are created for the velocity. The result in [20] has been extended in [2]
where the convergence of the velocity for the problem posed on bounded domains with Dirichlet
boundary conditions has been proved for less regular solutions. We also recall the paper [3],
where the convergence as o — 0 is studied for initial vorticity in the space of positive Radon
measures. Finally, we refer to [I7,[24] where the relationship between the a-Euler equations
and the vortex blob method (another commonly used numerical approximation of the Euler
equations) has been investigated.

An important feature of the system () is that the vorticity structure of the 2D Euler equa-
tions is preserved in the approximation. Indeed, thanks to the presence of the term 3 V5 Vuj
in the momentum equations of (), if we consider ¢® = curlv®, we obtain the following vorticity
formulation of ()

Oq® +u®-Vg*=0, on (0,T)xT?

q(0,-) = g, on T2 (5)
divu® = dive® =0, on (0,T)x T?
curl v® = ¢%, on (0,7) x T2.

The vorticity formulation (B is particularly important for the purpose of this paper, since
we are primarily interested in the analysis of the convergence of the vorticity ¢ towards the
vorticity of the 2D Euler equations in strong norms. This is reminiscent of the analogous results
for the vanishing viscosity limit. In two-dimensional turbulence, the transport-structure for
the vorticity and the appearance of an inverse cascade (from small to large scales) entail that



vanishing viscosity solutions enjoy better properties compared to general weak solutions. In this
paper, we show that the same principle holds for solutions that are the limit of the a-Euler
equations.

In our first result, we show the strong convergence in LP of the vorticity to a solution
of the Euler equations which conserves the energy and is Lagrangian, namely the vorticity is
transported by the flow of the associated velocity, see DEFINITION We refer to SECTION
for the relevant notations and definitions. In particular, &k is the Biot-Savart kernel on the torus

(cf. (I8)).

Theorem 1.1. Let T > 0 arbitrary and finite, p € (1,00) and wo € LP(T?) with [, wo = 0. Let
{q8'} be a sequence of functions uniformly bounded with respect to a in LP(T?) with sz g5 =0
such that

q¢ — wo  strongly in LP(T?).

Let (u®,q%) be the solution of the a-Euler equations with initial datum qf. Then, up to subse-
quences, there holds,
u® — u  strongly in C([0,T); L*(T?))

and
q¢* = w strongly in C([0,T]; LP(T?)),

and (u,w) is a Lagrangian solution of the Euler equations. Moreover, for any 6 > 0, there exists
K (6,wp) such that for a small enough it holds

o K 5, wo o
sup [|lg*(t) — w(t)|[Lr <0+ (8, 0) +llg6° — wollz»- (6)
telo.7) [log (Jlu — ull 1 )|
Finally, the solution u conserves the kinetic energy, namely
lu(@)|lze = |uollre, Vte€ (0,T), where wug=k*wp. (7)

The novelty of our approach consists in the application of techniques related to the La-
grangian perspective, introduced in the non-smooth settings in [I1] and employed for a vanishing
viscosity scheme in [8]. We first prove the convergence of the velocity adapting the proof of [2] to
this setting. Then, by using Lagrangian techniques, we show strong convergence of the vorticity
providing a certain quantification of the convergence. Nonetheless, the rate of convergence is not
fully quantitative since it depends (logarithmically) on the rate of convergence of the velocities.

Weak solutions of the Euler equations with vorticity in LP with p > 3/2 conserve the kinetic
energy, but this is not known for p < 3/2 (cf. [6]). In Theorem [[I] we also prove that limit
solutions are energy conserving, for every p € (1,00], as previously done for the vanishing
viscosity in [6] and for the vortex blob in [7].

The second main result of this paper concerns the study of the rate of convergence in the
case of solutions belonging to the Yudovich class. In particular, the next theorem shows that
if we consider bounded initial vorticity, we can obtain a rate of convergence independent on
[Ju — U”L}L;'

Theorem 1.2. Let wg € L>=(T?) with f,ﬂ,z wo = 0. Let g§ uniformly bounded with respect to
o in L>(T?) with [ qf = 0 such that q§ — wo in LP(T?), for every p < oo. Let uf :=
(I—aA) Yk * g5 and ug := k * wp, then

1
5 = |lug — wollLz + ol Auf || L2 2290 andlet @w>0 bes.t. v <=, Ya<a. (8)

[\



Let (u®,q%) be the solution to the a-Euler equations with initial datum qf and let (u,w) be
its limit, which is the unique Yudovich solution to the Fuler equations. Then, there exist two
constants Cy and Co (depending on M = ||wg| L) such that, if « € (0,@] and T > 0 satisfy

< exp{2(2 — 2(2?];()(27211))} — ’761, 9)

it holds
u(t) — u®(t)]| 12 < exp{2 — 2exp(—Cat) HC1V/aT +~§)P%Y L OVa = K(a,t), Vt<T.

Moreover, there exists a value ag = (T, M,wo) and a continuous function g p v : RT — R
vanishing at zero, such that for every a < aq there holds

1 exp (—CT)
sup 4 (1) = w(®)llzr < OM' ™ max { g poar (K (e, 1), K(o,t) 5 b, (10)
t€[0,T]

where C' depends on M = ||wol| -

One can check that thanks to (), it is always possible to find « small enough such that (@)
holds for a fixed time T and vice versa a positive time T" such that (@) holds for a € (0,@].
Finally, assuming additional regularity on the initial datum, it is possible provide an explicit
expression for the function ¥y, p as-

Corollary 1.3. Under the same assumptions of THEOREM [[.2], let s € (0,1), if wo belongs to
the Besov space B;)OO(TQ), then the function Yy, p.a () is controlled, yielding

o 11 s exp (—CT)
sup |l¢®(t) —w(®@)|lor <CM "% max{K(a,t) JK(ayt) 2 } ) (11)
te(0,7)

where C' depends on M.

Theorem is the analogous of the results obtained in [8[9.23] for the vanishing viscosity
limit and Corollary [[.3] corresponds to [9], COROLLARY 2, for the vanishing viscosity limit.
In particular, the interest in considering initial vorticity in By . relies on the fact that some
classes of vortex patch are in those spaces. Indeed, in [I0] it has been proved that if yq is the
characteristic function of 2 C R? whose boundary 9 has box-counting dimension dimz(£2) < 2,
then

2—dimp (Q)
XQ € Bpoo ¥ (T?), Vpe[l,00).

Finally, we mention that in the case of the a-Euler equations, when considering a vortex
patch of boundary C*7, in [19] the authors obtained a rate of convergence of order al according
to our notation. The proof of [19] is built upon the observations that the C7 regularity of the
boundary of a vortex patch is preserved in time and the vortex patches under this assumption

belong to the space L>°(0,T; 32%,00(11‘2))'

Organization of the paper

In SECTION 2] we introduce the notations used throughout the paper and we recall some stan-
dard results on the Euler equations and the known results on the well-posedness of the a-Euler
equations. SECTION [3is devoted to the proof of THEOREM [[. 1l In particular, the proof is split
between PROPOSITION where we prove strong convergence of the velocity and PROPOSITION
B where we prove strong convergence of the vorticity. Finally, in SECTION [4] we prove THEO-
REM and COROLLARY [[.3] where we estimate the rate of convergence under the additional
hypothesis of bounded initial datum.
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2 Notations and preliminary results

2.1 Notations

Throughout this work, we always consider as a domain the two-dimensional flat torus T? =
R?/Z? and we denote the Lebesgue measure on it by £2. The distance on the torus is defined
as

d(z,y) =min{|lz —y — k| : k€ Z* | |k| <2}

and it is immediate to check that d(z,y) < |z — y|.
We use the standard definitions of functional spaces LP = LP(T?), H® = H*(T?) and W*? =
W#P(T?), in which we avoid writing explicitly the dependence on T? for the norms. To simplify
the notation, we use L} X, for the Bochner spaces LP(0,T; X (T?)). The space C°([0,T) x T?)
denotes the space of smooth functions with compact support in time and periodic in space.
Finally, we introduce an ad-hoc norm for the solution of the a-Euler equations, namely the
a-norm defined by

113 =11~ 122 + all VOl (12)

In this exposition, we use multiple times a generic constant C'. This constant does not depend
on « unless the dependence is specified and even if the constant C appears more than one time
in the same computation, its value may change from one line to the next.
2.2 The a-Euler equations
For the sake of completeness, we derive the vorticity formulation of (). Let us define

q“ :=curlv® and w®:=curlu®.

We recall that in dimension two the curl is a scalar and we employ the standard identities
> uVug = V|u®?/2 and curl(u® - Vu®) = u® - Vw®. Taking the curl of (), we get

Oq® +u” - Vw® — acurl(u® - V(Au®)) — acurl Z AufVuj | =0. (13)
J

We compute the two curls and obtain
curl(u® - V(A u®)) = 0ou 01 (A ug) + uf 0201 (A uf) + ous Oa (A us) + uydz(Auf)
— 0ufo (A ug) — ufOt(Auy) — O usde(Aus) — usdda(Auy) (14)
and
curl Z AufVuj | = 02(Aui)oiuy + Aufd201uf + Augdodiuy + Aug0201u3

J
— 81(A u‘f‘)agu‘f — Au‘f‘alﬁgu‘f‘ — 81(A ug‘)agug‘ — Aug‘alﬁgug‘. (15)



Therefore, by ([4)-(13), simplifying the opposite terms, identity (I3) becomes
g™ +u® - Vw® — a(u® - V) Aw® — divu® curl(Au®) = 0.

Employing the incompressibility constraint, we obtain that ¢® = curl v® satisfies

O™ +u® - Vg* =0, on (0,T)x T? (16)
Q(()? ) = q87 on Tza
where v® is related to the vorticity ¢“ as
dive®* =0, on (0,T)x T? (17)
curlv® = g%, on (0,7) x T2.

The system (I7) yields the existence of a stream function % : [0,7) x T? — R such that
v® = V4 and ¢® = — A9 on [0,T) x T2. The solution of this Poisson equation is given in
terms of the Green function on the torus, under the condition fW q“dx = 0, which is preserved
in time by the equation at least formally. The Green function on the torus reads

log|z — y — 27k]|
CJ'JI‘2 (Ia y) = Z - o7
k€Z2,k#0

and the corresponding Biot-Savart kernel, which can be used to represent the solution, reads
v* = WV Grz(z, y)q“(z)dx = k * ¢*. (18)
This relation implies that the Calderon-Zygmund estimates hold, see [2I], namely
Vol < Cpllg®*|[zr,  Vp € (1,00), (19)

where C), ~ p for p > 2.
We state the well-posedeness of the a-Euler equations whose proof can be adapted from [2,[3]
to the two-dimensional torus.

Theorem 2.1 (Well-posedeness of a-Euler equations). Let g € LP(T?) with p € (1,00) and
fW q¢ = 0. Then u§ = I—aA) 1k xq§ € W3P(T?) and there exists a unique solution u® €
L0, T; W3P(T?)) of (). Moreover, the solution u® conserves the a-norm, namely

[u*®)lla = uGlla, — VO<ET. (20)

The conservation of the a-norm can be shown formally by considering (1) and testing it
against u®, integrating over the torus, which yields

Or(u® —a Au®) - udx +/ u® - Vu* —aAu®) - uds
T2

+/1r2 ;(ua—aAuo‘)jVu?-uo‘d:v: — | Vp-u“dx

T2

T2

Exploiting divu® = 0 and integrating by part, removing the trivially zero terms, we obtain

all2
dHu la / Za Au O‘da:—/ Z 0‘8 (AuFugde =0
11‘2.. T2

7,0=1

where the two terms simplified by swapping the indices in the sum.



2.3 The two-dimensional Euler equations

Let T' > 0 be arbitrary and finite, the two-dimensional Euler equations on the torus are

Ou+u-Vu=—Vp, on (0,7) x T?
divu =0, on (0,T) x T? (21)
u(0, +) = uo, on T2,

which in vorticity formulation reads

Ow+u-Vw=0, on (0,T)x T? (22)
W(O,) = Wo, on Tzv
where
divu =0, on (0,T)x T? (23)
u=k*w, on (0,T) x T2

We introduce the Lagrangian description of [22). Let X : [0,7) x [0,T) x T? — T? be such that

(24)

Xt_,s(x) =u(s, Xy 5(z)), Vse[0,T], Ve T?
Xii(z) =2, VaeT?

for any given ¢t € [0, T]. By the theory of characteristics, if u is smooth, we know that the unique
solution of the two-dimensional Euler equations with initial datum wq satisfies

u(t,z) = (kxw)(t,z), and w(t,z):=wo(X¢o(x)). (25)

In order to extend the definition to the non-smooth case, we need to introduce the following
definition.

Definition 2.2 (Regular Lagrangian flow). A map X € L*®((0,7) x (0,T) x T?) is called a
Lagrangian flow for the vector field u € L'(0,T; L(T?)) if

e the map s — X; s() is an absolutely continuous solution of ([24)) for almost every z € T?
and any t € [0,7T);

e the map x — X, ;(x) is measure preserving with respect to the Lebesgue measure on the
torus for any s,t € [0,T).

The definition of Lagrangian solution in the non-smooth setting is the following.

Definition 2.3 (Lagrangian solution to the Euler equations). Let p € (1,00) and wg € LP(T?).
The couple (u,w) € LPWLP x L LP is called Lagrangian solution to the two-dimensional Euler
equations if there exists a regular Lagrangian flow in the sense of DEFINITION and the couple
(u,w) satisfies (25]) for almost every (¢,z) € (0,T) x T?.

3 Quantitative strong convergence of the vorticity

In this section, we present the proof of THEOREM [I 1] which is split between PROPOSITION
and PROPOSITION B77l We recall and adapt some lemmas introduced in [2]. In the first
proposition, we prove the convergence in velocity and we show it implies conservation of energy.
In the second proposition, we introduce the proof of convergence in vorticity through Lagrangian
techniques.



3.1 Preliminaries

In this paragraph, we show some bounds which are needed to prove the convergences in THE-
OoREM [Tl We know that the solution u® is regular enough so that the L? norms of ¢ are
preserved in time, thanks to THEOREM [2.J1 Hence, using standard elliptic estimate and the
Calderon-Zygmund inequality ([I9), we get

[ullwrr < Cllv*lwre < Clig*[lLr = Cllgg e, Vp € (1,00). (26)
Moreover, the elliptic equation v = u® — a A u® yields the additional regularity
[u*[[wsr < Ca™ o lwrr < Ca™ g |[Lr = Ca™ g5 ||Le,  ¥p € (1, 00). (27)

This elliptic estimate can be adapted on the torus from [I5], THEOREM 8.10. The inequality
@1) is not uniform with respect to «; nevertheless, it is used in LEMMA Bl to produce an
improvement of (26) to control the L? norm of the gradient and the Laplacian of u®, even for
p < 2. The proof is an adaptation of PROPOSITION 3.1 in [2]. This bound refines the proof
for the convergence in velocities with respect to [19]. Moreover, the energy conservation for the
limit solution is proven as a direct consequence of this estimate.

Lemma 3.1. Let ¢® € LP(T?) and let u® := (I—aA)~'k x q*. Then, for every t € [0,T), it
holds
|Vu Oz < Ca*~5llg"(0)]lz, VP e (1,2,
TN
[Au*@)|[r2 < Ca?g*)r,  Vpe(1,2],
| Au (D)2 < Ca 2 g D)llen, W22

Proof. For p € (1, 2], we interpolate (26)-(27) using Gagliardo-Nirenberg inequality. In particu-
lar to bound Vu®, we consider the following case

1_1 3_1
[Vu®|[2 < CID*u®||7, *[IVu®|;, ", Vpe(1,2]. (28)
Owing to (26)-(27)), we obtain
IVu®| 2 < Caz 7 |q%|re,  Vpe (1,2

We proceed in analogous way to control || Au®||z2 and we infer

1 1—1 1
IAu|ze < CID*u| L lIVu| e < Ca?llgllee,  Wp € (1,2]

Let us define v* = k % ¢%, thus
vY =u® —aAu®.

We test this identity against — A u® to infer
1
IVu®(lZe + el Aulfze = (Voo Vu®) e = S[Vu|zz +al Au|fa < [Vo°72,  (29)

by Young inequality. Lastly, employing (28), we deduce
Vol Au®|2 < Cllg*|Le, V=2,

which concludes the proof. O



3.2 Strong convergence of the velocity and energy conservation
At this point, we have all the tools to show the strong convergence of the velocity.

Proposition 3.2. Let T' > 0 arbitrary and finite, let qf and wo under the assumptions of
THEOREM [Tl and let the couple (u®,q®) be the corresponding global solution to the a-Euler
equations. Then, there exists a couple (u,w) such that, up to subsequences, it holds

u® — u  strongly in C([0,T]; L*(T?)), (30)

q* —* w  weakly-x in L*>(0,T; LP(T?)) (31)

and u is a distributional solution of the FEuler equations with initial datum ug = k *wg. Finally,
u conserves the kinetic energy, namely

lu(®)llL> = lluollz2, vt € (0,T).

Proof. Step 1: WEAK CONVERGENCES. We know that the sequence ¢® is bounded uniformly
in L°°(0,T; LP(T?)) by THEOREM 2.1l By a standard compactness argument, we have that up
to (non relabelled) subsequences

¢® —=*w weakly-* in L>(0,T; LP(T?)). (32)

By (26)), the corresponding velocities u® are bounded uniformly in o with respect to the LW 1-P-
norm, hence, up to a (sub)subsequence, we have

u® —=* u  weakly-x in L°>(0,T; WhP(T?)), (33)

which implies
u® —=* u  weakly-+ in L°>(0,T; L*(T?)). (34)

Step 2: STRONG CONVERGENCE OF THE VELOCITY. We rewrite (Il as

O (u® — aAu®) = —div(u® @ u®)
+a ) 0;0:(uf0u®) — a Y 9 (ufou) +a Y 9;(0iusVus) — Vr*,  (35)
%7 i, i,]

thanks to standard tensor identities and 7@ = p + [u®|?/2.

Now, we want to control the time derivative of the velocity and use Aubin-Lions Lemma, in order
to show the strong convergence of u®. Let ¢ € C>(T?), then there exists ¢ = (1 —aA) "ty
and ¢ € C°°(T?). Multiplying B5) by ¢* and integrating over T2, after some integrations by
parts, we infer

O(u® — aAu®) - %dx = / (u* @ u®) : Vp*dzr + aZ/ ugOju® - 0;0;p%dx
'JI‘2 ']1‘2 j,i 'JI‘2
+« Z Oiuf 0u® - 0jp*dr — « Z OuGVug - 0ip®dr — Vr% . p%dx
ji 7T g T T2
=T +To+T5+ T, — V. o%dz. (36)
‘]1‘2
On the left hand side of (B8], we get

O(u® —aAu®) - p%dx = | u®  I—al)pdx = / Opu® - pdx. (37)
T2 T2 T2



Hence, we need to bound every term on the right hand side of B8] to control {d;u®}. The
control on the first term in the right hand side of ([B4) is straightforward

|T1| :=

/TQ(“Q ®u®) : Vodr| < Cllu|[1lIVe® [z < Cllugllzllo® || ae. (38)

For the other terms, we employ the bound on the a-norm given by 20). In particular, for the
second term of the right hand side of ([B6l), we obtain

1
o] == GZ/T2 u§ dpu® - 0;0ip%dx| < Carllu®|| 2| Vu| L2l w2 < CaZ g3l -
g

(39)
Finally, the third and fourth term are respectively bounded in the following way

Tli= oY [ ougon” - 8yp°de| < Col Va3V 1 < C g2 s, (40)
s

Tl i= oY [ 0§ Vus - digda| < Call Vu |3 V6"l < C 310 . (41
2.

Lastly, we need to estimate the pressure term. Let us consider [B8) and take its divergence.
Owing to the incompressibility constraint, we get
9;0; (uiu) — ady (0;0i(u§ Oiuit) — 9;(0iug diuf) + 95 (Oiu§ Ou)) = — Aw®.
Here, we consider the pressure as the sum of two contributions 7® = 7 + 7§ such that
Anf = —0;0;(uiu}), Awy =ad, (Bjai(u?&-uf‘) — 0;(0uf Oyuf’) + (’%(&u?@lu?)) .

For the term 7{, we notice that it can be bounded analogously to (B8], which is

< Tl < Clu|Za 19 e (42)

vl - e%dx
T2

= '/W Bj(uf‘u?)gog‘dx

The control on the term 7§ is exactly equivalent to the ones in ([B9)-(@0)- (@I, indeed

‘/ Vg - o*dx
T2

Now, the estimates for the non-linear terms (38])-(B9)-(@0)- (@Il and the ones for the pressure
#2)-@3) complete the control of the right hand side of ([B6). Indeed, employing the elliptic
estimate ||¢%| g < Cll@| ga, we infer

< |To| + |T5] + |Tul < C(lul[) 1% | 224 (43)

(Ocu®, @) < Clle* [ Ha(r2) < Cllelacr).- (44)

Thus, d;u® is uniformly bounded with respect to o in L H, . The immersion of L%(T?) is
continuous in H~4(T?) and by (B3] the velocity converges weakly-* in L° (0, T; WP(T?)) with
WP(T?) compactly embedded in L?(T?). Hence, we use Aubin-Lions lemma to infer that up
to a new (sub)subsequence

u® — u strongly in C([0,T]; L*(T?)). (45)

10



Step 3: EQUATION FOR THE VELOCITY. We want to show that the limit u is a solution to
the Euler equation with initial datum wug. First, we recover strong convergence of uf to ug in
L?(T?). We recall that the initial data are defined as

v =kxqd, uy:=T-al) g, up:=k*wp.
Owing to () and ¢§ — wp in LP(T?) by hypothesis, we have that
1051l 22 = lluollz2- (46)
Then, we consider LEMMA [3.T] and if p > 2, we deduce
ol A2 = Va(val Aug2) = 0. (47)

Whereas, if p € (1,2), we obtain

af| Aud||pz = o' r (ar | Aug| ) 225 0. (48)
By {@T)-@S8), we infer from 6] that
[ug — v lle = all Augllz = 0 = |lug L — lluol| L2 (49)

Now, we are left to show that the limit u is a distributional solution to the velocity formulation
of the Euler equations. Thus, we need to pass to the limit into ([33). The term 0 (u* —a A u®) —
Oyu in the sense of distribution thanks to ([B4]). Indeed, for any ¢ € C°((0,T) x T?), it holds

(O (u™ — a Au®) / / (—0rp + a A dyp)dads
‘]1‘2

— / / (—0rp)dads = (Oru, ).
T2

Let p € (1,2), considering the right hand side of (3], thanks to LEMMA [BI] we obtain

3_1
aufOiu(|r < Callu®||r2[[Vu®||r2 < Ca2 77 ||ug|allgg|lr — O,
adulduc||: < Cal|Vu®|22 < Ca® 5 |lggl|2, — 0, (50)
ladiug Vui|| L < Cal|Vu®|3: < Ca? » a3, — 0.
Analogously for p € [2,00), we use (28] to deduce
laufdiu||pr < Callu®|| 2] Vu®|| 2 < Callugllalles e — 0,

ladu§dus|| L < Cal|Vu|7: < Callgg|is — 0, (51)
||a8iu;”Vu;?‘||L1 < Ca||Vuo‘||%2 < C’o<||q§||%p — 0.

After integration by parts, for any p € (1, 00) inequalities (BI)-(B0) imply the following conver-
gences in the sense of distribution

O‘Z 0;0;(uj0;u™) — 0, « Zaj(aiu?&-ua) —0 and « Zﬁi(aiu?‘Vu?‘) -0
ij ij i

Hence, in the right hand side of ([B3]), we are left to pass to the limit for div(u® ® u®). However,
this is implied by strong convergence of the velocity in ([{@H]).
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Step 4: ENERGY CONSERVATION. By THEOREM [2.1] we know that the a-norm of the solution
is conserved, namely

lu®@)lI72 + ol Vu Oz = [lug 12> + all Vug |7 (52)

and we want to pass to the limit as o — 0. Considering LEMMA [3.1] we obtain

2
ol Vu®||2. = a®" b (a%7%|\VuO‘HLz) <a¥>3C% 50, asa—0, Vpe (1,2). (53)
Moreover, by ([26]) we get

al|Vu®||2; < all¢*||3, =0, as a—0, Vpe€[2, 0] (54)

We proceed in analogous way to control Vug and we infer

al|Vugl?: =0, as a—0, VYpe(1,00]. (55)
Employing (B3)-(G4) and (GH), we pass to the limit into (G2]) to obtain the thesis
lu(®lZ> = lluollZ, ¥p € (1,00], (56)

where we have used the strong convergence of the velocity in L?(T?) expressed by {@5)-E3). O

3.3 Strong convergence of the vorticities

We proceed to prove that the limit solution of the a-Euler equations is a Lagrangian solution
of the Euler equations. This proof is analogous to the one in [I2] for the vanishing viscosity
scheme. Let us introduce the transport equation as

Ohp+b-Vp=0, on (0,T)x T? (57)
P(Oa ) = po, on T27
with divb = 0. We define in the following way a renormalized solution.

Definition 3.3. A measurable function p is a renormalized solution of (&), if it solves in the
sense of distribution

OB(p) +b-VB(p) =0, on (0,T)x T?
B(p)(0,-) = B(po), on T2,

for any 8 € C*(R) N L>(R).
We first recall the following lemma, given by THEOREM I1.6, [13].
Lemma 3.4. Let b be a vector field such that
b(t,x) € L*(0,T; WHP(T?)), divb =0

and p € L>(0,T; LP(T?)) be a renormalized solution of the transport equation according to
DEFINITION B3l Let £ € L*°(0,T; LY(T?)), where q = %, be a renormalized solution of the
following backward transport problem

—0& — div(bg) = ¥, in [0,T) x T?
g(Tv ) = §T7 m TQ,

where x € L*(0,T; LY(T?)) and & € LY(T?). Then, it holds

T
| [ xwdsds = [ ¢ 0miade~ [ er@pleT)d (58)
0 T2 T2 T2

12



With the introduction of this setting, we are able to prove that the limit w is a Lagrangian
solution of the Euler equations.

Proposition 3.5. Let (u,w) be the limit of (u®,q®) according to PROPOSITION [3.2] Then,
(u,w) is a Lagrangian solution of the Euler equations according to DEFINITION [2.3]

Proof. Step 1: CONSISTENT LIMIT. We begin the proof by showing that u = k % w. The
starting point is the equation

u* —aAu® =kxq*, aa.te(0,7).

Given a scalar test function ¢ € C2°((0,7) x T?), we have that

T T
/ / (u® —aAu)pdrds = / / (k % ¢%)pdxds.
0 T2 0 T2

Considering the left hand side, we obtain

T
li ¢ —aAu*)pdrds =
Q%A /’p(u aAu®)pdrds

T T T
= lim / / u®pdrds — lim a/ / u® A pdxds = / / updzds,
a=0Jo Jr2 a=0Jo Jr2 o Jr2

where we exploited the smoothness of ¢ and ([@5]). Instead, for the right hand side we have

/OT /T (k * ¢*)pdads = /OT /T </T biva y)qa(x,s)) (e, s)deds =
= /OT /Tz q*(z,s) (/Tr2 Fop2 (2 — y)sﬁ(l‘,s)> drds = /OT /Tz ¢° (k % p)dxds.

Here, being ¢ € C°((0,T) x T?), by Young inequality we have
[k *plla <[kl lllle < C. (59)

Employing ([32)), taking the limit as o — 07 and switching back the convolution, we infer

T T T
/ / wpdzrds = / / w(k * p)dxds = / / (k * w)pdxds,
o Jr2 o Jr2 o Jr2

for any ¢ € C°((0,T) x T?). This implies u = k * w for almost every (t,z) € (0,7) x T? as
wanted.

Step 2: LAGRANGIAN SOLUTION. We show that (u,w) is a Lagrangian solution. We only need
to prove it for p € (1,2), because for p > 2 it follows directly from uniqueness of the solution of
the transport equation (see [13], THEOREM 11.3). Let us consider (I6)), let x € C°°((0,T) x T?)
and let us define the backward transport problem for u® of the form

—0&* — div(u®€®) = x, in (0,7) x T? (60)
& (T,) =0, in T2
and the limit backward problem
-0 — div(ué) = x, in (0,7) x T? (61)
&(T,) =0, in T2.
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Thanks to the stability theorem in DiPerna-Lions, [I3] THEOREM II.4, it holds that £* — & in
C([0,T]; LY(T?)), for every q € [1,00]. Since u® is smooth, ¢® satisfies

T
/ / xq“dzrds = &%z, 0)q5 (z)dz, (62)
12 Jo T2

where &, solves ([G0). We recall that ¢® —* w in L°°(0,7T; LP(T?)) and ¢§ — wp in LP(T?),
therefore passing to the limit in (62]), we obtain

T
/ / xwdzds = &(x, 0)wo(x)de, (63)
T2 Jo T2

where ¢ is the unique solution in C([0,T]; LY(T?)) of (€I). Using LEMMA B4l on the limit
backward problem, we infer

T
/ / xwrdxds = &(x, 0)wo(x)dx, (64)
T2 Jo T2

where wy, is the unique renormalized solution, thus Lagrangian of the transport equation (&1
with velocity field v and initial datum ug (cf. [I3] THEOREM I1.3). Subtracting (E3) and (G4)
we get

T
/ / X(wr —w)dxds =0, Vx €C>((0,T) x T?),
T2 Jo

which implies that w = wr,. O

We notice that for the a-Euler equations, we can introduce the flow map X® using the
classical theory of characteristic (cf. (24])-([25])), since the velocity field u® Lipschitz due to the
embedding W3P — W1  Knowing that the limit solution is Lagrangian for any p € (1, 0),
we want to study the convergence of the flows as it has been done in [11].

Lemma 3.6. Let T > 0 arbitrary and finite and let (uf,q§) be under the assumptions of
THEOREM [Tl and let (u®, ¢%) be the sequence of unique solutions of a-Euler equations according
to THEOREM 211 Let (u,w) be the limit of (u®, ¢®) obtained in PROPOSITION and let X{*
and Xy s be the corresponding Lagrangian flows according to [24) and DEFINITION 2221 Then,
it holds

[, dxe. @), X (@) do < ¢ , (65)
™o [log (Jlu — ullp s )|

where the constant C' depends on ||Vul iz and on T

Proof. Let 6 = ||u® —ul[1p1. Let us define the quantity

g5 (s) = /T2 log (|Xt°fs($) ;th(:b)l . 1) . (66)

Let us consider = — log (1 + %), increasing in [0,00). We use Chebyshev inequality to infer

2 2 a 1 |X1?:s(x) - Xt15($)|
L2 ({z e T?|A(XP(x), Xy s(2) > e}) < m /11‘2 log ( 5 + 1) dx,

(67)
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for every e > 0. We have used that on the torus it holds d(X (), X s (7)) < [ X (x) — Xy s (2)].
We split the integral over the torus in two complementary sets as

/d(Xﬁs(a:),Xtﬁs(:r))d:rg/ d(XtO)‘S(x),Xtys(x))daj
'[FZ

{zeT?|d(X{, (2), X+, s (2))<c}

+ / (X7 (1), Xy () do
{zeT?|d(X{,(2), X1,s () >e }

We use (67)) to infer

« 1 |X€‘S($) - Xt7s(:17)|
/p d(X s (z), Xi s(x))dr < e+ m /p log < 3 + 1) dx. (68)

The inequality (G8]) holds true for any € > 0, thus we can choose € = V5. We recall that § goes
to zero as a — 0, by definition. Therefore, we can take a value « for which § < 1, which yields

S S
log (%—i—l) - ‘1og\/5‘ |log 3|

Substituting into ([G8) with (G6l), we infer

o 2
[ 4G @) X < VB + ().

By DEFINITION and (66), we know g5(t) = 0 and

96(8)=/t g5(7 dT</ /T2| Xit(T(”:l_adxdT

// TXO‘ (T Xa d 0 +// TXO‘ u(r, Xt’T)|d J (69)
xdT,
[ X (z X”( |+5 | X3 (z X”( )+

where we have summed Fu®(7, X{*,) in the numerator and we have used the triangular inequal-
ity. The first term in the right hand side of (G3)) is controlled as

/ / T Xa - (T7Xg7')|d d
TaT
T2 |Xt Xt T( )| + 5
s (¢ X&) — XX -
S / / |u (Tu t,T) U(T7 t’T)|d$dT S w < C (70)
T2 0 g

thanks to (69). We are left to bound the second term in the right hand side of ([69). Let M be
the maximal function operator defined on L' functions as

- L 2
MI@) =i s [ 1s@ue, v e

We recall that for any f € LP with p € (1, o0], it holds

[MfllLe < C|l flze-
Moreover, for any f € W1, there exists a set N' C T? such that £2(N) = 0 and

|f(x) = f(y)] < Cd(z,y)(MD f(x) + MD f(y)), Vo,yecT\N. (71)
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This allows us to deduce

// TXQ ur Xeo)l g <c/s IMVu(r, X2 dedr+
rdr < u(r, X7, )|dedr
T2 X”( )| +6 ¢ Jr2 b

+ C/ IMVu(r, X 7)|dedr < Cl|Vul[ipy < C[Vullpire, (72)
t T2

thanks to the measure preserving property of the flows X

([@2) into ([69)), we obtain

and X;s. Substituting (70) and

»S

2 C
C< ,
[logd| =~ [logd|

/ d(X 2 (x), Xes(x))de < V5 +
‘]1‘2

exploiting that v/§ < for § < 1. Recalling that § = [[u® — ul| 111, we have the thesis. [

_1
log(s)”
LEMMA allows to prove a result on the strong convergence of the vorticities.

Proposition 3.7. Let T > 0 arbitrary and finite and let (u§,q§) be under the assumptions
of THEOREM [Tl Let the couple (u®,q®) be the corresponding global solution to the c-FEuler
equations. Let (u,w) be the limit of (u®,q*) obtained in PROPOSITION [B.2], then for any § > 0,
there exists K (8, wo) such that for a small enough it holds

K(6,w o
sup g (1) )l < 8+ o g (73)
telo.7) [log (Il ~ ull 1 )|
which implies
q® — w strongly in C([0,T]; LP(T?)). (74)

Proof. We recall that Lipschitz function are dense in LP(T?), for every p < co. Thus, we take a
sequence of Lipschitz function {w]}jen, such that w) — w as j — oo in LP(T?). We notice

o) = wiollor = ( [ 16Cx0) — wn(Xeo)Pd ) <

</1r2 |w8(X§f0) - Wo(Xt‘fo)|Pd:1:>% + (/ Wl (Xo0) - wo(Xt10)|de>% .
(st —tsars) ([ s -iirs)

Knowing that wg are Lipschitz and using the estimate on the flows (GAl), we deduce

K(&, OJQ)
flog (Jlu = wll 31

lg*(8) = w(t)l| v < 2]lwd(t) = wo(®) e + )’ + g5 (1) = wo(B)l|Le- (75)

If we send first @ — 0 and then j — oo, by employing the strong convergence of u in L{°L2,
thus in L LL, we get that ¢® — w strongly in C;LP. Given § > 0, we can take the sequence

{wd} jen such that & > 2|w)(t) — wo(t)||Lr, for any j € N, and infer (73) from (7H).
The convergence (74) follows from [[u® — u|[ 171 — 0 as a — 0. O

This result completes the proof of THEOREM [L.11
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4 Rate of convergence for bounded vorticity

In this section, we analyse the rate of convergence for the initial vorticity in L°°(T?). The main
tool we employ is a standard generalization of Gronwall inequality, known as Osgood’s lemma.
We recall here the statement as it has been proven in [5].

Lemma 4.1 (Osgood Lemma). Let p be a positive Borelian function, v a locally integrable
positive function, u a continuous increasing function and M(x) = fxl u(%:)'
for a strictly positive number n, the function p satisfies

Let us assume that,

o) <0+ [ Aol

to
Then, we have

M@—Mwmg/v@@

to

4.1 Rate of convergence for the velocities

As a first step to prove THEOREM [[L2] we use a technique introduced by Chemin in [4] to control
the convergence of the velocities, employing LEMMA [ZT]

Proposition 4.2. Let qf and wo be under the assumptions of THEOREM [[L2l Let uf :=
(I—aA) Yk *q§ and ug := k * wp, then

78‘::Hug‘—uOHLz—i—aHAuS‘HLza—%>0 and let @ >0 best -~y < Va<a

57
Let (u®,q%) be the solution to the a-Euler equations with initial datum qf and let (u,w) be
its limit, which is the unique Yudovich solution to the Fuler equations. Then, there exist two
constants C1 and Co (depending on M := ||wo|| ) such that, if « € (0,a] and T > 0 satisfy

o< exp{2(2 — 2exp(C2T))} — &
- (ChT)? ’

it holds
lu(t) — u®(#)|| 12 < exp{2 — 2exp(—Cat)  (Crv/aT +~5)*P% L C\/a == K(a,t), Vt<T.

Proof. We observe that considering the assumptions of THEOREM [[.2] we have that THEOREM
[LT holds true for every p < co. Therefore, we know that ¢® converges to w in C([0, T]; LP(T?)),
for every p < oo and it is uniformly bounded in L°((0,7) x T?). Hence, we deduce that
w € L*((0,T) x T?), which implies that u is the unique Yudovich solution to the Euler equations
(cf. [26]). Now, set

y* :=v* —u and 2%(t) = |ly“(¢, )| 2 (76)
Let us take the difference between the Euler equations and the a-Euler equations and test it
against y®. Summing the terms + sz v* - Vu - y*dz, we obtain

1d
5o lyell? = / (v* - V)u - y“dx — / (u® - V)o*  y*de — / v§ousydde
2 dt T2 T2 T2 J:ZLQ J J
- / (v Vu-y“de + / (u-Vu-y“dx.
T2

T2
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Using the definitions of v® and y“, after some computations, we infer

1 d « (0% (6% o (0% (67
3l =—a [ @ut Vuyrds = [ @ vy yde
T2 T2
_/2 Y ufdufylde +a , > A“?@u?y?dl’—/z(ya'V)u'yadl‘-
T j=1,2 T j=1,2 T

Owing to the incompressibility constrains, we cancel out some terms and we obtain

1d

& ly®? = —a /TZ(AUO‘ . V)u-yo‘daz—ka/p Z Aufufy;dr — /Tz(yo‘ -V)u-y“dx. (77)
j=1,2

We first control the last term in the right hand side of () with a technique analogous to the
one used in [4]. Using Holder inequality and ([I9), we get

5 5
e utde < i9als ([ o) T <o ([ weas) T
T2 T2 T2
We observe that y¢ = —k * (w — ¢). By Calderon-Zygmund inequality, for ¢ > 2, we have
ly*l[Lee < Clly*llwre < Cllw = ¢*||a < Cllwollze < C. (79)

The right hand side of (Z8]) is controlled as

1 -1
|22 pT 2], o =2 pT «@ 2% « % « 2L;1
. ly*|7=Tdz = . ly*|*ly*| 7T dz < y*lze" Ny*ll7e < Clly*llz" - (80)

We are left to control the first two terms in the right hand side of (7). By LEMMA Bl we
deduce va| Au®||2 < Cllg8|lr2. Exploiting this fact, we control the first two terms in the
right hand side of (7)) with some applications of Holder inequality and we deduce

(07

/ (Au® - V)u-y*de
T2

+ AuSoulyd
CY/TQZ ’U,] ’U,]yl X

j=1,2
<Va(Wall Au®|L2)([Vullzz + [Vu®|z2)[[y* e < CVa, (81)

where we have used ([9). Finally, we substitute back into (77)) the estimates (78)-(81I]) and (80)
and by definition (Z6]), we obtain the ordinary differential inequality

2ty < Op(z2 @) (7)) + ova, wp > 2. (82)
Thanks to ([@1)-@S)-@3), we deduce (8]), namely
76 = llug — uollLz + af| Auf|| = 0, as a—0.

Thus, let @ be such that 7§ < 1/2, for every a < @. Hereafter until the end of the proof, we
consider « € (0, @] and an application of triangular inequality yields

29(0) <6 < 3. (83)
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We want to apply a substitution for which we need z(t) € (0,1]. We know that z*(0) < 1/2
by B3) and we define a “modified” z* as

1
2§ (t) == 2z%(t) +0 where ¢ € (O, 5} such that 2z§(0) <1 and z§(¢t) >0, V¢>0.
From this definition, it is easy to check that (82)) still holds for z§', namely

22(1) < Cpzg ()78 + ova, Wp>2 (84)

We notice that ([84)) holds for any p > 2, therefore we consider p = 2 — log(z§(¢)), which is well
defined thanks to z§'(¢) € (0,1]. We infer with some simple computations

(25)" < C(2 —log(25))25 + CVa,

1

thanks to (z§) ™5 =e~!. Integrating over time, we obtain

25 (t) = 25°(0) < C1v/aT +/0 C2(2 —log(z25'(s))) 25 (s)ds, Vi e (0,T].

We apply LEMMA ET] with pu(x) = x(2 — log(z)), M(z) := log(2 — log(x)) — log2, n :=
Ci1vaT + z§(0) and ~(s) := Cy, yielding

—log(2 — log(z5 (1)) + log(2 — log(C1 v + 2§'(0))) < Cot,

which implies
22(t) < exp{2 — 2exp(—Cat) HCrV/aT + z(0))P(=C20), (85)

We recall that we required to start with an initial datum such that z§'(0) < 1 and the inequality
(85 holds as long as z§'(¢t) < 1. This statement holds true as long as we consider

< exp{2(2 — 2exp(CaT))} — 7§
- (C1T)? '

We can pass to the limit as 6 — 0 and deduce that (85 still holds if we take z*(¢) in place of
zg'(t). We complete the proof of the theorem through an application of triangular inequality,
yielding

lu—u®|L2 < lu— vz + [Jv* — w2 < 2%+ af| Au?||

< exp{2 — 2exp(—Cot) }(Crv/aT +43)™P=C20 4 CV/a,

where we have used (BH) and LEmMA [371 O

4.2 Rate of convergence for the vorticities

In this paragraph, we conclude the proof of THEOREM We use the “Chemin-type” estimate
given by PROPOSITION to control the rate of convergence of the flows. This allows us to
bound the rate of convergence of the vorticities using the definition of Lagrangian solution.

Proposition 4.3. Let wy and q§ be under the assumptions of THEOREM [[2] let (u®,q®) be
the solution to the a-Euler equations with initial datum q§ and let (u,w) be its limit, which is
the unique Yudovich solution to the Euler equations.
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Then, there exists a value ag = ao(T, M,wo) and a continuous function Yy, pv : RT — RY
vanishing at zero, such that for every a < ag holds

sup 4°(0) = w(O)llr < CM' max {thsg s (K (0, 1), Ko, ) ™57 |,
te(0,T

where C' depends on M.

Proof. Step 1: QUANTITATIVE ESTIMATE FOR THE FLOWS. Let X', and X;s be the two
Lagrangian flows relative to u® and u. Subtracting the two respective definitions of the flows,
multiplying them by X3, — X; s and integrating over time, we obtain

Xas - X s 2 s
% = / (uo‘(T, X{) —u(r, Xtﬁ)) (XffT — XW) dr. (86)
t

We proceed by summing to the right hand side +-u(7, X7*;) and we infer
/ |(uo‘(7', Xg‘T) — u(r, Xtﬂ.)) (XgT — th')| dr <
t
/t ‘(UQ(T, XE‘T) — u(r, Xz‘T)) (ijT - Xtﬂ-)‘ dT+/t ‘(U(T, XE‘T) — u(r, Xg‘T)) (ijT - th') ’ dr.

Integrating over the torus, we bound the first term owing to the measure preserving property
of X{*. and using Young inequality. The second term is bounded thanks to (1), hence we infer

/ / ‘(UQ(T, X)) —ul(r, Xe 7)) (X2 — Xir) ’ drdx
T2 Jt

Xt T|2
—Hu —uHLooL2|t—s|+/ / drdz
t T Xt,7'|2
-I—/ / _ 5 [MVU(T,')(XST)+MVU(T,-)(X,577-))} drdx. (87)
T2

By substituting (88) into ([87) and employing Holder inequality on the last term, we get

| X7 — Xisl? S|X X”|2
e < ||u ullppralt = sl || S drda
T

p—1
s (1xe, - X2\

+ 11Vl o / / Rir = 2l gede, (89)
t T2 2

where we have used that X;*, and Xy, take values in T2.

Let y(t,s) = [1» (M) dx, then the equation (B8] can be written as
y(t, s) §K(o¢,t)—|—fst( (t,7) + Cpy(t, 7') 7 )dT
y(t,t) =0.

Noticing the similarity with ([82]), we can proceed in analogous way because y € (0,1). We define
p=2—log(y(t,7)) and applying LEMMA [£T] we obtain

—log(2 —log(y(t, s)) + log(2 — log(K (a, t)) < C(t — s),
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which implies
/T2 |X7 — Xi,s[?de < 2exp {2 - Qe_c(t_s)} K(a,t)e T, (89)

Step 2: QUANTITATIVE ESTIMATE FOR THE VORTICITIES. Since wy € L*(T?) and therefore in
L'(T?), there exists a modulus of continuity in L, that is a continuous function 1, (-) vanishing
at zero, such that

lwo(- + h) = wo()llzrr2y < Yo (|hl), for any h e T2

Therefore for any € > 0, we get

g () —w®llL1(r2) = llg5 (X£o) — wo(Xe0)llLr(r2)

< |w0(Xto,tO(x)) _WO(Xt,O(fE))‘ dx

/d(Xf:o(z),Xt,o(z))<s

+ / ‘wo(Xﬁ‘O(:E)) — WQ(XtyQ(CE))| dx
d(Xpo(®),Xe0(x))>e

+ 195 (X70) — wo(X7o)ll e

2||wol| oo (72
<t (6) o+ TEOEE [ X0, - X + 5 (X50) (X5
T
Exploiting the fact that X{*, is measure preserving and using inequality (89), we infer

2||woll Lo (T2)

14 () =Bl 52y < o (e) + AL £y yemeti=9) e, 16707 g5~ (90)

Finally, we take ¢ = K(a, t)e_% and interpolate LP between L' and L™ to obtain the thesis.

O

Combining PROPOSITION with PROPOSITION completes the proof of THEOREM
Lastly, the proof of COROLLARY follows directly from the definition of Besov spaces.

Proof of Corollary[I.3. We prove a control on the modulus of continuity under the additional
hypothesis wo € Bj . (T?). A well known characterization of the Besov spaces Bj . (T?), for
s € (0,1), is given by

BS o (T?) =< f(x) € LP(T?) s.t.  sup [7CHR) = FOller <00 . (91)
’ heT?\ {0} |h]*

Hence, the characterization (@) implies
lwo(- +h) —wo()llzr < ClAI%,

thus, we can take 1, (|h|) = |h|® into (I0) and therefore (] follows. O
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