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General description of Finite Mixture models

We have a collection of individual trajectories.

We try to divide the population into a number of homogenous
sub-populations and to estimate, at the same time, a typical trajectory for
each sub-population. (Nagin 2005, Schiltz 2015)

This model can be interpreted as functional fuzzy cluster analysis.
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The basic model (Nagin 2005)

Consider a population of size N and a variable of interest Y .
Let Yi = yi1 , yi2 , ..., yiT be T measures of the variable, taken at times
t1, ...tT for subject number i and πk the probability of a given subject to
belong to group number k

For a given group Gk , we suppose conditional independence for the
sequential realizations of the elements yit over the T periods of
measurements.

The density f of Y is given by

f (yi ;ψ) =
K∑

k=1

πkg
k(yi ; Θk), (1)

where gk(·) denotes the distribution of yit conditional on membership in
group k and the role of the parameters Θk is to describe the shape of the
trajectories in group k.
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Predictors of trajectory group membership
x : vector of variables potentially associated with group membership
(measured before t1).

Multinomial logit model:

πk(xi ) =
exiθk

K∑
k=1

exiθk

, (2)

where θk denotes the effect of xi on the probability of group membership
for group k .

L =
N∏
i=1

K∑
k=1

exiθk

K∑
k=1

exiθk

T∏
t=1

pk(yit), (3)

where pk(·) denotes the distribution of yit conditional on membership in
group k.
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Adding covariates to the trajectories

Let W be a vector of covariates potentially influencing Y .

The likelihood then becomes

L =
N∏
i=1

K∑
k=1

exiθk

K∑
k=1

exiθk

T∏
t=1

pk(yit |Ai ,Wi ,Θk).
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Possible data distributions

Poisson distribution

Binary logit distribution

Censored normal distribution

Beta distribution

Jang SCHILTZ Multiple Trajectory Analysis June 2, 2021 8 / 27



Outline

1 Finite Mixture Models

2 Group-based multitrajectory modeling

3 An alternative model

4 The R package trajeR

5 A real data example

Jang SCHILTZ Multiple Trajectory Analysis June 2, 2021 9 / 27



Basic Idea

We conjointly analysis the trajectories of J variables Y 1, ...,Y J .

We suppose that the time series (Y j)1≤j≤J are independently distributed,
conditional on the group memberships of the different time series, so that
Pk1...kJ (Y 1

i , . . . ,Y
J
i ) =

∏J
j=1 P

kj (Y j
i ).

The likelihood function of the data can then we written as

P(Y 1
i , . . . ,Y

J
i |Ai ,Wi ,Xi ) =

∑
(k1,...,kJ)∈K1×···×KJ

πk1...kJ

J∏
j=1

Pkj (Y j
i |Ai ,Wi ,Θ

j
k)
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Nagin’s multitrajectory model

P(Y 1
i , . . . ,Y

J
i |Ai ,Wi ) =

∑
(k1,...,kJ)∈K1×···×KJ

πkJ |k1...kJ−1
× · · · × πk2|k1

× πk1

J∏
j=1

T∏
t=1

pkj (y jit |Ai ,Wi ,Θ
j
k),

where πkj |k1...kj−1
is the probability of belonging to group j conditional on

the membership to groups 1 to j − 1.
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Membership Probability

πk1 =
eθk1

xi

K1∑
k1=1

eθk1
xi

, πk2|k1
=

e
θ
k1
k2
w

k2
i

K2∑
k2=1

e
θ
k1
k2
w

k2
i

, . . . ,

πkJ |k1...kJ−1
=

e
θk1...kJ−1w

kJ
i

kJ
KJ∑

kJ=1

e
θ
k1...kJ−1w

kJ
i

kJ

.

Drawbacks of this method is the absence of symmetry in the treatment of
the variables and the numerical complications to compute the parameters
in the case of more than two time series.
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Group Membership Vector (Bel & Paap 2014)

Denote by Zi = (Zi1, . . . ,ZiJ) the vector containing the group membership
of individual i for the variables Y 1, . . . ,Y J . Zi ∈ [[1;K1]]× · · · × [[1;KJ ]].

Then,

P
(
Zij = k|zih for h 6= j ,X j

i

)
=

eBij,k∑Kj

h=1 e
Bij,h

,

where Bij ,k = αj ,k + βj ,kX
j
i +

∑
h 6=j

ψjh,kzih .

αj ,k is a choice specific intercept ;

βj ,k is a vector corresponding to the covariate X j
i ;

zih the group membership of the individual i for Y h ;

ψjh,kl is an association parameter between belonging to group k for
Y j and belonging to the group l for Y h.
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Model likelihood

L(Y 1
i , . . . ,Y

J
i |Ai ,Wi ,Xi )

=
∑

(k1,...,kJ)∈K1×···×KJ

πk1...kJ

J∏
j=1

T j∏
t=1

gkj (y jit |Ai ,Wi ,Θ
j
k),

with

πk1...kJ =
eµk∑
k̃∈S e

µ
k̃

,

where µk =
J∑

j=1

θjkjX j
i +

∑
h<j

ψhj ,khkj

.
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Parameter estimation: direct differentiation

For any parameter ζ,

∂l

∂ζ
=

n∑
i=1

∑
(k1,...,kJ)∈K1×···×KJ

∂πk1...kJ

∂ζ
dk +

∑
(k1,...,kJ)∈K1×···×KJ

πk1...kJ

∂dk
∂ζ

∑
(k1,...,kJ)∈K1×···×KJ

πk1...kJ

J∏
j=1

T j∏
t=1

gkj (y jit |Ai ,Wi ,Θ
j
k)

,

where

dk =
J∏

j=1

T j∏
t=1

gkj (y jit |Ai ,Wi ,Θ
j
k). (4)
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Parameter estimation: direct differentiation

∂πk

∂θjkj

dk =
n∑

i=1

X j
i

∑
kj∈k

πkdk −

∑
kj∈k

πk

∑
k

πkdk


and

∂πk
∂ψjh,kjkh

dk =
n∑

i=1

 ∑
kj ,kh∈k

πkdk −

 ∑
kj ,kh∈k

πk

∑
k

πkdk

 .

Here πk = πk1...kJ .
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Parameter estimation: EM algorithm

We have for each step in the algorithm EM

E (zik |Y i ) = τik =
πk
∏J

j=1

∏T j

t=1 g
kj (y jit |Ai ,Wi ,Θ

j
k)∑

k∈K
πk

J∏
j=1

T j∏
t=1

gkj (y jit |Ai ,Wi ,Θ
j
k)

and

Q =
n∑

i=1

∑
k∈K

τik

log (πk) +
J∑

j=1

T j∑
t=1

log
(
gkj (y jit |Ai ,Wi ,Θ

j
k)
) .
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EM algorithm: problem to solve

argmin
Θj

k

n∑
i=1

∑
k∈K

T j∑
t=1

τik log
(
gkj (y jit |Ai ,Wi ,Θ

j
k)
)

= argmin
Θj

k

n∑
i=1

 T j∑
t=1

log
(
gkj (y jit |Ai ,Wi ,Θ

j
k)
)
∑
k∈K
kj∈k

τik


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Parameter estimation: EM algorithm

Then,

θjk is a root of θjk :7→
n∑

i=1

∑
k∈K
k∈k

x jil (τik − πik)

ψjh,kjkl is a root of ψjh,kjkl :7→
n∑

i=1

∑
k∈K

kj ,kl∈k

(τik − πik) .
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Function signature

Remark:
trajeR only works, if Y is a matrix!

In case of doubt, you should start your code with

Y<-as.matrix(Y)
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Montreal Longintudinal Study

Example from D. Nagin. Compares the link between hyperactivity and
opposition score. The hyperactivity is measured on a scale between 0 and
4 and the opposition behavior on a scale between 0 and 10.
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Results
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Results
–
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