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General description of Finite Mixture models

We have a collection of individual trajectories.
We try to divide the population into a number of homogenous
sub-populations and to estimate, at the same time, a typical trajectory for

each sub-population. (Nagin 2005, Schiltz 2015)

This model can be interpreted as functional fuzzy cluster analysis.
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The basic model (Nagin 2005)

Consider a population of size N and a variable of interest Y.

Let Y; = yi,, Yi, .-, Yiy be T measures of the variable, taken at times
t1,...tT for subject number i and 7y the probability of a given subject to
belong to group number k

For a given group G, we suppose conditional independence for the
sequential realizations of the elements y; over the T periods of
measurements.

The density f of Y is given by
K
Flyinw) = > mg"(vi: Ok), (1)
k=1

where g¥(-) denotes the distribution of y;; conditional on membership in
group k and the role of the parameters © is to describe the shape of the
trajectories in group k.

Jang SCHILTZ Multiple Trajectory Analysis June 2, 2021 5/27



Predictors of trajectory group membership

x : vector of variables potentially associated with group membership
(measured before t7).

Multinomial logit model:

ex,-Gk
7Tk(X,') =

T Kk
§ :ex,-Ok
k=1

where 6 denotes the effect of x; on the probability of group membership
for group k.

(2)

K eXiek T
L=]1>" TP ). (3)

where p*(-) denotes the distribution of y;; conditional on membership in
group k.
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Adding covariates to the trajectories

Let W be a vector of covariates potentially influencing Y.

The likelihood then becomes

N K x:0 T
eV K
L= —~ I P (el A, Wi, ©4).
i=1 k=1 3 et t=1
k=1
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Possible data distributions

Poisson distribution

Binary logit distribution

Censored normal distribution

Beta distribution
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Basic Idea

We conjointly analysis the trajectories of J variables Y1, ..., Y.

We suppose that the time series (Yj)li,-gJ are independently distributed,

conditional on the group memberships of the different time series, so that
—_ 17/ vl

Pkl kJ(Yi17 SRR YIJ) - Hj:l ij(YIJ)

The likelihood function of the data can then we written as

J
POYE, . YT AL Wi X0) = > Tk | | P9 (Y AL, Wi, ©)
(kl,...,kJ)GK]_X-“XKJ j=1
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Nagin's multitrajectory model

1 J _
P(Y7, ..., Y AL W) = Z Thlkoky_g X000 X Thgllq X Ty
(kl,...,kJ)Ele---XKJ

[T T Po 0l w6},

j=1lt=1

where k| k... ki1 is the probability of belonging to group j conditional on
the membership to groups 1 to j — 1.
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Membership Probability

ki ko
Ok Xi eekzwi
Ty = i = .
kq A ) ko | k1 Ko ) ’
ok k2
E Ok Xi § el Wi
ki=1 ko=1
gkl'“kalw,kJ
€ !
7r = z
kylky.-ky—1 K, . » K
0 1-ky_1w;
E ek
k=1

Drawbacks of this method is the absence of symmetry in the treatment of
the variables and the numerical complications to compute the parameters
in the case of more than two time series.
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Group Membership Vector (Bel & Paap 2014)

Denote by Z; = (Zj1, ..., Z;j) the vector containing the group membership
of individual i for the variables Y*,... Y7, Z: € [1; Ki] x --- x [1; KJ].

Then,

eBijk

P (ZI_] = k|z,'h for h #J7XIJ> = ﬁ,
2pzy €7

where B = s + Bk X+ jn bz,
h#j
@ «j k is a choice specific intercept ;
@ (3j  is a vector corresponding to the covariate le :
@ zj, the group membership of the individual i for Y" ;

@ jp ks is an association parameter between belonging to group k for
YJ and belonging to the group / for Y".
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Model likelihood

L(\/ila cee 7\/iJ‘Ai7 VViaXi)
J T

_ S Tty || 1] &% (1AL Wi, ©)),

(K1, ky)EKI XX K} j=1t=1
with
el"k

Tkyky = N~ _u:
Y Zl?es elc”

J
where pix = Z %J.X,! + Z¢hj,khkj
j=1

h<j
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Parameter estimation: direct differentiation

For any parameter (,

Omgy ..k Ody
n Z #dk + Z Wklmkja_g
ﬂ B Z (Kiy.oky)EKL XX K} (ki ks )EKI X X K
o = J T _ ' ’
(kl,...,kJ)EK1><~~~><KJ j=1t=1
where '
J T _ _
de = [T 11 &%l AL Wi, ©). (4)
j=1t=1
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Parameter estimation: direct differentiation

and

Here Tk = Thky...ky-
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Parameter estimation: EM algorithm

We have for each step in the algorithm EM

Tk 11j= IHt 18" (yJ|AI7VVIaej)

E(zik|Yi) = Tik = i
S m [1T1e40d1AL Wi ©))
keK  j=1t=1
and
J T
Q= er,k log (7 —i—ZZIog( (iAW, ©]))
i=1 keK j=1t=1
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EM algorithm: problem to solve

n T/
argmin@jk Z Z ZTik log (gkj(yf'tmia Wi, @jk))

i=1 keK t=1
n
= argmm@, Z Z log ( y’ |Ai, W,,@’ )) Z Tik
i=1 | t=1 kekK

kjek
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Parameter estimation: EM algorithm

Then,

n
¢, is a root of &, :— Z Z X (Tik — Tik)
i=1 kek
kek

n
Vjh k;k, is @ root of Y .k, Z Z (Tik — Tik) -
i—1 keK
kﬁk,Ek
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Function signature

R> multitrajeR(Y, degre.Y, A ,RISK = NULL, TCOV = NULL, degre, degre.phi=0,

* Model = "BETA", Method = "L",

+ ssigma = FALSE, itermax = 100, ymax = max(Y) + 1, ymin = min(Y) - 1,

+ hessian = TRUE, itermax = 100, paraminit = NULL,

+ control = list(fnscale=-1, trace=1, REPORT=1,maxit = 100),

+ ProbIRLS = TRUE, refgr =1, + fct = NULL, diffct = NULL, nbvar = NULL, nls.limite

Remark:
trajeR only works, if Y is a matrix!

In case of doubt, you should start your code with

Y<-as.matrix(Y)
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Montreal Longintudinal Study

Example from D. Nagin. Compares the link between hyperactivity and
opposition score. The hyperactivity is measured on a scale between 0 and
4 and the opposition behavior on a scale between 0 and 10.
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Results

Variable 1 Variable 2
TrajeR | traj (SAS) TrajeR | traj (SAS)
By | -2.55343 -2.55348 || [y | -1.67252 -1.67258
Ba1 0.48071 0.48074 || Bi2 | -1.48300 -1.48308
Bag | -6.24514 -6.24425 || o 2.15443 2.15440
[Baz | -3.53665 -3.53676 || 322 | -6.T9570 -6.79186
Bayg | 14.90876 14.90347 || P23 | -4.29020 -4.29356
B 2.66416 2.66411 || fasg | 20.58775 20.56512
Bag | -1.98842 -1.98840 || fa1 4.96622 4.96615
Bag | -4.14192 -4.14164 || f32 | -2.12531 -2.12503

o 2.31949 2.3195 || fBaz | -9.72094 -9.71914
B 6.59242 6.59246
g 2.54359 2.5436

With trajeR we find the following 6 linking parameters.

Parameters V12,22 12,23 12,24 V12 32 V12,33 112,34

Theoretical | 19.97949 | 10.51569 | 8.94481 | 28.44746 | 31.69029 | 40.0845
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