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Abstract

Light (electromagnetic field in general) is a main form of energy in nature.
Thanks to centuries of scientific investigations, we nowadays possess a fairly
complete knowledge of its properties and behavior. In particular, conserved
quantities, such as energy and momentum of light, have been the subject
of experimental and theoretical activities leading to a great advancement of
science and technology. The momentum of light can be distinguished in two
different kinds, that is, linear momentum and angular momentum. The main
focus of this work is on the angular momentum of light and its manipulation
in order to control the vectorial pattern of the light field.

The angular momentum of the electromagnetic field expresses two different
forms of rotation called spin angular momentum and orbital angular momen-
tum. We focus on the cases in which these two rotations can be considered
independent. The first is related to the state of the polarization, and the sec-
ond to the spatial distribution of the beam. Since they are independent, each
of these two rotations can be studied separately and used in different applica-
tions. The interaction between them, however, attracts great attention, since
a beam may possess both at the same time. The device called g-plate is one
possible technique which results in spin-orbit coupling.

In this work, we present the importance of the interaction of spin and or-
bital angular momentum for certain applications. For this purpose, we have
designed devices (e.g., g-plates) that combine both forms of angular momen-

tum. This thesis consists of four chapters as follows:

e Chapter 1: In this chapter, we give an introduction about light angular

momentum, in particular orbital angular momentum. Various methods

i
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for generating helical modes, in particular g-plates, are discussed.

e Chapter 2: In this chapter, we discuss the optical fibers and the coupling
efficiency in the fundamental mode of a single-mode step-index fiber.
The main focus of this chapter is on amplitude matching to increase the

coupling efficiency.

e Chapter 3: Reaching the highest possible coupling efficiency cannot be
achieved by amplitude matching alone. Another important factor is po-
larization matching, which is the interest of this chapter. We present
a novel application for q plates to improve the coupling efficiency by

manipulating the polarization structure of the input beam.

e Chapter 4: In this last chapter, we investigate the possibility of beam
tailoring and polarization singularity generation using Spatially Varying
Axes retardation wave Plates (SVAPs), devices which generalize the g-

plates.

Finally, we conclude this work by presenting the results and possible prospects

for future work.
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Chapter 1

Spin and Orbital Angular
Momentum of Light

1.1 Introduction

As one of our most significant and fundamental forms of energy, light (visible
light) makes things visible for us. Almost all creatures on Earth need light
to continue their lives and it is indeed impossible to imagine the universe
without it. Human’s eyes are our tool to sense the (visible) light, while we can
also feel its heat with our skin. In general, light sensing is different for each
creature. One can see different ranges of its frequency and others can sense
its properties such as polarization. Therefore, it is important for scientists to
understand the light behavior and its characteristics to have a deep realization
of the universe. Human attempts during the years results in the generation of
artificial light, too. Maybe we can consider fire as the very first one made by
humans. However, the invention of laser in 1960 provided a coherent source
of light in the laboratories. Since then, manipulation and characterization of
light beams are the center of various researches. Thanks to these activities,
our knowledge regarding light (in general electromagnetic field) has enriched to
the level that it has been applied in a wide range of applications from science,
military, medicine to decoration and art. Energy and momenta of light, which

can be linear and angular, are two main features of light that are the base of
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the mentioned applications as they can be transferred to the matter [1, 2].

Among all the studies regarding electromagnetic fields, light tailoring and
wavefront shaping are of huge attention due to their plenty of applications in
science and industries. Therefore, we focused on studying this subject and
some results are presented in the next chapters of this thesis.

Twisted beam which is our main tool to proceed with our research is de-
scribed in this chapter. To start with, we introduce the momenta (linear and
angular) of the electromagnetic field in the paraxial approximation. We will
continue with explaining spin and orbital angular momentum, two distinct
forms of angular momentum. The spin angular momentum (SAM) is linked to
the polarization of light and orbital angular momentum (OAM) is associated
with the wavefront of the beam. We see that in paraxial approximation, each
of them can be considered as an independent degree of freedom and result in
a form of rotation of the optical field. The first one defines a two-dimensional
space while the second spans an infinite-dimensional of degree of freedom (due
to their features). This infinite-dimensional degree of freedom makes OAM an
outstanding choice to be exploited in many applications ranging from telecom-
munication, astrophysics, quantum optics to light-matter interaction and bi-
ology. Therefore, we also talk about the tools and techniques to generate and
manipulate such beams. We talk about applying light carrying OAM for appli-
cations, generating and manipulating (which is the main object of this thesis)

it in the following chapters.

1.2 Light’s angular momentum

Now, we know that light is a form of electromagnetic field which encompasses
two orthogonal electric and magnetic fields. The two fields lie in a transverse
plane perpendicular to the beam propagation direction [3]. But, as mentioned
the curious essence of humans leads us to our understanding of our surround-
ing nature, and maybe lightning was one of the first experiences of human

about electricity with no scientific reason to explain it. Through the centuries,
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scientists’ collaborations to improve our knowledge and expand science lead to
our modern understanding of electromagnetic fields. It can be claimed that
Maxwell put all the work done by his previous scientists together and improved
the theory of electromagnetic fields in four mathematical equations as in equa-
tions. 1.1. According to his theory, an electromagnetic field is composed of
orthogonal electric and magnetic fields that travel into space at speed of ¢, the

speed of light in vacuum which is about 3x10® m/s. [3].

V-D =p, (1.1a)
V- H =0, (1.1b)
0B

E=-"— 1.1

V x ETR (1.1c)
oD

H = - 1.1

V x J+ 5 (1.1d)

where E and B are the electric, magnetic fields, respectively. D is the electric
displacement and H is called the magnetic field strength. p shows the free
electric charge density and J is the free current density. For perfect isotropic
dielectrics, the relationships between E, D, B, and H are D = ¢E and B =
pH. e and p stand for electric and magnetic permittivity, respectively. From
Maxwell’s equations, one can deduce the "wave equation” as in 1.2 for an

electromagnetic field to describe its propagation [3].

1 O’°E
VQE — EW :O7 (12&)
1 0°B

This theory is still the basis of our researches, and using it one can de-
scribe properties of an electromagnetic field such as its “rotation” which is
represented by the vector quantity angular momentum.

It has been known that photons, as well as particles, carry energy and linear
momentum. In order to describe energy and momenta density of an electro-
magnetic field in terms of E and B, one needs to solve the above equations

together with Maxwell’s equations. From theoretical point of view, it was also
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demonstrated that these two quantities are related to each other. The rota-
tional equivalent of this linear momentum is called angular momentum which
is an important quantity, as well. In classical physics linear momentum per
unit volume is equal to E x H while it is ik per photon in quantum. Angular
momentum is also linked to its linear counterpart by r x (E x H), classically
and r x ik in quantum. The angular momentum itself is made of spin and
orbital angular momentum and each one is related to a different kind of ro-
tation [1]. To make it more clear, let us consider the Earth. We know that
Earth has two rotational movements, one around its own axis which creates
days and nights and the other around an imaginary orbit around the Sun. It
takes one year for the Earth to rotate around the Sun. The same rotational
movements appear in a light beam which can be recognized by transferring it
to the matters. Fig. 1.1 shows the difference between spin and orbital angular
momentum of light. In general, one can transfer both spin and orbital angular
momentum to a particle, simultaneously. In this case, the particle experience

both kinds of rotation at the same time [5].

Figure 1.1: Light-matter interaction in optical tweezers. It shows the rotation of an
absorbing particle around a) its own axis after receiving light with spin angular momentum,
and b) the beam axis by transferring orbital angular momentum of light to it. The image is

adapted from [1] witch shows the particle trapping in optical tweezers.

In fact, history of spin angular momentum (SAM) of light returns to 1909
when Poynting prognosticated the ratio between angular momentum and en-
ergy of a circularly polarized beam. He considered the angular momentum of
a beam with circular polarization is +h [0]. Years later in 1936, Beth experi-

mentally demonstrated when a circularly polarized light passes through a half
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wave plate (HWP), it can transfer its angular momentum to the HWP and
hence transform to a circularly polarized beam with opposite handedness [7].
Now, we know the SAM of light is the angular momentum carried by circularly
polarized beam.

In general, the spin angular momentum of a beam is j, = Noh while its
energy is W = Nhw, where —1 < o < 1 and N represents the number of
photons in the beam. Therefore, as Poynting suggested, the ratio between
them is written as:

J: _ o0

= (1.3)

For a single photon the value of ¢ is +1 (—1) for left handed circular
polarization (right handed). It is worth mentioning that this quantity is zero
for a linearly polarized light. The idea of orbital angular momentum was
introduced years later and is associated to spatial distribution of light.

In 1992, Allen et al. experimentally proved that a light beam with an
azimuthal phase dependence exp(im¢) carries orbital angular momentum equal
to =mh per photon where ¢ is azimuthal coordinate in the beam’s cross section
[8]. Interestingly, both SAM and OAM are integer multiple of h. However,
OAM can be considerably greater than SAM of light as m can take any integer
number [9]. But historically, the origin of this concept backs to at least 1950
when higher order transitions like quadrupole carry both SAM and OAM.
However, this OAM was considered very rare. In fact, the importance of
Allen et al. experiment was that the OAM of light can be easily generated in
the laboratories just by adding a proper phase factor to the beam wavefront.
Although beams with helical phase front, vortices [10] and phase singularities
were studied before 1992, they were not associated to the angular momentum
of light [9].

The angular momentum of an electromagnetic field can be expressed as:
J= eo/r x (E x B)d’r, (1.4)

where € is the permittivity of the vacuum. Let us consider we have a monochro-

matic wave with frequency w, E = E(r)e™!. Applying Maxwell ’s equations
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and equation 1.4 shows that:

€0 * 3 €0 * 3
J=— [ Ei(r xV)E;d — [ E* x Ed 1.5
21w J(r JEs r+2iw/ g (15)
where 7 = x,y, z. Equation 1.5 consists of two terms which can be interpreted

as spin (first term) and orbital (second term) angular momentum. Therefore

J=S+L, (1.6)

where L and S represent orbital and spin angular momentum, respectively.
Starting from the discovery of the two light angular momenta, there have
been a lot of investigations to clarify whether these two quantities of light
are separable, while still maintaining a distinct physical meaning. However,
under the constraints needed for the paraxial approximation, one can safely
separate SAM and OAM of light [1]. We do not address here the case where
this separation loses its validity. Therefore, the paraxial approximation for

electromagnetic fields will be discussed in the next section.

1.3 Electromagnetic field in paraxial approxi-
mation

It is common to determine electromagnetic field and hence Maxwell’s equations
in terms of a vector and scalar potential represented by A and ¢, respectively

as below:

B=V x A, (1.7a)
oA

E=—Vo——" (1.7b)

One can also simply recover the wave equation for the vector potential A.

1
(V2 — g@)A =0. (1.8)

Assuming the time dependence of of A is ¢! and k? = w?/c*:

VA +k*A =0. (1.9)
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In the scalar field approximation, one can express any electric field amplitude
distribution with superposition of plane waves. A typical plane wave can be
described by A = Age ™ Th, where @i is the unit vector along the direction
of electric field fluctuation and k is the wave vector. According to Maxwell’s
equation, electric and magnetic fields oscillate in the transverse plane which
is perpendicular to the propagation direction. It implies that fi.k = 0. As we

want our solution to satisfy the equations 1.21:
A(x,y,2,t) = Az, y, 2)e'*==), (1.10)

Here we considered just forward propagated beam. substituting equation

1.10 into 1.9 give us:

0
2A +2ik—A = 0. 1.11
VA +2i e 0 (1.11)

It is assumed that A varies very slowly along the propagation direction z,

therefore the second derivative can be neglected so that:

0?A 10A
——. 1.12
0z? == A0z (1.12)
In this way, we can rewrite equation 1.11 as:
0? 0? 0
— 4+ — +2tk—)A = 0. 1.13
(8x2+8y2+ ! 8,2) (1.13)

The last equation is called ”paraxial wave equation”. Now let us continue
with spin and orbital angular momentum in this regime. For simplicity, we

consider the potential A posses linear polarization along x axis.
A = u(z,y, 2)el*et% (1.14)

Using paraxial approximation and Lorenz Gauge, we have electric field as:

)eth=, (1.15)
and the Poynting vector is:
eo<E><B>:%0(E* « B +E x BY)

(1.16)

:iw%o(uVu* — u*Vu) + wkeo|u|*2.
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In the following, it is more convenient to use cylindrical coordinate. To find
the expression for the angular momentum, we assume the angular dependency
to be in the form of u(r, ¢, z) = u(r, 2)e’™?. Then, the ¢ component in equation
4.4 can be derived as:

cowm|ul?

e <ExB o= —, (117)
r

multiplying r to this equation and considering also the polarization of our
beam, we can find the angular momentum density along the propagation, j,

as:

13IU|2)
2 or "

Having the energy as egw|u|?, the ratio between angular momentum and

3. = eolwm|ul* + o (1.18)

energy will be:
J, m+o,
— = . 1.19
w w ( )

A more detailed calculation is provided in [11, 12].

In equation 1.19 o, is linked to the spin angular momentum and is equal
to £1 depending on the handedness of circular polarization. As we see it takes
just two values. Therefore taking SAM as a degree of freedom provides us with
two different options. However, m which is related to OAM is the eigenvalue of
L, and can take any integer number. So, it gives us infinite degrees of freedom.
For this reason, in many applications of SAM, one can use OAM to enhance
their desired results and add more value to it. However, it might happen that
adding the degree of freedom does not help. Considering m = 0, equation 1.19
converts to what Poynting predicted for the ratio.

To conclude this section, we can claim that under the paraxial approxima-
tion, the spin and orbital angular momenta of light (a photon) are well-defined
and can be measured separately. Many optical (in general physical) cases sat-
isfy this regime. For example, a laser mode, which is the most applicable
device in an optical lab, can be described by it. That is why in the following

we will give a brief introduction to Gaussian mode, that is the fundamental
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mode of a typical laser.

1.3.1 Gaussian modes

A common strategy to describe a laser beam propagation is to solve the wave
equation in paraxial approximation. One of the simplest solutions in this
regime is Gaussian beam. It is also the most available and applicable beam
light in most optical labs as it can simply be produced by a laser. For the
purpose of our studies, we also used a Gaussian beam for the starting point and
by manipulating it we obtained our goal. If the polarization and wavelength
are fixed, one can describe a Gaussian beam just by a single parameter called
beam waist at z = 0, wy. The mathematical equation for a Gaussian beam

amplitude is provided by:

w

G(r, z) = AOWZ) exp <—w§—;)> exp (—z’k RZ) - iArctan(Zio)) . (1.20)

where zyp = WT“% is the ”Raileigh range”, R(z) = z(1 4 (2)?) is called ”wave-

front curvature radius” and finally w(z) = woy/1 + (£)? stands for the "beam
radius”. Interestingly, a focused Gaussian beam has still a Gaussian pattern
but with a smaller beam waist [13].

Having such an amplitude, one can add a phase factor ¢™® and generate a
helical phase front or change its polarization to circular to let it carry SAM. To
continue, we talk about devices and methods to manipulate light in order to

add angular momentum to it and we start with polarization as it is connected

to SAM.

1.3.2 DPolarization of light and SAM

Polarization of light is referred to the orientation of the electric field oscillations
in the transverse plane. Following the outreach of the optical systems sensitive
to the polarization of light, controlling this factor has become demanding.

However, it may affect the systems which do not measure it. Besides, for some
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applications, one needs to alter the light polarization. We will discuss some of
its significance as well as its manipulation importance in Chapters 3 and 4.
The light beam is unpolarized if its electric field orients randomly in time.
Sunlight is the most familiar unpolarized light for us. On the other hand,
if the direction of the electric field fluctuations is explicitly determined, the
light is polarized. Laser beams are the most prevalent artificial sources of
polarized light in laboratories. One can categorize the polarized light into
elliptical, circular, and linearly polarized light. The most general one is the
elliptical polarization, while the two linear and circular polarizations are its
two important extremes. Let us consider the electric field at the transverse

plane in the Cartesian coordinate to be:
E=Fé,+E;é,, (1.21)

where E, = Ey, cos(wt — kz +6,) and E, = Ey, cos(wt — kz +,). For sim-
plicity, one can use normalized field such that Ef, + E§, = 1.

Having the equation 1.21, when we follow the electric field vector tip behav-
ior over a complete cycle of oscillation, an ellipse which is called polarization

ellipse will be achieved and mathematically is described as:

2
Er B, B,

+ cos§ = sin? 4, 1.22
B2 VB T 2 Eobe, (1.22)

where 6 = §, — J,, and expresses the phase difference between the two compo-
nents. Changing the amplitudes and phase, the polarization ellipse changes.
Fig. 1.2 demonstrates the tip of the electric field vector movements around
mentioned polarization ellipse. When this ellipse collapse to form just a line
which means the direction of the electric field vector remains constant dur-
ing propagation, it is called linear polarization. This is associated to d = 0,
7. However; when in the equation 1.21, Ey, = Ey,, and 0 = 7/2, 37/2 one
can refer to it as circular polarization. Depending on the rotation direction
of tip which can be clockwise or anticlockwise, left and right handed circular
polarization are described, respectively. This state is related to the SAM of
light and as shown in previous section the value is —A for right handed cir-

cular polarization (RHC) and +# for left handed circular polarization (LHC).
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In conclusion, the polarization ellipse can be exploited for defining a polarized

light but can not be used to explain unpolarized or partially polarized light
[13].

O

Figure 1.2: Polarization ellipses obtained by following the electric field oscillations tip
during one cycle. a) General elliptical polarization, b) circular left handed, and c) linear

polarization.

In the equation 1.21, ex and e, are the unit vectors along x and y axes. In
the following, we use complex fields for our purpose, e.g. E = Ey, &, + Ey,€,
where Fy, and Ey, are complex coefficients. We can introduce four other unit

vectors as we will use them in the future:

er :%, (1.23a)
oL z%, (1.23b)
en —%, (1.23¢)
op =X % (1.23d)

where R, L, D, and A show right and left handed circular, diagonal and anti-
diagonal polarizations, respectively.

In general, one can use any orthogonal sets of polarization as basis, such
as linear or circular polarization and represents the rest based on that. A
wise choice of the basis, is based on the convenience and simplification of the
calculations. As we see in chapter 2, we opt to use circular polarization basis
for our comfort.

Alternative and other common ways to describe the state of polarization

(SOP) of a beam are Poincaré sphere and Stokes parameters which can be
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used also for unpolarized light. We use the Stokes parameters in Chapters 3
and 4 when we talk about the polarization singularities. An electromagnetic

field can be described by a set of values called as Stokes parameters.

So=E:+E;=1,+1, (1.24a)
S\ =E:—-E;=1,—1, (1.24b)
Sy =2Re(EE,) = Ip — 14, (1.24c)
Sy =2Im(E:E,) = I, — Ix. (1.24d)

where, I stands for the intensity of each component. The Stokes parameters
can be easily measured in an optical setup composed of waveplate and polariz-
ers (to choose the proper component). For a polarized beam, Sz = S+ 55+ 52,
therefore one can normalize the parameters as s; = 5;/Sy where i = 0,1,2, 3.
In this way, we can explain the state of polarization in graphical way. Here
we can introduce a coordinate corresponding to Cartesian coordinate but with
(s1, S2,83) as the three axes. One can prove any polarization state defining by
normalized Stokes parameters is located on a surface of a sphere with radius
equal to unity. This sphere is called ”Poincaré sphere” and its origin is at the
zero of this coordinate. We recall that partially polarized light can also be de-
fined by this sphere in a way that all the space inside of the sphere is devoted
to partially polarized lights. We should mention that the origin of Poincaré
sphere represents completely unpolarized light. We can see the graphical view
of this approach in Fig. 1.3.

Using the circular polarization basis, we can recover the electric field as:
0 i . 0
E = Frcos §eR—|—ELe sin Ser, (1.25)
where, ¢ and € show the polar and azimuthal angles, respectively and refer to
the position of a point on the Poincaré sphere as shown in Fig. 1.3.
1.3.2.1 Tools for polarization manipulation

Polarization manipulation is essential for a great amount of applications rang-

ing from polarimetery to communications. In general for most applications
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Figure 1.3: The Poincaré sphere represented in SAM space. The linear polarizations are
located on the equator and RHC and LHC can be found on the north and south poles,

respectively.

we need a specific state of polarization. Two common devices to obtain it are

polarizers and waveplates.

e Polarizers

To select a particular desired polarization and discard the others a po-
larizer can be a helpful device. In fact, it acts as a filter. Polarizers are
important as in some optical setups or devices we need to block some
polarizations and let pass a certain one like in Camera filters and sun-

glasses.

¢ Waveplates

In order to modify the input beam polarization, a birefringent and homo-
geneous tool known as waveplate or retarder facilitate our work. They
generally add a phase shift (due to their birefringence) between the two
orthogonal components of the input beam. One can adjust the required
phase shift by choosing proper parameters as thickness and refractive
index of the plate and wavelength of incident beam. There are two com-

mon waveplates: half waveplates and quarter waveplates. A half wave-
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plate (HWP) changes the direction of linear polarization and a quarter
waveplate (QWP) is used for the conversion between circular and linear
polarizations; however, it can generate a general elliptical polarization,
as well. Therefore, clearly, a combination of waveplates as QWP-HWP-

QWP generates any desirable output polarization.

1.3.3 Orbital angular momentum of light and phase sin-
gularity

To describe a light beam, we need the information about its state of polariza-
tion as well as its spatial distribution. Some features are related to spatial and
some to polarization structure of light. There are some properties like "rota-
tion” which is connected to both. We introduced the polarization and hence
SAM of light and instruments to manipulate it in the previous section. This
section is dedicated to the spatial distribution of the electromagnetic field and
orbital angular momentum contribution. Such beams are also called optical
vortices and they show a phase singularity as they possess a zero of optical
field (optical intensity).

Maybe randomly, there are some sources of structured light (in general any
desired light) in the nature. However, one might also decide to manipulate
a beam like laser beam in the optical labs in order to transform it into the
desired form. Shaping the beam is not only scientifically interesting but also
can be exploited for many applications and technologies improvements.

As we discussed if a light beam envelope consists of a phase factor de-
pendent to azimuthal coordinate as e™?, it carries a well-defined amount of
OAM, corresponding to one h per photon. The different states of OAM form

a complete and orthogonal set:

(m|m') = O - (1.26)

In the paraxial approximation, there are some solution of the wave equation

with this rotational property. The most familiar one is Laguerre-Gaussian



Chapter 1. Spin and Orbital Angular Momentum of Light 15

mode which has a doughnut shape intensity pattern. However, one can also
refer to Bessel or Hypergeometric beams for OAM. In Fig. 1.4 some examples

of wave and phase front of Laguerre-Gaussian modes are illustrated.

Figure 1.4: The wave and phase front structure of light carrying OAM. This image is
adapted from the Wikipedia page ”Orbital Angular Momentum of light”, edited by L. Mar-

rucci and E. Karimi.

1.3.3.1 Laguerre-Gaussian beam

In cylindrical symmetry, Laguerre-Gaussian (LG) modes are a perfect and
complete set of solutions for the paraxial wave equation. The azimuthal phase
term in their formula €™ means they carrying a well-defined amount of OAM.
In fact, they are the most common form of structured light as they can be
generated directly from a laser. A Laguerre-Gaussian mode is usually charac-
terized by two important parameters p and m as in LG, ,,. The first refers to
the radial distribution of the intensity pattern in a way that there are p + 1
rings in the structure. The latter, the azimuthal index, is called ”topological
charge” and denotes the number of complete 27 phase cycles around the mode

circumference. The scalar field of such beam can be describes as [14, &]:

o ( £¢)_ 2(m+1)p! ( P )|m|eﬁ
PP O T T+ M) I ) 11 e (1.27)

Lyl(2p* /(1 + €)' T ee CrHm Darctan(6),

where p = r/wy and £ = z/z, are dimensionless coordinates. L™ represents
generalized Laguerre polynomials. The intensity pattern of some LG modes

are provided in Fig. 1.5. As we can see, the LGy, has a Gaussian profile and
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carries no OAM and by increasing m the size of the central hole increases. It

is worth mentioning that they are orthogonal, hence they satisfy [3, 1]

(LGpm| LG r) = 0p 1y Oy - (1.28)

Figure 1.5: The intensity pattern of some Laguerre-Gaussian modes. It can be seen that
as m increases, the central hole becomes larger, while p indicates the number of additional

annular rings. LGyg shows a Gaussian profile.

Although such beam can be a laser mode, we can take a fundamental
T E Mgy, mode known as Gaussian mode and manipulate it to produce helical

phase front.

1.3.4 Tools to manipulate and control OAM of light

As mentioned in the previous section, numerous applications have been devel-
oped for twisted beam. Hence, introducing innovative methods for its genera-
tion was the focus of many studies for the last three decades. Here, we discuss
the most common techniques to manipulate a light beam in order to gener-
ate structured light. In all the discussed approaches a laser source (Gaussian

beam) passes through an optical element and is converted to a helical beam.

1.3.4.1 Spiral Phase Plate

Maybe, the most straightforward way to generate a twisted beam can be

achieved by passing a plane wave through an optical element with a helical
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surface which is called spiral phase plate (SPP). As it is shown in Fig 1.6, the
SPP can add a helical phase ¢ to the input Gaussian beam. In order to add
such phase to the beam, the thickness of the device must increase gradually
proportional to the azimuthal angle ¢.

When a SPP is illuminated by a light beam, the wave front goes through
a phase shift ¢:

(n1 —na)A
h

where, A is the wavelength of the input beam, n; and ns are the refractive

§= 9, (1.29)

indices of the plate and medium, respectively. And h which is the physical
height of the step when ¢ = 0 is [15]:

ho (1.30)

(n1 —ny)

Planar wavefront

¢ -
= =

Hn¢

Helical wavefront

E mr¢
m Planar wavefront
. | -

Figure 1.6: Schematic of a spiral phase plate and its optical effect. The first SPP is applied

to add OAM equal to —mh to the input beam and the second one cancels the effect of the

first SPP by adding m# orbital angular momentum to the generated vortex beam [16].

1.3.4.2 Computer Generated Holograms

Perhaps, the simplest way to generate any arbitrary beam wavefront can be
holography technique. In this approach, the desired pattern is obtained by
recording the interference pattern between the reference and any interested
beam (phase and wavefront profile) on a "hologram”. Then, if we illuminate
the hologram with reference beam, we can recover the phase and intensity of

the wanted pattern after the hologram. In order to make things easier, one
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can find the interference pattern numerically or analytically and then record it
on the hologram (such as photographic film or a spatial light modulator) and
that is why it is called computer generated hologram [17].

Let us focus on generation of light carrying OAM. Having the laser beam as
Gaussian, one needs to add a phase factor ™ to it to produce helical beam.
Calculating (with computer) the interference pattern between a reference plane
wave Eye*=* and a helical beam Eye™?, both propagating in z direction, one
will produce a fork shape pattern. So, it must be the registered scheme on the

hologram. Here is the intensity pattern of the interference, I:
I =2|Eo*(1 + 2cos(k,r — ma)). (1.31)

Fig. 1.7, shows this pattern and as it is clear from the image, the splitting
of the lines happens at the place of the phase singularity. And the value of m
can be retrieved from the difference of the lines number above and below the

singularity.

m=-1 m=0 m=+1

Figure 1.7: Pitchfork intensity pattern of the reference plane wave and a helical beam.
One can determine the value of OAM from the difference between the number of upper and

lower fringes.

The transmitted field from a hologram is like other devices as:
E, =T(z,y)E. (1.32)
where T'(x,y) is the transmission function and for hologram is

T(w,y) = %(1 + cos (kyx — mg)). (1.33)
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Therefore after the hologram, we have:

1 1. ,
E, = §E0(1 + §€z(kzx7m¢) + efz(kz:cfm@)_ (1.34)

As one can understand from equation 1.34, a part of beam is unchanged
which is the zero order of diffraction. The diffracted part is made of two
distinct beams. One with ¢ phase, the first diffractive order and the other
with e~ which is the order of negative first.

To the best of our knowledge, it is the most widespread way of OAM
generation although there might be just one drawback in using this technique

which is its poor efficiency to generate structured light.

1.3.4.3 Cylindrical Lenses Mode Converters

As it is clear, Gaussian beam is not the only solution of wave equation. As an
illustration, Hermit-Gaussian (HG) beams are another solution in the Carte-

sian coordinate and they have the following expression [13]:

Wo \/_ \/_y

Unﬁm(az,y,z) = An,m( )G ( )G ( )
w(z) gl w(z) (1.35)
X exp{—zk:z —ik( 2R(zy) ) +i(n+m+1)E(z )}7
where A, ,, is a constant and n,m =0,1,2,.. and
Go(u) = Hy(u)e=/? (1.36)

is the Hermit-Gaussian function. As Hy(u) = 1, Hermit-Gaussian function of
order zero is basically a Gaussian mode. The intensity pattern of these modes

are described as:

(Gl ﬁ»?((}m(ﬂy))? (1.37)

Fig. 1.8 provides the intensity patterns of some of these modes. We should

Lym(,y,2) = wm%

mention that n and m express the minimum of intensity in x and y directions,
respectively.
As they are a complete and orthogonal set of modes, one can expand any

other modes as sum of these modes with proper coefficient (weight).

<HGn7m|HGn’,m’> = 6n,n’-6m,m’ (138)
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Figure 1.8: The intensity pattern of some Hermit-Gaussian modes. n and m show the

number of minimum in intensity in « and y directions, respectively.

Hence, an LG mode can be represented as sum of HG modes. Let us

consider the Laguerre-Gaussian mode of first order. One can rewrite it as:

1
V2

Here i can be correspond to a phase difference equivalent to /2 (™2 = 1)

LG01 - (HGOl + ZHGlo) (].39)

and \/Li is for the normalization. Other LG modes can be expanded similarly
from the other orders of HG modes.

In 1992, Allan et al. figured out that such phase shift can be produced by
cylindrical lenses. When different modes pass through cylindrical lens, they
experience different Gouy phase and therefore there will be a phase difference
between them. To achieve the desired phase shift there must be f/ V2 distance
between two aligned lenses, where f expresses the focal length of each lens.
Using same technique, one can change the sign of OAM. This happens when
the lenses are 2 f apart and of course well-aligned [1, 8]. This was the very first
method to generate structured light in the lab. However, to generate each LG
mode, a specific input HG mode is needed. This can be a drawback which

prevents it to be a versatile way of OAM generation in the optical labs.
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1.3.4.4 Liquid Crystal Based device to manipulate SAM and OAM
of light

The limitations, difficulties, and drawbacks of previously mentioned methods,
make them not the ideal way to generate OAM, at least for certain applica-
tions. Besides, they all manipulate the beam wavefront by adding a phase to
it without changing its polarization. As we have seen, for years, it was consid-
ered that there is no interaction between SAM and OAM of light and each of
them was an independent degree of freedom.

However, in 2006, Marrucci et al. introduced an optical device, called g-
plate, which results in spin-orbit coupling [18, 19]. As discussed in 1.3.2 an
anisotropic birefringent media with uniform optic axis can change the polar-
ization of light. But adding a proper non-uniformity to the optic axis leads to
producing a further phase in the incident beam. Therefore, they designed and
fabricated an anisotropic birefringent plate with ”inhomogeneous” optic axis,
which changes at each point of the transverse plane of the plate. A g-plate
is essentially a liquid crystal layer sandwiched between two glass substrates,
with a peculiar singular pattern of molecular alignment, which creates the de-
sired non-uniformity in the optic axis. The optic axis of the device forms an
angle a(x,y) with the x axis, where a depends on the position according to

the following law (in polar coordinates):

a(p) = q¢ + av, (1.40)

where ¢ is the azimuthal angle, ag is the angle at ¢ = 0 and is a constant
value and ¢ shows the topological charge of the plate and that is the reason
they named it g-plate. Here, we considered there is just a linear dependency to
the azimuthal angle. Fig. 1.9 demonstrates some of the patterns for different
topological charge and «y.

Like other wave plates, a g-plate induces a phase delay 0 between the two
orthogonal components of the impinging beam and as mentioned this phase
delay depends on the wavelength of incident beam, thickness and refractive in-

dices of the plate along fast and slow axis. To have a uniform J, one can choose
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Figure 1.9: Spin-orbit coupling with g-plate. The pattern of optic axis of a g-plate is
illustrated, a) g =1/2, a0 =0,b) g=1, a0 =0,¢) ¢=1, ag =7/2,d) ¢ =2, ag = 0. The

image is adapted from [11].

to have a uniform thickness along the z—direction (propagation direction). In

general, the Jones matrix of a space-variant waveplates with non-uniform ¢ is:

) 10 0 o2io(x.y)
O (. 8) = cos (2529, tisin (2&:4), . (1.41)
2 01 2 6—2ia(x,y) 0

For a uniform retardation, one can just simply remove the dependency to
x and y. In this chapter we mainly focus on a uniform ¢ which is the case
of a normal g-plate; However, in chapter 3, we see that a non-uniform phase
retardation can be exploited for the applications when we need inhomogeneous
polarization structure.

Based on the input beam polarization, g-plate manipulates the beam profile
and adds a phase factor e to it, and for this reason the method is called
spin-orbit coupling of light.

To have a pure helical beam after the g-plate (tuned g-plate), the value
of phase retardation ¢ should be 7, which is the case of HWP configuration.
Let us consider we have circular polarization as input. Substituting o from

equation 1.40, in equation 1.41 for a tuned g-plate leads to:
Ula, q)|L) =|R)ie?4¢ %0, (1.42a)
Ula, q)|R) =|Lyie™2149 =20, (1.42b)

Figure 1.10 demonstrates the effect of input polarization on the polarization

of generated helical beam.
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Figure 1.10: Generation of a beam carrying OAM with a tuned g-plate. Picture adapted
from the Wikipedia page ” Angular momentum of light”.

However, according to 1.41, the action of a g-plate with 0 < 6 < 27 on a

circular polarization input is described as below:

Uq—piate| B, m) — cos(6/2)| R, m) + isin(5/2)et**|L, m — 2q), (1.43a)

Uy—plate| L, m) — cos(8/2)|L, m) + isin(6/2)e | R, m + 2q), (1.43Db)

where m is the orbital angular momentum value of the input beam. Based
on the value of §, we can have different superposition of right and left handed
circular polarization. Noticing the equations 1.43, one can perceive that beam
after g-plate is composed of two terms. The part proportional to cosd/2 re-
mains untouched (both polarization and phase) while the term proportional
to sin /2 alters the handedness of circular polarization and changes OAM by
+2q based on input handedness.

In order to vary the value of phase retardation d, one can apply external
electric field to the plate [20]. In this way, one can choose the proper value of
delta for the aim of their experiment. Fig 1.11 shows the experimental data of
phase retardation by changing voltage for a g-plate with ¢ = 1/2. It is clear
that 0, happens when the voltage is 280 V and when the voltage is 400 V we
have completely untuned g-plate.

As circular polarization basis is a complete set, one can expand other basis
based on it. As an example, we recall that it is possible to write linear po-

larizations in terms of circular polarizations. Let us assume a simple case of



Chapter 1. Spin and Orbital Angular Momentum of Light 24

12

1.0 .
oo o o
=) Y °
’E .
K] 0.8 . . [
=
- L] L]
=
3 N .
; 0.6
= . ¢
£
‘5 L] .
Z o04f ® *
L]
° L]
L]
02} ® . o .
o o . .
oo Y .
00 = Voltage (v)
300 350 400 450 500 550 voltage

Figure 1.11: Tuning the g-plate by applying an external electric field. The plot shows
the intensity of converted beam vs applied voltage. The complete tuned g-plate (6 = )
appears when we have the maximum intensity which is correspond to V=320 V. In contrast

the untuned g-plate (§ = 0) is for V=360 V where the intensity is minimum.

having a horizontal linear input. Therefore, we can write:

|R) +|L)
5

Using equations 1.43, and 1.44, we can rewrite the action of g-plate on the

\H) = (1.44)

input beam as:

1 . .
Uq—plate| H, 0) — 7 [(cosd/2+isind/2e*9)|R) + (cos & /2+isind/2e”*)|L))].
(1.45)
For simplicity we considered oy and m equal to zero. Now, for a tuned

g-plate, 6 = m, the equation 1.45 can be reduced to:

1
Uq—plate|H7 0> — EOR? 2q> + |L7 _2(]>) (146)

In general, one can reproduce any state of polarization as a superposition
of circular polarizations. We should notice that when we have a superposition
of right and left handed circular polarization as the input, SAM and OAM of
output are not separable anymore. However, by choosing different values for
q and adjusting the input polarization, we can engineer the desired complex

structured beams.
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All the mentioned instruments are used in free space. These days, there
is huge attention toward guided modes in optical fibers. The reason is due to
guided mode applications. In Chapters 2 and 3, we introduce optical fibers
and their guided modes. Also, we talk about OAM generation in optical fibers
and we see how we can greatly benefit from a special kind of g-plate to max-
imize light coupling into an optical fiber. Later on in Chapter 4, we see how
we can tailor a beam and generate a desired amplitude and add polarization

singularity, as well to it.



Chapter 2

Improved Scalar Mode
Matching

2.1 Introduction

An optical fiber refers to a z-invariant dielectric structure (waveguide) that
confines laterally the light by the principle of total internal reflection. Thanks
to their many applications in science and technology, optical fibers have been
an interesting subject of research and industry development since their inven-
tion. Having a very small size (diameter), an optical fiber can be compared
to a human hair which is around 120 pum. Concerning the internal reflection
and mechanical support, a typical optical fiber consists of three parts as the

following:

e Core, a low-loss inner part in which most of the light energy is confined

and forwarded.

e Cladding, which surrounds the core and has a slightly lower refractive
index than core to support total internal reflection; a part of light energy

goes to this region.

e Coating, a plastic layer around the cladding to protect the fiber against

external damages and moisture. This part is not strictly functional in

26
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the optical fiber, so it can be absent, but it is needed in most practical

applications [13].

Fig 3.6 reports these three main parts of an optical fiber. As it can be seen,
the cladding layer reflects the light into the core. Optical fibers’ capability to
transmit more data (information) in long distances has improved the technolo-
gies such as communications. However, the very first fibers had a high energy
loss and could be used just in short distances. Now let us see briefly how the

optical fiber industry reached this high level.

plastic coating cladding core

NN

/

Beam Ray

Figure 2.1: The three main parts of an optical fiber. The light ray travels into the core by

the principle of total internal reflection.

2.1.1 Optical fiber history

Light has been one of the first tools to communicate among humans. As a
consequence, propagating and controlling it for a diverse range of applications
have been demanding through the years. In the year 1840, the first attempts
were done by Daniel Collodon and Jaques Babinet to demonstrate they could
guide light along a water jet. Using the same approach, John Tyndall showed
one can transmit the light through a stream of water. The next step was to
direct the light signal along other materials such as glass. Subsequently, in the
1950s, they realized using another layer around the light path (core) could lead
to a better transmission, and finally, the invention of lasers in 1960 and hence

having a coherent source of light opened a new window in light transmission.
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However, there was still the problem of high energy loss along the distance.
To reduce this loss, in 1964, Charles K. Kao proposed to use purer forms of
glasses as an environment to guide the light. On that account, the optical fiber
industry flourished. By all the improvement in the fiber industry, now light

can travel along them in long distances with low loss [21, 22, 23].

2.1.2 Optical Fibers Classifications

Based on the number of transmitted modes, optical fibers are classified into

two main types. We talk about fiber modes in the next section.

e single-mode fibers (SMF) in which just one mode (fundamental mode)
is allowed to propagate at a time. A typical SMF has a small core diame-
ter around 6 to 9 um. However, some other core diameters are available,
as well. Telecommunications is one of the main applications of such

optical fibers. In this chapter, our focus is on the single-mode fibers.

e Multi-mode fibers (MMF) that are designed to be able to guide
more than one mode at a time. The wavelength of the input beam, the
diameter, and refractive index of core determine the number of supported

modes. A typical multi-mode fiber has a core diameter around 60 pm
[13].

There is another classification that is based on the core refractive index. If
the refractive index of core is uniform it refers to step-index fiber. However,
In graded index fiber, the core refractive index decreases gradually going from
center to cladding [13, 24]. Our focus is on the step-index single-mode fiber.

Due to its larger core diameter, an MMF has a higher attenuation. Hence,
the SMF is more suitable for long distance applications.

Talking about the applications of optical fibers, here we can mention some.
As we face a growth in the global population, maybe we can claim that medical
applications of fibers are among the most important ones. Due to their unique
properties, optical fibers are greatly exploited for patient diagnosis and also

treatment [25, 26]. They can also be used in surgeries or endoscopy [27, 25].
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Apart from the medical applications, they are applied in telecommunications,

as well, which is another significant application of optical fibers. Thanks to

Y ]

Sensing is another worth-mentioning application of optical fibers which can be

them, we can transfer more data faster and safer in longer distances |

used also in communications and medicine [31]. Some other applications are
mentioned in ref. [32, 33].

To exploit an optical fiber in applications, it is usually important to send
as much light as possible to it. Suppose we send a signal with wavelength
A = 1550 nm into a low-loss optical fiber with a loss about 0.154 dB/km.
Then, after propagating 20 km in the fiber core, the signal loses about 50%
of its intensity [241]. Clearly, if we can send as much light as possible into
the fiber, there will be more power left after 20 km. Therefore, the coupling
efficiency is an important factor when working with fibers, as it describes what
fraction of the input beam is coupled into fiber modes.

In this chapter, we discuss the problem of optimizing the coupling of a
free-space beam into a single-mode optical fiber and calculate what can be
the best amplitude profile for optimizing the coupling into a single-mode step-
index fiber. We further discuss how a properly designed g-plate can help us
improve in principle the coupling efficiency between a laser source and a single-
mode step-index fiber. As we will show, high efficiency coupling becomes more
challenging in nanofibers where the vectorial structure of the field becomes
more prominent, and this is the area in which the vectorial patterning allowed
for by g-plates can be most useful. To begin with, we introduce optical fiber
modes. We show how the amplitude and polarization of the fundamental mode
(our interest) of a single-mode fiber change by reducing the core size. We
also discuss other methods and devices used in literature to increase coupling
efficiency. Finally, in the next chapter, we introduce our technique that is a
novel application of g-plates to manipulate lights’ polarization structure and

improve the coupling efficiency.
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2.2 Optical Fiber Modes

To realize how to improve coupling efficiency in optical fibers, it is necessary
to understand the structure of exact fiber modes. We recall that the behavior
of electromagnetic waves is governed by Maxwell’s equations as discussed in
Chapter 1 equations 1.1. The optical fiber modes are the possible solutions
of wave equation and are a set of orthogonal eigenfunctions. The fiber fun-
damental guiding mode is of huge and special importance, because one can
design an optical fiber to propagate just this mode. Thus, here, we are just
interested in the fundamental mode of a step-index single-mode optical fiber
(usually labeled HE;).

As an ideal optical fiber has a perfect cylindrical core, it is more convenient

to solve it in cylindrical coordinate such that

E(r, ¢, 2) =E,(r, ¢, 2)F + E4(r, ¢, 2)6 + E.(r, $, 2)2, (2.1a)
H(r,¢,2) =H,(r, ¢, )t + Hy(r, ¢, z)gg + H, (r, ¢, 2)Z. (2.1b)

An optical fiber can support transverse electric (TE) modes with E, = 0,
transverse magnetic (TM) modes with H, = 0, and the most general form
where none of the components of the fields is zero, E, # 0 and H, # 0, called
hybrid modes (HE and EH). Our focus is on hybrid modes as they are the
exact and complete solutions. In general, in this regime, one can write the

structure of transverse fields in terms of longitudinal ones

' 0 ~ 0 ~ 0 0

Eq(r, ¢, 2) wzﬂzﬁ 52(( I +¢@) P iwu(d)— - f‘%)Hz)u (2.2a)
1 0 0 0

Hy(r,¢,2) = e — BQ(( +¢r8¢)H +W€(¢— - r@gb)Ez)’ (2.2b)

where [ is the propagation constant of each mode. It is clear that to find an
exact form for the transverse fields, one needs to find the longitudinal ones.
Optical fibers are z-invariant media, then in cylindrical coordinate, £, and

H, do not couple into transverse fields. So, by solving Maxwell’s equations,
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the total longitudinal fields amplitude for a step-index cylindrical fiber can be

written as

p

A (ur/a)e™?eh r<a

Ez(ra ¢7 Z) = \AéZ((Z})) Km(wr/a>€im¢eiﬁz ey (23)
(BJm(ur/a)eim‘bewz r<a

Hz(’f’a ¢7 Z) = \B["(Iv:((:j})) Km(wr/a)eim¢6¢52 ey (24)

Here, we ignored the dependency on time. a is the core radius, and m
stands for the mode order that shows the total angular momentum (hence
not only the OAM component) of the corresponding mode. J,,(r) and K,,(r)
are the mth order of Bessel and modified Bessel functions, respectively. In
the above equations, we defined u and w as the wave number in the core and

cladding along the transverse direction, where

w =ay/ % — kin3, (2.5b)

u =ay/kin? — (32, (2.5a)
\/7

ny1 and ngy represent the refractive index of core and cladding, respectively and
ko = 2m/A. Here we define another important parameter in an optical fiber

which is linked to the number of modes.

V = u? + w? = a’ko(n? —n3). (2.6)

If V' < 2.405, the fiber is single-mode fiber and for the V' greater than that
value, we have multi-mode fiber.
Substituting equations 2.3 and 2.4 into 2.2, we can have electromagnetic

field transverse components as the following:
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In the core region (r < a):

Ey(r) =5 [t (S0) (A — Buopt) + Jyvia (=) (—Aifly — Buop)],  (2:7a)
H,(r) =5 Tnea(=) (BiB = Awer) + Jyia () (= Bif — Awer)], (2.7b)
and

Ey(r) =5 m-1(=) (ABn + wptB) + Jnir () (ABp = itopifn)],  (2.89)

Ham:%wwx%xzwm+mM&m+mefxdwm—mWﬁmy
(2.8b)

And in the cladding region (r > a):

_a Jp(u) ,
E.(r) = %W[Km_l<ur/a)<z4@6m — Bop)+ 29)
K (ur/a)(—Aify, — Bup),
r) = iJm—(u) ur/a)(Bif,, — Awe
i) =55 Ko (w) B {urfa)(Bifn = Awer)+ (2.10)
Kppy1(ur/a)(BiBy, — Awes)],
_a Jn(u) .
Ey(r) = 0 Ko () [Kn-1(ur/a)(=BBn — Aiwe B (2.11)
+ K1 (ur/a) (BB, — Aiwe Bm)],
and finally,
r :i‘]m(u) ur/a)(— 1Awe
Holr) = gy Ry ot N B i)

+ K1 (ur/a)(BBm, + iAwes )]

Applying the boundary conditions between core and cladding at r = a (for
Ey, Hy) will lead us to obtain the characteristics (dispersion) equation for the

step-index fiber.

1 L\ pi€r | po€a, o m
(it _)(7 + W)m (1) = (& U te Wy, (u)
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One can find the propagation constant of a mode by solving equation 2.13
together with 2.6, numerically [24, 34]. For instance, for ny = 1.5 , ny = 1.48
and core radius equal to 3um in a single-mode fiber with m = 1, we calculated
Bm equal to 6.071/um. Equation 2.13 also shows that f,, = [f_,,, which
means the modes will be degenerate in pairs, due to the fiber mirror symmetry.

Interestingly, modes with opposite angular momentum show the symmetry as:

E™m= E™, E;™ = —Ey, E.™= E", (2.14a)
H™=—H", H;™ = HJ, H ™ =—H". (2.14b)
In the following we see that we opt to choose a general representations of

the fiber modes in AM basis to facilitate our calculations.

2.2.1 Vectorial structure of the optical fiber modes
In a general form, a propagated electromagnetic field in an optical fiber with

. m .
the eigen modes can be written as:

H,,
Ep(r,6,2) = e (B (r)E + EJ (1) + EX(1)2) (2.15a)
H,,(r, 6, 2) = ¢meifn (H;n(r)f« + HI (1) + H;n(r)z> . (2.15b)

Rewriting equations 2.15 in circular polarization basis, turns it into:

E, = eiBmz (ez(mfa)¢E[T(7”)ég + el(era)d’ETa (T)é,g + E;n(?“)ﬁ) , (2.16&)

H,, = = (=P HM(r)e, + ™ H™ (r)é_, + H™(r)2), (2.16b)

here we used the notation &, = \%(fﬁ—iay) for the unit vector of right and left

handed circular polarization where o = +1 for left and right handed circular
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polarization , respectively. And therefore,

1
E"=—(E" —icE}"), 2.17a
o \/5( T (;S) ( )
Hl' =—(H" —iocHJ"). (2.17b)

TV2

It is clear from the equations 2.16 that the eigen-modes in AM basis are
complex structured fields with coherent superposition of fields carrying oh
amount of SAM and (m—o)h of OAM. Interestingly, these eigen-modes possess
the highest symmetry.

As mentioned, mode m and —m are a complete and orthonormal set of
degenerate solutions for the characteristic equation. Thus, any linear combi-
nation of them can also be a solution for the fiber modes. In this way, we can

define another basis called ”even and odd” basis as follow:

Eo,|m| :Slgn(m) Em _ Efm (2 18&)
H0,|m| \/§ Hm Hfm 7

R I + B (2.18h)
He,|m| \/§ Hm H—m ’

where {e, o} represent even and odd modes. This representation of modes has
linear state of polarization across the fiber cross section. Thus, this is more
convenient to use this basis for presenting intensity pattern and polarization
structure of fiber modes. However, we realized that by reducing the core size
and hence increasing the refractive index contrast between core and cladding
(in order to stay in single-mode regime), the spatial amplitude distribution
and state of polarization of the fundamental mode change. We reported an
example of this change in Fig. 2.2, 2.3. In general, the mode pattern depends
on the core radius (a) and refractive index contrast between core and cladding

2 2

n
A — 1 2
In Fig. 2.2, the Electric field of the fundamental mode for a fiber with

, we considered other parameters are fixed.

a = 10pgm and A = 0.0006 is shown. It is clear that when A << 1 (Low
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contrast fiber (LC)), the fundamental mode (|m| = 1) has a uniform linear
polarization with an almost Gaussian intensity pattern. The reason is that
according to equations 2.7 to 2.12, the electric field of the fundamental mode
is a combination of the zero and second order of the Bessel function and by
considering that A << 1, the second order can be neglected, and thus the
fundamental mode is linearly polarized. In other words, the intensity is in one
polarization direction. However, for high contrast (HC) single-mode, Fig. 2.3,
fiber with @ = 0.2um, A = 0.401, the effect of A in the field components is
not negligible anymore and it results in the appearance of a non-uniformity
in polarization profile. Besides, the intensity pattern is not a uniform Gaus-
sian anymore and a noticeable amount of field energy goes to the cladding.
For example for the odd mode, in the mentioned HC fiber we calculated that
around 3.5% of the energy goes to x direction while about 96.5% is in y direc-
tion. However, for the LC fiber (odd configuration) essentially all the energy
is carried in y direction. Even mode follows the same pattern in a way that
for HC even mode 96.5% of energy is in the direction of z and 3.5% goes to y
direction. And in LC counterpart all the energy is in z direction. Therefore,
for achieving high coupling efficiency for HC single-mode fiber it is required to
manipulate the polarization structure of the coupled beam appropriately, too.
We discuss this in the next chapter.

When we squeeze the size of core and consequently increase A, we can
reach the size of a nanofiber and we see that coupling light into a nanofiber
requires more consideration of polarization structure. In the following, we

briefly introduce nanofibers and some of their applications.

2.2.2 Nanofibers

Nanofibers refer to the fibers with the core diameters in the nanometer range
and have many potential applications due to their remarkable properties. Com-
pared to a typical optical fiber (with diameter in micron), nanofibers have no-
ticeable mechanical strength and high flexibility. It is interesting and worth

mentioning that a very thin nanofiber can have a diameter as thin as 36 nm
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Figure 2.2: The almost Gaussian intensity pattern and uniform linear polarization struc-
ture of HFE1; in a step-index optical fiber when A = 1550 nm, a = 10 pym and A = 0.0006,

a) for even mode, and b) odd mode.

[35]. There are plenty of applications in science and engineering for this unique
type of fibers. They can be exploited in optical sensors [36, 37], quantum op-
tics [38], tissue engineering [39], cancer diagnosis [10], and drug delivery [11],
to mention some. However, the coupling efficiency is still a challenge. Inter-
estingly, for some applications such as sensing or medicine, using structured

light may lead to a better result. Therefore, the possibility of improving this
efficiency by applying structured light is worth being explored.

2.2.2.1 Electromagnetic field in nanofibers

The tight confinement of light in nanofibers has increased the interest in them.
Thus, understanding the modes in nanofibers is of huge importance. In fact, in
section 2.2, we provided the complete and exact (without any approximation)
electromagnetic field in an optical fiber. Although we can apply the paraxial
approximation for a typical fiber mode (with micron size), nanofiber modes
do not follow this approximation. In Fig. 2.3, we reported the intensity and
polarization distribution of HFE7; in a nanofiber. Nevertheless, it is of our

interest to find the coupling efficiency of such fibers.
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Figure 2.3: The intensity pattern and polarization structure of HFE;; in a step-index
optical fiber when A = 1550 nm, a = 0.2 um and A = 0.401, a) for even mode, and b)
odd mode. The polarization pattern is not uniform anymore and a noticeable amount of

intensity goes to the cladding.

2.3 Beam coupling

Even after the invention and fabrication of low-loss fibers, the coupling mech-
anism of a laser Gaussian beam and a specific eigen mode (of order m) of fiber
is still of huge importance. Multiple studies and activities have been done
aimed at increasing the coupling efficiency. In this section we start with the
coupling efficiency formulation, later we review some of the researches done by
other groups and then we introduce an amplitude tailoring method to have an
efficient scalar mode matching. In addition, of course, in order to couple an
input beam to optical fiber mode, a suitable lens is used to focus the light into
the fiber core.

Once sending the light into an optical fiber, the fiber modes will be excited.
Depending on how much of the input light couples into the excited fiber mode,
one can find the coupling efficiency. At first sight, coupling light into an opti-
cal fiber might seem simple and straightforward. However, having an efficient
coupling needs careful consideration. To find the exact amount of coupling ef-

ficiency into an optical fiber, the exact intensity as well as polarization profile
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of the fiber mode must be taken into account. However, for the sake of sim-
plicity, in many works it is just assumed the optical fiber fundamental mode
has a Gaussian pattern with uniform linear polarization. This approximation,
as we shall see, is very good for low-contrast fibers but becomes less and less
appropriate for increasing-contrast smaller-radius fibers.

Let us consider we have a properly focused electromagnetic field (E, H) at
the interface of an optical fiber. The coupling efficiency can be calculated as:

Ppn P

_im e 2.19
n=—4+t-—p =mmtn (2.19)

where P =< S, >= 1 [[(E*xH+E x H*) - 2dS and P,, =< S" >=
lam|* [[EZ, x H,, - 2dS is the power carried by the mode with total AM

equal to m. The coupling coefficient a,, can be defined as:

[[E:, xH-zdS [[E x Hj, - 2dS
Ay, = — = —.
[[E:, xH,,-2dS  [[E, x H:, - 2dS
Applying the symmetry between the modes m and —m shows that E; x

(2.20)

H,  -z2=E" xH_, -2, therefore equation 2.19 turns into:

| [[E:, x H-2dS]? + | [[ E*,, x H - 2dS|?
~ [[E; xH,,-2dS - [[E*x H-2dS

| [JExH;, -2dS]*+ | [[ExH* -2dS|
~ J[E:; xH,,-2dS - [[E*x H-2dS

n
(2.21)

Doing some more algebra and applying paraxial approximation, we can

find a close form for the coupling efficiency as:

_ |IE}zber(x7y>E<x7y)d‘rdy|2
ST E@, ) [Fipe dxdy [[1E(z, y)*dzdy’

where Egper and E are the electric field of fiber mode and the input beam,

U (2.22)

respectively. Egper can be written as superposition of mode m and —m as:

Efiber = tmPBum + ¢_mE_m, (2.23)

where, |a,,|? + |a%,,| = 1.
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By considering an input beam with a uniform polarization like E = Eé
where & = (é,,€,), and using Egs.2.15 and 2.22 and applying the symmetry
between the modes with opposite AM, the coupling efficiency becomes:

| J(E"(r) —iEZ (r)) E(r)rdr|?

TR UEr P T (B (r)]2))rdr ([ |E[2rdr) (2.24)

The equation 2.24 shows that the coupling efficiency does not depend on
the state of polarization (SOP) of the input beam, as long as it is uniform
across the beam cross-section. Therefore, when using an input with uniform
polarization for coupling the light, we can only optimize the amplitude profile
but not the polarization. In the following, we consider the amplitude matching
between an incident beam and H F;. In the next chapter we consider the more
general case of space-varying polarization of the input beam and we will explain
how to use a tool called g-plate to manipulate the amplitude and polarization

of the beam to perfectly match H E\;.

2.3.1 Scalar mode matching

The coupling of light into an optical fiber can be categorized into coupling
into multi-mode fibers and single-mode fibers, and thus different approaches
should be used for each. Here, we only focus on the problem of coupling light
into a single-mode step-index optical fiber. In this case, we need to overcome
the problem of mode matching between the incident laser Gaussian beam and
the fundamental mode of the fiber H E4;.

In section 3.2 we have explained the properties and behavior of modes in
step-index fibers, in particular the fundamental mode H F1;. According to Fig.
2.2, the fundamental mode has a nearly uniform linear polarization over the
core and cladding regions. However, we can prove it by the Stokes parameters
of the fiber modes. Here we give information about the polarization state of
the "even” and ”"odd” modes. Using various references such as Cartesian (x

and y), cylindrical (r and ¢), and circular polarization basis (o and —o), we
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can show:
So = |Ex|* + |Ey|* = |E|* + | Eg|” = |Eo|* + | E_o|* (2.25a)

Sy = |E.|> — |E,|* = (|E.|> — |E4|?) cos 2¢ — 2Re (B} E,) sin2¢ = 2Re (EXE_,)

Sy = 2Re (EXE,)

(2.25b)

(|E.|> = | Eg|?) sin 2¢ + 2Re (E; E4) cos 2¢ = 201m (EXE_,)

Ss =2Im (ELE,) = 2Im (E}E,) = o (|E,|> — |E_,|?) .

(2.25¢)

(2.25d)

According to the equation 2.16, the Stokes parameters of the m mode of

an optical fiber can be written as follows:

S1 = —2Re(E;E_;) = 2 cos 2¢(|E" (r)|” + |EG (r)[?)

Sy = —2Im(ELE_y) = 2sin 26(|E(r)[* + [EJ (1))

Ss = |Eo|* = |E,|* = AIm(E]" (r) Eg'(r)).

Then, normalized Stokes parameters are:

S0
S1
59

53

So/So
S1/So
Sa2/So
Ss/So

1
cos 2¢

sin 26
Im(E7" (r) Ep(r))

IR (P 1 BP0

(2.27)

Finally, applying the symmetry between modes m and —m results in:

Syt = 5"
Sy =5
Syt =5,

Sy = —S5™

(2.28)
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Using the above definitions, it can be shown that the "even” and ”odd”
modes are linearly polarized since S5 is zero for both the electric and magnetic
components. Interestingly, H F';; shows very nearly uniform linear polarization
with approximately Gaussian amplitude in the case of LC fibers. Thus, the
most favorable light that can be coupled into an LC fiber is the fundamental
mode of a laser source. In Fig. 2.5 (panel a) we have compared the amplitude
of the fundamental fiber mode H E; with a correctly focused Gaussian beam.
It is clear that they have similar amplitudes.

To proceed, suppose we have a uniformly polarized Gaussian beam E(r) =
e~/ (6, + €,) with a suitable beam waist wy at the interface of the fiber
as our input beam. To efficiently couple light into the fiber, the beam waist
must be centered on the fiber core and have the size of the fiber mode field
diameter (MFD). MFD describes the size of the beam profile within the fiber.
By using a suitable lens, one can focus the input beam with the beam waist
wy =MFD. Nevertheless, it has been demonstrated in a large number of studies
that efficient coupling into HFEj; is possible if the input beam is properly
focused and centered on the fiber core [12, 13]. We have also theoretically
shown that a Gaussian beam can be coupled into the aforementioned LC fiber
with a maximal efficiency of 99.66%. However, when we move from the LC
fiber to the mentioned HC fiber, the coupling efficiency decreases to 89.65%.
Many studies have focused only on sending a Gaussian beam into optical fibers.
Nevertheless, the coupling efficiency can be increased by manipulating the
input beam amplitude and polarization spatial profiles. In Section 2.3.2, we
show how we can improve to some extent the mode matching and hence the
coupling efficiency for HC fibers just by changing the input amplitude profile.

In Fig. 2.4, we have shown how the coupling efficiency depends on the
beam waist (wp) of the Gaussian beam. For the appropriate beam waist, the
red curve corresponding to the coupling efficiency for an LC fiber is higher than
the blue curve showing the efficiency for an HC fiber. The decrease in coupling
efficiency is due to an increased mismatch between the amplitude distribution

and polarization structure of the Gaussian beam and the fundamental mode
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of the HC fiber.

100 1 —— LC Fiber

—— HC Fiber

80
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Figure 2.4: Coupling efficiency, 1, between a uniformly polarized Gaussian input beam
and the fundamental mode of a single-mode step-index fiber. The red curve shows 7 for a
LC fiber with A = 0.0006, ¢ = 10um and the blue curve shows n for a HC single-mode fiber
at A = 0.401, and a = 0.2um. It is proved that we have the maximum efficiency when the

beam waist is close to the mode field diameter.

2.3.2 Improved scalar mode matching

Here we propose a method based solely on complex amplitude profile shaping
to improve the coupling efficiency into an HC fiber. From Fig. 2.3 we see that
a non-uniformity occurs in the fundamental mode intensity and polarization
distribution of a single-mode nanofiber (HC fiber). In this case, a Gaussian
amplitude with uniform polarization is no longer suitable. Therefore, one
should modify the input beam structure. Here, we only focus on amplitude
shaping, although polarization matching also plays a significant role in this
case, as we shall discuss in the next Chapter.

To proceed, let us find the best complex amplitude profile matching for the
fundamental mode in an HC single-mode fiber. Equation 2.24 shows that the
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coupling efficiency is maximized when the input beam has a complex amplitude
equal to E;" —iE'. We call this “effective amplitude” FA . This FA may be
the best fit for the fiber modes in the case of scalar mode matching since it is
composed of the electric field components of the fiber modes. We call it scalar
mode matching since it only refers to amplitude matching and has nothing
to do with polarization (vector contribution of the fields). Using FA , we
show, for example, that the maximal coupling efficiency may be improved from
89.65% to 92%, for the considered HC fiber having refractive index contrast
A = 0.401.

In Fig. 2.5, we compare the Gaussian amplitude profile, the FA , and
the optical fiber fundamental mode for the mentioned HC and LC fibers. As
can be seen, in the LC optical fiber, all amplitudes overlap, while in the HC
fiber, the Gaussian amplitude is very different from HFEj;. Then, in Fig. 2.6
we report the computed coupling efficiency of a Gaussian beam and FEA to
HFEy;. The Gaussian input experiences a larger decrease in efficiency than

EA | as the index contrast A is increased. The reason is due to the increasing

mode mismatch.
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Figure 2.5: Comparison between the normalized amplitude of a Gaussian beam, the effec-
tive amplitude, and HE;; a) LC fiber, b) HC fiber. In the LC fiber, almost all amplitudes
match perfectly, while in the HC fiber, the Gaussian amplitude is not close to the funda-

mental mode.
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Figure 2.6: Comparison between the coupling efficiency, 7, of a uniformly polarized Gaus-
sian input beam and the effective amplitude profile, as a function of the index contrast A.
The coupling to the two mentioned HC and LC fibers are also shown by dashed lines. The
effective amplitude always has a higher coupling efficiency. It can be seen that, as the refrac-
tive index contrast increases, the difference between the two efficiencies increases, proving

the importance of amplitude matching.

To conclude this chapter, we can claim that one can improve the coupling
efficiency to the fundamental mode of a single-mode step-index optical fiber by
just properly tailoring the amplitude profile of the input beam, while keeping
a uniform polarization. We name this ”scalar mode matching”. However, to
achieve the highest possible value for efficiency, we need to design a device that
manipulates also the polarization pattern of the input beam and matches it
to the fiber mode. In the next chapter, we present a novel application for the
g-plate to achieve such goal. In this case, we can not only achieve maximum

efficiency but also benefit from sending structured light into the fiber.



Chapter 3

Polarization Effects in Single

Mode Fibers: Vectorial Mode
Matching

3.1 Introduction

In Chapter 2, we demonstrated that the fundamental mode HFE;; of a mi-
crofiber (an optical fiber with a core size in the micrometer range) can be
approximated by a Gaussian beam with a uniform linear polarization state.
Also, the lowest order mode of a laser has a nearly Gaussian intensity pattern.
Therefore, it can be efficiently coupled to H Eq; of a single-mode step-index
fiber. We recall that the efficiency is theoretically about 99%. However, when
moving from microfibers to nanofibers, the intensity and polarization profile
of the modes change dramatically, since a significant amount of power goes
into the cladding and a non-uniformity in the polarization structure occurs.
Therefore, it is not possible anymore to approximate it with the T'E My, mode.
One can still send a Gaussian amplitude with uniform polarization into such
optical fibers, but the expected efficiency will decrease. The increasing range
of applications of nanofibers make them an interesting topic for research and
science, as well as for industry, and thus the issue of coupling efficiency acquires

great importance.

45
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One way to improve efficiency is to modify only the input beam amplitude
to match the fundamental mode H F4;. However, as we showed in Chapter 2,
this is not sufficient to reach very high values of efficiency since polarization
matching becomes more dominant in nanofibers.

A g-plate changes the polarization state of an input beam. Therefore, it can
be a promising device to manipulate the input polarization state and bring it in
line with H ;. In addition to mode matching, a g-plate produces structured
light. There have been many studies on the generation of light carrying OAM
in an optical fiber due to the many applications of guided helical modes in
both classical and quantum physics. But as we will see in this chapter, the
generation methods only apply to multi-mode fibers and can cause a loss in
the intensity of the signal.

In the following, we will first discuss some common methods for generating
helical modes in optical fibers. Then, we mention some activities performed
by other groups to increase the coupling efficiency in optical fibers, especially
nanofibers. Finally, we present our method, that is, the use of g-plates for

optimizing the light coupling to a single-mode optical fiber.
p g g pling g b

3.2 Generation of light carrying OAM
in optical fibers

In Chapter 1, we discussed the common techniques for producing structured
light. However, they are all applied in free space. Recently, guided modes
have developed great appeal in many industries and science because of their
advantages. Moreover, the applications using optical fibers as a medium for
propagating structured light have been the interest of several studies.

Similar to the use of mode converter lenses, this method applies the HG to
LG conversion. This mode conversion occurs due to birefringence phenomena
in the optical fibers. In general, birefringence occurs in anisotropic media
in which the refractive index depends on the state of polarization and the

direction of propagation of light [11]. As shown in Fig. 3.1, the birefringence
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in an optical fiber is mainly due to the loss of cylindrical symmetry in the
core. An elliptical core (due to manufacturing defects), bending, twisting, or
applying pressure to a fiber section can result in an asymmetric core, and
thus cause birefringence. These reasons induce internal stress in the fiber and
the refractive index changes along the stress direction. Therefore, the two
components of the propagated mode (with two orthogonal polarization state)
experience two different refractive indices along their directions. As a result,

the birefringence occurs [15, 14].

a core
b
a X
cladding
C 77 F

IS

Figure 3.1: Schematic representation of the stresses on the optical fiber: a) elliptical core
a and b are the small and large axes of the ellipse , b) bending the fiber, R is the radius
of the circle generated by bending the fiber, c) external pressure produced by force F, d)
twisting of the fiber (force F causes twisting (by angle 6) on a section of the fiber (I7). These

stresses produce the birefringence.

3.2.1 Applying pressure

The exertion of varying weight is the simplest way of applying pressure on any
object. Accordingly, Padgett et al. produced the desired birefringence in the
fiber core by placing a weight on a section of optical fiber. In doing so, they

were able to generate an LG beam with m = 1 where m is the topological
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charge and is related to OAM. This experiment was performed with trial and
error to find the correct amount of weight. Fig. 3.2 shows their experimental
setup. In this experiment, a HG@Q45 was coupled to the optical fiber using a
focusing lens. Variable loads were then applied to 100 mm of the optical fiber
to exert uniform pressure on it. The required birefringence (7/2 phase shift)
was created by using 2 kg of weight. They found that by adding more loads,
a 3m/2 phase shift and thus an LG mode with [ = —1 [16] can be produced.

This work has also been done by other groups [17].

Variable load
arabie foa Collimating lens

Fiber-optic
waveguide
Focusing lens \ |
\ [
|
. | Qutput
mode
y z t . -f-.__*
\x" \/‘
" I
\ - i f9
n/ 2 out of phase
Input ' . + 4%
mode \/‘
In phase

Figure 3.2: Generation of LG1g in an optical fiber. Applying pressure causes the desired
phase shift equal to m/2 between the two components of the input HG10@45. The proper
weight of the loads was found by repeating the experiment for different weights. The setup
is adapted from [46].

3.2.2 Bending the fiber

Another way to create birefringence in optical fibers is to bend them with a
device called “microbend grating”. Fig. 3.3 illustrates an optical fiber posi-
tioned in a microbend grating. The mechanism is such that the applied stress

(pressure and bending) on the embedded fiber between the displacement of the
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device is suitable to produce a phase shift between the propagated HG modes

in the fiber. Ref. [18] contains more details and results on this method.

Microbend grating

o0

fiber

Figure 3.3: An optical fiber is embedded in microbend grating. External stress from this

device results in the generation of OAM.

3.2.3 Applying acousto-optic interaction

Acousto-optics is one of the branches of physics that deals with the interaction
of sound and light waves. The sound wave creates a refractive index lattice
in the materials and causes the change of their refractive indices. Therefore,
sending an acousto-optic wave into an optical fiber leads to the occurrence of
birefringence in the core section and then to the desired phase shift between
the HG modes [19)].

Some more studies on OAM generation in optical fibers can be found in
50, 51, 47].

To conclude this section, it is worth mentioning that all approaches follow
the same strategy, which is creating a birefringence in the core by external
stress. However, this stress leads to a loss of power in the core and is therefore
not a suitable approach for long-distance applications. Sending structured
light into the optical fiber is a more suitable way to benefit from the helical
modes in the optical fiber. The typical structured lights do not match well with
the fundamental mode of the optical fibers. One has to modify the intensity
pattern and polarization profile of the input beam. This is the main interest

of this chapter.
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Before explaining our proposal, it is worthwhile to consider the other activ-

ities aimed at improving light coupling in optical fibers, especially nanofibers.

3.3 Literature review of increasing
coupling efficiency into optical fibers

Since the invention of optical fibers, many activities have been done to design
them to have the lowest possible loss and the highest possible coupling effi-
ciency. This section is devoted to techniques and devices that can increase the
coupling efficiency between the input beam (usually the laser Gaussian beam)
and the fundamental mode of single-mode step-index fibers.

Recall that in Chapter 2 we divided fibers into low-contrast (LC) and high-
contrast (HC) refractive indices. The reason to increase the refractive index
contrast between the core and cladding was to stay in the single-mode regime
when decreasing the core size to get a nanofiber. And we are interested in
single-mode fibers.

Tapered film coupling, prism coupling [52], two-beam interference [53], mi-
crolenses [H4, H5], grating coupling [76] and end-fire coupling [57] are different
approaches to increase efficiency. All these methods confirm high coupling
efficiency in LC single-mode optical fibers. This is also shown by our simula-
tion. The main idea of all mentioned methods is the modification of the beam
amplitude leading to a scalar mode matching. In Chapter 2, we showed that
the optimal scalar mode matching is provided by tailoring the input beam to
have effective amplitude (E,(r) — iE4(r)) , which provides the best fit to the
spatial distribution of the fiber modes when the input polarization is uniform.

Let us now consider the case of HC single-mode optical fibers, which are
very widely used because they have tight confined electromagnetic modes. In
2014, using a nanofiber tip, an efficiency of up to 87% was reported [58]. In
2017, a coupling efficiency of about 75% was obtained for nanophotonic devices
[09]. In the same year, the coupling efficiency to a nanofiber was improved to

80% . A similar value was published in 2018 by another group [60]. Therefore,
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the researchers have been working on the issue of efficient coupling in HC
single-mode fibers.

All reported values for coupling efficiency into a single-mode nanofiber
demonstrate the difficulties and challenges of this process.

In the next section, we show, theoretically, how a g-plate can improve

efficiency to the highest possible value.

3.4 Polarization manipulation via g-plate

In Chapter 2, we introduced the vectorial structure of optical fiber modes. The
vectorial structure is more obvious for higher order modes because they have
nonuniform polarization and amplitude. Fig. 3.4 shows some higher order
modes in an optical fiber. However, the fundamental mode H F; is a partic-
ular case and can be used in many significant applications such as telecom-
munications [61, 62]. Therefore, it attracts more attention. We find that the
fundamental mode in LC and HC single-mode fibers shows two different pat-
terns. In LC fibers, the SOP structure is homogeneously distributed, and the
intensity profile is almost Gaussian, which makes it more convenient and less
challenging to work with LC fibers. On the other hand, HC single-mode fibers
cannot be neglected because, as mentioned, they can be used in many fields.
Thus, we need to design a device that modifies the vectorial structure of the
input beam to match H FEq;.

Any polarized beam can be written as a superposition of two orthogonal
polarizations as A, (r)|c™) +.A_(r)|c~). We choose the circular polarization
basis so that A represents the amplitude contribution in each direction. For
simplicity, we decide to use the amplitudes that depend only on r (radial
distance in cylindrical coordinate) and has no dependency to ¢. In the next

section, 3.4.1, we use this expression for the beam before the g-plate.
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Figure 3.4: Intensity pattern and polarization structure of higher order modes in an LC

optical fiber. a) HFE5 odd, and b) HE>; even. They show a nonuniform polarization

pattern.

3.4.1 Fiber Mode synthesis with a geometric phase plate

To get a real benefit from a g-plate, the latter should be thin enough and

integrated at the fiber facet. The effect of a thin g-plate on any input beam

in the near field can be then described as follows:

AL (r)]o) + A_(r)]o™) —|o")(cos(8/2) A4 (r) + isin(5/2)e 2% 2 A_(r))

+lo ™) (cos(6/2)A_(r) +isin(6/2)e* e A (1)),
(3.1)

where ¢, §, and a must be chosen to result in fiber mode synthesis.

The fiber modes can be represented as the superposition of the total angular

momentum m and —m:

amEy, + a_nE_,,. (3.2)

We can do a little more algebra and use the symmetry between modes with

opposite total angular momentum to find the complete form for the equation
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3.2 as:

amEn, + a_n, E_,, =
o {am (B (1) — iEgl(r))ei(m*U)‘ﬁ +a_m(E"(r) + z'Eg)”(r))e*i(erU)aﬁ}_i_
|0 Ham (B2 (r) + B ()% 4 a_, (EM(r) — iEL(r))el 00y
(3.3)
where o0 = £1 for right and left-handed circular polarization, respectively.

Comparing the equations 3.1 and 3.3 to match the total angular momentum

(phase) and amplitude, the g-plate optimal parameters should be as follows:

q= 17 (34&)

a=7/4, (3.4b)

EM™(r) —iE(r
d(r) = 2arctan (EZ”ET; - ZEZ”ET;> . (3.4c)

From 3.4c it can be seen that the phase retardation of the g-plate is not
uniform and depends on the optical fiber parameters and the radial distance
r (in cylindrical coordinate).

Moreover, in order to have the best fit, we can find the best amplitude

before the g-plate as:

E™(r) — ZEgl(T)
V2cosd/2

This is the "best amplitude” ( BA ) possible before the g-plate. We should

Aim(r) = Q+tm (35)

mention that the choice of the value for a4, is optional under the condition
lam|* + |a_m|*> = 1. In this case, we can propose to have a,, = cosvy and
a_y = sinye? where 0 < v < 27 and 0 < # < 27 so that all points of the
Poincare sphere can be covered.

The equations 3.3, 4.4, and 3.5 are written for each mode with angular

momentum |m|. Since we are interested in the fundamental mode (jm| = 1),
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we can recover it this way:

a Bl +a E_ =
o ) {ayp (B (r) —iEZ (r) + a_(Ef (r) + iEJ(r))e_Qi‘b}—i— (3.6)

o™ W aw (BF (r) +iE5 ()™ + a_(Ef (r) —iE; (r))},

Ef(r)—iE](r
§(r) = 2tan™" <Ej§r; + lE}ET;) ’ (3.7)
and,
Au(r) = 0, T B0 (3.8)

V2cos6/2

where E*, A, and a4 respectively stand for m = +1.

Equation 3.8 is close to the effective amplitude in Chapter 2. In comparison,
there is only one coefficient in the form of ¢ in the BA, which is the correction
of the EA for vectorial mode matching. In Fig. 3.5, we show the phase
retardation of the g-plate to change the polarization of the input beam to
achieve the highest coupling efficiency for the LC and HC fibers mentioned in
Chapter 2. As can be seen, the change in ¢ for LC fibers is about 0.07 degrees,
which is very small and can be neglected. The reason is that in LC fibers, the
fundamental mode has a uniform polarization state. Therefore, we can apply
the (improved) scalar mode matching, and it is not necessary to manipulate
the polarization structure. However, the jump in phase retardation for an HC
fiber is about 80 degrees, which is expected since it proves the importance of
polarization manipulation for this type of fiber.

In Fig. 3.6 we compare the best amplitude, effective amplitude, and H F1;
for the aforementioned LC and HC fibers. In the case of the LC fiber, almost
all amplitudes overlap and show a Gaussian amplitude pattern. This again
shows that for high coupling efficiency, sending a uniformly polarized Gaussian
amplitude is sufficient and we do not need to touch the input polarization.
Interestingly, the above amplitudes also match in the HC fiber, but they show
a non-Gaussian distribution; however, BA fits H E; better than FA.
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Figure 3.5: Phase retardation of a g-plate for input polarization modification and tuning
with a) LC fiber with A = 0.0006 and ¢ = 10 pum, and b) HC fiber with A = 0.401 and
a = 0.2 um. In the case of LC fiber, the phase retardation can be negligible.

To explain the effect of a q plate with proper parameters and suitable
amplitude before that, we report Fig. 3.7. As it is clear, applying the right g-
plate results in manipulating the polarization of the input beam and its profile
to match the fiber modes. For example, in the mentioned HC fiber, the g-plate
increases the coupling efficiency of the Gaussian beam from 89% to 96.20%,
an improvement of 7.2%. The same is true for the effective amplitude with

7.5% of improvement. It is worth noting that the coupling efficiency for the
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Figure 3.6: Normalized best amplitude, effective amplitude and HE;; for a) LC -fiber
with A = 0.0006 and a = 10 um, and b) HC-fiber with A = 0.401 and a = 0.2 pm, and b)
HC-fiber with A = 0.401 and a = 0.2 gum. In both cases, LC and HC fiber, all amplitudes

match perfectly, showing that the effective and best amplitudes are almost the same.

beam EA (red curve) and the manipulated beam GA (cyan curve) shows that
by increasing the refractive index contrast, the effect of polarization matching
(manipulated GA) is more significant than amplitude matching (EA).

We have gone further and tried to figure out what other amplitudes can be
used before the g-plate to have efficient coupling.

The electric field after the g-plate is described using the Jones vector as
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Figure 3.7: A comparison of the calculated coupling efficiencies for different refractive
index contrasts A. The dashed lines correspond to the LC fiber (nq = 1.48, ny = 1.47, and
a =10 pwm) and the HC fiber (ny = 3.5, ny = 1.47, and a = 0.2 um). The green line shows
the highest coupling efficiency for any A and corresponds to a manipulated FEA through
a suitable g-plate at the fiber facet. For the other amplitudes, there is a decrease in the
coupling efficiency when going from LC to HC refractive index. However, exploiting the

g-plate increases the coupling efficiency for each amplitude.

below:

JE = cos(6/2)E + isin(6/2)e? e |o_) (o, |E) (39)
3.9
+isin(§/2)e e %405, V(o _|E)
Since a g-plate can transform the input beam and synthesize the fiber
modes, we assume to have the fiber modes after the g-plate. We use an inverse
approach to find the optimal input before a g-plate. In this way, we can use

the inverse Jones vector of the g-plate. Therefore, § changes to —d. We have

shown that the fiber modes in circular basis are described by A;|o.) + As|o_).
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The parameters of the fields are not shown explicitly. By applying the Jones

vector:

Ay = cos(6/2) (0 |E) +isin(§/2)e”H*e 24 (5_|E), (3.10)

and,

Ay = cos(6/2)(0_|E) + isin(§/2)e**e*¢ (o, |E). (3.11)

Substituting the fundamental mode expressions E, and E_ and applying

symmetry between them yields:

Ay =ay (003(5/2)(ET+ — ZE;;M) +isin(0/2)e* e 2P (ET + ZE;n)) +
a_e ¥ (cos(6/2)(E, +iE},) +isin(0/2)e e (B —iE})),
(3.12)
and
Ay =aye”* (cos(6/2)(E + iES) + isin(/2)e* e 2 (FT — iEY)) +

a_ (cos(8/2)(E} —iE,) +isin(5/2)e* e (B} +iE).)) .

phi
(3.13)
In a general form, we can express the amplitudes A; and A, as:
Ay = Ey(r) + Ey(r)e 2 (3.14)
A2 = E3(’f‘) -+ E4<T)62i¢ (315)

To find the simplest expressions for A; and Ay we can use the Stokes
parameters. For this reason, we explain more about the Stokes parameters of
the fundamental mode of an optical fiber.

Stokes parameters in circular polarization basis can be written as:

So =|Aif* + | Aof* = [Br () + | Bs(r)]* + [Ea(r) + | Ea(r) (3.16)
+ 2Re(E7 (r)Ex(r) + E;(T)E4(r)62i¢)
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S :|A1|2 _ |A2|2 — |E1<T)|2 _ |E3(7’)|2 + |E2(T)|2 . |E4(7’)|2 (3 19)
+ 2Re(E5 (r)Eq(r) — E;(T)E4(r)e2i¢).

To have the simplest beam impinging on the g-plate, we consider that the

intensity (Sp) has no dependence on the azimuthal angle ¢. Thus,

Ef(r)Ey(r) + Ej(r)Ey(r)e* = 0, (3.20)

which results in:
EY(r)Ex(r) =0, (3.21a)
Ei(r)Ey(r) = 0. (3.21b)

Having the same assumption for S3, and using equations 3.12-3.15 finally,

we can find the best field before g-plate as below:

E = Ei(r)|o") + E3(r)|o7). (3.22)

This may be the most general, containing both right-handed and left-

handed circular polarization. However, the expressions

E = Ey(r)|ot)e %7, (3.23)

or

E = E,(r)|o")e %, (3.24)

can be the other solutions for the best amplitude before g-plate.
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3.5 Paraxial approximation validation

In this section, we will prove how we can use the paraxial approximation for
the coupling efficiency equation in a nanofiber. In fact, in nanofibers, owing
to the large index contrast, the back reflection of light from the fiber facet is
so significant that it cannot be neglected. Therefore, in general we cannot use
the paraxial approximation in this case. However, if we can prove that under
certain conditions, the back-reflected light at the interface between the g-plate
and the fiber facet is small enough to be neglected, the paraxial approximation
is valid.

One can derive the coupled fields into the fiber as follows:

En=E+E,. (3.25)
and,
Ho =Hi+H,, (3.26)

where i represents the input beam coupling into the fiber mode, and r shows
the reflected field. We have used this notation because we consider the electro-
magnetic field at the fiber facet as a Fourier Transform of a source field from a
distance, and we need it to be fiber modes. This type of notation is common

in Fourier space, and hence we use it here as well, where:

) d?

£ — / el<q.r>Em(2W‘;, (3.272)
. d2

H,, = / e“q-f)Hm#. (3.27b)

In the following, we just consider the electromagnetic field in the transverse

plane (L). The wavevector k can be written as k = k, + zk,, and q = k.
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Then using TE and TM mode division [34],

ETE —glF L gTE — 3¢, (3.28a)

EI Inre — EI Inrp = (2 % 8) Him, (3.28b)
EMM — gIM L g™ — 1€ .., (3.28¢)
EM Inrar — EXM nrar = (2 £). H L, (3.284)

where § = z@ﬁl and t = S‘ilﬁ are the unit vectors along TE and TM modes,

respectively and z is propagation direction. nrp = £ and nry = sze w, [,
and e stand for frequency, Magnetic permeability, and electric permittivity,
respectively. More details are provided in ref. [63].

From 3.28a and 3.28b:

26TE — ETE (3 X 8). Him = 8.E1m — nre(2 X 8).H i (3.29)

Using equations 3.28c¢ and 3.28d also results in:

2£ZM = gﬁM — nTM(é X {)HLm = E.gj_m — UTM(Q X tA)?'LJ_m (330)

Combining the equations and applying Fourier Transform, the reflected

field is:

d%q
(2m)?’

where G(q) = nre(—q) X (2 X §)+n7r0mq X (2% ¢) and ¢ is the unit vector in the

E,=E, — / I G(q)H,, (1) dr (3.31)

direction of k. In order to have the maximum coupling, E, should be minimum.
Here, we assume that the g-plate is integrated at the fiber facet, thus, the only
parameter which can play a role in minimization is the refractive index of the
g-plate. Fig. 3.8 demonstrates when the refractive index of the g-plate is
equal to the refractive index of fiber core (n;) we have the minimum value
for reflected field which means that under this condition using the paraxial

approximation is still valid.
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Figure 3.8: The normalized reflected power at the fiber interface. When the refractive
index of the g-plate (n) is equal to refractive index of core n; (dashed line) we have the
minimum reflected part and most of the light couples into the fiber mode. Here we chose

the same HC fiber parameters as we chose in Chapter 2 with ny = 3.1.

As the conclusion we proved that applying a g-plate integrated at the fiber
facet can be an effective way to improve the coupling efficiency to the fun-
damental mode of a nanofiber, theoretically. We demonstrated that Vectorial
mode matching always results in a better coupling than scalar mode match-
ing. Also, this method can be used for coupling light into multi-mode fibers as
we showed the higher order modes do not possess homogeneous polarization

distribution



Chapter 4

Modulated Poincare Beams'

4.1 Introduction

In Mathematics, a singularity is defined when a function of independent vari-
ables, such as space or time, is not well-behaved or well-defined [(1]. As a
simple example, consider the water in the sink drain. When the water goes
down the drain, it forms a vortex and the closer it gets to the center of the
vortex, the greater the velocity. At the center, this velocity ideally goes to
infinity. Therefore, there can be no water in the center of the vortex which
means the density of water must vanish there. So, the water vortex in the
sink represents a singularity in the velocity of the water. As shown by this
example, singularities also exist in physics and, more specifically, in optics
as the parameters defining an electromagnetic field can be indefinite at some
points. These parameters can be amplitude, phase, or polarization. In Chap-
ter 1, we introduced the light beam carrying OAM and we realized such beams
possess a phase singularity (undetermined phase) and they show a dark hole
in their intensity pattern (zero amplitude). As recently, a lot of studies have
been done in singular optics, this field spans from Light-matter interactions
[65, 66], through telecommunications [67, (8], nonlinear optics [09, 70], and

quantum communications [71, 72], to better understanding of classical and

!Some of the sentences or images of this chapter are adapted or copied verbatim from

the work [103] which I coauthored

63
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quantum nature of features of light.

Generating twisted beams which carry orbital angular momentum (OAM)
is an example of tailoring beam amplitude and adding phase singularity to
it, as discussed in Chapter 1. Besides phase singularity, there are also po-
larization singularities which are the main focus of this chapter. Polarization
singularity refers to the condition in which any of the polarization components
is not well-behaved [73]. One can benefit from helical beams with phase sin-
gularity to obtain polarization singularity. This feature of light can be found
in non-uniform polarization distributions across the beam cross section [74].
Wide range of applications in edge enhancement [75, 76], robust beam [77],
tight focusing [78], astronomy [79, 80], data communications [71], and biology
[74],to mention some, are the proof for the huge interest towards polarization
singularities generation and detection methods.

In this chapter, we are concerned with the polarization singularities that
may be induced starting from a uniform polarized input beam which is Gaus-
sian laser beam. We present a general method to engineer inhomogeneously
polarized beams (IPBs) in which the rotation rate of the local polarization az-
imuth around singularities known as C-points or V-points can be set as desired
and realized in practice without resorting to computational approximations.
The design procedure lies on the same geometric approach applied for the gen-
eration of Free Form Dark Hollow (FFDH) beams [21]. In this way, we can
tailor the wavefront of the spatial modes such that it produces the desired po-
larization distribution without passing through the direct manipulation of the
orbital angular momentum (OAM) spectrum. Our technique is based on en-
gineering liquid crystal based Spatially Varying Axes retardation wave-Plates
(SVAPs), which are devices which generalize the g-plate concept. In Chap-
ter 1, we introduced g-plate as the most common SVAP which can generate
phase singularity through spin-orbit coupling. Interestingly, it was demon-
strated that a typical g-plate can lead to polarization singularities generation,
as well [82, 83, 84, 85]. A SVAP, in fact, can be operated so as to directly
imprint the LC optic axis distribution onto the topographic map of the po-
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larization azimuth, over the whole transverse cross section of the transmitted
laser beam. Using this approach, there is no need to exploit an interferometer
optical setup. This makes our method unique in its straightforward simplicity.
The azimuth orientation information is actually encoded in the SVAP in the
form of Pancharatnam-Berry phase. In principle, the same could be done by
Spatial Light Modulator (SLM). Considering the need of the interferometery
and high cost of SLM, however, this method is not as straight and convenient
as our approach. Moreover, we proved that our SVAPs can generate both C-
point and V-point singularities and any other complex structured polarization
distribution desired. Moreover, this method can also give rise to generation of
complex and exotic intensity patterns.

To begin with, we introduce polarization singularities in more detail and
review some of their generation methods. Then, we provide a solid theory
to explain the generation of IPBs with nonuniform azimuthal rotation rate.
Also, we present the mathematical operation of SVAPs on the input beam
to generate different non-uniform polarization structure. Finally, we show

experimentally the results of passing a light beam through our SVAPs.

4.2 Phase singularity and polarization singu-
larity

Polarization is one of the main features of a light beam. Elliptical polariza-
tion is the most general form while linear and circular polarizations are two
important special cases [13].

Certain animals or plants can identify the polarized light or even exploit it
as a signal. As an example, some sea creatures like a certain type of shrimp can
reflect a specific pattern with circular polarization [36]. Some other animals or
insects use the polarization of light to navigate [27]. Thus, working on animal
sensitivity to the polarization of light has attracted huge attention in biology

[55, 89].

When a beam has a uniform polarization across its cross-section, it repre-
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sents a homogeneously polarized beam such as circularly and linearly polarized
beams. As they have the same state of polarization at all the points, one can
refer to them by a point in the Poincare sphere, as we discussed in Chapter 1.
However, inhomogeneously polarized light is described when the SOP of light
changes across the beam cross-section [90]. Polarization singularity is linked to
the non-uniform distribution of polarization. They show slowly spatially vary-
ing distribution of polarization. We recall that in Chapter 1, we discussed the
polarization of electromagnetic fields, and we realized that the state of polar-
ization of an electromagnetic field can be described by four parameters called
Stokes parameters, S; where ¢ = 0,1,2,3 [91]. Thus, using Stokes parameters
is a suitable way to describe the polarization singularities. To obtain these
values, we need the components of intensity in horizontal, vertical, diagonal,
anti-diagonal, and right and left-handed circular configurations [92]. There are
two other parameters, ellipticity (k) and orientation of the polarization ellipse
(), which are linked to the SOP of light and are important to understand the

polarization singularities. One can relate them to the Stokes parameters as:

1 Sy
= - — 4.1
ol 2m"ctan(Sl), (4.1a)
1 . Ss
= - —). 4.1
K 2arcsm(50) (4.1b)

Since polarization singularities arise from superpositions of OAM states
(phase singularities) in orthogonal circular polarization basis [74], we briefly
review phase singularities. Here, we use circular polarization basis where |R)
and |L) represent the unit vectors of right and left-handed circular polarization.
As mentioned in Chapter 1, a general form to describe the spatial distribution
ima

of a vortex beam is E(r)e"?, where m, the topological charge, can take any

integer value and is defined as [93, 91]:

1
m=— fw.dz, (4.2)
2m
where dl describes the path of integration which is a (closed) curve around

the singularity point and ¢ is the phase of the field at each point and is
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defined modulo 27. Now, superimposing two vortex beams with orthogonal
right and left handed circular polarizations results in generation of polarization

singularity as follows:

E(r,¢) = 8z ER(r)e™? + &, Fy (r)e™2?, (4.3)

The two main polarization singularities discussed in this chapter are called
ellipse fields and vector fields. Ellipse fields singularities correspond to inho-
mogeneously polarized fields with elliptical state of polarizations. However,
linear SOP can also exist, but only at some isolated points. Therefore, in gen-
eral S3(z,y) # 0. In other words, it occurs when in the equation 4.3 Er # E,
and my # meo.

In ellipse fields, points corresponding to an undefined ellipse orientation
are called C-points. In the far field pattern of a C-point, there is a circular
state of polarization that is surrounded by elliptical state of polarization. The
orientation of these ellipses can be clockwise or counterclockwise which can be

defined by the polarization singularity index as:

1
I.=— ¢ V.dl, (4.4)

2m /.
where v is defined only modulo m and hence I. can be integer or half inte-
ger. The lowest value for polarization index can be j:% where plus and minus
correspond to clockwise and counterclockwise, respectively. In addition to ori-
entation and ellipticity, ellipses can form various patterns around the singular
point. These patterns are divided into three cases called "lemon”, ”star”, and
"monstar”. Among them, monstar is the rarest form. By definition, star has
a negative index while lemon and monstar have positive ones. We have shown
lemon, star, and monstar polarization configurations for |I.| = 1/2 in Fig. 4.1.
It can be seen that the polarization distribution in the neighborhood of each
C-point (around a closed smooth path) has a specific orientation and distribu-
tion of ellipses. Specifically, one can define the number of radial lines (shown

in red in Fig. 4.1) in each pattern. Radial lines are lines which start from

singularity point where the orientation of the polarization ellipse is radial, i.e.,
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v = ¢ where ¢ denotes the azimuthal angle. According to Fig. 4.1a, star
configuration has three radial lines, while lemon 4.1b has only one. However,
for the same value of I. = 1/2 (as lemon) monstar 4.1c consists of three radial

lines.

) \.ﬂé <
//’

Figure 4.1: Polarization pattern (more precisely the lines give the orientation of the ellipse

major axis at each point) of three classes of C-points when |I.| = 3. a) star with I, = 5
and three radial lines, b) lemon I, = % and only one radial line, and ¢) monstar I, = % and

three radial lines. The number of radial lines distinguishes between lemon and monstar.

On the other hand, vector field singularities occur when the local polariza-
tion state is almost everywhere predominantly linear, S3(x,y) = 0. Mathemat-
ically, this occurs when Er = E, and m; = —msy. Singularities of vector fields
are called V-points. In V-points both the polarization azimuth and handed-
ness are indeterminate and thus the field itself must vanish. To calculate the
polarization singularity index for a V-point (), called Poincaré-Hopf index,

one follows the same strategy as for the C-point:

1
- dl 4.
n QWfiW : (4.5)

where 7 is index of V-point. V-point is surrounded by linear polarization and

n can take only integer values [95, 90].

4.2.1 Conversion between lemon and star

Interestingly, lemon and star configurations can be easily converted into each

other optically. Since they express inhomogeneous polarization states, one has
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to change the state of the polarization distribution in all points simultaneously
to switch from one to the other, so that the index changes sign. This means
that in the equation 4.4, Vv needs to change the sign. Let us consider the
lowest index 1. = i%. To go from % to ’71, V7 must change the sign. This can
be achieved if one of the linear polarization components undergoes a 7w phase
shift. Due to the mechanism of waveplates, a half-waveplate is a suitable tool
to transform the star configuration into lemon or vice versa since it can change
the ellipticity, azimuth, and sign of the index simultaneously [96, 97]. In our
experiments, we used a half waveplate to switch between lemon and star, as
well.

As mentioned in previous chapters, manipulating and modifying the beam
spatial distribution and polarization have many scientific and industrial ben-
efits. Therefore, here our focus is on the wavefront shaping and polarization
manipulation of a light beam using SVAPs to generate polarization singulari-
ties. In fact, we studied, theoretically and experimentally, the non-uniformity
of the polarization around a C-point and a V-point singularities by SVAPs
based on liquid crystals. We start with introducing common approaches to

generate a polarization singularity and then we present our method.

4.3 Techniques to generate polarization singu-
larity of light

It goes without saying that the great potential for applications of polarization
singularities in many scientific fields, as mentioned in 4.1, leads many studies
to focus on their possible generation techniques. Here we discuss briefly some
methods. Generally speaking, in all methods two beams with different amount
of OAM interfere and generate polarization singularities.

However, there is another way for creation of these singularities which
uses a Spatially Varying Axis Plates (SVAPs) based on liquid crystals [$1].
We saw in Chapter 1 that the most common one is called g-plate. Using

this technique one can produce any state of OAM using a simple laser beam
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(mostly Gaussian). In addition, if the SVAP is not completely tuned, there
will be the superposition of two beams with different state of OAM and also
opposite spin angular momentum (SAM). Therefore, in a simple way, one can

generate different polarization singularities such as lemon, monstar, star.
e Interference technique

One way to produce such beams is to interfere two orthogonal polarized
beams with phase singularity. The amplitude distribution and phase singular-
ity should be chosen properly. The Sagnac or Mach—Zehnder interferometer
are the two most common configurations for the optical setup. However, there
must be a device such as spiral phase plate to generate proper phase singu-
larity (in one or both arms of the interferometer). This method requires a
precise alignment of the setup as they are highly sensitive to the overlap of the

vortecis [98, 99].
e Spatial light modulators

A typical spatial light modulator (SLM) operates only to one linear polar-
ization state and act as a mirror (reflects) for the other. In fact, this device
can be used to generate phase singularities. One can benefit from this, usu-
ally in combination with some form of interferometers, to produce polarization

singularities. However, SLM is costly which makes it not available in all labs

[74].
e Intra-cavity technique

One can achieve polarization singularity by adding a polarization-selective
mirror inside a laser resonator cavity. In this way, one polarization state will
be blocked while the other one will be transmitted. Using this device, one can
only generate a V-point. Moreover, it needs a complex technique to fabricate

the device [100].
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e g-plate

A g-plate can manipulate the polarization and spatial distribution of elec-
tromagnetic field in a way that it gives birth to a non uniformity in both
polarization and amplitude profile, in the transverse plane. It can add a phase
singularity to the beam and generates structured light [101, 18]. Moreover, one
can produce undefined ellipticity or orientation of the polarization ellipse and
hence singular polarized beam [73] called vector vortex beam. Having control
on the input polarization and phase retardation of the plate, a typical g-plate
can generate both C-point and V-point singularities. However, we should men-
tion that monstar cannot be generated via a qg-plate. In Fig. 4.2 we report
the polarization singularity lemon generated by a g-plate with ¢ = 1/2. More

details about generating vector beam via g-plate is provided in ref. [102].

Figure 4.2: Intensity and polarization patterns of lemon in the near field generated by a
circularly polarized input beam passed through a g-plate with ¢ = 1/2 and § = /2. The
small ellipses (orientation and ellipticity) shown in the figure are calculated from space-
resolved polarization tomography. The dashed circle shows the position of the C-point

singularity.

The advantage of using g-plate over an interferometric method is that all

the procedure is accomplished only in one line and there is no need for in-
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terferometers layouts. Also, it does not have the complexity of laser cavity
technique and is less costly than spatial light modulators.
As the mechanism of g-plate and SVAP is similar, I will explain its action

to generate polarization singularity with more details in the next section.

4.4 Generation of light beam with singulari-

ties using SVAPs

Liquid crystal-based devices such as SVAPs and in particular g-plates can
be greatly beneficial in spin-orbit coupling by modifying the polarization and
spatial distribution profile, as discussed. In this section we present the pos-
sibility of generating the light beams possessing phase singularity with exotic
structure and landscape with such devices. To reach this goal, a technique
was developed to modulate the geometric features of a desired curve into an
azimuthal phase factor. In this way, one can adjust the optic axis distribution
of the inhomogeneous waveplate based on liquid crystals. This plate (SVAP)
can be exploited for wave front shaping via Pancharatnam-Berry phase [21].
We should mention that the input beam is simply a Gaussian laser beam.

An azimuthal mode can be written as a function of the azimuthal angle ¢ as
A(r)e™®) and therefore a more general form of equation 4.3 can be represented

as:
|IPB> = CLEL(Ta ¢7 Z)eiwL(nd)’Z) |éL> +cr eiaER<r7 9257 Z)ein(nd)’Z) ’éR>7 (46)

where |IPB) refers to the inhomogeneously polarized beams, z defines the
propagation direction, and the two complex functions Ey (r, ¢, z)e¥2("%2) and
Er(r, ¢, 2)er(:®2) represent the normalized scalar modes in the two orthogo-
nally circularly-polarized states. The two coefficients c¢;, and cre™ also deter-
mine the contribution of each mode. The position of the state of polarization
on the Poincaré sphere of such beams depends on the ratio between the two
coefficients, the phase difference ¥g(r, ¢, z) — ¥ (r, ¢, z), and the global phase

factor a. One simple method to generate an IPB mode is to superimpose two
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HG mode with orthogonal linear polarization or two LG beams with orthogo-
nal circular polarization [97]. However, our approach is to apply the designed
SVAP to a single beam to generate IPB modes having the desired polariza-
tion singularities and intensity pattern. When a circularly polarized beam is
passed through this device with optimal tuning, the modified intensity pat-
tern consists of a dark hollow zone and can therefore be called a free-form
dark-hollow. Here, we propose to use a nonseparable superposition of free-
form helical (FFH) modes with orthogonal circular polarization to produce
IPB modes [81, 103].

To continue, we discuss first the generation of free form helical modes using
SVAPs. In Chapter 1 we mentioned the generation of beams with a well-defined
amount of OAM using g-plates, which are a typical form of SVAPs. One can
produce a free form helical spatial mode of order m and topological charge [
by subjecting a helical-phase mode with topological charge [ to an additional
m-fold rotation-symmetric phase which is defined by a suitable curve « in the

plane, which can in turn be defined by the function p(¢) which gives the radius
of the point for each azimuthal angle ¢.

p() = ( ) v (47)

where m is an integer, ni, no and n3 define the local radius of curvature,

me |2

mo
COS =

S1n 1

b

a

and a and b stand for the radius of circumferences, respectively inscribed and
circumscribed to the curve 7,,. One can generate several classes of plane curves
Ym (@, b,ny,ng,n3) of various kinds by changing only the parameters m, ny, na,
nz and a and b in eq. 4.7 in polar coordinates.

Fig. 4.3 illustrates the examples for the wavefront shapes of free form
helical spatial mode of order m and topological charge [ by the mentioned
phase combinations.

In general, adding a phase factor e?¥(®) = ¢#®(%) to a Gaussian beam will

result in generation of free form helical beams, where
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Figure 4.3: Demonstration of modulated vs un-modulated helical wavefronts. a) uniform
helical wavefront for £ = 1 (7)), (b) modulated helical wavefront for £ = 1 and v5(a =
b,ny = 1/2;n9 = ng = 4/3), c) uniform helical wavefront for £ = 2 (7 ), d) modulated
helical wavefront for £ = 2 and yg(a = b,n1 = 2/3;n9 = ng = 2.3) [103].

cos ® =n,(¢) = pij;i:;;ir;gﬁ, (4.8a)
it o) = L0V (s

where ¢ is the azimuthal angle and ® defines the polar angle of the unit vector
7t = (ng, ny), which is everywhere normal to the defining curve v, and p = j—g.

In general, one can choose any desired curve; However, Lamé’s curve can
be a particularly interesting choice to be imprinted on the SVAP. The reason
for this is that a Lamé’s curve is a closed curve that is similar to an ellipse and

retrains the geometric properties (shape) of semi- major and semi-minor axes

as in ellipse, but has a different shape. In polar coordinate, one can describe
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it mathematically by

n n

(acos(¢))»=T + (bsin(¢)) ™1 = p(¢)T, (4.9)

where, a, b, and n are positive and real and describe the geometric shape of
the curve. This equation is close to ellipse equation, thus they are called also
superellipses [104].

The curve can be closed over an interval of [0, 27) or [0,47) depending on
m. If m is even the first case happens while for odd values of m the second one
is the result. Any choice of the mentioned parameters creates a distinct curve
and based on the needs, one can select the suitable one. As an example, for our
purpose, we selected the parameters such that the intensity pattern resemble
a seastar or primrose (we see the chosen parameters in the next sections).

From equations 4.8:

Ny +in, )t = p(6) —1p(9) qeizwzeiq&(aﬁ)emw
(e + i) [p<¢)+ip(¢>] - @)

and therefore, for our convenience, we can define the phase ¥(¢) as:

2@ = (n, +in,)", (4.11)

where 2¢ = [, and then clearly the phase factor is €79 ¢il¢ which is a helical
phase factor multiplied by a modulation phase factor. Interestingly, the phase
factor 17%(® is a periodic function of ¢ as e 7%@+3) = ¢19%(@) and therefore,

its Fourier expansion can be written

Iv9) = Z xne'"me, (4.12a)
h
_om [ [p(d) = iHD)] inm
Xh—% ; {m} € h ¢d(}5 (412b)

Thus, the OAM spectrum of an ¢-charge m-order FFH beam can take
only the components with indices ¢ = hm, h being any integer and ¢ = 2q
the OAM index corresponding to the background helical mode. Using helical
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mode expansion, the azimuthal phase factor in equation 4.11 can be recovered

as:

ei2lll(¢) — thei(Qquhmqﬁ) — Z Cleil¢, (413)
h l

where [ = 2q + hm.
Doing some more algebra and using equation 4.8, the mean value of the

OAM in an m-order FFH mode can be written as:

lh 2 —i a i h vy h X
ei20(0) 9 i2w(e) _ - V()7 = —q D(P)|2" = 2hq. (4.14)

It clearly demonstrates that the mean OAM carried by an ¢-charge FFH
mode does not depend on m and is equal to ¢h = 2qh per photon. Interest-
ingly, this is the value for OAM of the background helical mode. In fact, a
homogeneous helical mode is a particular form of free form helical mode if the
curve 7, degenerates into a circumference (v, — Voo )-

However, it is worth to mention that FFH mode with charge ¢ and order
m have the symmetry as following;:

Odd /¢ results in invariant phase under combined charge inversion and re-
flection across the x axis; While, even ¢ (integer ¢) and even m mean phase
profile is invariant under combined charge inversion and reflection across either
x or y axis. And finally, even ¢ and odd m indicates for invariant phase profile
but only under combined charge inversion and reflection across the x axis. We
should also mention that propagating in free space changes the FFH profile.

However the symmetries will remain untouched.

4.4.1 modulated Poincaré beams

Equation 4.6 refers to a general form of azimuthal mode. In section 4.4, we
introduced FFH modes. Thus applying FFH modes as the spatial modes in
equation 4.6 results in generation of a new class of optical beams with non uni-

form polarization distribution known as ”"modulated Poincaré beams” (MPBs)
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as they can be considered as a generalization of ordinary Poincaré beams to

the case of nonuniform azimuthal rotation rate of the polarization ellipses:

|MPB(mu, q1,81;m2, q2,&2)) = CIFFHgfl (§1)ler) +cr eiaFFHgZQ(&”eAPL%
(4.15)
where F'FH;" (&) denotes the m-order FFH mode of topological charge 2 g;,

corresponding to the set of parameters &; = (a;, b;, n1;, nog, N3;)-

4.5 A Free Form Azimuthal SVAP to generate
modulated Poincaré beam

As mentioned in Chapter 1, using circular polarization basis, the action of the

~

free form azimuthal SVAP (Q(q,m,{)) on an input beam can be described

using Jones matrix as:

A )

Q(q,m,§) = cos 5 (ler) {er| + [er) (er])

+ i Siné (ei2‘1’(¢;q,m,£)

GR> <€L| + e—iQ\I’(¢;q,m,€)|€L> <€R|)(7416)

where the phase factor e'2¥(#4m€) ig given by equation 4.11 and the phase
retardation ¢ appears by applying external electric field for tuning the plate.
To generate different singular polarized light we consider two different cases:
first with the circular polarization input and § = 7/2 (half-tuned) to generate
C-points and the second with linear polarization input and § = 7 (tuned) to
produce V-point singularities.

Let us consider C-point singularities generation: In this case, it is needed
to shine the SVAP with circular polarization input (left or right handed) and
apply the external electric field such that it induces a m/2 phase retardation
as in QWP. The generated modulated Poincaré beam will have ¢; = 0, g2 = ¢,
me =m, & = &, and cg/cy, = 1. In near field, the beam will take non uniform

linear polarization distribution indicating C-point singularity at the center
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with index I. = ¢q. Moving to V-point, it is required to change the polarization
state of input beam as well as SVAP phase retardation. We demonstrated
impinging a uniform linearly polarized Gaussian beam to SVAP can produce
V-point if the phase retardation is 7 as in HWP, which is the case of completely
tuned SVAP. Therefore, the MBP takes —q; = ¢2 = ¢, m; = mo = m, and
& = & = £ with the non uniform linear polarization pattern corresponding to
V-point at the center. In this case the index of the singularity is n = 2q [103].

In Fig. 4.4, we demonstrated the intensity pattern of the beam when the
input beam is circularly polarized Gaussian and the SVAPs are completely

tuned, 6 = 7.

4.6 detection and characterization of polariza-
tion singularities

As mentioned in section 4.4, selecting different values of parameters results in
creating various curves and hence various modulated Poincaré beams. Here
we provide four different SVAPs geometries called "starfish” (seastar) and
"primrose”. The primrose itself is designed in three different pattern to obtain
various polarization singularities.

Polarimetery is a common approach to describe the state of polarization
of a light beam based on a proper combination of wave plates. Thus, here,
we used a space-resolved polarimetric system to describe the non-uniformity
in the polarization distribution.

The experimental setup is reported in Fig. 4.5. A Helium-Neon (He-Ne)
laser beam with T'E My, spatial mode at A = 632.8 nm, is followed by a tele-
scope system. This procedure allows one to have a collimated beam with a
uniform intensity. To have an initial linear state of polarization, we applied a
linear polarizer (P;). This is followed by QW P, to send a circular input into
the SVAP (for C-point singularity). However, to generate linear horizontal or
vertical (for V-point singularity) it is replaced by HW P;. To adjust the angle
a = 0 in equation 4.6 the sequence of HW P, and HW P; was exploited. We
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applied a 4f system of lenses (Ls and L3) to obtain near field measurements.
HW P or QW P, are used to obtain the intensities needed for Stokes parame-
ters. Finally a C'C'D camera is inserted to record the corresponding intensity of
each state of polarization. Fig. 4.6 illustrates the examples of the recorded in-
tensities for primrose SVAP in the near field with linear polarized input beam.
As it is clear, the intensity profile of each component of the electric field is
different from the others. We applied right handed circular polarization to the
SVAP to generate C-point singularities and vertical and horizontal polarized
beams to get V-points. We report these singularities in Fig. 4.7-4.12. The
SVAPs are the mentioned starfish and primroses. HW P, is placed to convert
lemon to star and vice versa, as mentioned in section 4.2.1.

Now, let us see how to adjust « = 0. We recall that SVAPs are nematic
liquid-crystal cells where the alignment of molecular direction is based on the
fabrication process. The director pattern, usually, may have an angular orien-
tation related to azimuthal coordinate ¢. For simplicity, in many cases, this
orientation is considered to be zero. However, there is not an exact control on
it and if it is not zero the constructed pattern will undergo a rotation. In Fig.
4.13, we reported an example of rotation when « # 0. In order to avoid that
rotation, we used HW P, and HW P5;. The relative angle of the two HWPs
can be calculated by comparing the theoretical results with o = 0 and the
experimentally reconstructed pattern. We determined the relative angle for
the two HWPs for SVAPs primrose profile 1, profile 2, and profile 3 to be 21,
18, and 32 degree, respectively.

In conclusion, we have presented a direct method to generate a wide range
of non uniform structured polarization distributions. The method was based
on inseparable superposition of Free Form Helical modes with orthogonal right
and left handed circular polarization. In fact, our approach was based on
adding a phase modulation to a uniform helical mode. We proved the sim-
plicity of our technique by applying the SVAPs in an optical setup meant for
describing polarization singularity. The promising applications of such beams

make our method a suitable one to be exploited.
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Figure 4.4: A comparison between theoretical (left) and experimental results (right) for
intensity profiles of the beam generated via the SVAPs for an input Gaussian beam with
circular polarization. a) Primrose profile 1 with the selected curve y6(a = b,ny; = 2/3;n9 =
ns = 2.3) [103], b) primrose profile 2 with the selected curve vg(a = b,n1 = 3/10;ny = n3 =
2.3) [103], ¢) primrose profile 3 with y6(a = b,n1 = 1/6;ny = ng = 2.3) [103], and d) starfish
SVAP with the selected curve y5(a = b,ny; = 1/2;n9 = ng = 4/3) [103].
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CCD

Figure 4.5: Experimental setup for spatially-resolved polarimetric measurements. A tele-
scope including the lenses L, and Lo expands the light beam from a He-Ne laser source
(A = 632.8 nm, maximum power output P, = 5 mW, beam waist wy = 0.5 mm). The linear
polarizer P; and the QWP; are used to make the input polarization circular. The latter
is replaced with a half-waveplate HWP; when the input polarization is linear horizontal
or vertical. A pair of half-waveplates HWP, and HWP3 have been inserted to precisely
set the phase angle @« = 0 in equation 4.6. Half-waveplate HWP, is used for swapping
left- /right-handed circular polarized output states, when needed. The SVAP, the lenses Lj
and L4, and the CCD camera are positioned in the 4f configuration for near field measure-
ments. A single lens is adopted for far field measurements. The half-waveplate HWP3, the
quarter-waveplate QWP5 and the linear polarizer Py are used for measuring the local Stokes

parameters over the wavefront [103].
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Figure 4.6: The intensity patterns of required components of electric field recorded by CCD
camera to analyze polarization state of the beam after traveling through the primrose profile
2 SVAP. a) Horizontal, b) vertical, c¢) anti diagonal, d) diagonal, e) left handed circular, and
f) right handed circular polarization components for linear vertical input polarization and
tuned SVAP (6 = 7). As we have linear input the profile of right and left handed polarization

components are almost equal and uniform.
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Figure 4.7: Near field polarization patterns and transverse intensity distribution of starfish

Poincaré Beams. Theoretical predictions and experimental results for different retarda-

tion values § and different input polarization states |pg). For each configuration, the pres-

ence/absence of HWPy is specified with the label Y /N respectively. Axial V-points occur in

1st and 2nd rows (a, e) and (b, f), corresponding to predominantly radial and azimuthal pat-

terns respectively. Axial C-points occur in 3rd and 4th rows (c, g) and (d, h), corresponding

to lemon-like and star-like patterns respectively. Adapted from ref. [103].
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Figure 4.8: Near field polarization patterns and transverse intensity distribution of prim-

rose Poincaré Beams. Theoretical predictions and experimental results for different retar-

dation values § and different input polarization states |pg). For each configuration, the

presence/absence of HWP, is specified with the label Y/N respectively. Axial V-points

occur in 1st and 2nd rows (a, e) and (b, f), corresponding to predominantly radial and

azimuthal patterns respectively. Axial C-points occur in 3rd and 4th rows (c, g) and (d, h),

corresponding to lemon-like and star-like patterns respectively. Adopted from ref. [103].
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Figure 4.9: Near field polarization patterns and transverse intensity distribution of prim-

rose Poincaré Beams profile 2. Theoretical predictions and experimental results for different

retardation values 0 and different input polarization states |pg). For each configuration,

the presence/absence of HWP, is specified with the label Y/N respectively. Axial V-points

occur in 1st and 2nd rows (a, e) and (b, f), corresponding to radial and azimuthal patterns

respectively. Axial C-points occur in 3rd and 4th rows (c, g) and (d, h), corresponding to

monstar and star patterns respectively. Interestingly, in this case, we generated monstar

which is a rare configuration.
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Figure 4.10: Near field polarization patterns and transverse intensity distribution of prim-

rose Poincaré Beams profile 3. Theoretical predictions and experimental results for different

retardation values 0 and different input polarization states |pp). For each configuration,

the presence/absence of HWP, is specified with the label Y/N respectively. Axial V-points

occur in 1st and 2nd rows (a, e) and (b, f), corresponding to radial and azimuthal patterns

respectively. Axial C-points occur in 3rd and 4th rows (c, g) and (d, h), corresponding to

monstar and star patterns respectively. Interestingly, in this case, we generated monstar

which is a rare configuration.
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Figure 4.11: Far field polarization patterns and transverse intensity distribution of starfish

Poincaré Beams. Theoretical predictions and experimental results for different retarda-

tion values § and different input polarization states |pg). For each configuration, the pres-

ence/absence of HWPy is specified with the label Y /N respectively. Axial V-points occur in

1st and 2nd rows (a, e) and (b, f), corresponding to predominantly radial and azimuthal pat-

terns respectively. Axial C-points occur in 3rd and 4th rows (c, g) and (d, h), corresponding

to lemon-like and star-like patterns respectively. Adopted from ref. [103].
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Figure 4.12: Far field polarization patterns and transverse intensity distribution of prim-

rose Poincaré Beams. Theoretical predictions and experimental results for different retar-

dation values § and different input polarization states |pg). For each configuration, the

presence/absence of HWP, is specified with the label Y/N respectively. Axial V-points oc-

cur in 1st and 2nd rows (a, e) and (b, f), corresponding to radial and azimuthal patterns

respectively. Axial C-points occur in 3rd and 4th rows (¢, g) and (d, h), corresponding to

lemon and star patterns respectively. Adopted from ref. |
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Figure 4.13: Experimental measurements for the intensity pattern projected on vertical
polarization for azimuthal configuration (linear polarization input with 6 = 7). a) Without
two HWPs for the correction, and b) with using two HWPs with proper relative angle. As

it can be seen, the whole pattern is rotated when « # 0.



Conclusion

The capability of controlling the properties of electromagnetic fields leads to
advances in industry and science. However, to take advantage of these prop-
erties, we need tools and techniques to control and monitor them. Among
all, energy and angular momentum attract more attention in both classical
and quantum physics. Each form of angular momentum corresponds to a cer-
tain degree of freedom and can be used in various applications ranging from
light-matter interaction to telecommunications.

In this work, Spatially Varying Axes retardation wave-Plates(SVAPs), which
are devices that generalize the g-plate concept have been our main tools to
control the interaction of spin angular momentum (SAM) and orbital angular
momentum (OAM), thus patterning the vector structure of light. Given the
opportunities offered by these tools, we have then theoretically presented an
effective way to improve the coupling efficiency in single-mode high contrast
nanofibers by amplitude and polarization modification. We proved that we
can achieve the highest possible efficiency using this technique. The result can
have many applications in quantum and classical regimes. To achieve the goal,
we used twisted light generated by a designed g-plate, which is a kind of SVAP,
at the fiber facet to match the polarization structure of the input beam to the
fundamental mode of the optical fiber H F;;. In addition, we have shown that
there can be an optimized input amplitude for scalar mode matching. We
have also shown that as the refractive index contrast increases, the polariza-
tion matching becomes the dominant effect. It is still interesting and beneficial
to apply the same technique to couple light into higher order modes of multi-

mode fibers. Moreover, this method can be used to couple waveguide modes
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into another waveguide. The same idea can be used for a g-plate spaced from
the fiber facet. However, a suitable g-plate must be designed and engineered
in each case.

As a second work, we have investigated the use of SVAPs to generate po-
larization singularities. We have shown that we can generate different classes
of polarization singularities with a simple optical setup consisting of a SVAP
and a sequence of waveplates. The only parameters that could affect the ex-
periment were the phase retardation of our SVAP and the polarization of the
input beam. Thus, we were able to generate both C-point and V-point polar-
ization singularities. All SVAPs used in this experiment were fabricated in our
laboratory. The generated beams can be used in many promising applications
in the fields of astronomy, microscopy, and biology. Moreover, we envision the
possibility to design and develop new SVAPs to generate even more complex
structured beams.

In general, the ability to control the angular momentum of light and the
spin-orbit coupling using SVAPs and hence the possibility to pattern the vector
structure of light at our will play an important role in advancing science and

technology in the near future.
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