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ABSTRACT

Fracton models are characterized by exotic features such as point-like excitations
with restricted mobility, sub-extensive ground state degeneracy and UV/IR mixing.
They have been studied previously using exactly solvable lattice models, higher rank
gauge theories, etc. In an effort to classify fracton models into phases (i.e., fractonic
orders), the so-called foliation structure has been introduced and shown to exist in
many previously known models. A natural question then arises concerning the fea-
sibility of the foliation paradigm in general. In this thesis, I study fracton models
beyond the foliation paradigm and give simple diagnostics for the absence of a foli-
ation structure. New notions of fractonic orders therefore need to be conceived, and

I present such a conception which is a generalization of the foliation RG.

In Chapters 2 — 4, I introduce new fracton models obtained from infinite-component
Chern-Simons (CSs) theories. By calculating observables such as ground state de-
generacy and planon braiding statistics, I prove that most CS., theories are not
foliated. A CS, theory can also be gapless with certain choices of parameters, and
I show that such a theory is a stable gapless fracton model. Furthermore, I discuss
topological features of a large subclass of gapless CSs theories and present fully

continuous effective field theories for this subclass.

In Chapters 5 — 6, I discuss a new notion of fractonic orders by studying the example
of the Ising cage-net model. I begin by calculating the ground state degeneracy of the
model, which shows that the model is not foliated. The calculation uses an operator
algebra approach which relies only on intrinsic physical properties of the model rather
than microscopic details, and I establish the framework of this approach conceptually
and via examples. I then argue why this intrinsic approach, despite being a tool for
calculation initially, may be a useful characterization of a fractonic order. Finally, I
present a generalized foliation RG scheme, apply it to the Ising cage-net model, and

discuss its limitations.
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Chapter 1

INTRODUCTION

Many-body systems are diverse and often messy. From Fe3O4 magnets painted in
red and blue that we all played with at school, to superconducting coils buried in
MRI machines, to lattice spin models that theorists write down on a piece of paper
and hope to exist in reality, by far the most many-body systems are too complicated
to understand completely. Nevertheless, certain common, macroscopic features of
classes of systems can be understood. For example, Fe3Oy is ferromagnetic below
temperature 7' = 858K and paramagnetic above [1]. These two situations are referred
to as two phases of Fe3Oy4, and macroscopic magnetic properties of Fe3O,4 samples
in the same phase are the same qualitatively although different quantitatively. In
general, two systems are said to be in the same phase if they have the same long-

distance effective theory when zoomed sufficiently far out.

The process of zooming out on a system is achieved by the renormalization group
(RG), which throws away short-distance details while keeping long-distance features.
The result of RG is a flow in the parameter space of the system, and systems in the
same phase flow to the same fixed point. For example, Fig. 1.1 shows the RG flow
of the d = 3 Euclidean space scalar field theory [2]

1 1
S = /d% [Q(W)? + §m2¢>2 + Aot . (1.1)

This RG flow has two stable fixed points, i.e., the upper infinity corresponding to
the paramagnetic phase, and the lower infinity corresponding to the ferromagnetic
phase. From this example, the following conclusions (known as universality) can be

drawn which apply to most systems known to the condensed matter community:

1. The parameter space of a theory has finitely many stable fixed points under the

RG flow, which are representatives of different phases.

2. Unless a theory is close to a phase transition, a small change in its parameters

does not change which fixed point it flows to and hence its phase.

Universality is the reason why theorists can propose their lattice models, which are
hugely simplified compared with the reality, and still be confident that the models
can describe the macroscopic properties of FesO4 magnets or superconducting coils.
In particular, Point 2 is also known as UV/IR separation. It states that the long-
distance (IR) properties of a system are insensitive to short-distance (UV) details.

From the perspective of the philosophy of science, UV /IR separation also implies, for



Figure 1.1: RG flow of the d = 3 Euclidean space scalar field theory (1.1). G is the
Gauss fixed point (unstable), and WF' is the Wilson-Fisher critical point (saddle
point). Figure taken from Ref. [3].

example, that the study of seismic waves does not rely on and cannot reveal details

of the Higgs boson mass in the standard model. This is our common sense.

It was therefore a surprise to the condensed matter community when such common
sense was challenged by the discovery of fracton models. The first fracton model,
known as the Chamon model, is an exactly solvable lattice spin model in d = 3 + 1
introduced in 2005 by Chamon [4] and later studied in detail by Bravyi, Leemhuis
and Terhal [5]. This model was found to have some unusual properties. First, when
placed on a 3-torus, its ground state degeneracy (GSD) grows exponentially with
the linear system size. Equivalently, its GSD grows exponentially as one shrinks the
lattice constant while holding the overall physical size of the system fixed. Since
the GSD, which is literally the observable of the lowest energy, depends on the
UV regulation, this model violates UV /IR separation and exhibits UV/IR mizing.
Furthermore, the model hosts fractional excitations with restricted mobility, namely
planons, which can only move within a plane, lineons, which can only move along
a line, and fractons, which are completely immobile. The Chamon model is an
example of type-I fracton models, where at least some of the fractional excitations

have partial mobility.

In 2011, fracton models with even more unusual properties were constructed by
Haah, known as the Haah codes [6]. In these models, there is no string-like logical
operator, and all fractional excitations are fractons. Four fractons at the corners of
a tetrahedron can move together by enlarging or shrinking the tetrahedron, and the
creation operator of such a fracton quadrupole has the shape of a fractal (hence the
name “fracton”). Due to this fractal geometry of operators, the GSD of a Haah code
on a 3-torus fluctuates wildly as a function of the system size inside an exponential
envelope [7]. The Haah codes are examples of type-II fracton models, where all

fractional excitations are immobile.
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Over the next few years, interest in fracton models grew in the condensed matter
community, and more models were constructed with increasingly systematic meth-
ods. In 2016, Vijay, Haah and Fu introduced the X-cube model, a relatively simple
exactly solvable model, by applying Wegner’s duality [8] on a plaquette Ising model
with planar subsystem symmetries [9]. This duality is now more commonly known
as gauging subsystem symmetries, and many more fracton models can be obtained
this way [10, 11]. In 2017, Pretko pointed out that the restricted mobility of ex-
citations in fracton models can be understood as a result of higher moment (for
example, dipole) conservation laws, which often arise in higher rank gauge theories
[12, 13]. It was then shown by Bulmash and Barkeshli [14], and independently by
Ma, Hermele, and Chen [15] that certain higher rank gauge theories can give rise to
gapped fracton models such as the X-cube model via the Higgs mechanism. Also
in 2017, Ma, Lake, Chen and Hermele developed a coupled layer construction of
fracton models via particle-loop condensation [16]. This approach was then adopted
by Prem, Huang, Song and Hermele to construct the Ising cage-net model, which
features intrinsic non-abelian lineons [17]. In 2020, Aasen, Bulmash, Prem, Slagle
and Williamson proposed the defect network construction and used it to obtain pre-
viously known models such as the X-cube model and the Haah codes in a unified

language [18].

The rapid expansion of the reservoir of fracton models calls for a classification of
these models into phases, i.e., fractonic orders. In other words, an RG scheme for
fracton models is needed. Conventional RG schemes are unsatisfactory, because they
preserve all low-energy observables such as the GSD, and would therefore put the
same fracton model of different system sizes into different phases. Instead, a coarser
RG scheme is needed that is able to throw away part of the low-energy physics. It
was for this purpose that Shirley, Slagle, Wang and Chen proposed foliated fractonic
orders in 2018, where the foliation RG is allowed to perform local unitaries as well as
add or remove decoupled d = 2+ 1 topological states [19]. This proposal generalizes
the entanglement RG for topological order, which can perform local unitaries as
well as add or remove decoupled product states [20]. With this generalization, the
dependence of the GSD on the system size can be accounted for, and indeed many
type-I fracton models are found to have foliated fractonic order. For example, the
X-cube model is able to change its system size under the foliation RG [19], and it
has the same foliated fractonic order as the semionic X-cube model [21] and the

Majorana checkerboard model [22].

Foliation RG has found its success in many more type-I fracton models, and more
distinct RG fixed points have been identified [23, 24]. It is then natural to question
the generality of foliated fractonic orders. Are there type-I fracton models beyond

the foliation paradigm? What are some simple diagnostics for the lack of a foliation
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structure? How does one define phases for such models? In this thesis, I will address
these questions, the first two to a relatively comprehensive level and the third only
partially. The main tools that I will use are abelian Chern-Simons theory [25] and
cage-net fracton models [17] on the physics side, as well as commutative and non-
commutative algebra on the mathematics side. All discussions concerning the GSD
of a model assume that the model is placed on a torus of the appropriate dimension.

This thesis is organized as follows.

In Chapter 2, I review abelian Chern-Simons (CS) theory in d = 2+ 1, which is used
later in Chapter 3 to construct type-I fracton models beyond foliation. I introduce
a polynomial description for a periodic CS theory, i.e., one whose K matrix has
translation symmetry along its diagonal. I then use this polynomial description to
obtain a strong constraint for the fusion group of the theory, as well as calculate
the GSD and braiding statistics when K is non-degenerate. The GSD calculation is
trickier when K is degenerate, and I perform this calculation using a perturbative
method [26]. Finally, I discuss how to construct a K matrix given the braiding
statistics of abelian anyons, which is essentially a translation of Wall’s theorem [27]

into physics language.

In Chapter 3, I take the size of the K matrix of a periodic CS theory to infinity,
obtaining an infinite-component Chern-Simons (CSs) theory. When the indices i
and j of Kj; are viewed as living in a third spatial direction, the theory becomes a
fracton model in d = 3 + 1 which hosts planons but not lineons or fractons. A CS
theory can be gapped or gapless, and in this chapter I focus on the gapped case. |
start by discussing the action of foliation on a K matrix, and then present examples
of CSo theories with/without a foliation structure. I also give a necessary condition
for foliation in terms of the polynomial description in Chapter 2, and derive the
corollary that most CS,, theories are not foliated. Moreover, a CS theory cannot
be put on a lattice by naive discretization, and locality in the field theory does not
manifestly correspond to locality in the underlying lattice model (if a lattice model
exists). Therefore, I construct lattice models for gapped CS, theories and discuss

the spatial profiles of fractional excitations at the end of the chapter [28].

In Chapter 4, I turn to CS theories that are gapless. Despite the absence of a bulk
gap, a gapless CS,, theory turns out to be stable. Interestingly, the theory has an
exotic one-form symmetry, part of which is broken spontaneously. Furthermore, in a
large subclass of gapless CS theories, the planon braiding phase depends only on the
linking number of the planon trajectories (just like in gapped theories), which I show
by explicit calculation of Wilson loop correlation functions. This calculation also
reveals the spatial profiles of fractional excitations. Finally, I derive fully continuous

low-energy effective theories for this subclass of gapless CS. theories [29].
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In Chapter 5, I introduce a method for calculating the GSD of a fracton model that
uses intrinsic features of the model such as anyon fusion, braiding and quantum
dimension, which I call the operator algebra approach. The original motivation of
the operator algebra approach is to calculate the GSD of the Ising cage-net model,
which is exactly solvable but fairly complicated. The idea is to describe the algebra
Ay of logical operators as a redundant, formal algebra A of operators quotiented by
certain physically justified relations. Once the quotienting procedure is completed,
the GSD is obtained from GSD? = dim(Ay). Since the operator algebra approach is
intrinsic and does not rely on microscopic details, it is able to tackle topological or
fracton models in any dimension that are not necessarily exactly solvable. I explain
this approach both conceptually and through a series of examples of increasing com-
plexity, and eventually calculate the GSD of the Ising cage-net model. The GSD
formula (5.1) implies that the model is not foliated [30].

In Chapter 6, I discuss a generalized foliation RG scheme that works for the Ising
cage-net model. This new RG scheme generalizes the original constant depth circuit
to planar linear-depth circuit, which is equivalent to allowing boson condensation in
the RG flow. I show the RG process on the Ising cage-net model step by step, and
also prove that this RG does not work for certain CS,, theories. New notions of

phases are therefore still to be invented [31].



Chapter 2

PERIODIC CHERN-SIMONS THEORY

Although the main topic of this thesis is fractonic orders, I begin my detailed discus-
sions by reviewing the well-known TQFT of abelian Chern-Simons (CS) theory in
d = 2+ 1. In particular, I consider those CS theories that are periodic (see definition
in Section 2.2), which will be generalized in Chapter 3 into fracton models. I study
basic properties of a periodic CS theory, namely GSD, braiding statistics and fusion

group. Results about these properties will be used in later chapters.

The results in this chapter are based on Refs. [26, 28, 29].

2.1 Review of Chern-Simons theory

An abelian CS theory in d = 2 + 1 has Lagrangian

L= —4;2 Z Fl, Fo 4 % Z Kje"P Al 9, Al (2.1)

i ij
where AL are compact U(1) gauge fields labelled by ¢ = 1,..., N, F ﬁ,/ are the field
strengths of Aj,, g is the Maxwell coupling constant, and K is an integer symmetric
matrix (known as “the K matrix”) [25]. The integrality of K is required by gauge
invariance under a large gauge transformation. The indices ¢ and j may be raised
or lowered arbitrarily in this thesis for aesthetic reason. The classical equation of

motion of the theory is solved by plane waves, and the spectrum has N branches

2 2
2 2 2 g
“ =k k =X\ |, 2.2
w; c+ y+<2ﬂ > (2.2)

where \; are the eigenvalues of K.

An important phenomenon in a CS theory is fluz-charge attachment, which I explain
now. Consider adding background charged matter with conserved current Jo to
the Lagrangian via the term ), ALJé’“ , where the subscript “e” stands for “electric”.

The Gauss’s law of the theory is the equation of motion of A},
g0 LS giig - Ly g (2.3)
© Ton Z]: g '

where E and B are the electric and magnetic fields, respectively. Suppose that the
background charge is localized in the xy plane with total charge @°, and let

1 .
' = /dmlyBl.
27
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I will refer to ®° as the (total) flux of AL, where the factor of 1/27 is included to
simplify many mathematical expressions. It turns out that the charge vector @) and

the flux vector ® satisfy the relation
Q=-K9, (2.4)

which makes the LHS of (2.3) integrate to 0 in the xy plane. This is necessary since
otherwise, (2.3) implies that E decays like 7—!, leading to an IR divergence in the
energy of the field. The relation (2.4) will be used constantly throughout this thesis.

In addition to the electric U(1)" gauge symmetry, a CS theory also has a magnetic
U(1)" global symmetry. The conserved current of the magnetic U(1)" symmetry
is Ji = e ”&,Aip, where the subscript “m” stands for “magnetic”. In particular,
the charge density JED of the conserved current is precisely the magnetic flux of AZ,

hence the name “magnetic symmetry”.

In most sections of this chapter, the K matrix of a CS theory is assumed to be non-
degenerate, i.e., det(K) # 0. In this case, the spectrum (2.2) is gapped, the Maxwell
term in (2.1) is irrelevant, and the theory is a TQFT at low energy. Non-degenerate
CS theories give a complete characterization of d = 2 + 1 abelian topological orders
[32]. For example, the v = 1/3 fractional quantum Hall state is described by K = (3),

a 1 x 1 matrix.

Apart from the precise form (2.2) of the spectrum, all low-energy physics of (2.1) is
encoded in K. First, GSD = | det(K)|. Second, an anyon in the theory is specified
by its charge vector @ € Z, which is bound to a flux vector ® = —K~1Q due to
flux-charge attachment. If the flux ® of an anyon is integral, then the anyon as a
symmetry charge of the magnetic U(1)" symmetry is not fractionalized, and thus
can be created locally. Therefore, the distinct anyons of the theory form the fusion
group G = ZN/KZN. Here, the group elements are charge vectors, and the group
operation (addition of vectors) corresponds to fusion of anyons. Finally, the braiding
phase of two anyons Q, Q' € Z" /KZ" is exp (—27m'QTK*1Q’).
The K matrix of a CS theory is not necessarily unique. Consider new fields

Al = Z (WY 4l (2.5)

J

defined in terms of the original fields AL and an invertible matrix W. To make sure

that the compact gauge fields AZ and EL have the same periodicity, both W and
W1 must be integral. Equivalently,

W € GLN(Z) = {M € Maty(Z) : det(M) = £1}.

The change of variables (2.5) yields a new K matrix K = WTKW. Therefore, K and
WT KW should be viewed as describing the same CS theory, where W € GLy(Z).



2.2 Polynomial description

As explained previously, the purpose of reviewing CS theories in d = 2 + 1 is to
generalize them into fracton models in d = 3 + 1, by viewing the indices ¢ and j of
K;; as coordinates in a third spatial direction and taking the thermodynamic limit
N — oo. In order to take the thermodynamic limit, a certain translation symmetry
must be imposed. A K matrix of size rN is said to have period r if K; i, 1, = K;j,
where the indices are mod rN. This is a translation symmetry along the diagonal of

K. Such a periodic K matrix has a polynomial description, which I introduce now.

Translation symmetry naturally invites Fourier transform. If K has period r, then
its Fourier transform is an r x r matrix K (e’?) which is a function of the crystal

momentum q. For example, the K matrix

= w O
S W
—

= W O

2N x2N

has period r = 2, and its Fourier transform is

) iq —iq 3
K(elq):<e 26 0)'

Focusing on real g turns out to be too limiting, so I replace € by a symbol u,
which essentially allows ¢ to be complex. It is helpful to view u as a meaningless
symbol, and thus K (e’?) becomes K (u), an r X r matrix over Laurent polynomials
with integer coefficients. Here, a Laurent polynomial is a polynomial with possibly

negative degree terms. In the example (2.6),

u uil
K(u):< +3 3)

Laurent polynomials have an involution given by p'(u) = p(u~!), which is similar to
complex conjugation on C. The involution is used to define Hermitian conjugation
Kt(u) = KT (u™"), and K is symmetric if and only if K (u) is Hermitian.

In Sections 2.3 — 2.6, I will use this polynomial description to compute various

observables of periodic CS theories.

2.3 GSD: Non-degenerate case
The first observable of a periodic CS theory that I compute is its GSD, assuming

non-degeneracy. As explained in Section 2.1, this is equivalent to finding det(K).
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It turns out that the key object in this calculation is the determinant polynomial
D(u) = det(K(u)). Since K is symmetric, D(u) satisfies D(u~1) = D(u). Let

3
= Z ckuk,

k=—¢

where c_j, = ¢, and c¢ # 0. The main result is

2§
det(K) = EN+D H (1 —ul , (2.7)

where u; are the roots of D(u), [ =1,...,2¢.

To prove (2.7), note that det(K) can be written in Fourier space as

N-1 ‘ N-1 ‘
det(K) = [] det (K(w")) = [ D), (2.8)
j=0 J=0

where w = €2™/N_ Also, D(u) can be factorized in terms of its roots as

2¢
D(u) = ceu™* H(u —uy).

=1

Thus (2.8) simplifies to

N-1 ' 2¢ '
det(K) = | [c,gw]gH(w] - ul)]

7=0 =1
N-1 26 [N-1
= cév wIE H H (w! — )
7=0 =11 j=0

A straightforward calculation shows that Hj w~I¢ = 1. Furthermore, by viewing u;

as a variable in its own right, it can be shown that

N-1

H —y) = (D) = u).

This is because both sides of the equation have the same leading coefficient as poly-

nomials in u; and the same roots at u; = w’. Thus (2.7) follows.

I now demonstrate the possible behavior of (2.7) through three examples with period
r = 1. Due to the céV term in (2.7), det(K) always has an exponential growth if

|ce| > 1. Therefore, all three examples are chosen to have ¢g = 1.

1. Let
D(u)=u+3+u?, (2.9)
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whose roots are (—3 £ \/5) /2. The GSD of the theory is

N N
GSD = (3 +2‘/5> + (3 _2‘/5> —2(—=1)N. (2.10)

For large N, the GSD is dominated by the first term and grows exponentially
with an irrational base (3 4+ v/5)/2, while the second term makes sure that the
GSD is an integer.

2. Let
Du)=u+2+u"", (2.11)

whose root is —1 with multiplicity 2. The theory has

4, if N is odd,
| det(K)| =

0, if N is even.

Thus GSD = 4 when N is odd. However, the GSD cannot be inferred from
det(K) when N is even since det(K) = 0 in this case. As will be explained in
Section 2.5, actually GSD = N when N is even.

3. Let
D(u) = u? — 2u — 2u™t + w2 (2.12)

Two of the four roots of D(u) are real, namely u; ~ 2.3 and ug = uj '; the other

2mis and wy = u§17 where s ~ 0.31.

two are on the unit circle, namely ug = e
Importantly, s is irrational [33], so uz and wug are not roots of unity. By (2.7),

det(K) # 0 for all integer N. For large N, the theory has
GSD ~ 2ul (1 — cos(27Ns)),
which oscillates inside an exponential envelope.

Incidentally, if |c¢| = 1 and all roots u; are on the unit circle, then all u; are roots of
unity [34]. Therefore, if the GSD is bounded, then it must cycle over a finite list of

integers periodically.

2.4 Braiding statistics: Non-degenerate case

Next, I calculate the braiding statistics of anyons. Besides non-degeneracy, I also
assume that the determinant polynomial D(u) has no root on the unit circle. This
additional assumption is a sufficient but not necessary condition for non-degeneracy,
as can be seen from the example (2.11) with N even and from the example (2.12).
The case where D(u) has roots on the unit circle will be discussed in Section 4.3.

Again as explained in Section 2.1, the braiding statistics are encoded in K~!. As a
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motivating example, consider the K matrix (2.9). In the limit 1 < |i — j| < N, this

inj (o i1
(Kl)ij%(_\l/)g (3 2‘/5> : (2.13)

Therefore, the braiding statistic decays exponentially as the anyon labels ¢ and j

theory has

get farther apart. In Chapter 3, these labels will be interpreted as a third spatial
coordinate, so the braiding statistic in this example decays exponentially in space
but is not strictly local. Due to the novelty of this exponential decay, the calculations
in this section are focused on understanding the decay for 1 < |i — j| < N rather

than figuring out the exact expression for K .

The polynomial description again comes in handy in this calculation, since K~

the inverse Fourier transform of K (u)~!. Note that

Adj(K(u) _ Adj(K(u))

w)t = =
K(u) det(K (u)) D(u)

(2.14)

where Adj(K(u)) is the adjugate matrix of K(u). The entries of Adj(K(u)) are
polynomials in the entries of K(u) and thus are Laurent polynomials with finitely
many terms. This means that any exponential decay in K~ must be attributed to
1/D(u). Indeed, if one ignores Adj(K (u)), for example by assuming that the period
r = 1, then the entries of K~! are the coefficients of 1/D(u) expanded as a Laurent
series. Therefore, the key part of this calculation is the Laurent series expansion of

1/D(u), which is a standard exercise in complex functions.

I now calculate the Laurent series of 1/D(u). To start with, the distinct roots of

D(u) can be put into two classes: u5 inside the unit circle with multiplicity Ty, and

u> = (uS)™! outside the unit circle with the same multiplicity To. Now 1/D(u)
<

is a meromorphic function with poles at uS and u_, so there exist constants bg,

=1,...,[y, such that the function

1 bam
ZZ u>—u D(u)_§z(1—u<u)m

has no pole outside the unit circle. Since D(u~!) = D(u), the function

Fa
YN Y e e

« m:l

g(u)

has no pole at all. Therefore, g(u) is a constant function

o
g(u) = g(00) = =3 > bam. (2.16)

a m=1



12

Rearranging (2.15) and (2.16) gives

1 a
D(u) _Za:mz::l (1—u<u ZZ 1—u<u za:mz:lbam (2.17)

The next step is to expand (2.17) as a Laurent series. However, this is not the usual
Laurent series in complex analysis where one cares about its region of convergence.
Instead, the Laurent series here is simply a formal sum from which K~! can be
inferred. Such a formal sum need not be unique. For example, the function 1/(1—u)

has two Laurent series

1
=l4utv’ 4 =—ut—u—ud
1—-u

This ambiguity arises because K is treated in the N — oo limit, and is similar to
the sensitivity of the Green’s function of a differential operator to the boundary
condition. Here, the correct choice of Laurent series is determined by demanding

that K~! be well-defined when N is finite. For this purpose, I choose

[e.e]

1
(e —
) =0 (2.18)
— \k, —k
Tugu — 2 )
o k=0

These choices will be explained soon. A straightforward calculation then gives

oo

1 (k+m—-1)! _ &
T iad D
o k=0
1 S (k+m—1
(1_u<u—1)m :Z k! (ua) u .
@ k=0

This yields the Laurent series

1 ~(k+m—1)! _ _
By llba’"zwm)%* (v k>] 22 b
> A (|k] +m — 1)!
- 3 [E X

k=—00 a m=1

(2.19)

The coefficients of (2. 19) decay (a bit more slowly than) exponentially unless D(u) is

a constant. If, say, u7 has the largest magnitude among all u, then the coefficients
decay like

(k] + T = <kl a1, <|lkl

T‘ 1 ’ ~ kMt ‘ul | . (2.20)

Of course, K~! is a matrix of finite size rN, so the correspondence of K~ and

K (u)~! via Fourier transform is only correct in the N — oo limit. For finite N, the
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uF and w**V terms in (2.19) should be identified and their coefficients should be
summed up. By choosing the Laurent series (2.18), the sum of these coefficients is
finite, and the decay pattern of K~! does not change qualitatively as long as N is
large. Since the decay of K~! is already understood qualitatively, I will not try to

determine the constants b, explicitly.

Finally, I take Adj(K(u)) back into consideration. Since Adj(K (u)) appears in the
numerator of (2.14), it might have some cancellation with D(u) in the denominator,
which makes certain rows of K~! decay faster than (2.20). However, I claim that

||/f|

the slowest possible decay pattern, or at least its exponential part |uy|"', must be

attained in some row of K~1. The proof uses the following theorem [35]:

Theorem 1. If complex coeflicients are allowed in all Laurent polynomials, then

K (u) can be put into Smith normal form
S(u) = V(u)K(u)W(u) = diag (s1(u), ..., s (u)),

where S(u), V(u) and W (u) are r X r matrices over Laurent polynomials with com-
plex coefficients, the Laurent polynomials det(V (u)) and det(W(u)) are non-zero

constants, and sj(u)|---|s,(u) (consecutive divisibility). Furthermore,

r—1
ged {Adj(K (u))ij 11,5 =1,...,r} = [] s(w), (2.21)
k=1

where “gcd” means greatest common divisor.

An obvious consequence of this theorem is that D(u) = [[;_; sk(u). Now if any
factor u — u3 divides all entries of Adj(K(u)) and hence their ged, then it must
divide si(u) for some 1 < k < r — 1. Since si(u) always divides s,(u), the factor
u — uy also divides s,(u). Suppose, say, that Adj(K (u))11 has the lowest power of
u—us among all entries of Adj(K (u)), and that the power of u —uS in Adj(K (u))11
is p. By (2.21), the power of u — u$ in H;;ll sk(u) is also precisely p. Therefore, the
power of u — uy in D(u) is Ty > p, since s,(u) must contain some extra factors of
u—uy. These extra factors of u — u5 make sure that the coefficients of Adj(K (u))11

decay at least as slowly as |u|/!.

2.5 GSD: Degenerate case

In this section, I consider degenerate CS theories. The nature of such theories is well-
understood, and it is not my intention to bring a fundamentally new understanding.
Instead, I focus on computing the GSD of a degenerate periodic CS theory using the

polynomial description.
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The Polyakov mechanism

Naively, det(K) = 0 implies that the spectrum (2.2) is gapless. However, the theory
is actually gapped due to the renowned Polyakov mechanism [36], which I explain
now in the example K = (0), i.e., d = 2 + 1 Maxwell theory. The essence of the
Polyakov mechanism is the proliferation of instantons in d = 2+ 1 Lorentzian space-
time. For convenience of calculation, I choose instead to work in d = 3 Euclidean
space, where instantons become monopoles. The field strength of a monopole decays
like r=2, so a UV regularized monopole has finite energy and thus can proliferate.
In contrast, a monopole in a non-degenerate CS theory also carries electric charge,
so its field strength decays like r—!. Therefore, the energy of a monopole has an IR

divergence and hence monopoles are irrelevant in a non-degenerate CS theory.

The quantitative treatment of monopoles is easier if the theory is dualized. In the
dual theory, F),, is viewed as an independent two-form field instead of the field
strength of A,. To enforce the Bianchi identity on F},,, a Lagrange multiplier in-

volving a real scalar field ¢ is added to the Lagrangian (in Euclidean space):

1

£=1p

i

F, F" + Ze“”pgb@MFl,p.
m

Dirac quantization implies that the magnetic charge

1
L [dtorsa,z,

is always an integer, so ¢ is a compact boson with period 27. Integrating out Fj,,
yields the dual Lagrangian of a free compact boson
g2
L= @@Lqﬁ“qﬁ.
The magnetic U(1) symmetry acts as ¢ — ¢ + ¢, and the basic monopole operator
is e’®. The two-point function of the monopole operator is

: ) 472 A3k etkur" 2
—ig(zt) ip(0) \ oy 2rE ) e/t
(o700 o (G [ s ) ~ e

where r = |z#|. As r — 00, the two-point function approaches a non-zero constant.
Therefore, the magnetic U(1) symmetry is broken spontaneously and the theory is

gapless. A gap is opened up by the relevant perturbation cos(¢), which breaks the
magnetic U(1) symmetry explicitly.

The analysis above can be generalized to the case where K has size N. As explained
earlier in this section, the only relevant monopoles are those without electric charge.
Therefore, the flux vector ® of a relevant monopole satisfies K® = —Q = 0. Note
that the flux of a monopole is integral, whereas the flux vector of an anyon is not

integral unless the anyon is trivial. Due to various requirements of integrality, the
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treatment of such theories is more complicated than naive linear algebra, and I

demonstrate the general procedure with the example [37]

11
K= .
The basic relevant monopole has magnetic charge vector ® = (—1,1)?. Define new

fields EL via (2.5) where
1 -1
W = ,

which is chosen such that ® is the second column of W. The K matrix for EL is

K=WTKW = Loy
00

Since K is diagonal, it may seem that Eh and ZZ are decoupled. However, this is
not true once the Maxwell term in the Lagrangian (2.1) is taken into account. If

(2.1) is generalized to

1 .
L=-17 > ZigFp F9Y + - Z Kje"P Al 0, Al
i iJ

where Z starts as the identity matrix, then the new fields EL have

—WTzw = L *1.
1 2

Consequently, gb and ﬁz are coupled together by the off-diagonal entries of Z.
The next step is to dualize ﬁi into a compact scalar field ¢, which gives the dual
Lagrangian (in Euclidean space)

g2 |
vp 1 1 1 1 1
L= 16 T 0,00"6 — ——PEL 8,0+ ot Y Fy e A0, A

The second term is a topological term. It is a total derivative but is still non-trivial,
because KL and ¢ are both compact fields. The topological term affects correlation
functions involving the vortex line of ¢, which corresponds to the Wilson line of
A? before dualization. However, it does not affect the spectrum of the theory or
correlation functions involving only Eb and ¢, since they are perturbative properties
of the theory. Therefore, for these purposes E}L and ¢ are essentially decoupled, and
the theory effectively has K = (1).

I conclude the example above with a point of caution: The flux vector ® = (—1,1)"
must be integral, so it cannot be rescaled into a unit vector in this example. Conse-

quently, W cannot be chosen to be orthogonal or unitary. In fact, W cannot even
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have orthogonal columns when @ is its second column. Therefore, basic number
theory is indispensable when studying CS theories, and one must be very careful

with any intuition originating from linear algebra of complex matrices.
To generalize this example to arbitrary K, the following theorem is useful [35]:

Theorem 2. An N x N integer matrix K can be put into Smith normal form
S =VKW = diag(s1,...,5n), (2.22)

where S, V and W are N x N integer matrices, V,W € GLy(Z), and s1|---|sn

(consecutive divisibility). Furthermore,

m

ged {minor of K of order m} = H Sk, (2.23)
k=1

where “gcd” means greatest common divisor, and a minor of K of order m is the

determinant of an m x m submatrix of K.

Theorem 2 is a sister theorem of Theorem 1, and both are elementary results in
algebra [35]. If K is degenerate, then the last few sj’s are 0. Let Ny be the nullity
of K and Ny = N — Ny, so sy, +1 = --- = sy = 0. Note that Ny generally depends
on N but is always bounded as N increases. Consider the change of variables (2.5)
where W is taken from (2.22). The new K matrix is

K=WTKwW =wTv-vKw = wly-1g.

This shows that K can be obtained by multiplying a diagonal matrix S on the left,

so K takes the form .
I’ii _ (KN1XN1 ON1><N0>

/
KNngl ON0><N0

where K is non-degenerate. Meanwhile, K is symmetric, so actually

-~ (K
K=["NW . (2.24)
ON()XN()

As explained earlier in this section, when studying correlation functions involving
only /T}“ ey Aﬁ[ 1. the system can be treated as a non-degenerate CS theory parame-
terized by K. Now the ground space is protected by the algebra of the Wilson loops
of E}L, e ,Eﬁl, so this simplified treatment applies, and the theory has

GSD = (det(f() =TT Issl. (2.25)

k=1
To reiterate, the GSD (up to a minus sign) is given by the product of the non-zero
entries of the Smith normal form of K. In the rest of this section, I aim to express
(2.25) using explicit data in the polynomial description. In particular, I will focus

on understanding the dependence of the GSD on N.
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Perturbative calculation of GSD

At first glance, it is not obvious how the polynomial description is related to the
Smith normal form. For a generic K matrix with period r and size rN, none of
the matrices S, V and W in (2.22) is periodic. Moreover, the process of throwing
away the 0’s on the diagonal of S as required by (2.25) also seems to have nothing
to do with periodicity. In order to reveal the connection between the polynomial
description and the Smith normal form, I add a perturbation € (times the identity)
to K and turn it into K + €. Since K + € is not integral, it does not physically
correspond to a gauge invariant CS theory. Instead, this perturbation is merely a

mathematical technique. Now W in (2.22) acts on K + € as
F<€)N1><N1 G(G)N1><N0
GT(E)NOXNl H(E)NOXNO

_ (f(+0(e) O(e))
Oe)  O(e))°

WK +eW = ( (2.26)

where Ny + N1 = rN. Thus to leading order in e,

det(K + €) = det(WT (K + e)W)
= det(H(e€)) det(K)
= +det(H(e)) - GSD,

and hence
det(K +¢€)

det(H(e))

This is the key equation for calculating the GSD, because the numerator is the

GSD = + (2.27)

determinant of a non-degenerate periodic matrix and is therefore tractable. In
the rest of this section, I first state the main result and then prove it by studying

the numerator and denominator of (2.27) separately.

The main result is as follows: Let u, be the distinct roots of D(u), and T', the
multiplicity of u,. Note that these notations are not the same as those in Section 2.3

or 2.4. Define also an index set
I= {a : u(]lv = 1} )

which labels roots corresponding to gapless modes when the system size is N. The
set I generally depends on N, and when discussing the dependence of the GSD on
N, I only consider those values of N that yield the same I. For example, in the
context of the K matrix (2.11), I only consider even N. For o € I, let A, be the

nullity of K (ug), an r x r Hermitian matrix. Then

GSD = £CNZeerTab) N TT (1 - ud)™, (2.28)
adl



18

where C is a constant independent of N. The precise value of C is a complicated
expression involving basic algebraic number theory, and I will not try to determine
it in this thesis. Practically, C is most conveniently fixed by fitting (2.28) for some
small N. The dependence of the GSD on N has a polynomial part besides the usual
exponential part. To explain the polynomial part intuitively, I temporarily define I,
as the algebraic multiplicity of u., and A, as the geometric multiplicity of u,. These
nomenclatures are designed to draw analogy with standard linear algebra. In linear
algebra, the polynomial of interest is the characteristic polynomial of a matrix, and
the quantity I',, — A, intuitively measures the obstacle to diagonalize the matrix. In
a degenerate CS theory, 'y, — A, measures the contribution of u,, where o € I, to
the polynomial growth of the GSD. In the K matrix (2.11) with even N, the root
—lhasT'=2and A =1, so GSD < N.

To prove (2.28), I begin by calculating the numerator of (2.27). According to (2.7),
det(K + ¢€) is determined by the roots of det(K(u) + €), which are obtained by
perturbing the roots u, of det(K (u)) = D(u). In the new notations, (2.7) becomes

det(K) = :l:céVH (1- ug)ra

«

(2.29)

If o ¢ I, then to leading order in €, there is no correction to the (1 —ul )F”‘ factor

in (2.29). On the other hand, if a € I, then det(K (u) + €) can be expanded in the

vicinity of u, as

det(K (u) + €) = o (u — ug)" > + Z bre® +-- -, (2.30)
k=1

7

where 7, # 0, by are some coefficients, and “---” stands for higher order terms in
U — Ugq. I claim that the smallest k such that by # 0 is k = A,. To prove this claim,

take (2.30) with u = u,, which gives
,
det(K (uq) +€) = Z bre®.
k=1

Let A\; be the eigenvalues of the Hermitian matrix K (u,) such that A\; = 0 for
i=1,...,Aqcand \; Z0 fori = Ay +1,...,r. Then

r

det(K (uq) +€) = 1_[()\Z +e).
i=1
Therefore, the coefficient by, is the sum of all possible products of r — k eigenvalues.
If £ < A,, then such a product must involve A; for some i = 1,..., A, and hence

vanish. One the other hand,

r

ba.= ] x#o

1=Aq+1
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and the claim follows. Thus (2.30) becomes
det(K (u) + €) = o (u — ug)'™ + ba, €3 + - -
The roots of det(K (u) + €) are

Ua,m(€) = Ua + (BaﬁAa)l/Fa 627rim/1“a7

where m = 0,...,T'y — 1 labels the new roots, B, = —ba_ /14, and (BaeAa)l/Fa is
a fixed choice of T'yth root of Bye®e. The fact that there are I'y roots is expected,
because the I', degenerate roots of D(u) at u, are split by the perturbation. Each

new root has a contribution of
N_

1— ua,m(G)N =1 UN Nu;;\f_l (BQEAQ)I/Fa e?ﬂim/ra 4.

_ —Nu;l (Baan)l/Fa e2mim/Ta | .

to the numerator of (2.27), where I used the fact that u® = 1. Multiplied together,

the I',, roots near u,, have a contribution of

I'n—1 Io—1
H (1 — U’a,m(f)N) _ H [-NU;l (BaeAa)l/Fa eQwim/Fa:| 4.
m=0 m=0
.Ta—1
2 «
= (—NU;l)Fa (BaeAa) exp <I?: Z m) + ..
m=0
= Nl teBoele 4o (2.31)

Using (2.29) and accounting for the roots u, where @ ¢ I, the numerator of (2.27)

is found to be

det(K +¢€) = :l:cév H (NF“BaeAa) H (1- uév)ra +-, (2.32)
agl ol

where the u_ e factor in (2.31) does not appear because u; ! is also a root.

Next, I discuss the denominator of (2.27). By (2.26), if U is the rN x Ny matrix

consisting of the last Ny columns of W, then
H(e) =UT(K 4 e)U = eUTU.

In fact, the columns of U form a basis of the integral kernel of K. On the other
hand, let Uy be the rN x Ny matrix whose columns are orthogonal complex vectors
spanning the complex kernel of K. These vectors have fixed crystal momenta and
polarizations. They are not chosen to be unit vectors, but instead are chosen to have
length (i.e., Euclidean norm) N each. Thus as N increases in such a way that the

index set I is fixed, the columns of Uy are just the same patterns repeated O(N)
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times. Since the columns of either U or Uy form a basis for the complex kernel of
K, they are related by column operations. In other words, for each N there exists
an Ny X Ny invertible complex matrix C such that U = UyC. Due to the periodic

structure of the columns of Uy, the same C' actually works for all N. Therefore,
det(H(e)) = det(eCTUI U, C) = Mo det(C)? det(UL Up).
By construction of Uy, every entry of UOT Uy is proportional to N, so
det(H (e)) o< eNoNNo, (2.33)

Finally, using No = > ;A to cancel all the ¢’s and absorbing various constant
factors into an overall constant C, (2.32) and (2.33) are combined into (2.28).

2.6 Fusion group
Finally, I study the fusion group of a periodic CS theory. According to Section 2.1

and Theorem 2, the fusion group of a non-degenerate CS theory is
N
G =2"/KZ" =[] Z,,, (2.34)
k=1

where s are the diagonal entries of the Smith normal form of K. By the discussions
in Section 2.5, (2.34) also works for degenerate CS theories with the convention
that Zg is the trivial group. As a motivating example, consider the K matrix (2.9).

Numerics suggest that the fusion group is
G = ZFN X Z5FN7 (2.35)

where Fy is the Nth Fibonacci number. Even though (2.35) has not been and
will not be proved rigorously in this thesis, it hints at a peculiar feature which will
be important when discussing foliation in Chapter 3: that G has only two cyclic
components for arbitrarily large N. Here, cyclic components are defined such that,

for example, Zg = Zy X Zg3 is viewed as one cyclic component.

This is indeed a general feature of periodic CS theories with period r = 1, as sum-

marized in the following proposition:

Proposition 3. Suppose that K has period r = 1, with K (u) = (D(u)) and

k=—¢

If D(u) is primitive, i.e., gcd{ck} = 1, then the fusion group G of K has at most 2§

cyclic components.



21

If D(u) is not primitive and ged{ci} = b, then Proposition 3 can be applied to the
integer matrix K/b. After multiplying b back, it is clear that the fusion group G of
K has at least N — 2¢ cyclic components that are Z;. Therefore mathematically,
primitivity of D(u) can be assumed without loss of generality. However, the assump-
tion that » = 1 is crucial for the proof of the proposition, and I do not know whether

any analogous statement holds for higher periods.

I now prove Proposition 3. Using the notations of Theorem 2, the goal is to show that

51 = --- = sy_2¢ = 1. Since s are integers, it suffices to show that chvz_fg sp =1,
or equivalently by (2.23), that
ged {minor of K of order N —2¢} = 1. (2.36)

Therefore, I will pick some submatrices of K obtained by deleting 2£ rows and 2£
columns, and show that their determinants are coprime as a whole. First, consider

the submatrix

0 trr Ce—1 Ce

Cg-2 Ce-1 G
Me_1 =
0 Tt Cgg Gl G
0 0 e el Ceq
When expanding det(M¢_1) into a sum of terms using the definition of determinant,
a term either is Cé\f:lzg’ or contains a factor of cg. Thus det(M¢_1) = cé\f:l2£ + Beg
for some integer B. If some prime p divides both det(M¢) and det(M¢_;), then

plef ™ = plec = pleg 1 = plect.

Likewise, I define submatrices M¢_o, ..., My, and show inductively that if p divides
all det(Mj},) then it also divides all ¢;. This contradicts the assumption that D(u) is
primitive, so it must be the case that ged{det(M}y)} = 1. Since a subset of minors
is already coprime, the set (2.36) of all minors of order N — 2¢ is also coprime, and

hence Proposition 3 is proved.

2.7 Appendix: Determining K matrix from statistics
In this appendix, I answer the following question: Given the anyon fusion group and
braiding statistics of a d = 2 + 1 abelian topological order, how does one construct

a corresponding CS theory? More precisely, the setup of the problem consists of:



22

1. A finite abelian fusion group G, where the fusion product of x and y is  + y.

2. A symmetric bilinear form b : G x G — Q/Z which determines the braiding phase

e~ 2mib(z.Y) between anyons x and y. Bilinearity means that
b(.’B + Y, Z) = b(l’, Z) + b(yv Z)
and similarly for the second argument.

3. A function ¢ : G — Q/2Z which determines the topological spin 6, = e m™4(x) of

an anyon x. The functions ¢ and b are related by

1
b(z,y) = 5 (alz +y) —g(2) — a(y)).
With respect to a minimal generating set {ey,...,e,} of G, ¢ can be written as

a matrix (g;;), where ¢;; = q(e;) € Q/2Z and ¢;; = b(ej, ej) € Q/Z if i # j.
Note that b does not determine g even though the converse is true. Indeed, ¢(z) =
b(xz,z) mod 1, but g(x) itself is defined mod 2. This is the minus sign ambiguity
in determining exchange statistic from braiding statistic. I focus mainly on bosonic
topological orders and assume modularity of the topological S-matrix. Here, modu-
larity means that ¢ is non-degenerate, i.e., if b(z,y) = 0 for all y, then x = 0. I will

comment on fermionic topological orders at the end of this appendix.

The goal is to find a K matrix that produces the (G, q) specified above. Naively,

this is achieved by inverting the matrix q. For example, the toric code has

1
10
0 2
K=q'= )

is generally not an integer matrix. For example, the three-fermion

1
1 )
5 1

but ¢! is not an integer matrix in this case. Instead, ¢ should be “enlarged” to §

o

so a choice of K is

However, ¢q~!

theory [38] has G = Zg x Zg and

by adding transparent bosons (i.e., bosons that braid trivially with every anyon) to

the bottom right corner:

1 500 4 —6 4 -2

1 -6 12 -8 4
q: 2 1 1 0 :}K:~_1:

01 2 1 4 -8 6 -3

00 1 2 -2 4 -3 2
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To obtain an enlargement algorithm that works for arbitrary (G,q), I follow the
strategy by Wall [27, 39]: First I state a structure theorem for (G, q), which classifies
all irreducible building blocks of ¢ and gives an algorithm for decomposing ¢ into

these blocks. Then I write down an enlargement for each irreducible block.

Structure theorem

The structure theorem is as follows:

Theorem 4. If (G, q) is non-degenerate, then G can be written as an orthogonal
direct product G = [[; G, b(x;, ;) = 0 for all i # j, such that (G, ¢|g,) is in one of
the following irreducible classes labelled by letters A through F:

1. A2k = ZQk, and q = (2_k)

2. Ak & Zyk, p > 2 prime, and ¢ = (2ap_k) where « is coprime with p and is a

quadratic residue mod p (i.e., & = x2 mod p for some x). Different choices of «

lead to the same ¢ up to a change of generator.
3. Bok = Zok, and q = (—2""’).

4. By = Zy, p > 2 prime, and g = (Qﬁp_k) where (8 is coprime with p and is not a

quadratic residue mod p. Different choices of 8 lead to the same ¢ up to a change

of generator.
5. Con = Zopk, k> 2, and g = (5 x 27F).
6. Dor = Zok, k> 2, and ¢ = (=5 x 27%).

N 0 27k
7. E2k = Z2k X ZQk, and q= ok 0 .

21—k 2—k

The decomposition into orthogonal direct product is not always unique. For example,
Apk X Apk = Bpk X Bpk, and Ao x Ay x Ay = Ay x Ey. The toric code is in class Eo

and the three-fermion theory is in F5.

Before explaining how the decomposition in Theorem 4 is performed, I state the

following useful lemma:

Lemma 5. Let (G, q) be non-degenerate, H a subgroup of G such that (H,q|g) is
non-degenerate. Then G is the orthogonal direct product of H and H®, where

H°={9€G:b(g,h)=0forall he H}

is the orthogonal complement of H. Furthermore, (H®, q|-) is also non-degenerate.
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The decomposition in Theorem 4 can be performed with the following three steps:

e Step 1. G can be uniquely written as an orthogonal direct product

G= [ Gy (2.37)

p prime

where G, is the unique Sylow p-subgroup of G.

e Step 2. Without loss of generality, replace G by G, for fixed p. Let p" be the
exponent of G, i.e., the least common multiple of the orders of all elements in
G. Write G as a (not necessarily orthogonal) direct product of a homogeneous
subgroup H of exponent p", i.e., H = Z;; for some m, and another subgroup of
smaller exponent. It can be shown that (H, ¢|z) is non-degenerate. By Lemma 5,
G = H x H° which is an orthogonal direct product, and H° has exponent smaller
than p". Proceeding in this way, G can be decomposed into an orthogonal direct

product of homogeneous subgroups.

e Step 3. Again without loss of generality, replace G by a homogeneous group
of exponent p", » > 1. Look for z € G such that p"b(x,x) € Zy is coprime
with p. Such x need not exist when p = 2, but when it exists it is often easy to
spot by inspection. However, for generality I present a more organized method;
readers may skip this part and jump to Cases 3.1 and 3.2 below. Consider the
subgroup Gy = {g € G :ord(g) Sp”_l} of G, where ord(g) is the order of g,
and write [z] for the coset containing x in G/Gp. Define a new bilinear form

b : (G/Go) x (G/Goy) — Q/Z by
v ([z], [y]) = p"'b(z,y) € Q/Z.

Now look for some [z] such that pb/([z], [x]) € Z, is coprime with p. If p # 2,
such [z] always exists, and although this may still require an exhaustive search,
the search is easier since G/Gy has a smaller size than G. If p = 2, such [z] exists
if and only if the ith diagonal element of p"~!q is non-zero for some %, in which
case the generating element [e;] satisfies the requirement. The next step depends

on whether or not such [z] is found:

Case 3.1. Some [z] € G/Gy is found with pbt/([z], [z]) coprime with p. Then
((m) ,q\<x)) is non-degenerate, where x € [z]| is an arbitrary coset representative
and (z) is the subgroup of G generated by x. Now apply Lemma 5 which gives
G = (z) x (x)°, and then go back to Step 3.

Case 3.2 (occurs only if p = 2). ¥/'([z],[z]) = 0 for all [x] € G/Gy. Pick some
x € G of order 27, for example a generator z = e;. It can be shown that there

exists y € G (not necessarily unique) such that b'([z], [y]) = 1/2. Let = € [z] and
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y € [y] be arbitrary coset representatives. Then ((x, Y) ,q]<x,y>) is non-degenerate,

and (x,y) = Fyr or Fyr. Now apply Lemma 5, and then go back to Step 3.

Recursive application of these steps leads to full decomposition of (G, q).

Enlargement algorithm

lis an integer

Next, I describe how to enlarge the matrix ¢ to ¢ such that K = ¢~
matrix with even diagonal, so that K describes a bosonic CS theory. [ assume

without loss of generality that (G, q) is in one of the classes A through F.
1. (G,q) = Agr, Bor or Eor. No enlargement is needed.

2. (G,q) = Ayr or By with p > 2. Write ¢ = (np™") for some —p" < n < p". Then
there exist dy even and ds odd such that 1 = ndy —p"ds and 0 < dy < |dy|. Next,
choose a1 even such that ajds is the closest even multiple of ds to di, and write

d1 = ai1do — d3. Applied repeatedly, this algorithm gives

1 =nd; _prd%
dy = ards — ds,
do = azdz — dy,

dg—1 = ag—1dg — 1,

di, = ag,

where a;d;j41 is always the closest even multiple of d;y1 to dj. Then take

np " 1
1 aq 1
5 1 as
q =
ap—1 1
1 ag

The algorithm employed here is a version of the Euclidean algorithm.

3. (G,q) = Cor or Dor. The Euclidean algorithm still works, although in this case

dy is odd and ds is even.
4. (G,q) = Fyr. Take
217r 9-r
2—r  gl-r 1

1 220+ (-1 1 (2.38)

=Y
Il
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Example

I demonstrate the aforementioned theorems and algorithms with a coined example
G=173=e1,...,e5),

5 1 1 3

g 18 03§

1 5 7 1

i1 0§ 1

— 1 5 7 3

g=|t o0 2 I 3 (2.39)

7T 7 3 1

0 5 8 2 2

301 03 171

8 4 4 2 8

Since G is already homogeneous, the decomposition algorithm starts at Step 3. First,
el ger = 5/8 has additive order 8 mod 1, so ({e1),q|,)) is non-degenerate. The
orthogonal complement (e1)° = (f1, fo, f3, f4), where fi = —2e1 + €2, fo = €1 + 3es,
fs =eq, and fy = e; 4+ e5. With respect to these generators, define

qa = Q|<el>° =

N[ 00l = W
NI—= Njw 0olut 00|~y
N STl (S B ST

lut colut = |

Since all diagonal entries of ¢; have denominators at most 4, the algorithm enters
Case 3.2. Choose any generator of (e1)°, say fi. The equation f{ ¢1y = 1/8 has a
solution y = — f3. The orthogonal complement of (f1,—f3) is

(f1,—f3)° = (=3fi + fa, 4f1 +4f3 + fa).

With respect to the generators {f1, —fs, —3f1 + fo,4f1 +4f3 + f4},

)i 1)

where @ is the direct sum of matrices on the direct product group. Picking appro-

ol |w
Nl 0ol
00l x|
= 00l

Q1ZQ2EBQ3:<

priate generators { fi1 + f3,2f1 — 3f3}, the matrix ¢o is put into a standard form

0
Q2 = .
0
To summarize, the decomposition is
~ (3 . (° i
=\5)%\ )%
8 8

with respect to the generators {e1, f1 + f3,2f1 —3f3, —3f1+ fo,4f1+4fs+ fa}. This

decomposition is not unique. It can be shown that

FQe(De(e(Deln) e

oo

ool

oo|—

) = Cg X Eg X Fg (240)

W= 0ol
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with respect to some other generators. Next, each summand in (2.40) needs to be
enlarged. To enlarge the Cg, apply the Euclidean algorithm:
1=5x13-8x38,
13=2x8-3,
8=2x3—(-2),
3=(-2) x(-2)—1,
—2=(-2) x L.

This gives the enlargement

The Eg does not need enlargement, and the Fg can be enlarged to (2.38).

Summarizing the above, the total K~ matrix is

el N
= = 0ol

— N
—_
[\
—
©®
R
= O
O ool
N———
@
[ e

and the total K matrix is

104 —-64 24 16 8

—-64 40 -—-15 —-10 5
K=124 -15 6 4 216 <

16 -10 4 2 1

8 -5 2 1 0

0 8 . —88 176 —32 16
8 0 6 -32 6 -3

This is one of many choices of K that give rise to (2.39). Another choice of K can

be derived, for example, from (2.41).

Fermionic case

Finally, I consider fermionic topological orders. In this case, a local fermion is both
a non-trivial superselection sector and transparent in terms of braiding. Therefore,
the non-degeneracy assumption should be modified. I assume that (G, q) is weakly

non-degenerate, meaning that if b(x,y) = 0 for all y and g(x) = 0, then x = 0.
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Suppose that 1 is a transparent fermion. Since ¢ has order 2 in G, it falls in G5 in

the decomposition (2.37). Suppose that ¢ = mx for some m € Z and x € G2. Then

0 = b(z,2¢) = 2mb(z, z) mod 2,
1 = q(¢p) = m?b(x, z) mod 2,

so m is odd. However, 2¢p = 2mxz = 0 € Go, so 2¢ = 0 and hence ¥ = z. This
shows that v is not a non-trivial multiple of any x, so G5 can be decomposed into an
orthogonal direct product of (1) = {0,%} and (1/)°. The end result of this process is
the decomposition G = Z§ x G’, where each copy of Zs is generated by a transparent
fermion and (G’, q|¢r) is non-degenerate. The bosonic theorems and algorithms can
then be applied to (G, q|¢r).

As an example, consider the v = 1/3 fractional quantum Hall state. Treated as a
bosonic theory, the fusion group is G = Zg = (x), and ¢ = (1/3). This theory is
weakly non-degenerate, and 3z is a transparent fermion. Thus by the discussion

above, G = Zy x Z3 = (3x) x (2z). Now ((2z),q|(2,)) is non-degenerate, where
| (4N 2
q|(2z) = 3/~ 3/
The Euclidean algorithm can then be applied to enlarge it to

-2 1 -6 -3
~ 3 ~—1
I <1 —2 I -3 -2

Finally, the transparent fermion can be restored to give the 3 x 3 matrix K @ (1),

which can then be transformed as follows:

—6 -3 3
Wl-3 -2 wt = ~1 ,
1 -1
where
1 0 3
W=10 1 1
-1 1 -1

This shows the equivalence of K & (1), up to decoupled integer quantum Hall states,
with the standard K matrix (3) for the v = 1/3 fractional quantum Hall state.
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Chapter 8

GAPPED INFINITE-COMPONENT CHERN-SIMONS THEORY

Having prepared the necessary physics and mathematics of periodic CS theories in
d =2+ 1 in Chapter 2, I now generalize the theories to fracton models in d = 3 4 1.
The resulting models not only expand the already large reservoir of fracton models,
but more importantly bring up questions concerning the notion of fractonic orders.
Indeed, as will be shown in Section 3.2, by far the most fracton models obtained

from CS theories do not fit into the foliation paradigm.

The generalization works as follows: Take a CS theory (2.1) whose K matrix has
period r and size *IN. The indices ¢ and j of K can be viewed as living in a new
spatial direction, the z direction. In the thermodynamic limit N — oo, the theory
becomes a model in d = 3+ 1. Such a theory is called an infinite-component Chern-
Simons (CS,) theory since it has infinitely many gauge field components. Some
CSo theories have been studied in the context of d = 3 + 1 quantum Hall systems
[40-43] where certain unusual properties of braiding statistics, edge states, etc. of
such theories were first pointed out. By the spectrum (2.2), a CS,, theory is gapped
if and only if its determinant polynomial D(u) has no root on the unit circle. In this

chapter, I focus on gapped CS,, theories, leaving gapless theories to Chapter 4.

Intuitively, the anyons of a CS theory become planons of the corresponding CSs,
theory restricted to various zy planes, and the latter theory is therefore a fracton
model. Since there is no true fracton excitation in a CS., theory that is completely
localized on its own, CSs theories are relatively simple fracton models in terms of
excitation mobility. However, it is well-known that a CS theory cannot be put on
a lattice by naive discretization, and that locality in the CS theory does not always
correspond to locality in the lattice model (if one exists). To confirm the legitimacy
of the field theories, I present lattice models of CS,, theories with quasi-diagonal K
matrices in Section 3.3. Here, K is quasi-diagonal if all non-zero entries of K are
within some finite distance (mod rN) from the diagonal, which was always assumed
in Chapter 2. I also show that planons in gapped CS, theories are point excitations
with exponentially decaying profiles. Until Section 3.3, I will assume the validity
of CS, theories and use the intuitive picture of planons without justification. In
Section 3.1, I study the foliation RG applied to CS, theories, and discuss an example
of a foliated theory. In Section 3.2, I derive a necessary condition for a CSy, theory

to be foliated, and discuss an example of a non-foliated theory.

The results in this chapter are based on Refs. |26, 28|.
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‘ L-1
@ , = |
| 4
H(L) 3 HL-1) ® H
~—N \ «— N—q—
®) w i —
a
[ |
K(N) WTK(N)W K(N-a) ® K’

Figure 3.1: The foliation RG on a CSy, theory. In subfigure (a), the RG is imple-
mented as a finite-depth local unitary circuit which extracts a d = 2 + 1 resource

layer. Correspondingly in subfigure (b), the RG acts on the K matrix and decouples
a block K’.

3.1 Foliation RG and foliated theories
In this section, I first explain the foliation RG in the context of CS., theories, and

then discuss an example of a foliated CSo, theory.

Foliation from K matrix

As mentioned in Chapter 1, the foliation RG may perform local unitaries as well as
add or remove decoupled d = 2 4 1 topological resource states. This is illustrated in
Fig. 3.1 (a) (first line), where a system with Hamiltonian H (L) starts with size L in
the z direction. A finite-depth local unitary circuit U is applied to the green region
defined by z; < z < z3. The result is the same system with Hamiltonian H(L — 1)
of size L — 1 in the z direction, together with a decoupled d = 2 + 1 gapped system
H' (red layer). In a generic fracton model, the foliation RG may be able to change
the system size in more than one direction. In a CS. theory, however, non-trivial
topological states can only be added or removed in the z direction, if this is possible
at all. Furthermore, the foliation RG on a CS., theory has a simple interpretation
in terms of the K matrix. As shown in Fig. 3.1 (b) (second line), a quasi-diagonal
K(N) starts with size N o L. Only entries in the blue region can be non-zero.
The RG first applies the transformation K (N) — WTK(N)W, where W € GLy(Z)
shown in the dashed box is equal to the identity except in the green block. The
action of W on K(N) is within the green cross in the second figure. The result is
the direct sum of the same system K (N — a) of size N — a and a decoupled block
K’ of size a = O(1) (red block).
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Example

As a concrete example, consider

mo €1 mp ez M2 €3 M3

where the column labels are displayed on the top and their meaning will be explained
soon. This K matrix describes a twisted one-foliated fracton model [24]. The theory

is represented in the polynomial description as

—u—ut
K(u)z( ) 5)

and D(u) = —4. By (2.7), if K has size 2N, then GSD = 4". The anyon statistics

of the theory can be read off from

mg € Mm1 €2 M2 €3 M3

K 1=~

This explains the naming of the column labels, because the braiding statistics of e;
and m,; are similar to those in a Zs gauge theory where the e and m excitations are
bosons and have braiding statistic —1. However, this K matrix does not represent
a simple decoupled stack of Zy gauge theories, because neighboring m excitations
have braiding statistic 7. This suggests that if the theory is foliated as was claimed,
then the d = 2 4+ 1 resource states should be some twisted gauge theory. Indeed, the
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foliation RG can be implemented by

Outside the region displayed above, W is the identity matrix. The action of W is

& mo 4 mA B wmB &

-1

WITKW = (3.2)

L
o O O N
o
S N O O

The middle 4 x 4 block is decoupled from the rest of the system, and describes a
A mA, B, mP and their composites. If
the middle 4 x 4 block is removed, then W’ KW becomes a smaller version of (3.1).

Therefore, the theory (3.1) is indeed foliated.

twisted Zgo X Zo gauge theory with anyons é

3.2 Criterion for foliation and non-foliated theories

While some CS., theories are foliated fracton models, a more surprising finding is
that most CS, theories are actually not foliated. In this section, I prove a necessary
condition for a CS4, theory to be foliated, and formulate the converse (sufficiency of
the necessary condition) as an unresolved mathematical problem. I also discuss an

example of a non-foliated CS., theory.

Necessary condition

The necessary condition for foliation is as follows:
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Proposition 6. A CS., theory is foliated only if its determinant polynomial D(u)

is a constant.

As a sanity check, the foliated theory (3.1) has D(u) = —4. Also, by far the most
CSs theories do not have constant D(u) and are thus not foliated. In particular, a
CSw theory with period r» = 1 is foliated if and only if its K matrix is diagonal, in
which case the theory is a simple stack of d = 2 4+ 1 topological orders.

To prove Proposition 6, I start with the observation that the GSD of a foliated theory
must be of the strictly exponential form ab” for some constants a and b. This is
because the foliation RG always uses the same d = 2 + 1 resource state, and the
constant b is thus the GSD of this resource state. To be a bit more careful, note that
the K matrix (3.1) has period r = 2 while the resource state has a K matrix of size
4, as shown in (3.2). In general, the foliation RG may require enlarging r and hence
shrinking N. Nevertheless, with an appropriate choice of » and N, the GSD must

be of the form ab’. Therefore, it suffices to prove the following lemma:

Lemma 7. If D(u) is not a constant, then the GSD sequence {GSDy} has no
subsequence {GSD,,n}, where m is a positive integer, that depends on N strictly

exponentially.

For simplicity, I prove Lemma 7 for m = 1, i.e., the entire sequence {GSDy}. This
may seem obvious by looking at (2.7), but it is safer to have a proof. The proof
can be generalized easily to arbitrary m. Since (2.7) can be written as a finite sum
of exponentials in IV, the sequence {GSDy} is the solution to a finite order linear

recurrence relation
MGSDN 4t + A—1GSDnj¢—1 + -+ + AGSDy = 0, (3.3)

where \; are constants and A\, Ag # 0. Thus ¢ is the order of the recurrence relation.
If GSDy = ab", then GSDN/abN = 1 is also a sum of exponentials. Therefore
without loss of generality, I assume that GSDy = 1 for all positive integer N. Given
initial conditions, a recurrence relation works both forwards and backwards. For
(3.3), initial conditions can be specified by the values of ¢ consecutive terms of the

sequence. For example,
GSD2 == GSDN+1 =1 = GSD1 =1.

Therefore, if ¢ consecutive terms are 1, then the previous term must also be 1. This

conclusion holds for all integer N, not necessarily positive, so
GSD;=---=GSDy =1 = GSDp =1.

Of course, N < 0 does not make sense physically, but the point here is that the

mathematical formula (2.7) must yield 1 for all integer N. However, if D(u) has any
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root wy, then (2.7) implies that GSDy = 0, which is a contradiction. The conclusion
is that D(u) cannot have a root and is hence a constant. The same proof also works
for any subsequence {GSD,,n}, since it is still a sum of exponentials in N and can

still be extended to GSDg. This completes the proof of Proposition 6.

Example

As a concrete example, consider the CS,, theory with period » = 1 and
K(u) = (D(u)) = (u+3+ ut). (3.4)

This is essentially (2.9) with large N. By Proposition 6, this theory is not foliated.
Its GSD is given by (2.10), which is not strictly exponential in N. For large N,
the GSD is asymptotically exponential in N with an irrational base (3 4+ v/5)/2. By
(213), for 1 < |i — j| < N, the charges of A, and AJ, have a braiding statistic
that decays with an irrational base (3 — v/5)/2. Therefore, the braiding statistics
are not strictly local, which is impossible in a foliated theory. In a foliated model,
when each resource layer is inserted, the foliation RG may apply a local unitary
to incorporate the layer into the bulk. The anyons that come from the layers may
therefore acquire a different (but still local) profile in the z direction when becoming
a planon. In particular, if the unitaries have exponentially decaying tails, then so can
the planon profiles, which is not surprising. However, it is impossible for the planons
to have exponentially decaying tails in their statistics since unitary transformations
cannot change statistics. The only residual freedom when mapping the anyons in
the resource layers into planons is to relabel them, i.e., to choose new generators
of the fusion group, but this GLy(Z) transformation cannot produce exponentially

decaying tails in the statistics.

Furthermore, as mentioned in Section 2.6, numerics suggest that the fusion group G
of the theory (3.4) is given by (2.35). Although (2.35) is not proved, Proposition 3
shows that G has at most two cyclic components. Therefore, planons become more
and more fractionalized as N increases. In contrast, the fusion group of a foliated
CSy theory must be of the form G = H x Gév, where H is an overhead, Gy is the
fusion group of the resource layer, and N is defined appropriately for the foliation
RG. All of these peculiar features are shared by gapped CS., theories with non-
constant D(u), and new notions of phases beyond foliation need to be invented for

such theories to be understood in a unified picture.

Conjecture on sufficiency
Finally, I comment on the converse of Proposition 6. Since the period r = 1 case
is a clear dichotomy, I assume that » > 1. If D(u) is a constant, then the GSD is

strictly exponential in N, the statistics are strictly local in the 2z direction, and the
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fusion group is not well-understood. Therefore, there is no obvious evidence against
foliation, but neither have I managed to prove foliation. Nevertheless, I will propose

a conjecture, in the hope that it will be proved or disproved in the future.

The conjecture uses the polynomial description, where the foliation RG is applied to
a CS theory periodically to add or remove multiple resource layers simultaneously.
Consider quasi-diagonal W € GLx(Z) with the same period r as K. By (2.7), W(u)
satisfies det(W (u)) = £1. Then all entries of W (u)~! = +Adj(W (u)) have finitely
many terms, so W~ is also quasi-diagonal. This means that both W and W~ pre-
serve locality in the z direction (see more discussions of locality in Section 3.3), so at
least in the sense of a quantum cellular automaton [44], W is a valid transformation
of K. Let L = Z[u,u™] be the ring of Laurent polynomials with integer coefficients.
Mathematically, K (u) is a Hermitian bilinear form on the L-module M = L", with
involution pf(u) = p(u~'). The discussion of locality above shows that every mathe-
matically legitimate basis of L” is also physically legitimate. Therefore, the module

M can be viewed abstractly without specifying a basis.

Now I describe the mathematical procedure for enlarging the period of K from r to

nr. I start with a simple example where r = 1,
K(u) = (c3u® + cou® + cru+ co + cru™ ' + cou™? + czu™?)
and n = 2. After the period is doubled, K (u) is transformed to

( cou 4 co + cou™? c3u+cp 4+ cut + 03u2>
Kg(u = .

c3u® 4+ cru+ ¢ + cgut cou + co + cou™?

Heuristically, K3(u) is obtained from K (u) by grouping together the c; terms ac-
cording to k£ mod 2, and then changing the powers of u from k to k/2 (rounded up

or down if needed). To generalize this example, let L,, = Z[u",u™"], a subring of L.
There is a ring isomorphism ¢ : L — L,, given by ¢(u) = u™, as well as a projection

of L,-modules 7w : L — L,, given by

. uF, if nlk,
m(u®) =

0, otherwise.

Since L, is a subring of L, the L-module M is naturally also an L,-module of
dimension nr. I denote the latter by M,,, which is the same set as M but with a
different underlying ring. For example, if r = 3, n = 2 and {ej, eq,e3} is a basis
for M, then {e1,es, e3,u e, u"tes,u"tes} is a basis for M,,. Through ¢, the L,-
module M,, can also be viewed as an L-module. To reiterate, M and M, are both
L-modules, but with different actions of L. The original bilinear form K (u) should
be replaced by a new bilinear form K, (u) on the L-module M, given by

-1
WONY) " L, 2 L.

Ky, (u) : My, x M,
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Written as a matrix, K, (u) has size nr and its entries take values in L, as expected.

The conjecture is as follows:

Conjecture 8. If D(u) = det(K(u)) is a constant, then there exist integers 0 <
m < n and W(u) € GLy, (L) such that

W () Kn(u)W (u) = K (u) ® R(w),
where R(u) is a matrix of size n —m whose entries are all constants.

If Conjecture 8 is true, then R(u) describes a stack of decoupled resource layers, and
the theory is therefore foliated. In an alternative, weaker version of the conjecture,
the requirement that R(u) be a constant matrix may be loosened or dropped, giving
a generalized definition of foliation. Even more generally, K (u) may not be an RG
fixed point, and K,,(u) in Conjecture 8 may be replaced by some other matrix K'(u)
which itself is an RG fixed point.

3.3 Lattice construction

So far in this chapter, I have studied properties of CS, theories without addressing
a crucial question: Are CS. theories legitimate d = 3 + 1 models? In particular,
can the indices ¢ and j of K really be interpreted as spatial coordinates? After all,
the CS gauge fields A’ are not local degrees of freedom and can have complicated
commutation relations. For example, when the Maxwell coupling g — oo,

[AivAﬂ x (K_l)z'j'

In the non-foliated theory (3.4), for example, K ! is given by (2.13) and all of its
entries are non-zero. This means that if ¢ and j are interpreted naively as spatial
coordinates in the z direction, then the gauge field A* in the ith layer has a non-
trivial commutation relation with the gauge field A7 in the jth layer even though

they are very far apart.

The problem of interpreting the indices ¢ and j is also related to the question of what
the fractional excitations look like and, in particular, whether an excitation whose
charge vector is a standard basis vector e; has a local profile in the z direction. In
the CS formulation, the answer to the latter seems to be positive, because such an
excitation is a unit gauge charge of the gauge field A’ and can be created (in the
g — oo limit) simply by the Wilson line of A?. However, this appears to be at odds
with the fact that the i¢th excitation has a non-trivial braiding statistic with the jth

excitation no matter how far apart they are.

In this section, I clarify these issues by presenting a lattice construction whose low-
energy effective theory is given by (2.1). This construction works for any CS., theory

with a quasi-diagonal K matrix, i.e., an integer symmetric matrix whose entries are
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o IQH
} a4
QZ
IQH

Figure 3.2: Lattice model realizing K = (2). The matter content of the system is
two IQH layers Q' and Q2 (blue lines) with Chern number C! = 1. The layers are
coupled each with unit charge to a dynamical U(1) gauge fields A.

bounded by some finite number and are zero beyond a certain distance from the
main diagonal (with periodic boundary condition). Therefore, all such CS, theories
are legitimate d = 3 + 1 local models. I also write down the explicit forms of the
string operators of fractional excitations and show that in gapped CS,, theories, the

elementary excitations are local in the z direction and are hence point excitations.

Lattice model

For clarity, I start with a toy example K = (2), which contains much of the relevant
physics despite its simplicity. I then proceed to the less trivial example of the non-
foliated theory (3.4). Finally, I generalize the lattice construction to an arbitrary

quasi-diagonal K with bounded entries.

The K = (2) CS theory is known to be realizable as a chiral spin liquid [45]. Here,
I instead present a more complicated construction so that it can be generalized to
(S theories. First, take two integer quantum Hall (IQH) layers Q!, [ = 1,2, with
Chern number C! = 1 (Fig. 3.2). Each layer is a free fermion hopping model in the
zy plane. The fermions in each layer carry unit charge under a charge conservation
symmetry, which can be gauged by coupling to a dynamical U(1) gauge field A,,. The
gauging procedure starts by adding gauge degrees of freedom A, on the horizontal
links (rr’) of the lattice, where r and r’ are vectors with two components labelling

the sites in each layer. As usual, I define the electric field E,. as the conjugate

momentum of Ay, with [Ayy, Epp] = 4. The Hamiltonian after gauging is
H = Z Z urr/eiA"’ c;r’r,cl,r
1=1,2 (rr/
) ) ) (3.5)
+> g8 (Be)? — g8 Y cosBy+gq > (@Qr),
(rr’) p r

where uye is the IQH hopping coefficient with Chern number C* = 1, B, is the flux
of A through plaquette p, and

Qr=(V-E) - Z C;rcl,r (3.6)

1=1,2

is the Gauss’s law term (Fig. 3.3). Note that the Gauss’s law is imposed here as an

energetic constraint rather than a Hilbert space constraint.



38

4 < 3
t p 4 Bj = Al + b+ Ahy+ Aly
1 > 2
2
r i _ i i i i it .t
3 4¢—k 1 Qr = Epq + Exp + Exg + Exy — Z q-C . Cur
[
4

Figure 3.3: The flux and Gauss’s law terms in the lattice Hamiltonian of a CS or
CS4 theory. In the example K = (2), the index i is dropped, and ¢ = 1 for [ = 1,2.

At low energy, the model is described by an effective CS theory

1 l Al l 1 A l

where aL is the emergent U(1) gauge field of the IQH layer ', and the Maxwell term

is omitted. The K matrix of this theory with respect to the basis (a',a?, A) is

-1 0 1
Ko=|0 -1 1]. (3.7)
1 1 0

Note that an IQH layer with Chern number 1 corresponds to a —1 in the K matrix.
Now apply the transformation Ky — IN(O = WTKoW with

1 01
W=1]011
0 01
This gives
-1 0
Ko = -1 0
0 2
in terms of the new fields
al al at — A
a2|l=wl|a|=[a2-4
A A A

As desired, K contains the decoupled block K = (2) in its lower right corner. It
also contains two decoupled IQH layers, but these have no anyon content. Therefore,
the lattice construction described here realizes not exactly the K = (2) theory, but

a very close fermionic cousin of it represented by Kj.
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Next, I discuss the non-foliated CSy theory (3.4). To realize this theory as a lattice
model, take infinitely many IQH layers Q, | € Z, each with Chern number C! = 1.
Then couple the layers to infinitely many dynamical U(1) gauge fields A%, i € Z, as
follows (Fig. 3.4): Fermions in layers Q!, 2, Q3 have unit charge under A', those
in layers 3, Q% Q° have unit charge under A2, those in layers 9%, Q6, Q7 have unit

charge under A3, etc. This model has an effective CS4 theory with K matrix

—
—_
e R SO
—_

—_
—_

_ O Rk
—_

with respect to the basis ( caba? AN adat A% ab . ) Now let

—_ = = =

—_ = = =

This W is a local transformation because it can be written as

W =W Ws

—_
—_ = =

—_
—_ = =




40

ot :

Q? Al
: |
ot A?
" |
Q¢ A3
" |

Figure 3.4: Lattice model realizing the CSs theory with K(u) = (u+3+u™!).
The matter content of the system is infinitely many IQH layers Q! (blue lines) with
Chern number C' = 1. The layers are coupled with unit charge to infinitely many

dynamical U(1) gauge fields A’ in the way indicated by the curly brackets.
Each Wy, is a product of non-overlapping general linear transformations acting on

three nearest neighbor dimensions. This shows that locality is preserved when the

lattice model is mapped to the effective CSo, theory. The transformation yields

Ko =WTKW = 1

The desired matrix K can be extracted from the rows and columns of I~(0 with indices

{...,3,6,9,...}, and the rest of I?o is decoupled IQH layers.

These two examples can be summarized into a lattice construction that works for
any quasi-diagonal K with bounded entries. First, take a stack of IQH layers Q.
The Chern number of the layer Q' is C! = +1, to be fixed later. Now add gauge
degrees of freedom Af,r, and their conjugate momenta Eﬁr, to the horizontal links

(rr’) and impose the commutation relation [A7 EF,] = i6;;, as usual. Then couple

rr’’

Q! to A' with charge ¢%, also to be fixed later. The resulting Hamiltonian is

H= Z Z Uy’ €XP (2 Z qilAf,r/) ClT,r/Cl,r
L (rr/) i

+Z ZgE(Eir/)Z—gBZcosB;—i—gQZ(Qif ,
i (rr’) p r
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where u; . is the IQH hopping coefficient determined by ct, B}i7 is the flux of A’
through plaquette p, and

Qi=(V-EL-> ¢ cn (3.9)
l

is the Gauss’s law term (Fig. 3.3). The fermion and gauge field layers are considered
as interlaced in the z direction. The interactions are local as long as only a finite
number of neighboring layers are charged under each A’ or equivalently, as long as
each row and column of ¢” has bounded support. The latter condition is indeed

satisfied when ¢ are fixed later. The low-energy field theory of (3.8) is given by
1 1 , .
L=— - > CleAal 0,0k + o > gl Alo,d), (3.10)
! il

where the Maxwell term is omitted.
A particular K matrix is realized by appropriate choices of !, C! and ¢* as follows:

1. For each index ¢ of K such that

UZZKii_ZK

J#i

add to the lattice model IQH layers Qi’s, where s = 1,2,...,|o;| and the subscript
“d” stands for “diagonal”. The layer Qé’s has Chern number C} = sgn(4;) and
carries +1 charge under A? only. The emergent gauge field of Qg’s is denoted by

afi’s. If o; = 0, no diagonal layer is needed.

2. For each pair ¢ < j such that K;; # 0, add to the lattice model IQH layers Qéj’t,
where t = 1,2,...,|K;;| and the subscript “o” stands for “off-diagonal”. The layer

Q9" has Chern number C¥ = sgn(K;;) and carries +1 charge under A® and A7

only. The emergent gauge field of 0% is denoted by adt,

These notations are different from those in the two examples discussed earlier, and
I now describe how the different notations are identified. Let A be the collection of

emergent and physical gauge fields. For K = (2),
A= (a1 a? ,A)
= (aél,ad ,A1>
with no “off-diagonal” guage field. For K (u) = (u+3+u™1),
A= (...,a,l,a,2 Al a? b, A% 0, )

01,1 L izl 2 231
:(...,ao ad ,A ad ,A )
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In general, since K is quasi-diagonal with bounded entries, by choosing a suitable
ordering of A, the gauge fields can always be interlaced in the z direction in such a
way that the interaction is local. Let Ky be the K matrix of the CS theory (3.10)

with respect to the basis A. Next, apply the transformation Al = > y (W_l)ij A,

Ko = WTKoW defined by

dfi’s = afi’s — sgn(ai)Ai,

agt = at —sgn(Ky) (A" + A7),
Al = Al

This transformation is local in the sense that W can be decomposed into a finite-
depth circuit (i.e., a finite product) of local, block-diagonal integer matrices. In fact,

the circuit has depth 2. The first step of the circuit is to map
aé’s > afi’s — sgn(oy) A’

gt 1]t )AL
ad”’ = aft —sgn(K;;)A",

and the second step is to map
aidt v g0t — sgn(Kij)Aj.

Each step is block diagonal because each a is modified by at most one A, and each
block is local because the fields are arranged in the z direction such that each A’
is some finite distance away from each afi’s and a¥*. The aq and @, fields are in
decoupled IQH states, and the A fields have the desired K matrix.

String operators

I now study the string operators of the fractional excitations in the lattice model
(3.8). I work in the gg = 0 limit, and will discuss later the case where gg is non-zero
but small. For simplicity, I first consider the example K = (2) studied earlier in this
section. The lattice model (3.5) of this example has effective CS theory (3.7). The
only non-trivial fractional excitation of the theory is a semion, whose charge vector
is @ = (0,0,1)T. The flux vector attached to Q is

21® = 21K, 'Q = | - | . (3.11)
-
The —7 fluxes of the fields a' and a? are interpreted as —1/2 fermion charges in

each fermion layer. Therefore, the semion consists of a +1 external charge, a —7

dynamical flux, a —1/2 charge in Q! and a —1/2 charge in Q2.

The string operator W of the semion consists of three parts, W = W WhWs, as
follows (Fig. 3.5):
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QZ

b 0, [c;L ehricy |

0, [CI r,eiATT'ch]

Figure 3.5: The string operator for the lattice model of the CS theory with K = (2).
Fermions live in the blue layers Q! and 92, and the gauge field in the middle, green
layer. The operators O are generated by hopping operators c;r’r/eiArr’ cir- The action
of O; is non-trivial only near the path (grey region), and is exponentially close to
the identity away from the path. The string operator W consists of e "4 acting on
the dashed red line, e~ acting on the solid red segments and Oy, Oy acting near

the path.

1. Wy = Hpath e~ acts on the dynamical gauge field A along the path and creates
a +1 external charge at the end of the path (and a —1 charge at the start).

2. Wy =1] Lpath e~ ™E acts on the dynamical gauge field A along adjacent links to
the right of and perpendicular to the path, and creates a —m flux at the end of
the path.

3. Ws is the quasi-adiabatic response [46] of the fermions to the —7 flux insertion.
More precisely, in each gauge field sector { A} of the Hilbert space, an external
—7 flux is inserted adiabatically. This adiabatic insertion is implemented by an
evolution operator Ws[A], which depends on A, on the fermion Hilbert space. As
the fermion hopping model is not exactly solvable, the exact expression for Ws[A]

is not known except for the fact that it is of the form
WalA] = O1 [e] peimer,] Op [ef wettoren]

where O; are some gauge invariant operators generated by the hopping operators

TiA
cl’r,e

' ¢y . Nevertheless, properties of quasi-adiabatic evolution make sure that
Wis[A] is local and acts only near the path (grey region in Fig. 3.5). A —1/2
charge in Q' and a —1/2 charge in 2 are accumulated in the process near the

end of the string operator, which correspond to the —m fluxes of a! and a?.
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The correctness of the string operator can be confirmed by computing the semion
braiding phase, which is expected to be —27TQTKO_ '@ = —7m. To see this from the

string operator, I break the overall commutation relation into the commutations of:

1. Wy with W,. This takes a +1 charge counterclockwise around a —7 flux, giving

a phase of —.
2. Wo with W;. This gives a phase of —x for the same reason.

3. WoWs with itself. This contributes a phase m which can be understood as the
Berry phase obtained due to the following actions on the fermions: increase the
(background) flux in the z direction by 7, increase the flux in the y direction by
m, decrease the flux in the x direction by 7, and finally decrease the flux in the y
direction by 7. In each IQH layer, the Berry phase over the entire flux parameter
space [0,27)? is 27. The Berry phase over a quarter of the parameter space is

therefore 7 /2. Since there are two IQH layers, the total phase is 7.

4. Wy with itself, Wy with W3 and W3 with W;. All of these are trivial.

Summing these up, the total braiding phase is —m — 7 + 7 = —m as expected. Of
course, phases are defined mod 2w, but the calculation above keeps track of, for

example, —m versus w. Therefore, this calculation extends naturally to general K.

So far I have worked within the gg = 0 limit, where W is shown to be a string
operator for the charge vector @ = (0,0,1)7. In fact, in this limit there are many
other string operators for ) that commute with the Hamiltonian except near the
end points. For example, one could take W' = WiW, Wy where Wi = [, e
as before, Wy =[] . ¢ for arbitrary 6 and Wj is the quasi-adiabatic response
of the fermions to a # flux insertion. To see why the correct W must satisfy the
flux-charge attachment condition (3.11), consider turning on a small gg > 0, much
smaller than the other couplings in the Hamiltonian and the Landau level spacing.
Now if the string operator creates a 6 flux and hence a /27 charge in each IQH

layer, then Gauss’s law (3.6) implies that

V-E=1+ Q

7r
If V- E # 0, then the electric energy diverges at least logarithmically. Therefore,
the only choice of 8 is 8 = —m, so that V- E = 0. As such, when gg > 0, it
is possible to modify W in a region near the path such that the electric energy
is finite. Furthermore, since gp is small, the gauge field sectors {A,,} that are
present in the ground state can differ from the flat configuration B = 0 at most by
a small perturbation. Therefore, even with the new hopping coefficients ul,rr/eiArr’,

the fermions are still in a C* = 1 IQH state, so the —r flux is indeed bound with a
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—1/2 charge in each layer. The exact expression of the new W is not important, and
the braiding statistic remains unchanged as long as the correct amount of external

charge, fermion charge and flux are created.

A similar construction of string operators works for CS., theories. When g = 0,
the string operator W' corresponding to standard basis vector e; takes the form
Wi = WIWsWi. First, Wi = [ e ™ creates a +1 external A’ charge. Next,

Wi = H exp |—2mi Z (K_l)ij EJ
Lpath j
creates fluxes according to the ith row of K !, which is required by Gauss’s law (3.9)
when a small gg > 0 is present. The IQH layers then respond quasi-adiabatically,
giving an evolution operator W;; The braiding statistic of W# and WY results from
the commutations of W} with Wé , Wi with Wf , and WiW} with WgWg In par-
ticular, the commutation of WiWi with W% W§ correspond to the following actions
on the fermions: increase the (background) A* flux in the x direction by 27 (K *1)”6
for all k, increase the A! flux in the y direction by 27 (K _l)j ! for all [, decrease the
AF flux in the z direction by 27 (K - )Zk for all k, and ﬁnally decrease the A! flux in
the y direction by 27 (K )j for all [. A diagonal layer Q * is coupled to A" only,

and contributes a Berry phase of
0% . = 2msgn(Ay) (K1)™ (K1),
On the other hand, an off-diagonal layer Qlél’t, k < 1, is coupled to A*¥ and A!, and
contributes
elglu = 2 sgn(Kp) [(K_1)ik n (K_l)zq [(K—l)jk n (K—l)jl} .

The braiding phase of WiW4 with WgWg is then

Z A0S+ > K08 = 2m ()7,

k<l

as can be confirmed by a straightforward calculation. Summarizing the above, the

total braiding phase is
o (K™1)7 =27 (K1) + 27 (K1) = —2r (K1)7,
as expected.

The string operators also reveal the profiles of fractional excitations in the z direc-
tion, which is determined by the fractional part of K~!; the integral part of K—!
corresponds to local fermion and integer flux excitations. As explained in Section 2.4,

if a CS, theory is gapped, then either K~! is quasi-diagonal, or each row of K !
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decays (a bit more slowly than) exponentially. Consequently, both W4 and W are
at least exponentially close to the identity away from the center of the planon in
the z direction (W! is always local in the z direction). Therefore, W? is local in the
z direction with an exponentially decaying tail, and the fractional excitations are

localized particles.

In contrast, as will be shown in Section 4.3, fractional excitations in a gapless CSo,
theory are not localized particles but have localized energy profiles. The flux of such
an excitation does not decay in the z direction, and is more and more spread out in

the zy plane as |z| increases.



47
Chapter 4

GAPLESS INFINITE-COMPONENT CHERN-SIMONS THEORY

In the study of phases of matter at zero temperature, gapless models are treated with
much more caution than gapped models. This thesis is no different — so far, I have
avoided discussing gapless CSo, theories. The reason is that gapless theories do not
have the protection of the adiabatic theorem like gapped theories, and are therefore
often unstable under perturbation by relevant operators. Consequently, the stability
of a gapless theory must be carefully justified before any further physical properties

can be calculated.

The spectrum of a CS theory is given by (2.2). If any eigenvalue of K is 0, then the
theory is classically gapless; the Polyakov mechanism then gaps out the theory as
explained in Section 2.5. To simplify the discussion of CS., theories, I assume that
K has period r = 1 so that K(u) = (D(u)). Depending on the context, I use the
notation K (u) for either the 1 x 1 matrix K (u) or its determinant polynomial D(u).
Let A(¢) = K(e%) be the eigenvalues of K, where —7 < ¢ < 7. If N is finite, then ¢
is quantized to unit 27/N; in the N — oo limit, there is no quantization condition
on ¢. In these new notations, the spectrum of a CS., theory is
2 2
Ww=E2+ k; + <gﬁ)\(q)> :

The CSs theory is classically gapless if and only if K (u) has roots u, = €' on
the unit circle, and the gapless modes are photons. The momentum ¢, is called a
gapless momentum. Let I'y, be the multiplicity of u, in K(u), also known as the
algebraic multiplicity of u, in Section 2.5, and define I'yax = max{I',}. Note that
here u, denotes only the roots of K(u) on the unit circle, not all roots. Similarly,
I'hax 18 the maximum of the multiplicities of the roots on the unit circle. As will be
shown in Sections 4.3 and 4.4, theories with I',.x = 1 have very different properties
from those with I'ax > 1. These differences can be traced back to a simple scaling
law of the spectrum that depends on I',. Specifically, in the vicinity of a gapless

momentum ¢, the eigenvalue A(¢q) can be expanded as
M) = Aalg = ga)"
Note that A, is a coefficient, not an eigenvalue. The spectrum is then
w? = k§+k§+m§(q—qa)ra, (4.1)
where my, = g?\o/27 is a mass scale. This spectrum has a Lifshitz scale symmetry

W Aw, kg s Mkg, ky = Aky, (¢ — o) = AYT(q — qa). (4.2)
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If ', = 1, then (4.1) gives a linear dispersion relation, and (4.2) becomes the usual
isotropic scale symmetry. If I',, = 1 for all @ and hence I'y,ax = 1, then the theory
has no intrinsic length scale at low energy. This brings the hope of having topological
observables in CS., theories with I'j,ax = 1, and such observables are indeed found

in Section 4.3 which are invariant under diffeomorphisms in the txy space.

All of these properties of gapless CSo, theories that I have demonstrated or promised
are only trustworthy if the theories are stable. Therefore, this chapter starts with
Section 4.1 where I show that gapless CSs theories are always stable and remain
gapless under any local perturbations. In Section 4.2, I discuss an exotic one-form
symmetry of gapless CSy, theory and show that part of the symmetry is broken spon-
taneously. In Section 4.3, I calculate various observables of a CS,, theory including
electric potential, braiding statistics and correlation functions of Wilson lines. In
particular, I show that if the theory has I'ax = 1, then the planon braiding phase is
invariant under diffeomorphisms in the txy space. This calculation also implies that
the planons are not localized particles but have localized energy profiles. Specifically,
the flux of a planon does not decay in the z direction, and is more and more spread
out in the zy plane as |z| increases. Nevertheless, I will continue to use the word
“planon” for simplicity. In Section 4.4, I write down fully continuous low-energy
effective theories for gapless CS,, theories with I'nax = 1. A class of gapless CSqo
theories is also studied in Refs. [47, 48].

The results in this chapter are based on Ref. [29].

4.1 Stability

The primary reason why a CSy theory might be unstable is monopole proliferation
due to the Polyakov mechanism. As explained in Section 2.5, the magnetic charge
vector @ of a relevant monopole must be an integer null vector of K. Intuitively,
such a vector @ is a linear combination of Fourier modes and thus cannot be local.
Therefore, monopole operators of relevant monopoles are extended objects in the z
direction, and cannot be included as a perturbation in d = 3 + 1. This intuition is

substantiated by the following lemma:

Lemma 9. In the N — oo limit, every integer null vector ® of K with bounded

entries is periodic.

This lemma is obvious when N is finite. What makes the lemma non-trivial in
the N — oo limit is the possibility of having incommensurate gapless momenta ¢,
such that ¢, /27 is irrational. In this case, the periods of the complex Fourier modes
cannot be chosen to all be integers. The requirement of bounded entries is physically
motivated, since otherwise the monopole would have infinite energy per layer. I will

prove the lemma at the end of this section. For the purpose of proving stability, it
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suffices to know that ® cannot be local.

In fact, more compromises can be made in the argument for stability. Even if the
extended monopole operators of relevant monopoles are added as perturbations to
the Lagrangian, only finitely many gapless modes are gapped out as a result. These
do not include the gapless modes with incommensurate gapless momenta ¢, or the
whole continuum of nearly gapless modes with small eigenvalues A(g). Therefore,

the theory remains gapless.

There is one more concern for stability. When the theory has a gapless momentum
do # 0, a phenomenon called “staging” may occur where translation symmetry in the
z direction is broken spontaneously [40, 41, 49]. To understand the effect of staging
on the stability of the theory, consider perturbing the CS,, Lagrangian by

1 L
17 D FLF,
)

where 7 is an invertible matrix with small entries which does not have translation
symmetry (or has translation symmetry but with a higher period). This breaks the
translation symmetry in the z direction explicitly and changes the spectrum. The
new spectrum is determined by the eigenvalues of (14 6Z)~' K, but this matrix has
the same nullity as K, so the spectrum remains gapless. Therefore, spontaneous
or explicit breaking of translation symmetry in the z direction does not lead to

instability of a gapless CS,, theory.

To conclude this section, I prove Lemma 9 in a manner similar to the proof of

Lemma 7. By assumption, ® satisfies a linear recurrence relation of order 2§,

£

Z ckPnir = 0. (4.3)

k=—¢
Let S; = (®4,...,Piyoe—1) be a segment of ® of length 2. Since the entries of ®
are bounded by some integer R, the segments S; have at most (2R + 1)%¢ distinct
possibilities. Therefore, there exist p < g such that S, = S;. Since S; is designed to
have length 2¢, it can serve as an initial condition for the recurrence relation (4.3).
Starting from the initial condition S, and moving along the vector ® by ¢ — p steps,
the result is the same S, = S,. Now using S, as the initial condition, the recurrence
relation (4.3) must yield Sa,—, = S;. Repeated application of this argument shows

that ® has period at most ¢ — p.

4.2 Exotic one-form symmetry
Having established its stability, I now discuss the properties of a CSy theory. I

start with an exotic one-form symmetry of the theory, which has an antisymmetric
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two-form conserved current Jg, given in Euclidean signature by

1 1 1

0GP gl 5
1 1 1

Je 72F§T 0 ?F;y % ;‘r
] 1 1

?Ffr ?ngz 0 o o

1 1 1

z z z 0

o2 VT 2 Y 2p T

Here, the index z is dimensionless and plays the role of the indices ¢ and j of K. I use
Latin letters such as a,b for {7, x,y, z}, and Greek letters such as u,v for {7, z,y}.

Define the action of K on J as the natural matrix multiplication
(KJ)(2) =) erd (= + k),
k

where ¢y, are the coefficients of K (u), and the 7, x and y coordinates are not shown.

The current J satisfies the conservation equations

Ordrs + Og s + 0y dys = 0,
OrJra + Oydys — K Jog = 0,
OrJry + OpJuy — KTy = 0,
OpJur + Oy Jyr — K Jor = 0.

(4.4)

The first of these equations is a Bianchi identity, while the other three follow from

‘he equation Of mO‘iOn Of (21)
2 v 2 1] v P .

If K is replaced formally by —0,, then (4.4) becomes the conservation equations for
a one-form symmetry in, for example, d = 4 Maxwell theory [50]. This is why the

symmetry here is considered a one-form symmetry.

Conserved charges

A one-form symmetry should have three types of charges that are conserved as a
function of 7. They are obtained, respectively, by integrating or summing J in the
xy, yz and zx planes in appropriate ways. These conserved charges are not usually
distinguished in a Lorentz invariant theory, but since z is a discrete coordinate here
and the theory does not have full Lorentz invariance, I treat them as three different

types of charges. The first type of charge is an integer magnetic charge

Q. = /dxdme = .
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Here, the subscript “z” in @), is part of the name, not the value of a coordinate. By

the fourth equation in (4.4), @, is subject to a constraint

KQ. = /dxdy (OxJer + Oy Jyr) = 0. (4.5)

In this sense, ), is also “conserved” as a function of z, which is expected since
a conserved charge of a one-form symmetry should satisfy two conservation laws.
The other two types of charges are not as straightforward to write down. Since the
operator K in (4.4) is not —0d,, the appropriate summation in the z direction is not
> ., but a modified version of it. To understand this modification, note that the
integration measure in [ dz (which is the continuous version of ) is the constant
function 1, which precisely spans the kernel of the operator —0,. Likewise, if {v;(z)}
is a basis for the kernel of K, where [ labels the basis vectors, then the second and

third types of conserved charges are generated by

Qx,l —/dyzvl(z)Jﬂ-x(z)a
Q1 = /dmZvl(z)JTy(z)

Clearly, Q,; and Q,; are related by rotation, so I focus on @,; without loss of

(4.6)

generality. The conservation of @,; as a function of 7 can be derived from the

second equation in (4.4),
0.Quu=- [ 130 By n(2) — () )] =0,

where I used

> () (K Jew)(2) = 0] KJow = (Kv) " Tz = 0.

z

Similarly, @5, is also conserved as a function of x,
8zQ:c,l = /dyzvl a Jy‘r ) (KJZT)(Z)} =0.

The symmetry transformation generated by the charge (), ; shifts the gauge fields
A(z) (previously written as A%) by a flat gauge field ry,

A(z) — A(z) + vi(2)ki, (4.7)

which is similar to the action of the electric one-form symmetry in d = 4 Maxwell
theory. For this reason, );; and @, ; are considered as electric charges. Therefore,
the one-form symmetry of a gapless CSo, theory has both a magnetic charge and
generally many electric charges, where the former is defined by its action which shifts
the magnetic photon by a flat gauge field after dualization. This is unlike d = 4
Maxwell theory where the electric and magnetic one-form symmetries are separate,

with a mixed 't Hooft anomaly.
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’t Hooft anomaly
A natural question is then whether the one-form symmetry of a gapless CS, theory
has any 't Hooft anomaly. To answer this question, consider coupling the one-form
symmetry to a background gauge field Cyp. To linear order in Cg, this adds a term
iCapJ to the Lagrangian

1

£="4p

Fl, F™ + ﬁe””pKAu(‘)yAp. (4.8)

In (4.8), I removed the overall sum over z in (2.1) to obtain a Lagrangian density in
d = 4. T also switched to Euclidean signature and made the matrix multiplication
in the CS term implicit. The conservation equations (4.4) imply that Cy, has a
background gauge symmetry

Cuw — Cu + 0,0, — 00y,

(4.9)
Cpuz > Chz + 0,0 + Ko,

The dynamical fields A, transform under the background gauge symmetry as
Ay Ay + 0, (4.10)
After including quadratic terms in Cyp, the Lagrangian becomes

1 v v { v i v
L= g2 Euw = Cu) (B = C") 4 e KAD, Ay + 5000, 4, (411)

Combining (4.9) and (4.10), the Lagrangian (4.11) transforms under the background

gauge symmetry anomalously as

L L— ﬁewmuayap + iewoﬂzaﬂp, (4.12)

where total derivative terms are omitted.

The anomaly can be cancelled by coupling the system to a symmetry protected
topological (SPT) phase in one higher dimension [51]. The SPT phase is described
by the Lagrangian

1 1
ﬁSPT = —EGHypAcuyapC)\z — EGNVPACMVKCP)\. (413)

The gauge field Cg, is extended from the boundary to the bulk by allowing the
Greek indices such as p, v to take values in {7, z,y, w}. The gauge symmetry acts in
the same way as (4.9) but now with Greek indices valued in {7, z,y,w}. The SPT

Lagrangian (4.13) transforms under the gauge symmetry as

i

LspT — LgpT + geWPA(C,WKa,)aA — KC,,0,0))
. . (4.14)

1 1

+ Eeﬂ'/ﬂaﬂ (K0,0,0)) — %awmau (Cy20,0)) -
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Note that since there is no overall sum over z, the term in (4.14) with coefficient
/87 is non-zero. However, on a closed manifold, the SPT action is gauge invariant.
On an open manifold with periodic boundary condition in the z direction, the gauge
transformation (4.14) of the bulk SPT Lagrangian (4.13) generates a boundary term
which exactly cancels the anomalous term in the gauge transformation (4.12) of the
boundary Lagrangian (4.11). Since the SPT action is non-trivial on closed manifold,

the one-form symmetry has a genuine 't Hooft anomaly.

Compactness

Next, I discuss the compactness of the one-form symmetry of a gapless CSo, theory.
As can be seen from the constraint (4.5) on the magnetic charge as well as the
construction (4.6) of electric charges, it is important to understand the complex
kernel V' of K and the integer vectors therein. These, together with the action (4.7)
of the electric charges on the compact gauge fields, will lead to a decomposition of

the one-form symmetry into a compact part and a non-compact part.

Given the roots u, = €9 of K(u) on the unit circle, define an index set

I:{Oé:qa/Qﬂ'EQ},

which labels the gapless momenta g, that are commensurate; those g, such that
a ¢ I are called incommensurate. This set I is similar to the index set in Section 2.5
with the same name. Write

V=V.®V,

where V. (resp. Vz) is the complex vector space spanned by commensurate (resp.
incommensurate) Fourier modes. To understand V¢, first take an integer N > 0 such
that u)Y = 1 for all @ € I. By considering the CS theory where K has size N, it can be
shown that V is spanned by integer null vectors of K. The argument here is similar
to the one used when discussing the denominator of (2.27) in Section 2.5. Meanwhile,
Lemma 9 implies that in the N — oo limit, bounded integer null vectors of K are all
in V.. Therefore, V. can be obtained by complexifying the abelian group of bounded
integer null vectors of K, and hence has an integral basis {v; : { = 1,...,d.} where
d. = |I]. On the other hand, not much can be said about V¢ other than the fact
that it can have a real basis {v; : | = d. + 1,...,d. + dg} for some dz. A basis for
Vis then {v; : Il = 1,...,dc + dc}. Since the magnetic charge @, of the one-form
symmetry is an integer, (4.5) implies that @, is generated by v;, [ = 1,...,d., with
integer coefficients. On the other hand, the electric charges @, and @, in (4.6) are
generated by all v, [ =1,...,d: + dz.

The compactness of the one-form symmetry can be understood from the symmetry

transformation (4.7). If [ = 1,...,d. and the holonomies of the gauge parameter
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Ky are in 27wZ, then the transformation (4.7) is trivial. Therefore, the first d. basis
vectors v; correspond to compact U(1) symmetries and integer charges, while the
last dz basis vectors v; correspond to non-compact R symmetries and real charges.

The full symmetry group is U(1)% x R,

Spontaneous symmetry breaking

Finally, I study the spontaneous breaking of the one-form symmetry of a gapless
CSw theory. Here, I focus on the magnetic part of the symmetry, which turns out
to be unbroken. In Section 4.3, I will show that Wilson lines of the theory obey
Coulomb law and hence that the electric part of the one-form symmetry is broken

spontaneously [50]. The resulting Goldstone modes are massless photons.

Consider a degenerate CS theory (2.1) whose K matrix has finite size N. For sim-
plicity, I assume that the nullity of K is 1. Two simple examples of such theories
can be found in Section 2.5, and here I study the general theory using the same
dualization procedure. Let W be as in Theorem 2, and Z = WTW. In Euclidean

signature, the dual Lagrangian is

9 . N-—1
g l ZNi ;
L=—9 9 oote+ S 2N wopi g
Sm2Zun Oned e+ o Z; Zun ' FuOp?

N-1 . N-1
1 A o 7 N ) )
+ 7492 E ZijFli,/F]’lW + . E KijE“VpALaVA%7

ij=1 ij=1
where ¢ is the dual compact boson, K is defined in (2.24), and
- ZNiZN;
Zij = Zij — %
NN
The two-point function of the monopole operator is

<€4¢>(w>ei¢(0>> ~ exp [”ZNN (1 - 1)] , (4.15)

92 r T

where r = |z#|, and rg is a length scale that regulates (4.15). Now Zyy = >, W&,
and Wyy; is periodic in 4, so Zyny o< IN. When studying correlation functions in CS,
theories at long distance, the N — oo limit is always taken before the r — oo limit.
Therefore, for r > ry, the two-point function (4.15) decays to 0 as N — oo. This

means that the magnetic part of the one-form symmetry is unbroken.

4.3 Observables

I now calculate various observables of a gapless CS,, theory, namely the electric po-
tential and braiding statistics of planons, as well as the general correlation function of
Wilson lines. All calculation are performed in Euclidean signature. Mathematically,
the calculations are essentially Fourier transforms of the corresponding quantities in

a CS theory with only one gauge field, so I start by reviewing the latter.
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Preparation: Observables of CS theory

Consider a CS theory in Euclidean signature
1 i
L= @F’“’ w + EKGWPA”&,A[,. (4.16)

Unlike previously, the gauge field A here is not required to be compact, so K € R
without any quantization condition. This choice is made because K will be replaced
later by K (%) in a CS theory, and the latter generally takes value in R. Since all
of the observables computed in this section only require perturbative calculations in
A, the compactness of A does not matter. Furthermore, the relevant monopoles in a
CSw theory are extended objects, and the magnetic part of the one-form symmetry
is shown in Section 4.2 to be unbroken. Since monopole operators do not appear
explicitly in perturbative calculations and they correspond to an unbroken symmetry,
they can be safely overlooked in this section. Therefore, I treat (4.16) as a classical
theory even if K = 0, and simply ignore the Polyakov mechanism. In what follows,
I list some basic properties of the theory. Since the theory is quadratic in A, the

calculations are straightforward and many details are omitted.

The propagator of the theory (4.16) in Euclidean space is

1 k25, — kuky, — meu kP
y — — (A Al/ k) = i pv nrp
G;Uf (k) 92 ( ,U«(k;) ( )> k2 (k’2 ¥ mg) )

where m = g?K /27 and |m| is the mass of the photon. The Fourier transform of

(4.17)

(4.17) to real space is the Green’s function

1 3k ik
Gyu(w) = (A @) 40) = [ 555G, (118)
If C¢ and C5 are two closed loops, then the correlation function of Wilson loops is
(W(C1)W(C9)) = exp [—927{: da:’f?i dz5 G (1 — x2) | - (4.19)
1 2

The real part of the Green’s function is
Bk k26, — k.k, ;
Re[G, (7)) = w R gike, 4.20
clGpule)] = [ Gy e (4.20)

Spacetime symmetry constrains it to be of the form

Tty
r2 ’

Re[G ()] = ho(m, )0 + ha(m,T)

where r = |z#|. The functions ho(m,r) and ha(m,r) can be determined by special-

izing to (1, z,y) = (r,0,0). First, the trace of (4.18) gives

dsk‘ 2 ikx
staln.) + o) = [ G
o 1.2 T &3
:/ k:dk/ sin(#)do 2 oikr cos(6) (4.21)
0 2 0 2T k‘2+m2
—|m|r
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Second, (4.18) with p = v = T gives

d3k k2 B k72' ikx
h()(m, 7“) + h2(m7 T) = / (271')3 k2(k2 + mQ)e
0 1.2 T o in2
:/ k dk/ sin(0)df sin=(0) oikr cos(6) (4.22)
o 27 Jo 2m K24 m?2
1= (14 |mr)emlr
- 2mrm2r3 .

Thus ho(m,r) and ha(m,r) can be solved from (4.21) and (4.22), and

—|mlr
RG[GFW(ZE)] = eié,u + 1 |: 1 _ <1 4 1 n 1 ) e—|m|7’:| 62!“/7

LA — Tt
6mr dmr | m2r2 3 |mlr  m?r?

where @, is the (traceless) quadrupole tensor

3x,x, — r25u,,

- (4.23)

Qm/ =

r

The imaginary part of the Green’s function is

Bk imeupk? .
(G (2)] = / o (4.24)

Spacetime symmetry constrains it to be of the form

P
1[Gy ()] = ha (m, ) L2

The function hi(m,r) can also be determined by specializing to (7, z,y) = (r,0,0).
Taking (4.24) with =z, v =y,
d®k imk »
h — T ikx
i(m, ) / 2m)3 k2(k2 + m2) "
00 1.2 T o .
/ k=dk / sin(0)df imk cos(0) ik cos(0) (4.25)
o 27 Jo 2 k%2(k? +m?)
o 1-(+ |m|r)e~ImIr

Armr?
This gives
1—(1+ \m|7“)e_|m|r €px?

m d7r3

In[G (2)] =

I consider two limits of the Green’s function. In the limit |m|r > 1, the Green’s

function reduces to that of a non-degenerate CS theory

; p
U €uppT

() = — (4.26)

m 4mrd

The real part of G, (x) is suppressed by a factor of 1/|m|r. The correlation function

(4.19) of Wilson lines reduces to the familiar form

(W(CW(Ch)) = exp —%link(Cl,C’g) ,
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where link(C1, Cy) is the linking number of the loops C and Cs. In the opposite

limit |m|r < 1, the Green’s function reduces to that of a Maxwell theory

x,xy, + 120,
C(z) = W

The imaginary part of G, (x) is suppressed by a factor of |m|r, an important fact

(4.27)

for the discussion of planon braiding statistics in a CSo, theory.

The theory (4.16) can be coupled to electric charges be adding a term iA4,j* to the
Lagrangian, where j* is the current. The equation of motion becomes

i L1 ,
O = S K04, = .

For a static charge at (z,y) = (0,0), the solution is

;2
]

Ay = = 2= Ko(|mlr),
s

e (4.28)

A [1 = [ml|rE; (jmlr)],

21 mr?
where Ky and K; are modified Bessel functions of the second kind. The electric
potential of the static charge is then

g2
Vir)=1iA;(r) = %Ko(\mh‘). (4.29)

Asymptotically [52],

—log (g) -7, f0<zrkl,
K() (x) ~ T (4.30)
—e ", ifr>1,
2z
where v is the Euler-Mascheroni constant. Therefore, the potential (4.29) reduces
to the log(r) classical Coulomb potential when |m|r < 1, and decays exponentially
when |m|r > 1. Suppose that another electric charge traverses a circle of radius r
centered at the static charge. This process generates a braiding phase [53|

o(r) = fA = —2%(1 — |m|rKi(Im|r)), (4.31)

where A is given by (4.28). If K # 0, then the r — oo limit of (4.31) is the expected
¢(00) = =27/ K. However, if K = 0, then ¢(c0) = 0, as can be seen from the K — 0
limit of (4.31).

Electric potential
The first observable of a gapless CS., theory that I compute is the potential of an
electric charge. The electric potential V(r, z) in a gapless CSo, theory is the Fourier
of the potential (4.29) in the CS theory (4.16),
2 T d )
Vo) = 5 [ S Ra(im(@e, (432

o x 2T
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where r = |z#|, m(q) = ¢g*K(q)/27, and Kj is a modified Bessel function of the
second kind. By the asymptotic form (4.30) of Ky, the electric potential (4.32) in a
gapless CS, theory in the limit g2 > 1 is dominated by light photon modes with
small |m(q)|. For simplicity, assume that the theory has only one pair of gapless
momenta +q;, and that m(q) = mi(q — ql)r1 near ¢q;. Although it does not cover,
for example, K(u) = (u + 2+ u_l) which has only one gapless momentum, this

assumption is general enough for understanding the phenomenology. Using (4.30),

2 0 d )
Vr,z) = gﬂ/ %KG (|mal|g|"7) cos (q12) €' (4.33)
—00
LS(C‘“Z), if \z|Fl > g2r,
~ |(Z| ) (4.34)
cos{1z e 2 r
T if g°r > |z|' L.

In (4.33), I extended the integration range from the vicinity of ¢; to (—oo,00) and
used the new integration variable ¢ — ¢1; similarly for —¢q;, where I used the variable
q + q1. Both cases of (4.34) are in the limit g?r > 1, and overall constant factors
are omitted. The potential V(r,2) at g?r > |z|'* therefore has a power law decay
in 7, and the decay is slower for larger I'y. This is different from the potential of a

degenerate CS theory, which is confining both classically and quantum mechanically.

The electric potential is closely related to the expectation value of a single Wilson
loop. Consider two static charges separated by (z*,z), where |z#| = r. They are
represented by Wilson lines W(C1) and W(C2), where C; are straight lines in the
7 direction. If the 7 direction is compactified to have a large period T > r, g %z,
then C1 UCy (with appropriate orientations) is approximately a large rectangle. The

Wilson loop on this rectangle has expectation value
(W(C1)W(Cq)) ~ e VAT,

By (4.34), the potential V(r, z) decays with a power law envelope, which is a type of
Coulomb law in a general sense. Charged operators (Wilson lines in this case) obey-
ing Coulomb law is a signature of the spontaneous breaking of a one-form symmetry
[50]. Therefore, the electric part of the one-form symmetry of a gapless CSo, theory

is broken spontaneously, as claimed in Section 4.2.

Braiding statistics

Next, I compute the braiding statistics of planons. Since the theory is gapless, it
is not clear whether the statistics are topological. Therefore, I start with a simple
setup where one planon sits statically at the origin, and another planon traverses a

circle centered at the origin. The two planons are separated by (r, z). By taking the
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Fourier transform of (4.31), the braiding phase is

or.2) = =g [ Gl 1= @K (@))€, (435)

where K is a Bessel function of the second kind. Asymptotically [52],

1
- + glog(x), ifo<z<l,

K1(1}) ~ (436)
1e_”” if x> 1.
V 2z

If the theory is gapped, then the Kj(---) term in (4.35) can be dropped, and the
braiding phase is

T d 1qz
$(00, 2) = —27r/ ﬁj(q) — 27 (K1), (4.37)

as expected. However, the theory of interest here is gapless, and (4.35) should be

treated more carefully. The physics depends qualitatively on I'yax = max{I's}.

First, suppose that I'ax = 1. This means that no root u, of K (u) on the unit circle

is repeated. The integrand of (4.35) involves the function
1
fr(m) = —[1 = m|rKi(|m|r)]. (4.38)

In Fig. 4.1, I plot f,(m) for a range of r’s. It is finite everywhere and vanishes at
m = 0. The latter fact can be traced back to the suppression of the imaginary part
of the Green’s function in the |m|r < 1 limit, as is seen in (4.27). As r increases,
fr(m) becomes a better and better approximation to 1/m except when |m| is small.
Therefore, the parameter r can be viewed effectively as a cutoff which prevents the
divergence of the integral (4.35). Since f,(m) is a odd in m and m(q) is linear in
q — Qo near each g, the braiding phase converges to the Cauchy principal value of
the integral (4.37),

P(00,2) = —27PV /7r dg e . (4.39)

27 A(q)
Here, if the integrand g(z) of an integral diverges at z( inside the integration range
(1, x2), then the Cauchy principal value of the integral is defined as
T2 To—€ z2
PV/ dr g(z) = lim </ dx g(z) +/ dmg(x)) . (4.40)
1 e—0F x1 xTo+€
In (4.35), 1/r effectively plays the role of the cutoff € in the definition (4.40) of the

Cauchy principal value.

The braiding phase (4.39) can be expressed using the polynomial description. This
is achieved, assuming z > 0 for now, by the change of variable u = ¢ which turns
(4.39) into a contour integral

du u* !

¢(00,2) = —QWPV% . (4.41)
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Figure 4.1: The function f,(m) given by (4.38) for r = 1,2,3,4. The larger r is, the
more f,(m) looks like 1/m.

Let uq be the roots of K(u) on the unit circle, as has been the convention in this
chapter. Also temporarily let @g be the roots of K (u) inside the unit circle. By the
residue theorem, the integral (4.41) simplifies to

) + Zﬂ:ag"lReSﬁﬁ <K1u)> . (4.42)

where Res;(1/K (u)) is the residue of 1/K (u) at x. Unlike the electric potential, the
braiding phase when I',.x = 1 is not dominated by light photon modes. Mathe-

¢(00,2) = =27 ;zo;uof'_lResua <K1u)

matically, this is because the (¢ — ¢o) ™! decay of 1/\(u) away from g, is not fast

enough. Writing e for a cutoff, the contribution of (¢ — g,)~"! to the braiding phase

dq si ;
27_‘_7:/ iSIH(qz)elqaz,
lql>¢ 27 Aag

(4.39) away from ¢, is

which is finite but not small. Therefore, (4.39) cannot be approximated by light
photon modes. The assumption z > 0 is used to make sure that the integrand of the
contour integral (4.41) has no pole at 0, and the z < 0 case in (4.42) is derived from
the fact that ¢(c0, z) is even in z. Importantly, the terms in (4.42) corresponding to
the roots u, on the unit circle have an extra factor of 1/2. In other words, the roots
uq only contribute half of their residues to the braiding phase. To understand this
factor of 1/2, note that according to the definition (4.40) of the Cauchy principal
value, the contour in (4.41) is cut open in the vicinity of every root wu, on the unit
circle. To evaluate the integral, one may close the contour by including a small
semicircle around each u, and then subtracting them. If the semicircles are inside

the unit circle as drawn in Fig. 4.2 (a), then the closed contour does not pick up
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Uy

Uz

(@ (b)

Figure 4.2: Evaluation of the Cauchy principal value integral (4.41) by adding small
semicircles (blue). The contour is cut open near the roots u; and ug = ul_l which,
for simplicity, are assumed to be the only roots of K (u). In subfigure (a), clockwise
semicircles are added inside the unit circle, and the closed contour picks up no pole.
Alternatively, in subfigure (b), counterclockwise semicircles are added outside the
unit circle, and the closed contour picks up both poles. The two methods give the

same answer after correctly subtracting the contributions of the semicircles.

the poles at u,. Meanwhile, the added clockwise semicircle integral is minus half
of the residues at u, because the added pieces are semicircles. Subtracting the
latter from the former yields the Cauchy principal value, which includes half of the
residues at u,. Alternatively, if the semicircles are outside the unit circle as shown
in Fig. 4.2 (b), then the closed contour picks up all poles at u,. After subtracting
the counterclockwise semicircle integrals, the result is again half of the residues at

uq. As expected, these two ways of closing the contour give the same answer.

For large |z|, the braiding phase (4.42) is dominated by roots u, on the unit circle,

¢(00,2) = —WZUZ|_1Resua <k(1u)> =— ;ﬂ;eiqad' (4.43)
o o

Instead of exponentially decaying statistics in gapped CS. theories, gapless CSo
theories with I'.x = 1 have planon statistics which oscillate in z. Of course, the
calculation here is only for particular planon trajectories (one static and the other
circular), and it is unclear whether the braiding phase has any topological invari-
ance. As will be derived from the correlation function of Wilson lines at the end of
this section, the planon braiding phase ¢(r,z) at large r is indeed invariant under

diffeomorphisms in the Tzy space, provided that 'y = 1.

Second, suppose that I'ynax > 1. The braiding phase ¢(r, z) turns out to diverge as
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r — oo. This divergence can be explained in the simple example
K(u)=(-u+2-u'). (4.44)

The theory has only one gapless momentum ¢; = 0, with multiplicity I'y = 2. The
eigenvalue of K near q; is A(¢) =~ ¢®. The braiding phase is still given by the Cauchy
principal value integral (4.39). However, 1/A(q) — +00 as ¢ — 0 from both sides of
the real axis, so (4.39) diverges despite the Cauchy principal value regularization. In
contrast, in a theory with I'jax = 1, there is no divergence because 1/A(q) switches
sign as q goes across each gapless momentum. For a more detailed understanding
of the divergence in the example (4.44), consider the braiding phase with finite 7.
Since (4.39) suggests that the divergence is due to light photon modes, the braiding
phase (4.35) can be approximated by

> dq 1 Pr Pr ‘
T A =8 A e iaz,
9(r,2) 7r/00 27 ¢? [ or '\ 2n ¢

Simplifying with the asymptotic form (4.36) of K,

da ara?r2 2 2 '
o(r,z) = a9 ar log gar e'd®, (4.45)
2 Am 27

where implicitly, the integral is properly regulated to avoid any divergence. If z = 0,
or more generally g?r > 22, then the €% factor in (4.45) can be dropped. Thus by
dimensional analysis,

o(r,z) ri/2,

Therefore, the braiding phase of two elementary planons depends on the trajectories
of the planons and has no topological invariance. However, some composite planons
can still have topologically invariant braiding phases. In the example (4.44), such
composite planons are generated by dipoles with no net charge, consisting of ele-
mentary planons in (exactly two) adjacent layers with opposite charge. Intuitively,
this is because the Laurent polynomial
fﬁui = —1+u?
has no repeated root and therefore falls into the I'yax = 1 case. Here, the denom-
inator u — 1 is chosen to represent the dipole (more on this in Section 6.4). Even
though —1 + u~! is not invariant under u + u~' and hence cannot represent a K

matrix, it provides the appropriate mathematical intuition.

More generally, consider a theory with I'y . > 1. Near a gapless momentum ¢, the

photon mass is (up to a minus sign)

m(q) = ma(q—qa)™ [1+b1(q — o) + b2(q — qa)* + -],
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where b; are some coefficients that are generically non-zero. Thus
—e = [(¢—da) """ = bi1(g = qa) T+ (b = b2) (g —qa)? T+ 0] (4.46)

Generically, since I'pax > 1, either the first or the second term of (4.46) diverges in
q — o With an even power. Although this argument assumes b; # 0 and does not
cover all possibilities, it can be shown that a theory with I',ax > 1 always has a
gapless momentum ¢, and a term in the expansion (4.46) near g, which diverges in
g — G With an even power. Then the same argument as in the example (4.44) shows

that the braiding phase of two elementary planons diverges as r — co.

Correlation function of Wilson lines
Finally, I compute the correlation function of Wilson lines. As promised several times
in this chapter, the calculation reveals the topological property of planon braiding

statistics as well as the spatial profiles of planons.

Let Cy and C5 be two closed loops in the Tzy space. The correlation function of the
Wilson loop of A% on C} and the Wilson loop of A° on Cy is

(W=(C1)WY(Cy)) —exp[ 72 dat }[Czdmg (21— 12,2) ] (4.47)

Here, G, (1 — 22, 2) is the Green’s function and can be obtained from (4.18) by

Fourier transform,

" dq 19z
Gl 2) = [ §1Gu(mla).)e

The most interesting physics occurs when I'yax = 1, which I assume unless stated

otherwise.

By (4.20), the real part of the Green’s function is

Bk k20 — kuky  iprsios
Re[G (2, 2)] _/ / 273 k2 kg—l—m( )2 )ek e, (4.48)

In the limit g>r > 1, Re[G ., (z, 2)] is dominated by light photon modes and can be
approximated by

dgk kQ ,ul/ 7]{: k ikx-l—i +qa)z
RN S § £ W LTS R
P

where m,, is the coefficient in the expansion m(q) ~ mq(¢ — ¢o) near qo. I also

changed the integration variable to ¢ — g, near g, and extended the integration

range to (—oo,00). This integral can be evaluated explicitly, and the result is

Re[G . (x, 2)]

eidaz 2 1 B (4.50)
=X g et (g @) 0]
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where @, is the (traceless) quadrupole tensor defined in (4.23), and (, are dimen-

sionless variables defined by
z

Coa =

The variables (, are of the same order as z/g*r, but depend individually on the

(4.51)

|ma|7"'

gapless momenta ¢,. As a consistency check for the approximation by light photon
modes, (4.50) decays like r=2 as r — oo, which is slower than the r—3 decay of the

integrand of (4.48) when ¢ is away from the gapless momenta.

The magnitude |(W?(C1)W?(Cy))| of the correlation function can be obtained by
substituting the real part of the Green’s function (4.50) into (4.47). Note that if
the e’e? factors are removed from (4.50), then each summand has mass dimension

2 under the scale transformation
t— At, x— Az, y— Ay, z+— Az. (4.52)

Therefore, the magnitude of the correlation function is of the form

, (4.53)

«

[(WH(COWO(Ca))| = exp [Z e'*Fo(C, Co)

where F,,(C1, C5) are scale invariant functions. This is related to the scale invariance

of the low-energy spectrum (4.1) when I'pax = 1.

By (4.24), the imaginary part of the Green’s function is

T dq €,,,x" iaz
tnfG (o)) = = [ G1 T () (454

where the function
1—e M1+ |m|r)

hy(m) =
is a modified version of the function hi(m,r) in (4.25). The behavior of h,(m) is
similar to that of f,(m) in (4.38). It vanishes at m = 0 for all » > 0. As r increases,
it becomes a better and better approximation to the function 1/m except when m is
close to zero. Therefore, if g>r > 1 and g?r >> |2|, then (4.54) can be approximated
by the Cauchy principal value integral

T dq €9 €uypT”

(G (2, 2)] = — PV /_

4.
27 m(q) 4mr3 (4.55)

The g%r > |z| assumption is to make sure that the integrand of (4.54) varies slowly
as a function of ¢, and the “---” in (4.55) is the correction due to finite r. The
leading order correction comes from light photon modes for which h,(m) deviates
from 1/m significantly, given by

Z/ g “Imedl (1 + [mag|r) upr” ci(a+aa)z

Maq A3 ©

(4.56)

. ¢lo* Ca -1 €upT”
= t
Z; T™Me (1 +¢2 +tan”(Ga) 4qr3
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where I used the same approximation as in (4.49), and ¢, are given by (4.51). Putting
(4.55) and (4.56) together, the imaginary part of the Green’s function is

Im[G (2, 2)]

T dg eie? ' idaz Ca . €L’ (4.57)
—|l-pv [ X " )| e
[ V/W27rm(q)+lza:7rma <1—|—C§+ an (6 )>] A3

This equation holds in the limit g?r ~ |z| > 1. In fact, by a more careful analysis, it
can be shown that the relative error in (4.57) is at most O (|z[~1*?) for any ¢ > 0.
In the limit g?r ~ |z| > 1, the principal value integral in (4.57) can be treated using
the same approximation as in (4.43) which discards the contribution from roots of

K (u) inside the unit circle. The result is

1Qa? p
tin(G i, )] =130 5 | Gonte) + & (12 a6 ) | 25 (as8)

where “sgn” is the sign function.

The phase ¢(C1, Cs, 2) of the correlation function (W?#(C1)W?°(Cs)) can be obtained

by substituting the imaginary part of the Green’s function (4.57) into (4.47). First,

consider the limit g?r > 1 and g?r > |z|. This is the limit where discussions of the

topological invariance of the planon braiding phase usually take place. By (4.55),
the phase is '

T dq e"*

¢(01, 02, Z) = —27PV /_7r %/\(q)

This agrees with the result (4.43) for the particular configuration where one planon

link(Cl, 02)

circles around another, static planon. The phase depends on C; and Cy only through
their linking number link(Cy, C2), which can be traced back to the fact that (4.55)
depends on z only through the CS Green’s function (4.26). Therefore, the braiding
phase of planons at large separation r is topological in the sense that it is invariant
under diffeomorphisms in the txy space. Unlike gapped topological or fracton mod-
els, the magnitude (4.53) of the correlation function is not 1 even for large r, and

the topological invariance only applies to the phase of the correlation function.

Second, consider the limit g?r ~ |z| > 1. Due to the presence of ¢, in (4.58), the
phase of the correlation function is no longer topological. However, this limit reveals
the spatial profiles of planons. To see this, take C; to be a straight line extending in
the 7 direction, and Cj a circle at a fixed time centered at C;. By (4.58), the phase

of the correlation function is

o(r,z) =iy g (1 &l ) (4.59)
rz)=—iy —|1- ———— | . :
— 2mq Vmir? 4 22

This result can also be derived from (4.35) by focusing on the light photon modes.
By (4.43), the total flux of a planon in each zy plane oscillates but does not decay
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in the z direction. Then by either the scale symmetry (4.52) (up to factors of edl?)
or the explicit formula (4.59), the flux is more and more spread out in the xy plane
as |z| increases. Therefore, the energy profile of a planon in a gapless CSy, theory
with I'yax = 1 is localized, but the planon itself is not a localized particle as far as

braiding statistics are concerned.

I end this section with some brief comments on the correlation function of Wilson
lines in a theory with I'yyax > 1. Given the electric potential (4.34), the magnitude

of the correlation function is expected to decay as
(WH(COWO(Co))| ~ exp [~(gr)! /7w

in the limit g?r > 1. As for the phase of the correlation function, I consider the
example (4.44). In this example, the braiding phase (4.45) is invariant under the
Lifshitz scale symmetry

r— Ar, z+— A2z

Therefore, the planons in a gapless CSo, theory with I'ynax > 1 are not localized
particles but have localized energy profiles, as is the case when I'y,x = 1. The flux
of a planon spreads out in the zy plane even more quickly as |z| increases than in

theories with I'jpax = 1.

4.4 Effective field theory

In a CS,, theory, the ¢, z and y coordinates are continuous, while the z coordinate
is discrete. Naturally, one wonders if there is a fully continuous field theory that
captures the low-energy physics of a gapless CS, theory. As shown throughout this
chapter, gapless CS., theories with I'nax = 1 have particularly nice properties, all
of which are related to the isotropic scaling symmetry (4.52) at low energy. In this
section, I write down and discuss fully continuous effective theories for gapless CS

theories with I'jpax = 1.

Let b be the physical lattice spacing in the z direction, and define
5 =2zb, §° = ¢°b.

The continuum limit is achieved by taking b — 0 while holding the dimensionless
coupling § fixed, which corresponds to the limit g?r ~ |z| > 1 in the CS,, theory.
Indeed, all observables computed in Section 4.3 in this limit are dominated by light
photon modes. Define a complex gauge field Aa(é) for each gapless momentum ¢,

which varies slowly in z. The fields A, (2) are related to the original fields A% by

A7 =" e Ay (2D), (4.60)
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where heavy fields with momenta away from ¢, are omitted. Since A% are real
gauge fields, the continuum fields are constrained by Aq-(2) = AL (%), where o* is
defined by go+ = —¢o. Therefore, each pair of gauge fields Ay (%) and Ag-(2) share

a non-compact gauge group R2.

The action of the CSo, theory is of course

S = /d%Zﬁ, (4.61)

where L is given by (2.1). The effective action is obtained by substituting (4.60)

into (4.61) and then taking the continuum limit,

. 1 - ~ A . .
Seff = / dPxdz ) (2@2 Fl B+ ﬁéuypagAa#ayAL’p) , (4.62)
«
where A\, is the coefficient in the expansion A(q) &~ A,(¢ — ¢o) near g,. To derive
(4.62), I replaced b)_, by [dz, and used the fact that Ay (2) are slowly varying

fields and therefore satisfy the constraint
Z [eiqazfla(zb)} [e*iqﬁzfl;(zb)] = Z 6a54a(zb)ﬁg(zb).

This constraint basically says that since Ay(zb) and AL(zb) have small momenta
in the z direction while the gapless momenta are discrete (i.e., separated), the total
momentum of the LHS vanishes only if & = 3. The effective action (4.62) is invariant
under the isotropic scale transformation (4.52), and all couplings in the action are
dimensionless. As can be shown by straightforward calculations, the effective action
reproduces the low-energy spectrum (4.1) of the corresponding CS., theory, as well as
its Green’s function (4.50) and (4.58) in the limit g?r ~ |z| > 1. A notable exception
is the braiding phase of planons, which is defined (and proved to be topological) in
the limit g?r >> |z| and g?r > 1. Therefore, the braiding phase cannot be obtained
from the effective action unless |z| > 1. Mathematically, this is because the braiding
phase receives contribution from both the roots of K (u) on the unit circle and those

inside the unit circle, while the effective action does not account for the latter.
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Chapter &

GSD OF FRACTON MODELS: AN OPERATOR ALGEBRA APPROACH

In Chapters 3 and 4, I studied fracton models beyond the foliation paradigm in the
form of CS,, theories. A natural question is then: What is the appropriate notion
of fractonic orders for these models? Unfortunately, I do not know the answer. Nev-
ertheless, in certain non-foliated fracton models that are somewhat less exotic than
CS theories, known as (non-abelian) cage-net models [17], a generalized version of
foliation can be applied. This generalized foliation RG is the topic of Chapter 6,
where I will demonstrate the RG process on the example of the Ising cage-net model
(“Ising cage-net” for short). Meanwhile, this chapter is dedicated to proving the

absence of a foliation structure in Ising cage-net by computing its GSD.

Ising cage-net is exactly solvable, and its GSD can be obtained with standard string-
net or cage-net methods. However, these methods usually involve complicated com-
binatorial expressions that rely heavily on details at the lattice level. To avoid this
problem, I introduce an approach to calculating the GSD of a fracton model that
uses intrinsic features of the model such as anyon fusion, braiding and quantum

dimension. When applied to Ising cage-net, this approach gives
1
GSD = 3 (E3+ E2+5E; +45), (5.1)

where F3 = 9letlytle By — 9latly L glytle 4 glotla and By = 9be 4 9Ly 4 9L=,
Since the GSD does not depend strictly exponentially on the system size, the model

is not foliated.

This new method for calculating the GSD can be motivated by well-known facts
concerning topological orders. The GSD of a d = 2 + 1 topological order equals the
number of anyons [38]. Although it only uses intrinsic properties of the topological
order, this statement fails in higher dimensions. For example, the d = 3 + 1 toric
code has GSD = 8 but only two types of fractional excitations, namely a charge point
excitation and a flux loop excitation [8]. This problem is remedied by considering
instead the algebra Ag of logical operators of the model. Here, a logical operator
is an operator that acts on the ground space Hg, typically by creating, tunnelling
and eventually annihilating a pair of fractional excitations. The dimension of Ay
as a complex vector space is dim(Ag) = dim(Ho)? = GSD?. As shown in Fig. 5.1,
in the d = 3 4 1 toric code, the logical operators are a string (blue) for the charge
and a membrane (red) for the flux. Each pair of string and membrane operators in

Fig. 5.1 is equivalent to a pair of Pauli matrices X and Z, and therefore generates
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Figure 5.1: Elementary logical operators in the d = 3 + 1 toric code. The blue
lines are string operators for charges, and the red planes are membrane operators for
fluxes. Each pair of string and membrane operators is equivalent to a pair of Pauli

matrices X and Z. Operators in different pairs commute.

an algebra of dimension 4, spanned as a vector space by 1, X, Y and Z. There are

three independent pairs of string and membrane operators, so
dim(Ap) = 4% = 64 = GSD?,

and thus GSD = 8. In general, the new method of calculation aims to describe
Ap as a redundant, formal algebra A of operators quotiented by certain physically
justified relations. The d = 3 + 1 toric code is too simple to have any non-trivial
relation of operators, and more complicated examples will be discussed later in this
chapter. Once this quotienting procedure is completed, the GSD is obtained from
GSD? = dim(A4y). Due to its focus on the algebra of logical operators instead of the

ground space, I call this method of calculation the operator algebra approach.

In what follows, I begin in Section 5.1 by reviewing Ising cage-net. In Section 5.2,
I introduce the operator algebra approach by studying the simple example of the
chiral Ising anyon model. The underlying mathematics of the this approach is the
theory of semisimple algebras, and I discuss the structure of semisimple algebras in
Section 5.3. More mathematical details are given in Appendix 5.8. The construction
of Ising cage-net involves p-loop condensation, and I study boson condensation in
the operator algebra approach in Section 5.4 with the example of a condensation
transition in the doubled Ising string-net model. I then use the operator algebra
approach in Section 5.5 to study a more complicated d = 2 + 1 topological order,
the one-foliated Ising cage-net model. This model is closely related to Ising cage-net
but is still in d = 2 + 1, so the consistency of the operator algebra approach can be
checked by anyon counting. I also present another method of computing the GSD
within the operator algebra approach via a Cartan subalgebra. In Section 5.6, I put
all of these tools together and compute the GSD of Ising cage-net in two ways. The
correctness of the result (5.1) is further confirmed with traditional lattice calculation
for the smallest system size. Finally in Section 5.7, I discuss the possibility of viewing
the operator algebra approach as more than just a trick for calculating the GSD.

The framework of the this approach is so natural that it has the potential to provide
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Figure 5.2: A square-octagon lattice. A vertex term A, and a plaquette term B,
are shown. The string operator VV;’W creates a 1) excitation on each of the two

plaquettes bordering the edge .

a characterization of fracton models. However, some key parts of the framework are

missing and need to be filled in before such potential can be realized.

The results in this chapter are based on Ref. [30].

5.1 Motivating example: The Ising cage-net model

In this section, I review the basic properties of Ising cage-net that are necessary for
the GSD calculation later [17]. The building block of Ising cage-net is the doubled
Ising string-net model (“doubled Ising” for short) [54]. Doubled Ising can be realized
on any d = 2 trivalent lattice. Here, a square-octagon lattice (Fig. 5.2) is chosen for
the purpose of constructing Ising cage-net later. On each edge of the lattice, there is
a local Hilbert space of dimension 3, with orthonormal basis vectors |0), |1) and |2).
The labels {0, 1,2} are understood as values of “strings” located at the edges. The
model also comes with a set of symbols (9;;, ds, F, ,?Z;n ), where all indices take values
in {0,1,2}. For example, 6;;, = 1 if ijk = 000, 011, 022, 112 or their permutations,

and d;;, = 0 otherwise.

The Hamiltonian consists of a vertex term A, for each vertex v and a plaquette term
B, for each plaquette p. The vertex term is

which allows certain ways for the strings to “fuse” at a vertex at low energy. The

Ay

plaquette term is
B — > . dsB;
P — y
PN
where the operator B, involves the symbols F,g;n and essentially acts by fusing an

s-loop into the plaquette p; the precise definition of B, is not important here. The
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full Hamiltonian is then
> 4,-) B, (5.2)
v P

This is a commuting projector Hamiltonian when restricted to the low-energy sub-
space where A, = 1 for all v. It has anyons 1, o, 7, ¥, 1, 09, ¥&, 06 and ¢, where
1 is the time-reversal of 1) but otherwise unrelated to 1), and similarly for . In fact,
doubled Ising can be viewed as the chiral Ising anyon model [55] (more discussions
in Section 5.2) which has anyons 1, o and v, stacked with its time-reversal which
has anyons 1, & and 1, hence the name “doubled” Ising. The fusion rules for o and
pare o X 0 =141, 0 x ¢ =0, 1) x ¢ = 1; similarly for & and ). The R-symbols
and string operators of the anyons can be found in Ref. [54], and I mention some

important ones here:

1. The braiding of ¢ with v gives a phase —1, and  braids trivially with v; same
for & and .

2. The operator W;M = (—1)”1(1) creates a 1) excitation on each of the two pla-
quettes bordering the edge I, where nq(l) = 1 if the state on the edge [ is |1), and
n1(l) = 0 otherwise (Fig. 5.2). The blue dashed line can be extended into a string
operator of 9.

As a d =2+ 1 topological order, the GSD of doubled Ising is equal to the number
of anyons, so GSD = 9.

The construction of Ising cage-net starts with three stacks of doubled Ising in the
x, y and z directions, respectively. The resulting lattice is a truncated cubic lattice
(Fig. 5.3). In this lattice, an edge I, parallel to the p direction for p = x, y or
z is called a principal edge. 1 also distinguish the octagon and square plaquettes,

denoting them by p, and ps, respectively. On a principal edge [,,, the operator

Wu _ W/l(f@)waziw@p — (_1)11?([”)(_1)1/1](1#) (53)
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A

Figure 5.4: A %) p-loop (red) created by the operator Vi, (green cylinder). The
shape of the p-loop is obtained by connecting the 1) particles with line segments
orthogonal to their hosting plaquettes.

creates a 1) particle-loop (“p-loop” for short) around the edge (Fig. 5.4), where y,
v and p are distinct. Here, a*(i) denotes the anyon a in the ith plane orthogonal to
the p direction, and the i label may be omitted when it is clear from context. For
example, if 4 = 2, v = y and p = 2z, then the 1) particles in the p-loop originate

from the zz and xy planes. The p-loops can be condensed by the Hamiltonian
Ho= 7T > Vi
1% ly,

where Hj is the Hamiltonian for the decoupled layers of doubled Ising, and J > 0 is
a large coefficient enforcing the condensation. This reduces the low-energy Hilbert
space on each edge to a vector space of dimension 5, spanned by |00), |02), |20), |22)
and |11). If perturbation theory is applied with Hy as the perturbation, then the
plaquette terms B;o must be assembled into cube terms

H \/i B}, (5.4)

for each cube c. The resulting Hamiltonian of Ising cage-net is
He YA Y BB YR 59
v, Ps Po ¢

where A} is the vertex term at vertex v orthogonal to the yu direction, and Bgo is
the plaquette term of the 2-loop (not the square of an operator). The terms are
shown in Fig. 5.5. This is a commuting projector Hamiltonian when restricted to

the low-energy subspace where all vertex terms are satisfied.

In order for an anyon to remain deconfined upon condensation, its string operator
must commute with V. In other words, the anyon must braid trivially with the i)

p-loop. For example, a ¢ planon in an xy plane has a braiding phase —1 with a 1)
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Figure 5.5: Hamiltonian terms of Ising cage-net. The Hamiltonian is given by (5.5).

Mobility Type Excitations
Abelian (i), Y (7)
Planon ot (i)ot(7), ot (i)ot(j),

Rowabelian | gui)n (), 5 (i)o"(3)

Abelian
Lineon . O'M(Z.)O-V(j)v Eﬂ(i)o-V(j)7
Non-abelian (05" (), 5(1)5" ()

Table 5.1: Elementary excitations in Ising cage-net. The lineon sector requires p # v.

The lineon ¢*(i)o¥(j) moves in the z direction; similarly for the other lineons.

p-loop created by some V;, or V} , and is therefore confined. On the other hand, a o
planon in an xy plane combines with a ¢ planon in an xz plane to form a lineon that
moves in the x direction, and this lineon is deconfined. The deconfined excitations

are summarized in Table 5.1.

Although Ising cage-net is exactly solvable, it is not obvious how its GSD can be
calculated. In the following sections, I will introduce the operator algebra approach
to calculating the GSD, which works for Ising cage-net. I will start with some simple

d = 2 + 1 topological orders, and work gradually towards Ising cage-net.

5.2 The chiral Ising anyon model and operator algebra

The chiral Ising anyon model (“chiral Ising” for short) is a well-understood d = 2+ 1
topological order [55]. As explained previously, chiral Ising can be used to construct
doubled Ising and hence Ising cage-net. In this section, I review chiral Ising and
calculate its GSD using the operator algebra approach. While the calculation may
seem over-complicated for this simple model, I aim to set up the general formalism

and present several useful mathematical statements.

There are three anyons in chiral Ising: 1, o and . This model can be obtained, for

example, by gauging the Zo fermion parity symmetry in a p + ip superconductor.
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In this context, 1 is the vacuum, o is the 7 gauge flux, and v is the gauge charge.
The fusion rules are o x 0 =1+, 0 X ¥ = 0, 1 x ¢p = 1. The F- and R-symbols
can be found in Ref. [56]. The GSD of a d = 2 4 1 topological order is equal to
the number of anyons, so chiral Ising has GSD = 3. This is equivalent to saying
that the algebra of logical operators is Ag = Mats. Here, Mat, is the set of all
n X n complex matrices. In the operator algebra approach, I treat Ay as the more
fundamental object, attempt to compute Ag without knowledge of the ground space

Ho, and view Hg as a representation space of Ag.

The operator algebra approach starts with a set of logical operators that span the
vector space of all logical operators, but are not necessarily linearly independent.
For a d = 2 + 1 topological order on a torus, these starting operators are chosen to
be of the form

v(a,b,c) = & , (5.6)

where a, b, ¢ are anyons consistent with the fusion rules (for simplicity I assume no
fusion multiplicity). Such an operator is called an elementary operator. If b = 1 then

a = ¢, and I define the short-hand notation a, = v(a, 1, a); similarly b, = v(1,0,b).

Of course, an elementary operator acts on the ground space Hgy and has a matrix
representation, but the discussion here does not rely on such a representation. In-
stead, the operators are viewed as abstract objects. Let A be the complex vector
space over the elementary operators, with formal addition and formal scalar multi-
plication. The vector space A also has an operation called multiplication, defined
for a pair of elementary operators by stacking one on top of the other and reducing

the diagram to a sum of elementary operators using F- and R- symbols:

v(a,b,c)v(a’ V', ) =

_ Z dydy
dod gy dpdyy
19

= > Mf.g.h)v(f,9,h),
f.g:h
with some coefficients \(f,g,h). Here f, g and h are some anyons, and d, is the
quantum dimension of a. Going from the first line to the second line, the anyon a

is fused with o’ into f, and b with ¢’ into g; going from the second line to the third
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line, I used F- and R-moves to transform the diagrams into elementary operators.
In principle, A(f, g, h) can be computed for a general anyon theory, but only some

simple cases are needed in this thesis. For example, in chiral Ising,

pr’(vby = ’U(Q/), 1’¢)U(17¢5 1/)) = _U(wa¢a 1)a

where the minus sign comes from qu”d’ = —1. The multiplication has an identity 1 =
v(1,1,1). The set A is called an algebra, which is a complex vector space equipped
with multiplication and a multiplicative identity (Definition 18 in Appendix 5.8
explains this concept more rigorously). If one views the elements of A as operators
on Hp, then the addition, scalar multiplication and multiplication are the usual
matrix operations. However, I emphasize again that A is considered in the operator
algebra approach as a structure in its own right and should not be interpreted as a

matrix algebra acting on a Hilbert space just yet.

In chiral Ising, there are 10 elementary operators:

U(17171)7 U(TZJ’]"w)? U(l7w7w)7 /U(w7,l/}7]‘)7 U(U717O-)7
v(l,0,0), v(o,,0), v(,0,0), v(o,0,1), wv(o,0,1).

Thus dim(A) = 10. However, by prior knowledge, the algebra of logical operators
should be Ay = Mats with dim(Ap) = 9, so A is too large. This means that A has
some redundancy which should be reduced by modding out certain relations. Such
redundancy reduction turns out to be equivalent to acting on A by a projector P,

which kills the subspace (1 — P)A and preserves its complement PA.

Before discussing where the relations come from, I first answer a question: How does
one know whether sufficiently many relations have been found so that PA is small
enough? For a topological or fracton model, its algebra of logical operators should
be Mat,, for some n. Conversely, a matrix algebra Mat, has the property that no
more redundancy can be modded out (Definition 20 and Lemma 21). Therefore, the

redundancy reduction stops if and only if PA is a matrix algebra.

Furthermore, all of the algebras in the physical models in this chapter have the

additional property of being so-called semisimple.

Definition 10. An algebra A is semisimple if it can be written as a direct sum
A=A1® - ® Ap, (5.7)

where each A; is a matrix algebra.

The redundancy reduction amounts to finding an appropriate projector P that kills
all but one A;, and then the true algebra of logical operators is this A;. The kernel of
P consists of operators that are identified with 0, so the projection essentially takes

a “quotient” of A (see details in Appendix 5.8).
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The decomposition (5.7) of a semisimple algebra A can be derived systematically,

but for the case of chiral Ising in this section, I first write down the result:
A = Mats & Mat;. (5.8)
A systematic derivation can be found in Section 5.3. In this decomposition,

Mats = span{l + 95, 1 + 1y, 1 + 1, 04, 0y,

0(071/17‘7):”(1/}707 0)7?}(0—7 g, 1)7”(0-7 U7¢)}7
Mat; = span{l — r},

where

:%(1+wx+¢y_wxwy)-

The 9 spanning elements of Mats are not very important, but the element r will be

useful throughout this chapter.

Given the decomposition (5.8), clearly the projector P should be defined such that
PA = Mats. However, without the prior knowledge that Ay = Mats, this choice of
P needs to be justified. To do so, note that A is obtained only using fusion rules, F-
symbols and R-symbols, while further information such as the topology of the torus
has not been fully utilized. Indeed, one can put a contractible o-loop “around the
corners” of the torus, reduce it to a sum of elementary operators on the one hand,
and demand that it be equal to the quantum dimension v/2 of o on the other hand.

Using red lines for o-strings and blue lines for ¢-strings, the reduction to elementary
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v
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where I moved the v/2 to the denominator. In this calculation, I first moved the o-
strings close together, and then fused the parallel o-strings to obtain four outcomes
(second line). The result is demanding » = 1. In other words, 1 —r is identified with
0 by the projector P = (1 + r)/2, which precisely kills 1 — . The same calculation
can be repeated for a 1-loop or a -loop “around the corners”, but the results are

tautological relations. Only non-abelian anyons can give non-trivial relations.
To conclude this section, I summarize the operator algebra approach as follows:
Protocol 11. Take a topological or fracton model.

1. Choose a set of logical operators that span the space of all logical operators but

are not necessarily linearly independent.

2. Reduce the redundancy of these logical operators with F- and R-moves as much
as possible. Then take the formal algebra A over the remaining operators, which
is a semisimple algebra. In a d = 2 + 1 topological order, if the operators are
taken to be v(a,b,c) as in (5.6), then these operators have no such redundancy

and there is no need for this step.

3. Find relations in A by physical argument. In a d = 2 + 1 topological order, the
relations come from loops of (non-abelian) anyons “around the corners”. As will be
shown in Section 5.6, the relations in Ising cage-net come from cage structures of
non-abelian strings. Then mod out the relations by acting with the corresponding
projector P. If PA is a matrix algebra, then the true algebra of logical operators
is Ag = PA. In Section 5.3, I will discuss a quick way to find P.

5.3 Structure of semisimple algebra

The correctness of the decomposition (5.8) can be checked by hand, but this is far
from systematic. It is also unclear so far how relations can be converted to projectors
in general. In this section, I resolve these two issues by discussing the structure of a
semisimple algebra, and give an efficient method for computing projectors. Several

statements in this section will be used in the calculations in later sections.

In the decomposition (5.7) of a semisimple algebra A, each component A; has its

own multiplicative identity P;, called a primitive central projector of A.

Definition 12. An element x € A is central if [z,y] = 0 for all y € A. The set
of all central elements of A is the center of A, written as Z(A). A central element
x € Z(A) is a central projector if x2 = x. A central projector x is primitive if zy = 0

or x for all central projector y € A.

The primitive central projectors P; have the property that every central projector @
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can be written as
Q=>_ AP,
i

where \; = 0 or 1. If A is represented as block-diagonal matrices, then a central
projector is the identity of several blocks, and a primitive central projector occupies
exactly one block. A central projector ) behaves like a projector in the usual sense
when acting on A by left multiplication (which is equivalent to right multiplication

and conjugation since @ is central).

In principle, given a basis {v,} of A and structure constants fgﬂ defined by
Va¥p = Z fzﬂv% (5.10)
v

the central projectors are the solutions to the equations

x, V] = 0 for all «,
. va) (5.11)
x° = .

If the solutions are {Q}, then the primitive ones form the subset {P;} C {Qx} of
maximal size such that P;P; = 0 for all  # j. The decomposition (5.7) then follows
where A; = P, A.

Next, I discuss the conversion of relations into projectors. In this chapter, all rela-
tions obtained from physical argument happen to be central in A. It also happens
that a simply linear rescaling is enough to convert all the relations into central pro-
jectors. For example, in chiral Ising, 1 — r is rescaled into (1 —)/2. Given relations

Q1,...,Qm where each Q) is a central projector, the overall projector is

P=(1-Q1) - (1-Qn). (5.12)

Such a projector can also be constructed without the assumption that Q) is central,

and this construction is discussed in Appendix 5.8.

As promised, I now apply the procedure above to chiral Ising. The primitive central

projectors are found to be

1 1
P1:§(1+T), P2:§(1—T)

By (5.12) with Q = P, the algebra of logical operators is

PA = (1 - PQ)A = PlA = Matg,

which is the desired matrix algebra.

In the rest of this chapter, (5.12) will be used constantly for computing projectors.
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5.4 The doubled Ising anyon model and condensation
Ising cage-net is constructed via p-loop condensation, an type of Bose-Einstein con-
densation. In this section, I explain condensation in the operator algebra approach

by studying an example of a condensation transition in doubled Ising.

As explained in Section 5.1, doubled Ising is a stack of two copies of chiral Ising,
whose anyons are 1, o, v and 1, &, 1, respectively. Now consider condensing the
boson 1. For an anyon to remain deconfined upon condensation, it must braid
trivially with 1. Such anyons are 1 = 1), 1) = 1 and o&. Furthermore, o0& is
no longer a simple particle, but instead “splits” into two anyons o6 = e¢ + m. To
understand the splitting, note that o is the fusion product of two Majorana modes
and hence a (complex) fermion mode. The parity p of this fermion mode can be
0 (unfilled) or 1 (filled), and braiding with either o or & switches the value of p.
Therefore, p is not a good quantum number in doubled Ising. However, if 11 is
condensed then both ¢ and & are confined, so p becomes a good quantum number
that distinguishes the unfilled fermion mode (anyon e) from the filled (anyon m).

The resulting topological order is the toric code [57].

It turns out that the operator algebra approach provides a nice description of con-
densation and, in particular, the splitting of anyons. To begin with, I follow Steps 1
and 2 of Protocol 11 to obtain a semisimple algebra A with dim(A) = 100. Since

doubled Ising is two copies of chiral Ising, the decomposition of A is
A = (Matz & Mat1)®2 = Matg ® Mats @ Mats @ Mat;. (5.13)

The quantum dimensions of o and & produce two relations r = 1 and ¥ = 1, where

1
=g (Lt 9y = ¥aty),

1 _ _ - _
F=§(1+%+%—%¢y)-

By (5.12), these relations give rise to a projector
1
P = Z(l +7)(1+7),

and PA = Matg is the correct algebra of logical operators of doubled Ising. Of
course, 04 is also a non-abelian anyon, and it gives another relation 7 = 1, but this

relation is already implied by r =1 = 7.

Upon condensation of ¢1), the operators 1,1, and l/JyQZy should be identified with
1. Let M be the subalgebra of A generated by 1,1, and wy&y, which is an abelian
subalgebra, meaning that [z,y] = 0 for all z,y € M. The logical operators that
remain “deconfined” are those that commute with M. Such deconfined operators

form the commutant of M, which is a semisimple subalgebra of A defined as

M ={xeA:|x,y)=0forall y € M}.
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Since M is abelian, M C M’. The commutant M’ is spanned by elementary op-
erators v(a, b, c) where a and b take values in {1,v,1,9,06}. A straightforward
calculation shows that dim(M') = 28. By analyzing the primitive central projectors

of M’ using (5.11), M’ can be decomposed as
M = (Mat3 D 3Mat2) @ 3Mat, @ 3Mat; & Matq,

where 3Mato means Mato @ Maty @ Mato, etc. Here, the summands are ordered in
correspondence with the summands in (5.13), i.e., (Mats & 3Mats) is a subalgebra
of the Matg in (5.13), the first 3Mat; is a subalgebra of the first Mats in (5.13), etc.

The next step is to mod out all known relations. First, the quantum dimension of

0d demands r7 = 1. By (5.12), this gives a projector
1 _
P]_2 = 5(1 + TT).

The notation Pjs is chosen for consistency with similar notations in Section 5.5. Now
note that
Py A = Matg ® Mat,

since r and 7 both act as +1 on Matg, and both act as —1 on Maty. Therefore, when

restricted to M’, the action of Py gives
P12M, = (Mat3 D 3Mat2) @ Matq. (514)

Second, the condensation of 11 demands 9,10, = 1 and 9,1, = 1. Again by (5.12),

these two relations give a projector

Po= 701+ 9o (L + ),

where the subscript “c” stands for “condensation”. The total projector is P = P.Ps.
The goal now is to understand the action of P. on the two components of PjoM’
in (5.14), namely (Matz & 3Matz) and Mat;. The latter is straightforward: Mat; is
spanned by (1 —r)(1 — 7), and explicit calculation shows that

P(1—-r)(1=-7)=1—-7r)(1-7).

Therefore, Mat; is in PM’. On the other hand, let Qo = (1 + r)(1 + 7)/4 be the
central projector that projects A onto Matg. Since both P. and )y are central
projectors, so is P.Q)g, and I claim that P.Qq is also primitive. This can be derived

from the following lemma:

Lemma 13. Let B be a matrix algebra, N an abelian subalgebra of B, and N’ the
commutant of N. Then Z(N’) = N.
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It is easy to see that N C Z(N'), and Lemma 13 says that the two are actually equal.
Strictly speaking, N must satisfy another condition, and Lemma 23 in Appendix 5.8
explains this point more rigorously. Lemma 13 with B = QgA and N = QoM implies
that Z(QoM’') is generated by 1,1,Qo and 1, Qo. It is then straightforward to
use the prescription in Section 5.3 to find the primitive projectors from the central
elements, and indeed P.(QQq is one of them. Therefore, P.QoM’ is a matrix algebra,
and it is either Mats or one of the three copies of Mats. To determine P.QoM’, note
that for any operator « € A, the operator Qg can be represented as a 9 x 9 matrix
p9(xQo), or pg(z) for short. The subscript [ in p; indicates the matrix dimension. A
systematic way to determine this representation pg can be found in Appendix 5.8,

but here I will start with a 3 x 3 matrix representation ps of operators in chiral Ising:

1 0 V2 0
p3(¥z) = 1 , p3(os) = V2 0 0],
-1 0 0 0
(5.15)
1 0 0 V2
p3(Yy) = -1 ) P3(Uy) =10 0 O
1 V2 0 0

The correctness of this representation can be confirmed by hand or by following the
discussion in Appendix 5.8. The operators in Matg can be obtained by tensoring the
matrices above. In particular, pg(Qp) is the 9 x 9 identity matrix, and pg(P.Qy) is
a diagonal matrix

po(P.Qo) = diag(1,0,0,0,1,0,0,0,1). (5.16)

It follows that P.QoM' = Matg since tr(pg(P:.Qo)) = 3. To summarize,
PM' = Mats & Mat, (517)

where the projector P accounts the condensation of 11 as well as relations due to

deconfined anyons.

The bottom line of (5.17) is that even after modding out all the relations, the result
is still not a matrix algebra. However, the correct algebra of logical operators must
be a matrix algebra, so something needs to be done to PM’. For this purpose, I

visualize PM’ as block-diagonal matrices embedded in Maty:

PM’

(5.18)

777
777
777

Here is an important observation: The splitting of o precisely “fills the blanks” in
(5.18) to turn Mats & Mat; into Maty.
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To justify this observation, I now work out a 4 x 4 matrix representation py of, say,
e, and compare it with the known result from the toric code. By (5.16), the Matg
block of an element z € PM’ is obtained by taking rows and columns 1, 5 and 9
from pg(x). On the other hand, the Mat; block of z € PM’ is determined by its

action on the generator (1 — r)(1 — 7) of Mat;. For example,

Y1 =r)(1 =7) = =(L=r)(1 =7),
0304(1—r)(1—7)=0.

By this method, the p4 representations of some operators in PM’ are found to be

1 02 00
1 _ 2 0 00
x) = , Oz0zx) = )
pa(a) . p4(0202) 000 0
—1 00 0 O
1 0 0 2 0
—1 _ 0 00O
pa(thy) = 1 , pa(oy0y) = 200 0
—1 0 00O
By physical argument, p4(e;) satisfies the equations
p4(eI)T = p4(e$)7
(1+ pa(z)) paler) = pa(0202),
palea)pa(tby) = —pa(vy)pales),
94(61)2 =1

Line 1 says that e is its own antiparticle; line 2 comes from the fusion rules ¢y xe = m
and 06 = e + m; line 3 says that e and v braid with a —1 phase; line 4 comes from

the fusion rule of e. The most general solution is

p4(e$) = i0

As expected, py(e;) has entries e in the “blank” areas of (5.18). There is no way

to fix 6, since conjugation by

et
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acts trivially on Mats@®Mat; but non-trivially on Mat,, mapping 6 to 8+ ¢. Without

loss of generality, I choose § = 0. This gives

01

1 0
pa(esz) = 01 ; pa(myg) =

10 -1 0

With the additional requirement that p4(e,) commute with p4(e,), the same method

also gives

P4(ey) = ) p4(my) =

O = O O
_ o O O
oS O O
o O = O
O =R O O
o O O
o O =
|
—_

-1

)
)

One may confirm that these indeed obey the algebra of logical operators of the toric

code. Moreover, they generate matrices such as

0 0

= %P4(Ux5m)[p4(€y) — pa(my)],

o O O O
S O O

0 0
0 0
0 0

and hence all other matrices with entries in the “blank” areas of (5.18).

To conclude this section, I summarize condensation in the operator algebra approach

as follows:

Protocol 14. Let A be the semisimple algebra of a topological or fractonic order,

and suppose that {a} is a set of bosons to be condensed.

1. Define M as the subalgebra of logical operators of {a}. If {a} can be condensed

simultaneously, then M is always abelian.

2. Let M’ be the commutant of M. Construct a projector P based on the condensa-
tion condition of {a}, relations due to deconfined anyons as well as relations from
other physical arguments. As will be explained in Section 5.6, the “other physical
arguments” for Ising cage-net come from the cage terms of the Hamiltonian (5.5).
Then take the algebra PM’.

3. If the semisimple algebra
PM' = Matd1 b Db Matdm

has more than one component, then certain operators must split. The result of

the splitting is a matrix algebra

Ao = Matg, +...44

m )
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which is obtained by “filling the blanks” in the matrix representation of PM’.
The correctness of this operation can be confirmed manually for all the models in
d = 2+ 1 in this chapter, and I conjecture that the operation is also correct for

all topological or fracton models.

5.5 The one-foliated Ising cage-net model and Cartan subalgebra

I discuss one more d = 2 + 1 topological order in this section before going to Ising
cage-net in Section 5.6. In particular, I present another method of computing the
GSD within the operator algebra approach using a Cartan subalgebra, which turns

out to be very convenient when applied to Ising cage-net.

The model of interest in this section is called the one-foliated Ising cage-net model
(“1-F Ising” for short), which is constructed as follows: Take a stack of 2L copies
of chiral Ising, and condense the boson ¥ = (1) x --- x ¥(2L), where (k) is the
1 particle from the kth layer. The chirality of these copies of chiral Ising does not
affect the GSD. The condensation of doubled Ising into the toric code in Section 5.4

is a special case of this construction with L = 1.

In the L — oo limit, 1-F Ising can be viewed as a fracton model, whose partially
mobile excitations are planons. It is related to Ising cage-net as follows: In Ising
cage-net, let S, be a set of principal edges [, related to each other by translation in

the z direction (green edges in Fig. 5.6). Then the operator

11 v (5.19)

lz €8s
where Vj, is a condensation operator defined in (5.3), creates a pair of 1) anyons
in each zy plane. Therefore, ¥ in the xy plane is part of the condensate in Ising
cage-net. The same holds for ¥ in the yz and zz planes. In this sense, 1-F Ising is

a “one-foliated” version of Ising cage-net, while Ising cage-net is “three-foliated”.

GSD from anyon counting

Since the 1-F Ising is a d = 2 + 1 topological order, its GSD can be obtained by
counting anyons. In order for an anyon to be deconfined upon condensation, it must
contain an even number of ¢’s so that it braids trivially with W = ¢y X -+ X 2)gp,.
Additionally, 1 can be attached to any layer where there is no o, since this does not
affect the braiding with W. The condensation of ¥ identifies some pairs of anyons
with each other, which reduces the number of distinct anyons. Finally, the particle
Y. =o0(1) x --- x 0(2L) splits into two simple anyons ¥ = e + m since the overall
fermion parity of ¥ is a good quantum number. Another way to see this is to note
that X x X =1+ ¥ + -, and the presence of two identity channels implies that %
splits into two particles. These conditions constrain the label a(1) x --- x a(2L) of

all anyon.
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Figure 5.6: 1-F Ising obtained from layers of doubled Ising on a square-octagon
lattice, similar to the construction of Ising cage-net. Each plane is a layer of doubled
Ising. The product of V;, on the green edges (the set S, in (5.19)) creates a pair of
Y1) in each wy plane. If the W particles created this way are condensed, then the
system becomes 1-F Ising together with decoupled layers of doubled Ising in the yz

and zzx planes.

I now count the number of anyons. If o is attached to 2k layers i1, ..., %9, where
k=0,...,L —1, then there are 2L — 2k places left to attach . It would then seem
that there are 22072% inequivalent ways to attach 1) to the layers. However, the
condensation condition ¥ = 1 reduces the number of distinct labellings by a factor
of 2. Therefore, there are (3@) 22L=2k=1 ipequivalent ways to place o’s in 2k layers
and attach 1’s or ¥’s to the remaining layers. The case where k£ = L needs to be
considered separately. In this case, the anyon of interest is 32, which splits into e and

m. Thus the total number of anyons in the theory (equal to the GSD) is

L—-1 97,
GSD =) <2k>22L2k1 +2,
k=0

where the +2 accounts for the k = L case. By the binomial theorem,

L oL
2L 2L _ 2L—2k
(1+2)*"+(1—-x) —25 (2]@):6 .
k=0
Thus the GSD simplifies to

L
2L 1
GSD =" ( >22L—2k—1 +2- =
£\ 2k 2

1 1 3
—! 22L 71_22L hd
A2+ (1 =-2)7 4 0
1
= (9" +7). (5.20)

Since the GSD is not strictly exponential in L, the model is not foliated.
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GSD from Cartan subalgebra
I now try to reproduce (5.20) using the operator algebra approach. Protocol 14 is
based on the full algebra of 1-F Ising, but I delay this calculation to the end of this

section. Instead, here I compute the GSD using a so-called Cartan subalgebra.

Definition 15. A subalgebra C of an algebra A is a Cartan subalgebra if it is abelian
and maximal. Abelian means that [z,y] = 0 for all z,y € C; maximal means that if
any subalgebra C’ C A is abelian and C' € C’, then C' = C.

Note that this definition is not rigorous mathematically. There is another condition
on C' which I did not mention, and this condition holds for the choice of C' that will
be used later. Definition 25 in Appendix 5.8 explains this extra condition. A Cartan
subalgebra is related to the GSD by the following lemma:

Lemma 16. Let Ay be a matrix algebra, and Cy C Ay a Cartan subalgebra. Then
dim(Cp)? = dim(Ap). In particular, if Ag is the algebra of logical operators, then
GSD = dim(Cy).

To understand this lemma with an example, let Cy be the set of diagonal matrices

in Ag. The lemma is obvious in this case.

For 2L copies of chiral Ising with semisimple algebra
A = (Mats & Mat;)¥?

there is a convenient choice of a Cartan subalgebra C, which is spanned by the
elementary operators with no o. To compute the GSD, I want to understand the
transition from C' to Cy. The approach is similar to Steps 1 and 2 of Protocol 14,
although these steps are adapted to the context of Cartan subalgebras. Let M be
the subalgebra of A generated by ¥, and ¥, (the condensate). The commutant M’

of M has central projectors
1
Pe = 1(1 + V)1 +7y)

due to condensation, and

Py = 51+ r(i)r(7)

due to deconfined anyons o (i)o(j), where 1 <1 < j < 2L and

(i) = 5 (14 ¥e(i) + 1y (1) — i)y (i) -

| =

Although there are also non-abelian anyons with more than two ¢’s and possibly
1’s, for the purpose of constructing projectors, it suffices to only consider pairs of
o’s. For example, the relation due to o(1)o(2)o(3)o(4) is r(1)r(2)r(3)r(4) = 1, but
this is already implied by 7(1)r(2) = 1 and r(3)r(4) = 1.
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From this point on, I will focus only on the Cartan subalgebra. Importantly, in
this specific case C' C M’, and the central projectors P, and P;; all map C to C
since they also contain no . Meanwhile, it can be argued physically that splitting
does not enlarge the Cartan subalgebra. This is because the braiding of 3 with, for
example, ¥ (1) gives a —1 phase and thus the same holds for the anyons e and m
split from X. Therefore, the entirety of Cy can be obtained by projection on C. In
other words, the Cartan subalgebra is given by Cy = PC, where

P=P.][ Py (5.21)
1<j
Since P is a projector, the GSD can be obtained from the equation

GSD = dim(PC) = tr(P).

I emphasize that the underlying vector space here is C, and that the trace here is
the trace of the action of P on C.

To find tr(P), note that the projector P can be written in principle as

P =Y ula,b)v(a,ba xb), (5.22)
a,b

where neither a nor b contains any o (hence a x b is unique), and p(a,b) are some
coefficients. Observe also that when v(c,d, ¢ x d) € C is multiplied by v(a,b,a x b)

in (5.22), the result
+v(a x ¢,bxd,axbxcxd)

is never proportional to v(¢,d, ¢ x d) unless a = b = 1. This means that v(1,1,1)
is the only term in (5.22) that contributes to tr(P). Therefore, for the purpose of
computing the GSD, it suffices to find the coefficient p(1,1) by expanding (5.21).

First, I use 7(i)2 = 1 to derive

L
117 = %Z [T rG)---rian)

1<j k=011 <---<igp

1 [2 2L (5.23)
= 3of [Hu +r(i) + [ - r(i))] .
i=1 i=1

The first line is a sum of all products of an even number of r(¢)’s; the second line
can be interpreted as forcing the r(7)’s to be all +1 or all —1, which is a consequence
of forcing each pair of the r(i)’s to be both +1 or both —1 due to {F;;}. Thus

2L

2L
[T+ 7)) + H(1 — ()

i=1

1
P=—(14%Y,+%¥,+¥,¥,) x

4 22L
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Now since
3 1 1 1
L+r(i) = 3 + iw:v(l) + iwy(z) - 51/&(2)1%(@);
L) = § = 3920 = 500 (0) + 52 (D4(0)

the only four terms in the expansion of [[,(1 + 7(i)) that can combine with one of
1, ¥, ¥, and ¥, ¥, to contribute to p(1,1) are

3\*" 1 (I Lo
(3) II(50-). TI(500) wnd IT (- 50-0000).
Summing these up, the total contribution of the [[,(1 4 r(¢)) part of P to u(1,1)
is (9% +3) /2*+2. Similarly, the contribution of the [];(1 — r()) part is 4/2*+2.
Combining these together, the GSD is

1

GSD = tr(P) = 2*Lpu(1,1) = = (9 +7),

W~ |

where I used the fact that dim(C) = 24L.

This calculation is almost entirely combinatorial and straightforward. However, it
is also highly specific to simple examples such as Ising, because it relies on a nice
Cartan subalgebra which is fixed by the central projectors and cannot be enlarged

by splitting due to physical arguments.

GSD from full algebra

Finally for the discussion of 1-F Ising, I compute its GSD using Protocol 14. Let
M be the subalgebra of A generated by ¥, and ¥,, and M’ the commutant of M.
The goal is to find PM’ where P is given by (5.21). I will not try to decompose
M’ into matrix algebras like I did for doubled Ising in Section 5.4, since it turns out
that most of the components of A are killed by the central projectors P;;, just like
the two copies of Mats in (5.13). Instead, I first discuss the action of P;; on A, and
then apply P.. To start with,

H Pj;A = By ® By,
1<J
where By = Matgr and By = Mat;. This is because {P;;} forces the r(i)’s to be all
+1 or all —1. As a result,
HPijM/ C By 4 By,
1<j
so the next step is to find the action of P, on (By @ By) N M.
For the By N M’ part, clearly By C Z(A) since By is a 1 X 1 block and therefore

commutes with everything. Thus By N M’ = By. Each of ¢, (i) and (i) acts on
By as —1, so P, preserves By. The conclusion is that P.(B; N M’) = Mat;.
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For the By N M’ part, I repeat what I did in Section 5.4 for Matz & 3Mats, and use

a matrix representation of P. to determine its action. Let
1 .
Qo = 2oL H(l +r(i))
i

be the central projector that projects onto By. By Lemma 13, the central projector
P.Qo is primitive, and hence the algebra P.QoM’ is a matrix algebra. On By, the
action of operators such as P, has representation pgr. Thus P.QoM’ = Mat,, where
n = tr(pgr (P:Qo)). To find n, I use the fact that

n = dim(eigenspace pgr (P;) = 1)
= dim(eigenspace pgr (¥,) = por (¥y) = +1).
Let D§" , where s, t can be 4+ or —, be the dimension of the common eigenspace {w}

of pgr(¥5) and pgr (¥,) where por (¥, )w = sw and pgr (¥,) = tw (i.e., £w). Using
the representation p3 of 1, and 9, in (5.15), it can be shown that

1
Dyif =7 (9" +3), .
+-— —+ R N (5:24)
D2L:D2L:D2L:Z(9 _1)'

I now explain the calculation of D;’ . as an example. Let {uy,u2,u3} be the standard

basis for C3, and

w = u?kl ® u?’” ® u?k‘“’.

By (5.15), in order for pgr(¥;)w = +w and pgr(¥y)w = —w, it must be the case
that k3 is odd, ko is even, and hence ki is odd. The number of such combinations of

(K1, ko, k3) satisfying k1 + ko + ks = 2L can be found using the multinomial theorem:

1
+—
Dy =7

4[(1+1+1)2L—(1+1—1)2L

+1-1+1)* —(1-1-1)*]
LooL
Using (5.24),
1
tr(pgs (PeQo)) = D3 = 7 (9" +3).
Although here I only made use of D; L+, the other D’s will be used in Section 5.6.

The By N M’ and By N M’ parts together imply that
PM' = Mat gz 3)/4 © Mat;.

This is a semisimple algebra. Just like the situation in Section 5.4 for condensation

in doubled Ising, one can also find matrix representations of e,, m., e, and m, and
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mjﬂ Y >

Figure 5.7: Constituents v®(ay, b7, c®), v (aZ,by, Y) and v*(aZ, by, ¢*) of an elemen-
tary operator in Ising cage-net. Arrows are omitted since in Ising cage-net, every

particle is its own antiparticle.

confirm that they have non-zero entries in the “blank” areas of PM’, but I omit this

calculation here. By Protocol 14, the semisimple algebra turns into a matrix algebra
Ao = Matgr 474,

and GSD = (9% +7) /4 as expected.

5.6 Tackling the Ising cage-net model
In this section, I compute the GSD of Ising cage-net, first using a Cartan subalgebra,

and then using the full algebra.

Consider a system where L,, L, and L, layers of doubled Ising are stacked in the
x, y and z directions, respectively. The elementary operators here are products of
the d = 2 + 1 elementary operators v‘”(ai, b¥,c*) in the yz planes, v¥(a¥,b%,cY) in
the zx planes, and v*(aj, b;, c”) in the xy planes (Fig. 5.7). I also define notations
such as 1y (i) for the string operator of ¢ from the ith plane orthogonal to the x
direction (i.e., a yz plane) traversing the y direction. To obtain Ising cage-net from
the decoupled layers, 1) p-loops should be condensed as explained in Section 5.1.
Since the operator algebra approach uses logical operators on the ground space, the
condensation operators V;, defined in (5.3) should be combined into logical opera-
tors (of the decoupled layers). An example of such a logical operator is shown in
Fig. 5.8 (a), which looks like a “net” orthogonal to the z direction. I call the operator
a W-net and denote it by W?. Explicitly, if 7% is a set of principal edges [, related
to each other by translation in the x and y directions (red edges in Fig. 5.9), then

Ly Ly
v = I vi. = [Two)s () [T@d)L0). (5.25)
1,€T> i=1 j=1

Different choices of T at different xy planes give the same W? when acting on the

ground space. Similarly, net-shaped operators ¥* and WY can be defined.

If in the net shape of Fig. 5.8 (a), all 1)¢’s are replaced by o&’s, then the result is an

operator which I call a -net, or 3% in this specific case. Upon condensation, each
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Figure 5.8: Net-shaped logical operator ¥# defined in (5.25), which is to be condensed
in Ising cage-net. In (a), each plane is a layer of doubled Ising, and the red strings
are (Y9)2(i) and (¥9)%(j). In (b), equivalently, each plane is a layer of chiral Ising,
and the red strings are (i) and 9% (j).

3¢ splits into two operators %% = e® +m® of the same net shape. In the case of »%,

the operators e and m? are distinguished by the parity p® of the fermion mode

L, Ly
[Tear o6,

which is a good quantum number. This is because anyons such as o%(i) which can

change p® by braiding with 3? are confined.

The semisimple algebra of the decoupled layers is
A = (Mats & Mat, )®2Letlytlz)

Besides the condensation condition, there should also be relations due to deconfined
excitations. Since Ising cage-net has deconfined fractons, lineons and planons, it is
not obvious where exactly the relations come from. For this reason, I return to the

Hamiltonian (5.5) and construct the relations from the Hamiltonian terms.

First, the Hamiltonian (5.5) contains the doubled Ising plaquette terms BS =1 and

B}Q7 , so a ground state must satisfy the projector

1 o L/ 9y2
5 (1 + Bp) - 5 (Bp) : (5'26)

In the string-net model of doubled Ising, a 1-loop on a (smallest) plaquette can be
viewed as a o-loop or, equivalently, a g-loop. Here, (5.26) is interpreted as creating

a loop of oG at a plaquette. Suppose that this plaquette term is placed “around the
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Figure 5.9: Action on the lattice degrees of freedom of the operator ¥* which is to
be condensed in Ising cage-net. The product of Vi, on the red edges (the set 7% in
(5.25)) is the net-shaped logical operator W* shown in Fig. 5.8 (a). Note that (5.25)

shown here is a logical operator, whereas (5.19) shown in Fig. 5.6 creates excitations.

corner edges” like

D /]
In each layer ¢ orthogonal to the « direction, this configuration yields a relation

r (@) (i) = 1, (5.27)
where, for example,
1
(i) = 5 (L4 (0) +¥2(0) — gy ()92 ()
and similarly for 7%(7).

Second, a cage term B, can also be placed “around the corner edges” (Fig. 5.10).
This term involves 1-loops in the xy, yz and zx planes. In the setup of Fig. 5.10, the
1-loops can be brought closer together by enlarging the cube c to size L, x Ly x 1.
The result is a flat, degenerate cuboid, some of whose edges coincide with each other.
This enlargement is allowed since the 1-loops can be deformed individually in each
layer of doubled Ising and the enlarged cage term commutes with the condensation

terms V;,. I now simplify this large cage term. The red strings give

Y
L=t = 277 (i)r(i + 1),

where the two 1-loops are in different zy planes but drawn in the same plane for

illustration, and the degenerate cuboid is drawn as a large yet non-degenerate one.
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X

D s (O

Figure 5.10: Cage term B, of Ising cage-net placed “around the corner edges”. The

red, green and blue strings are 1-loops in the zy, yz and zx planes, respectively.

I chose to interpret the two 1-loops as two o-loops; other interpretations such as one

o-loop and one g-loop are all equivalent due to (5.27). The green strings give

z
T—>y =2.

Note that this simplification uses only the fusion rules, F-symbols and R-symbols.
Similarly, the blue strings also simplify to a constant 2. Therefore, Fig. 5.10 gives a
relation 7#(i)r*(i + 1) = 1.

In summary, the Hamiltonian (5.5) implies that the product of r*(i) or #*(i) with
any other r%(j) or 7%(j) should be 1, where ¢ and j may or may not be equal.
Although the relations are derived explicitly from Hamiltonian terms, they can still
be interpreted as due to quantum dimensions of deconfined planons. Therefore, the
operator algebra approach still only uses intrinsic properties of the model instead
of lattice details. Note that for the purpose of writing down relations, there is no
difference between anyons with and without bars. Thus from now on, I view the
system as 2L;, 2L, and 2L, layers of chiral Ising. The names of operators change

accordingly. For example,

2Ly 2Ly

UE = f[1w§<i>1]lwz(j>,

as shown in Figure 5.8 (b). Let M be the subalgebra of A generated by ¥*, WV
and ¥#, and M’ the commutant of M. Inside M’, the relations are enforced by the
central projectors
1
P, = §(1+‘Ifm)(1+\lfy)(1+\lfz) (5.28)
due to condensation, and
1

P =5 @ +r%(0)r%()) (5.29)
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due to deconfined planons and cage terms. Their product is

p=rJ]]IPs (5.30)

a i<j

With the setup above, the GSD is ready to be computed.

GSD from Cartan subalgebra

Following Section 5.5, I calculate the GSD of Ising cage-net first using a Cartan
subalgebra. The semisimple algebra A has a Cartan subalgebra C spanned by the
elementary operators with no o. Just like in Section 5.5, it happens that C' C M’,
and that the central projectors P. and P all map C' to €. The X-nets also split,
but the splitting does not enlarge the Cartan subalgebra. This is because every %
(and hence e® and m®) braids non-trivially with some v operator. Therefore, the
GSD can be obtained from GSD = tr(P), where the underlying vector space is C.
Again using the argument in Section 5.5, if P is expanded into a linear combination
of elementary operators, then only the constant term po = p(1,1,1,1,1,1) (which is

called p(1,1) for 1-F Ising) contributes to tr(P).

The constant 9 can be obtained from the expansion of (5.30), which is very similar

to the calculation in Section 5.5. To start with,

L[ 2La
HP{;‘:%lnl—f-r -I-Hl—r ]
=1

1<j

as can be shown by the technique in (5.23). Thus the projector simplifies to

1
P= (1407 4 0V 4 07 4 WV P07 BP0 DT
2Lq 2Lq

1 -

[Ta+ra)+[a-r6)
i=1 i=1

The next step is to find the terms in the expansion of [] (---) that can combine

with any one of the eight terms 1, W ... UPWYP? to yield a constant term. For
example, in the expansion of [[,(1 + r*(i )) the only four terms that can contribute

to po are

8" 10 T () o 1 (-t

(2 K3

Therefore, the projector P can be written as

1
P = §(1 + 0P 4+ WY + U2+ UV 4 U0+ U0 + U0V J*)

(% 1)+ 2] Loyt +2H¢§<i>+2ﬂw§<i>w§<z’>]

24L
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X it (9% + 1) + 2] [ w20 +2Hwy +2Hwy Y ()
j

<o |09+ 1) + 2 [T itk + 2 [T v + 2 [ TR b |+
k k k

where “- - -” means terms that cannot possibly contribute to pg. Up to permutation

of x, y and z, the pairing of the terms works as follows:

1<:>(9L1+1) (98w +1) x (9% + 1),
= (9% +1) ><2H¢y x2H¢y

TP <:>2H¢Z ><2H¢y ><2me
w\yywzﬁzﬂwy DL (i xzﬂwy (w4 ><2H¢x ),

where “ <= 7 indicates the pairing. Combining these together, the GSD is

GSD — 24(L1+Ly+Lz),u0
= é[(gLr +1) (9% +1) (9% +1)
+4(9% +1) +4 (9% +1) +4 (9% +1)
+8+8+8+8]

1

g(Eg + FEo+bE1 + 45),

where By = 9letlutle By = 9letly 4 ghytle 4 gletle and By = 9Le 4 9kv 4 9l
At the end of this section, I will confirm this result with a traditional string-net or

cage-net method for the smallest system size L, = L, = L, = 1.

GSD from full algebra

I now calculate the GSD of Ising cage-net using Protocol 14. Just like the situation
in 1-F Ising, the central projectors P} defined in (5.29) kill most of the components
of the semisimple algebra M’. This is because for each «, projection by P forces

the r*(i)’s to be all +1 or all —1. The remaining algebra is
11754 = (B5@Bf) e (BY & BY) @ (Bj ® Bf),
a i<j

where B§ = Matgr, and Bf = Mat;. Define central projectors

2L

Quuoe = 1T | gz TT (L (-

i=1
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where s, = 0 or 1, which project onto the components

Bi,sys. = Q) BS..
o
The next step is to find the action of P, defined in (5.28) on

QX)(By @ BY) | n M.

«

This intersection has eight components, namely Bggo N M’ and so on. Up to permu-
tation of x, y and z, there are four cases, and I discuss them in ascending order of
difficulty:

1. On By11 N M’ = Bq11, every wg‘(z) acts as —1, so P.Q111 M’ = B111 = Mat;.

2. On Big N M', each of 7 (i), ¥Z(i), ¥¥(j) and ¢4(j) acts as —1, while each
of ¥Z(k) and v (k) has the representation p3 given by (5.15). By Lemma 13,
the central projector P.Q11¢ is primitive. The matrix algebra P.Q110M’ can be
determined from the representation p; of Mat; ® Mat; ® Matgr., where [ = 9%=,
More precisely, let {w} be the common eigenspace such that p;(V*)w = +w for
all . Now p(¥#)w = +w is already true because ¢ (i) = —1 and 9z (j) = —1.

To ensure p;(¥*)w = 4w, for example, I require

Q) pslvy (k)] | w = +w, (5.31)
L k J

since ¥¢(j) = —1. Similarly, I also require
R psliz()] | w = +w. (5.32)
L & d

The dimension of the eigenspace that satisfies (5.31) and (5.32) is precisely D5, Lt
defined in (5.24). Therefore, P.Q110M’ = Matgr. 43)/4-

3. On Bgo1 N M', each of (k) and v (k) acts as —1, while each of 7 (i), 7 (i),
¥¥(4) and ¥%(j) has the representation p3. The matrix algebra P.Qoo1 M’ can

be determined from the common eigenspace {w} such that p;(¥*)w = 4w in the

etLy

representation p; of Matgr, ® Matyr, ® Maty, where | = 9L . The equations

p1 (U7 w = py(P¥)w = +w and ¥Z(k) = ¢ (k) = —1 imply that

[@ P3[w§(i)]] w = ®p3[¢§(j)] w = +w.

Meanwhile, the equation p;(V?)w = +w implies two possibilities

[(X) ps[wi(i)]] w = ®p3[¢§é(i)] w = fw. (5.33)
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The solutions to (5.33) with +w form a subspace of dimension Dy LtD; LZ’ On
the other hand, the solutions to (5.33) with —w form a subspace of dimension

D;[ZD;L; Overall, P.Qoo1 M’ = Mat(9L1+Ly+9Lw+9Ly+5)/8.

4. On Bggg N M’ all ¥%(i) operators have the representation p3. The matrix al-
B
gebra P.QoooM' can be determined from the common eigenspace {w} such that
pr(¥*)w = 4w in the representation p; of Matgr, ® Matyz, ® Matgz., where
| = 9letlytlz This gives the equations

&) o3l (D]| w= [(X) p3lihy(R)] | w = Fw, (5.34)
J k i

®p3[w;<k:>]] w = [@ P2 (D)]| w = +w, (5.35)
L k i

®pg[w;(z’>]] w = ®p3w§z<z‘>] w = Fw. (5.36)

Depending on the choice of +w in these equations, there are eight possibilities.
For example, with —w in (5.34) and (5.35) and +w in (5.36), the contribution to
the dimension of the common eigenspace is D; L. D2 ]j; D,y . The total dimension

accounting for all eight possibilities is
dim({w}) = DYt DIt DF- + (D3 D37, D3t + perm. )
+ (D37, D37, Dy, + perm. ) + Dy Dy Dy
1

8(E3 + By +4),

where “perm.” means permutations of x, y and z. Since D;Lf = D;LJF, only cyclic
permutations are included. Therefore, P.QoooM' = Mat (g, 1 By 1+4)/8-

Summarizing all four cases,

PM = Mat(E3+E1+4)/8 Q) (Mat(9L1+Ly+9Lz+9Ly+5)/8 @ perm.>
& (Mat(9L2+3)/4 ) perm.) ) Matl.

Using Protocol 14 with the conjecture of “filling the blanks”, PM’ is enlarged to a
simple algebra, and GSD = (E3+ E2+5FE1 +45)/8. At the end of this section, I will
confirm this result with a traditional string-net or cage-net method for the smallest

system size L, = Ly, =L, = 1.

GSD for the minimal system size
To support the GSD formula (5.1) obtained from the operator algebra approach, I

conclude this section by calculating the GSD of Ising cage-net for the smallest system
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Figure 5.11: A minimal trivalent lattice, a state vector |abc), and the plaquette term
B} (the blue 1-loop).

size Ly = L, = L, = 1 using the Hamiltonian (5.5) and a traditional string-net or
cage-net method. The result GSD = 144 agrees with (5.1).

I start with doubled Ising on a minimal trivalent lattice (Fig. 5.11). State vectors
are written as |abc), where a,b,c = 0,1 or 2. The subspace of the Hilbert space that

satisfies the vertex terms A, has dimension 10. It is spanned by

wy = [101), wy = [011), w3 = [110),
wy = [121), ws = [211), we = [112),

— 11000y + 2 1202) + £ J022) — L J220)
=5 2 2 2 )
= L1000y = L1202y + L1022y + 2 1220) (5.37)
s =5 2 2 2 )
1 1 1 1
= — —1202) — = 1022 — 22
wy 2|000>+2!0> 2|0 >+2| 0),
Wio = — 2000} + - |202) + 1 022) + X |220)
0= "5 2 2 2 ‘

The only nontrivial plaquette term is B; (blue loop in Fig. 5.11), which is a 1-loop
that traverses each edge twice. It can also be viewed as a o-loop (or equivalently, a
g-loop) placed “around the corners”. It can be shown with the method of (5.9) that
le, = /27, whose eigenvalues are ++/2. By direct calculation,

B;wi = +V2w; fori=1,...,9,
Bll,wlo = —V2w.

The details of this calculation are not important and are omitted. The point here is

that the ground space of the minimal doubled Ising is spanned by w1, ..., wo.

The minimal Ising cage-net is obtained by condensing ) p-loops in three copies of

minimal doubled Ising which are pairwise orthogonal. The states in, for example,

the doubled Ising perpendicular to the z direction are labelled by |ab7c*), where

z

% is on the edge in the z direction, etc. The Hamiltonian consists of condensation

a
operators V;,, vertex terms A, and a single cube term B, but with an important

caveat: Here B, acts on a “degenerate” cube, whose opposite faces are identified. For
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example, the upper and lower faces of B, are both proportional to
1
r* = SO+ 05+ 05— 30)).

Since (r#)? = 1, the product of these two faces is a constant. Thus B, is a constant

and can be ignored.

The Hilbert space that satisfies all vertex terms is spanned by wf ® w? ® wy, where
wf are given by (5.37) and 4,j,k = 1,...,10. By (5.3), a state that remains in the

low-energy subspace upon condensation must satisfy

(az,b%), (ay,by), (a¥,b7) = (1,1) or contain no 1. (5.38)

zr7z

Therefore, I now count the number of states w} ® wé?’ ® w;i that satisfy (5.38). Up

to permutation of x, y and z, there are four cases:

1. If none of the a’s or b’s (and hence c’s) is 1, then the states are wf ® w} ® wj
where 4,5,k =7,8,9 or 10. There are 4 x 4 x 4 = 64 possibilities.

2. If (a?,0%) = (1,1) and neither (aZ,b?) nor (aj,b;) contains 1, then i = 2 or 5,

j=1lor4,and k=17,8,9 or 10. There are 2 x 2 x 4 = 16 possibilities.

3. If (af,b%), (aj,b7) = (1,1) and (a¥,b?) contains no 1, then i =1 or 4, j =2 or 5,
and k£ = 3 or 6. There are 2 x 2 x 2 = 8 possibilities.

4. If all a’s and b’s are 1, then 4, j, kK = 3 or 6. There are 2 x 2 x 2 = 8 possibilities.

Summarizing these cases,
GSD =64 +3 x 16+ 3 x 8+ 8 =144,

where the factors of 3 account for permutations of x, y and z. This agrees with (5.1).

5.7 Trick or treat?

With the GSD formula (5.1) derived, the main physical property of Ising cage-net
for the purpose of this thesis has been established, namely the absence of a foliation
structure. However, the derivation of (5.1) uses the unconventional method that is
the operator algebra approach, and it is worth an extra section in this chapter to
discuss this method. Is the operator algebra approach simply a trick of calculation?

Or is there deeper significance in it?

If the operator algebra approach is viewed as a trick, then the key part of the trick
is the semisimple algebra A. The whole calculation uses A as an intermediate step,
because it is spanned by naturally chosen elementary operators, and can be mapped
to the algebra A of logical operators by modding out physically justified relations.
However, Protocol 14 suggests that A has its own significance: When studying the
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condensation of 1) in doubled Ising in Section 5.4, both of the components Matg
and Mat; of A are important since they both intersect non-trivially with M’. If one
focused only on the matrix algebra Matg of doubled Ising, then the Mat; would be
missed. Therefore, condensation naturally and necessarily involves A. In another
perspective, when constructing A, only the relations due to fusion rules, F-symbols
and R-symbols are considered. It is in the map from A to Ay that the relations
due to deconfined anyons are further enforced. Now when bosons are condensed,
confinement of certain anyons reduces the number of relations coming from anyons,
but does not invalidate any of the fusion rules, F-symbols or R-symbols — if they
involve confined anyons then they do not affect M or M’ anyway. In this sense,
the relations have a “hierarchy”, with relations due to deconfined anyons being “less

essential” than those due to fusion rules, F-symbols and R-symbols.

In light of the importance of the semisimple algebra A, I would like to point out an
inconsistency in the treatment of Ising cage-net in this chapter: I started with the
semisimple algebra A of the decoupled layers, but only ended up with the simple
algebra Ay of Ising cage-net. The fact that A and A( are defined for different systems
is just a matter of notation. However, Ising cage-net should have its own semisimple
algebra g, which can be obtained in principle from Protocol 11. Since Ising cage-net
is a non-abelian fracton model, A is expected not to be simple. The point here is
that the condensation procedure in Protocol 14 gives the correct GSD but not A1

conjecture that the correct A after condensation is constructed as follows:

Protocol 17. Let A be the semisimple algebra of a topological or fractonic order,

and suppose that {a} is a set of bosons to be condensed.

1. Define M as the subalgebra of logical operators of {a}. If {a} can be condensed

simultaneously, then M is always abelian.

2. Let M’ be the commutant of M, and S the set of deconfined anyons. Construct
a projector P, based on the condensation condition of {a}, as well as a projector
P; for each deconfined anyon s € S. Then for each subset R C S, let

Pr=]] P J]C1- P
sER  s¢R
The M’ can be decomposed as
M = @ PrM'.
RCS

Intuitively, this is the best decomposition of M’ possible given the information
of the deconfined anyons. Depending on the choice of R, it may be the case that

PrM' = 0. For example, consider doubled Ising where nothing is condensed. The
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choice R = {0,5} leads to PpM’ = 0 because it enforces the self-contradicting

relations r =1, 7 =1 and r7 = —1.
3. If the semisimple algebra
PrM' = Maty, @ --- @ Matg,,

has more than one component, then certain operators must split. The result of

the splitting is a matrix algebra
Ar =Matg, 4...44,,,

which is obtained by “filling the blanks” in the matrix representation of PrM’.

The semisimple algebra after condensation is
A= (P Ar.

This makes the components of A precisely determined by deconfined anyons, in

agreement with Protocol 11.

This conjectured protocol directly connects the semisimple algebras before and after

condensation. For example, the semisimple algebra of 1-F Ising is
L—1
2L 1/2L
Mat - Mat
B (2] o2

n=0
where ¢, = [3" 4+ 3227 + 6 x (—1)"] /4. This decomposition can be derived using
either Protocol 11 or Protocol 17.

A=

Protocol 17 again suggests that the operator algebra approach may provide a char-
acterization of fracton models. Indeed, the approach is set up naturally for fracton
models: It does not care about spatial dimension, and treats logical operators of
fully mobile particles, partially mobile particles and even extended excitations (such
as membrane operators for loop excitations) on equal ground. However, the operator
algebra approach should not be viewed merely as an abstract semisimple algebra
mod some relations. For example, consider two copies of the toric code (Fig. 5.12).
The ground space of each copy is two qubits, say qubits 1 and 2 for the first copy, and
qubits 3 and 4 for the second copy. Qubit 7 has logical operators X; and Z; which are
Pauli matrices. If the operators X; and X5 are condensed, then only the second copy
of the toric code remains. Now suppose, instead, that the operators X7 and X4 are
condensed. On the one hand, this is unphysical, since enforcing X; = X4 = 1 leads
to an unstable ground space with infinite degeneracy. This degeneracy is not robust,
and can be lifted by local perturbations. An example of such local perturbations is

Pauli X’s on the horizontal edges of the first lattice and the vertical edges of the
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Figure 5.12: Two copies of the toric code and their logical operators. I use the setup

of Ref. [58] on a square lattice, which is not drawn explicitly.

second lattice. The result is the trivial topological order. On the other hand, if U is
the (non-local) unitary that swaps qubits 2 and 4, then

UXUT = X1, UX,UT = Xy,

Thus from a purely abstract perspective, the pair of operators (X7, X2) is the same
as the pair of operators (X;, X4). In other words, Protocol 14 (or 17) describes the
condensation of certain operators assuming that the process is physical, but it does
not clarify which operators can be condensed physically. Therefore, more information
in the semisimple algebra A, especially regarding locality, must be specified in order

to set up the mathematical structure in a physical way.
To help with this effort, I ask the following questions:

1. In a general fracton model, where do the relations in the semisimple algebra A
come from? In Ising cage-net, the relations are obtained from the Hamiltonian,
and they demand that a loop of a planon o®(i)c®(j) be equal to its quantum
dimension. Alternatively, the action of a cage term B, can be viewed as lineon
operators on the edges of a cube. However, if the relations are interpreted from a
lineon perspective, then it is unclear what analog of “quantum dimension” should
be assigned to the other side of the relation, because lineons cannot form con-
tractible loops. For another example, in a d = 3 4+ 1 gauge theory, a point charge
can form contractible loops in the zy, yz and zx planes, giving three relations.
Is this a general feature that depends on some notion of “codimension” of an

elementary operator?

2. Does the conjecture of “filling the blanks” in Protocols 14 and 17 hold for con-
densation transitions in general? Can the operation of “filling the blanks” be

characterized more abstractly, perhaps by some universal property?

3. How can the process of gauging, the opposite of condensation [59], be understood

in this approach?
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4. How about foliation and generalized foliation (see Chapter 6)7 What is an ap-

propriate notion of RG here?

5. Can the notion of locality be incorporated into the various algebras? Equivalently,

how can the algebras be decorated such that certain bases are preferred?

6. Is it possible to do reverse engineering, i.e., start with a matrix algebra written
as a quotient of a semisimple algebra with some notion of locality, and construct
a corresponding lattice model? Or even construct the spatial manifold without

specifying it separately from the algebraic data?

As explained in the example of Fig. 5.12, I expect Question 5 concerning locality
to be the most difficult and crucial one. The operator algebra approach currently
only uses basic structures and theorems in noncommutative algebra. Given that
topological orders are characterized by modular tensor categories, if the operator
algebra approach characterizes fractonic orders in some sense, then it must involve
mathematical tools that are at least as sophisticated. If an appropriate language
that incorporates locality exists, then the operator algebra approach becomes a real

treat. If not, then a trick is not too bad, either.

5.8 Appendix: Supplementary mathematics
This appendix is for some mathematics that is supplementary to the main text of

this chapter.

Some definitions and theorems
In the first part of this appendix, I write down some definitions and theorems that

are glossed over in the main text. They can also be found in mathematics textbooks
such as Ref. [60].

Definition 18. An algebra is a complex vector space A equipped with associative

multiplication and a multiplicative identity 1, such that

(x +y)z =22+ Yz,
z(x +y) = zx + 2y,
(Az)(puy) = (M) (zy),

for all x,y,z € A, and A\, u € C. An involution is an antilinear map = — x* on
A such that 1* = 1, 2™ = z and (xy)* = y*z* for all z,y € A. The involution is
positive if x*x # 0 for all x # 0.

For a semisimple algebra A in d = 2 + 1, the involution is defined on elementary
operators by replacing anyons a, b, ¢ with their respective antiparticles a*, b*, c*, and
extended to A antilinearly, i.e., (Ax)* = A*z* where A € C, z € A and \* is the
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complex conjugate of A. In the examples in this chapter, all anyons are self-dual, so
the involution acts trivially on the elementary operators. For chiral Ising, it can be
shown by explicit calculation that this map is indeed an involution and is positive.
Note that this check is performed manually on elementary operators for the definition
of involution, and on an arbitrary operator for positivity. One cannot trivialize this
check by identifying the operators with block-diagonal matrices, which would require

Theorem 22. Although the check is tedious, I do not know an easier method.
In an algebra, the structures that can be quotiented out are called ideals.

Definition 19. A subset I C A is an ideal if I is a subspace of the vector space A,
and re € I, xr € I for all r € I, x € A. In the presence of an involution, an ideal

I C A is inwvolutive if it is closed under the involution.

Basically, an involutive ideal is a set of elements that can be identified with 0 con-
sistently, since if r is identified with 0 then so are r*, rz and zr for all x € A. If
I is an involutive ideal, then the quotient algebra A/I is defined in the same way
as for quotients of vector spaces. If A is finite dimensional, then A/I is also an
algebra with positive involution (positivity is a consequence of Theorem 22). When
A is reduced to Ay in Section 5.2, the ideal I in the quotient Ay = A/I is generated
from certain physically justified relations. Here, if 2 C A is a subset, for example

Q = {w1,wsz}, then the ideal generated by 2 is written as

(wi,w2)iq 4 = {z10191 + Toway2 @ i,y € A},

where the subscript A indicates the overall algebra. The ideal generated by €Q is the
smallest ideal of A containing €2, as one must multiply w; on both the left and the
right, and then take linear combinations to make it an ideal. In all of the physical
examples in this chapter, such ideals happen to be involutive. When it is clear from

the context, I will drop the word “involutive” and simply say “ideal”.
The fact that matrix algebras have no non-trivial ideal is summarized as follows:

Definition 20. An algebra Ay is simple if its only (not necessarily involutive) ideals
are {0} and Ay itself.

Lemma 21. A finite dimensional algebra is simple if and only if it is a matrix

algebra.

Note that the notions of simplicity and semisimplicity (Definition 10) do not rely on
an involution. The following theorem relates semisimple algebras to algebras with

positive involution:

Theorem 22. Let A be a finite dimensional algebra with positive involution. Then
A is semisimple, and can be written in the form of (5.7) where the involution acts

as Hermitian conjugation of matrices.
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This is why positivity of the involution is important, and the theorem fails if the
involution is not positive. The ideals of a semisimple algebra (5.7) are of the form
Aj, @~ @ A;, where 1 <41 < --- < i < m. In other words, an ideal I of A is
obtained simply by throwing away some of the summands in (5.7) and keeping the
rest. To make the quotient A/I simple, precisely one A; should be thrown away and
the rest should be put into the ideal I, and A/I is isomorphic to this A;.

To generate an ideal from relations, the general method uses the primitive central
projectors {F;}. Consider an ideal I = ({zy});q 4 Where {zx} is a set of generic

elements. Define a set
S ={i: Pixy # 0 for some k}.

Then it can be shown that

I=PA;, A)Il=P A= (sz) A.
icS i¢s i¢s

The proof is straightforward, and the idea is that if x; has a non-trivial component

in some A;, then the entirety of A; must be in I. This statement can be viewed as

a more general version of (5.12).
Next, I present a more rigorous version of Lemma 13:

Lemma 23. Let B be a finite dimensional simple algebra with positive involution,
N C B an abelian, involutive subalgebra of B, and N’ the commutant of N. Then
Z(N')=N.

This lemma follows from the so-called von Neumann Bicommutant Theorem:

Theorem 24. Let B, N and N’ be as in Lemma 23, and N” the commutant of N’.
Then N” = N.

The theorem implies that N” = N € Z(N') C N, so N = Z(N').

When discussing Definition 15, I mentioned that a Cartan subalgebra must satisfy

an extra condition. Here is a rigorous definition of a Cartan subalgebra:

Definition 25. A subalgebra C of an algebra A is a Cartan subalgebra if it is
abelian, diagonalizable and maximal. Diagonalizable means that every x € C is
diagonalizable in its (faithful) matrix representation; maximal means that if any
subalgebra C’ C A is abelian and diagonalizable and C' C C’, then C' = C.

Diagonalizability can also be characterized intrinsically: x € A is diagonalizable if
and only if its minimal polynomial has distinct linear factors [61]. This statement
can be used to show that the Cartan subalgebras chosen for 1-F Ising in Section 5.5

and Ising cage-net in Section 5.6 are indeed diagonalizable, since their generators all
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satisfy the polynomial t2 — 1 = (¢ + 1)(¢ — 1), which has distinct linear factors t + 1
and t — 1. Diagonalizability is needed for Lemma 16 to hold since, for example, the

subalgebra of Mat, consisting of elements of the form

S|
o
S
o

a

is abelian, contains elements that are not diagonalizable, and has dimension 5.

Matrix representation of simple algebra

In the second part of this appendix, I answer the following question: Given a finite
dimensional simple algebra Ay with positive involution, how can a matrix represen-
tation of Ag be constructed? Of course, there exists an isomorphism p,, : A9 — Mat,,
for some n, such that the involution on Ag maps to Hermitian conjugation on Mat,,.
However, the goals here is to determine p, while only assuming knowledge of the
structure constants fgﬁ with respect to some basis {v,}, as defined in (5.10), as well
as the action of the involution. The answer to this question leads to the representa-

tion (5.15) of chiral Ising operators without prior knowledge.

The construction of p, involves several claims without proof, and the proofs can
be found in Ref. [60]. T begin by solving the following set of linear and quadratic

equations in the variables &, A, € C:

£ =¢,
=1, (5.39)
Evo€ = A€ for all o,

where £ = )" &,vo. I claim that (5.39) always has solutions. In fact, if n > 1 then
there are many solutions, in which case I choose one solution. The element £ can be
viewed as the elementary matrix whose only non-zero entry is the (1, 1) entry, which

is 1. The variables A, are of no use anymore.

Let V' be the vector space spanned by {v,&}. I claim that dim(V') = n even though
V is defined as the span of n? elements. Clearly V is closed under left multiplication
by Ap, and indeed it is the vector space that affords the representation p, of Ap.
Practically, one may reduce the overcomplete set {v,&} to obtain a basis for V. The
final part of the construction is to find an inner product (z,y) for all x,y € V, which
then defines Hermitian conjugation of matrices. By the definition of V, there exist
a,b € Ay (not unique) such that x = a&, y = b€. By (5.39),

'y = £a*DE = N
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for some A € C. Since £ # 0, this A does not depend on the choice of a and b. I then

define (z,y) = A, and I claim that this is an inner product.

The Hermitian conjugation derived from this inner product is compatible with the

involution on Ag. This is because for all z € Ay and x,y € V,

(z,2%y) € = 2% 2"y€ = (22)*yé = (zz,y) € = (2, 2Ty)¢,

which implies that z* = 2. Therefore, the action of Ay on V by left multiplication

serves as a representation p.
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Chapter 6

GENERALIZED FOLIATION

In the final chapter of this thesis, I resolve the problem concerning the definition of
phase for Ising cage-net, which is not foliated as shown in Chapter 5. The solution
turns out to be a generalized version of the foliation RG that is both physically

intuitive and, to some extent, inevitable.

One way to see the inevitability of this generalization is by phrasing the original
foliation RG purely in terms of quantum circuits. Consider the foliation RG for the
X-cube model, which acts as a finite-depth circuit and uses d = 2 + 1 toric codes
as resource layers [19]. Being a topological order, a resource layer cannot itself be
created with a finite-depth circuit from a product state. However, it is well-known
that the layer can be created with a linear-depth circuit [62], one whose depth is
bounded by the linear system size. Therefore, the original foliation RG is unnatural:
It allows for a finite-depth circuit acting on the bulk of the system, together with
a linear-depth circuit acting only on the ancilla qubits in a product state. A more
natural definition is to allow the linear-depth circuit to act arbitrarily within a planar

region on both the ancilla qubits and the bulk.

Alternatively, a toric code resource layer of the X-cube model can also be removed
by condensing a boson in the layer. This corresponds to condensing a bosonic planon
in the X-cube model. The planon is special in the sense that it can be viewed as
part of a d = 2 4+ 1 model that is decoupled from the d = 3 + 1 bulk. To be more

general, the RG should allow the condensation of arbitrary bosonic planons.

In light of the above, there are two natural ways to extend the foliation RG: linear-
depth circuits and planon condensation. In this chapter, I show that both approaches
lead to generalized foliated RG schemes applicable to Ising cage-net. In fact, the two
approaches are closely related, since partial application of the linear-depth circuit for
Ising cage-net leads to a gapped boundary which condenses the appropriate planons
and separates a doubled Ising ground state from an Ising cage-net ground state. In
Section 6.1, I study the generalized foliation RG on Ising cage-net via condensation.
In Section 6.2, I review the linear-depth circuit that creates doubled Ising from a
product state. This circuit serves as a preparation for Section 6.3, where I explain
the generalized foliation RG on Ising cage-net via planar linear-depth circuit. To
conclude this chapter and hence the entire thesis, I show in Section 6.4 that the

generalized foliation RG does not work for most CS,, theories.

The results in this chapter are based on Ref. [31].
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6.1 Generalized foliation via condensation

The first way to apply the generalized foliation RG on Ising cage-net is via planon
condensation. Specifically, consider condensing the boson 1 in the plane z = 0.
This changes the set of fractional excitations of the model (Table 5.1) by identifying

some excitations and confining others. More precisely:

1. Since 91 is a fracton dipole, fractons between the planes z = 0 and z = 1 are

identified with the corresponding fractons between the planes z = —1 and z = 0.
2. The planons 1 and ¢ in the plane z = 0 are identified.

3. The planon ¢ in the plane z = 0 splits into two abelian bosonic planons e and

m with a —1 mutual statistic.

4. The lineons in the plane z = 0 are all confined.

Thus the fractional excitations that remain in the plane z = 0 are e, m and ) = .
By further condensing e or m, no fractional excitation is left in the plane z = 0. The
remaining fractional excitations are exactly those of Ising cage-net with a smaller
system size (Lg, Ly, L, — 1). In particular, the fractons between the planes z = 0
and z = 1, now identified with the fractons between the planes z = —1 and z = 0,
become the new fractons between the planes z = —1 and z = 1. Therefore, the

generalized foliation RG is able to shrink the system size of Ising cage-net.

Conversely, the generalized foliation RG is also able to grow the system size of Ising
cage-net. For this purpose, it is convenient to view Ising cage-net as obtained by
gauging the planar Zy symmetries of a subsystem symmetry enriched topological
(SSET) model protected by such symmetries [63]. The condensation of planons is
equivalent to breaking the planar symmetries in the appropriate planes. To reverse
this process and increase the system size, planar states with said symmetries are

added to the system and then the symmetries are gauged.

6.2 The doubled Ising anyon model and linear-depth circuit

The planar linear depth circuit for Ising cage-net is built upon the linear depth
circuit that creates doubled Ising from a product state, and I review the latter in
this section [62]. The goal is to start from a product state on a minimal trivalent
lattice (Fig. 5.11), enlarge the lattice plaquette by plaquette, and eventually obtain
a ground state wavefunction of doubled Ising. I work with a square-octagon lattice

(Fig. 5.2) for the convenience of discussing Ising cage-net in Section 6.3.

The sewing gate
I begin by defining a useful quantum gate in a general string-net model, called the

sewing gate. It is written as G, labelled by a plaquette p (the target plaquette) and
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an edge of p (the control edge, not displayed explicitly). To understand the action
of G, intuitively, consider a state on the lattice such that the control edge is in the
state |s’) while the other edges are in a string-net ground state, where s’ is a string
label. The gate is of the form G =), G}, where the sum is over all string labels,
and G, is given by

(6.1)

B 11850 oy aty prlataa® t2bts pstsh* E3cth igtc*
=gy E :Fss*oz Fsa*ﬁ Fsﬁ*'y Fs«/*é Fsé*e Fse*g Fs{*n
afBvyd
€

Here, the red edge is the control edge, while the black edges are in a string-net
ground state. The action of 7} is non-zero only if s’ = s, in which case it “extends”
the s-string into an s-loop. Equivalently, G}, first sets [s') to |0) and then applies
the plaquette operator B,. This is a generalization of the controlled NOT (CNOT)
gate to string-net models. Many equations in this chapter such as (6.1) are derived
using graphical method, a standard yet often complicated arithmetic in string-net

models. I demonstrate the details of the graphical calculation in (6.1) below:

tltTO tiat1 tataa™
ss*a Fsa*ﬁ Fsﬁ*'y

t
N
to Y € 13
_ tltTO tiat, pitatoa® t:thS t3t3b* tZBCt§ tytac*
- Z Fss*a Fsa*ﬁ Fsﬁ*'y st*é Fs&*e Fse*( Fs(*n 5 C :
afBvyo _ _
eCn t1 @ Y sty
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Figure 6.1: The starting steps in the linear depth circuit for doubled Ising. A ground

state of doubled Ising on a minimal lattice is extended along non-contractible loops.

In each step, edges are manipulated using F-moves. From now on, I will not show
any more graphical calculations explicitly, as they are all similar to the calculation
above. An important corollary of (6.1) is that the sewing gate G, turns a product

state projector into a string-net plaquette term. More precisely, let

dydy
P=3 (s (62)

be a projector on the control edge, where D = 3" d? is the total quantum dimension.

As can be shown by graphical calculation, G, acts on P by conjugation as
G,PG) = By, (6.3)

so P is mapped to a plaquette term. Therefore, G, “sews” a decoupled control edge
into a string-net ground state by creating a plaquette term that involves the control
edge, and hence its name. In fact, G, is not unitary on the entire string-net Hilbert
space, but is isometric on the subspace of states in (6.1). The latter is enough for the
purpose of constructing linear-depth circuits in this chapter. It is in this sense that
(6.3) is an action of G, by conjugation. Furthermore, two sewing gates commute if
neither acts on the other’s control edge. Similarly, a sewing gate commutes with any

plaquette term B, that does not act on its control edge.

The circuit for doubled Ising

The sewing gate is a key part of the linear depth circuit that creates a ground state
of doubled Ising (5.2) from a product state, which I describe now. The focus here
is on states rather than Hamiltonians, so some of the gates in the circuit are only
defined as isometries on certain subspaces. To start with, take a ground state |ijk)
of doubled Ising on a minimal trivalent lattice, such as one of wq,...,wg in (5.37),

and put the state on three edges sharing a vertex (Fig. 6.1). Apart from these three
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Figure 6.2: Adding plaquette term constraints with sewing gates. Initially, the edges
on the solid black lines are in a ground state of doubled Ising on a minimal trivalent
lattice, while the other edges are set to the state |¢)) in (6.4). Small circles indicate
control edges of sewing gates, and large circles indicate target plaquettes. First, the
red gates are applied in a single step. Next, the blue gates are applied row by row,
from row 1 to row (L, — 1). Finally, the green gates are applied from column 1 to

column (L, — 1) in row L,. No plaquette term is generated for the last plaquette p.

edges, all other edges of the lattice are set to

=3 jﬁ ), (6.4)

an eigenstate of the projector P in (6.2). Then copy the states |i) and |j) along

non-contractible loops using gates of the form ) |s) [s) (1| (s|. By definition of the
state |ijk), the copying process yields a state |®) which satisfies a maximal plaquette
term B, where the subscript “mp” stands for “maximal plaquette”. This maximal

plaquette takes the shape of the blue loop in Fig. 5.11.

Continuing from the state |®), plaquette terms can be added with sewing gates. This
is shown in Fig. 6.2, where a sewing gate is represented by a small circle (indicating
the control edge) connected to a large circle (indicating the target plaquette). Since
the focus here is the state, “adding a term” really means transforming the state such
that it satisfies the constraint enforced by the term. First, since the square plaquettes
are all disjoint, the red sewing gates can be applied in a single step. Next, the blue
gates are applied to the octagon plaquettes row by row, from row 1 to row (L, —1).
Since two gates from adjacent rows do not commute, the blue gates must be applied
sequentially. Finally, the green gates are applied to the octagon plaquettes from

column 1 to column (L, — 1) in row Ly, also sequentially for a similar reason.

The depth of the circuit in Fig. 6.2 is clearly linear in the system size. Furthermore,

the state |®) and the gates acting on it all respect the vertex terms. However, the
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Figure 6.3: Insertion of an xy plane bisecting a cube in the original lattice. Each
intersection point of the inserted plane with the z principal edges is expanded into

an octahedron to preserve the trivalent structure.

last plaquette p has no plaquette term of its own. Since none of the edges of p is
in the state [¢), the sewing gate cannot be applied to p in the usual way. Despite
the absence of a plaquette term, the circuit in Fig. 6.2 still correctly maps |®) to
a doubled Ising ground state. This is because when all the plaquette terms except
for By are satisfied, enforcing Bj is equivalent to enforcing By, on the maximal
plaquette. None of the sewing gates in Fig. 6.2 has its control edge on the solid
black lines, so the circuit commutes with Bp,,. Since |®) satisfies By, so does its

image under the circuit.

6.3 Generalized foliation via planar linear-depth circuit

In this section, I explain the planar linear-depth circuit which implements the gen-
eralized foliation RG on Ising cage-net. The circuit inserts a doubled Ising ground
state into an Ising cage-net ground state and thus increases the system size of Ising
cage-net in the z direction. This section is structured similarly to Section 6.2: I first

define a gate that grows a cage, and then discuss the full circuit.

Growing a cage

Just as a single sewing gate G, grows a plaquette, a certain combination G of sewing
gates grows a cage in Ising cage-net. Consider a truncated cubic lattice in an Ising
cage-net ground state, and suppose that an zy plane is inserted into the lattice which
bisects a cube (Fig. 6.3). At each point where the inserted plane intersects with a
z principal edge, an octahedron is added to preserve the trivalent structure. Each
edge of the octahedra carries a Hilbert space of dimension 3, spanned by |0), |1) and
|2), and is set to |0) for now. Each principal edge (i.e., one in the z or y direction) of
the octagon carries a Hilbert space of dimension 5, spanned by [00), [02), |20), |22)
and |11), and is set to |00) for now. The latter Hilbert space is chosen to comply
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Figure 6.4: Extending the state on a bisected z principal edge to some edges of the
octahedron. A dotted black edge is in the state |00) if it is a principal edge, and |0)

otherwise. The resulting state satisfies the vertex terms in the zz and yz planes.

with the condensation operator V, given by (5.3). Indeed, all gates in the circuit

for Ising cage-net commute with V,,,.

In the first step of the gate G, states on the bisected z principal edges are extended
to some edges of the octahedra (Fig. 6.4). This is achieved by gates of the form

> ley) (zyl @ J2) (0] or Y |ay) (xyl @ |y) (0],

xy xry
where the first component of the tensor product is the identity on a z principal edge,
and the second component acts on an edge of an octahedron. The resulting state

satisfies the vertex terms in the xz and yz planes.

In the second step, plaquette terms are added to the square plaquettes by sewing
gates. More precisely, in each square plaquette there exists an edge in the state |0)
after the first step of G. (Fig. 6.4). This state |0) is now mapped to |¢)) given by
(6.4) and then the edge is used as the control edge of the sewing gate.

In the third and final step, the cage term as well as plaquette terms on the octagon
plaquettes are added through a non-trivial process which I explain now. Of the two
cubes in Fig. 6.3, I focus on the top one. First, take a state |00) on a principal edge of
the bottom face p,, and map it to |¢)) ®|0), where |¢)) is given by (6.4). In the current
context, the first component of a tensor product of two states or operators is always
associated with the xy plane, and the second component is associated with the xz
or yz plane. Although [¢) ® |0) does not satisfy the condensation term V;, given by
(5.3), it is eventually mapped to a state that does. Now as shown in Fig. 6.5 (a),
with the state |1)) ® |0) as the control edge, apply to the top face p; and the bottom
face pp, the modified sewing gate

~ 1 s s
G - Z ZSprBpt.
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(a) (b)

Figure 6.5: Growing a cage. As shown in subfigure (a), plaquette terms are added
to the top and bottom faces by sewing gates with an edge of the bottom face as the
control edge. Then as shown in subfigure (b), plaquette terms are added to the side

faces by sewing gates with edges of the side faces as the control edges.

Intuitively, G is a sum of gates that draw s-loops on p; and p}, simultaneously. The
label s is on an edge of py, so the s-string is grown into a loop on py, by Gy, , whereas
a full s-loop is created on py by B,,. By graphical calculation, G acts on the control

edge projector as

Glu) 6| G = § (1+ BYBL + B2 B2). (6.5)

Pb Pt

This should be viewed as enforcing two terms B;ﬁbB;t and Bigngt since the terms
commute. The next step is to draw loops on the side faces. Take the state |{) ® |0)
on each principal edge of the bottom face pp, where [£) is a superposition of the
states |0), |1) and |2), and apply the map
1 :
£i1s0) o |S>®\ﬁ(‘0>+|2>)’ if s=0or 2, ©6)
1), if s = 1.

The rationale behind the map f will be explained soon. For now, it is clear that f
yields a state that satisfies the condensation operator V;,. As shown in Fig. 6.5 (b),
sewing gates are then applied to the side faces with edges of the side faces as the
control edges. As a result, plaquette terms are thus added to the side faces but not
in a standard way, since the states in the zz and yz planes are not the standard |1))
and thus (6.3) cannot be invoked. Therefore, I now explicitly calculate the action
of Gpo f on the B term in (6.5). I drop the B}, factor since it is unaffected. For
each string label s, define a projector P° = |s) (s|. Graphical calculation shows that

G, (a component of G,) in (6.1) satisfies

s s’ s dk s’
G ls)(s'|G5T =P ( dd/Bf,f)P : (6.7)
k SYs

For convenience of calculation, I also write

1 _ 0 2 1pl 1pl 0 2
B! = (P° + P))BLP' + P'BL(P° + P?),
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which breaks the domain and target of B}) into two pieces each. Let p, be a side

face, where the subscript “v”” stands for “vertical”. The action of G, o f is

Gy f [By, @ ([0) (0D)] 16},
+ %Gm [PBL (P + P*) @ (|1) (0] + [1) (2)] G, (6.8)
T \}i [P'B, (P’ + P*)] ® [P'B, (P’ + P?%)],

where I used (6.7) to obtain the last equality. As can be seen from the pattern of

Gy, [(P*+ PY)BL P* @ (10) (1] + [2) (1))] G},

[(P°+ P*)B, P'| @ [(P"+ P*)B, P']

the projectors P*?, (6.8) commutes with the condensation operator Vi, With this
property understood, I hide the projectors in (6.8) and write

Gonf (B3, (0) O] £16), = 1% Bl

Similarly, G o f maps the Bf,b term in (6.5) to

Gy, f [B2 ® (|0)(0])] f1G], = %ng (1+B2). (6.9)

This explains the peculiar definition of f in (6.6): If the superposition (|0)+[2))/v/2
is replaced by a basis vector |0) or |2), then no B2 term can be generated in (6.9).
Note that (6.5) automatically satisfies the constraint Bgt = 1, since the top face py is
already in an Ising cage-net ground state. Therefore, a ground state of the enlarged
Ising cage-net should be in the eigenspace of (6.9) with the largest eigenvalue. This
is achieved when the plaquette terms ng and Bzv are both satisfied. Thus for the

purpose of describing ground states, (6.9) can be rewritten as
B ®(|0)(0]) — B> + B2

By applying G o f to all side faces, the operator (6.5) is mapped to
> 8+ 5
Po

where B, is the cube term given by (5.4). This is not exactly the image of (6.5) under
Gpo f but nevertheless describes the correct ground states. All terms associated with

the new cube are hence generated successfully.

The circuit for Ising cage-net
The planar linear-depth circuit that performs the generalized foliation RG on Ising

cage-net is designed in close analogy with the circuit that creates doubled Ising in
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Section 6.2. Just as the latter circuit starts with one of the states wi,...,wg in
(5.37), the former circuit requires a suitable starting product state. The choice of
the starting state here is more complicated than in the case of doubled Ising, and I

address this issue now.

In doubled Ising, the starting state is chosen to satisfy the maximal plaquette term.
This is to make sure that after the circuit is applied, there can be one plaquette (p
in Fig. 6.2) without a plaquette term of its own. Similarly, in Ising cage-net, the
starting state should satisfy a cage term B. on a cage that is maximal in the zy
plane and has thickness 1 in the z direction (Fig. 5.10). As explained in Section 5.6,
this term B, enforces r*(i)r*(i + 1) = 1. Many notations in the current discussion
are defined in Section 5.6. If ¢ is the label for the inserted layer, then the original
Ising cage-net ground state can be chosen to satisfy 7%(i + 1) = +1. The term B,
then enforces

r*(i) = £1, (6.10)

where the £1 depends on 7%(¢ + 1). Furthermore, the state should also satisfy con-
densation conditions ¥* = 1 where, for example, ¥* is given by (5.25). Given that
the original Ising cage-net ground state already satisfies its condensation conditions,

the new conditions simplify to
()93 (0) =1, ¢y (i) = 1. (6.11)

A straightforward calculation shows that (6.10) and (6.11) are solved by wr, wg and
wg with +1 in (6.10), and by wip with —1 in (6.10). Either way, there always exists
a state |ijk) on the minimal trivalent lattice that satisfies both the fat cage term B,
and the condensation conditions. The notation |ijk) here is chosen for analogy with
Section 6.2, and does not indicate that the state factorizes on the three edges of the
minimal trivalent lattice. Now extend the state |ijk) along non-contractible loops of
the inserted plane (Fig. 6.1), and set the other added edges to |0) or |00), whichever

is appropriate. This is the starting state of the circuit.

Given the starting state, the job of the circuit is to grow cages on top of the inserted
layer (Fig. 6.6). First, the circuit grows cages row by row, from row 1 to row (L, —1)
following the blue arrows. Note that on a side face py shared by two adjacent cubes,
the sewing gate G, only acts once. Next, the circuit grows cages in row L,, from
column 1 to column (L, — 1) following the green arrows. In the end, all terms in
the Ising cage-net Hamiltonian (5.5) are generated except for the cage term at the
final, untouched cube. Similar to the situation for doubled Ising, the circuit outputs
a correct Ising cage-net ground state despite the absence of a cage term, because
this term is implied by the fat cage term which the state is chosen to satisfy from

the very beginning. The depth of the circuit is clearly linear in the system size.
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Figure 6.6: Growing cages on top of the layer inserted into Ising cage-net. The red
lines indicate the non-trivial part of the starting state. First, cages are grown row
by row (blue), from row 1 to row (L, —1). Next, cages are grown in row L, (green),

from column 1 to column (L; — 1). The last cube has no cube term.

6.4 Feasibility for infinite-component Chern-Simons theory
In the final section of this thesis, I try to apply generalized foliation to gapped CSo

theories. For simplicity, I focus on K matrices with period r = 1 and of the form
K(u) = (cru+eo+eu™t), (6.12)

where ¢ is even, so that exchange statistics are well-defined. It turns out that most
CS theories with such K matrices do not have a generalized foliation structure, at

least from the perspective of boson condensation.

The process of finding and condensing bosons relies heavily on the information of
braiding statistics. For this reason, I discuss several facts concerning braiding statis-
tics in the polynomial description. Let xz(u) be the polynomial representations of
the planon x specified by its charge vector. Specifically, if {e;} is the standard basis
for the space Z" of charge vectors and x = 3, mgek, then z(u) = 3, zxu*. Note
that unlike the K matrix, the charge vector is not periodic but still has a polynomial
representation. It can be shown that the braiding statistic 27 K~y of the planons
“y(u),
where 2f(u) = z(u™'). In particular, 2 is a boson if and only if the constant term

x and y is equal to the constant term in the series expansion of z(u)K (u)
Ay in the expansion
On(u) = 2T (WK (u) () = Y o (6.13)

is an even integer. Moreover, the RG is expected to be applicable repeatedly if the

theory is assumed to be an RG fixed point. This means that if z(u) is condensed by
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the RG, then a translation u¥z(u) of x(u) remains deconfined if |k| is large enough,
and thus can also be condensed by the RG. In other words, the coefficient 6 in
(6.13) is an integer. However, as shown in Section 2.4, 6 decays (a bit more slowly
than) exponentially. Therefore, for all sufficiently large |k|, the integer 6 must be
0. The conclusion is that a boson z can be condensed in the RG only if 6,(u) has
finitely many terms. This is a strong condition on bosons suitable for the generalized
foliation RG.

Indeed, in a CSo theory whose K matrix is of the form (6.12), there may not even be
a suitable boson to condense. For example, consider K (u) = (u +44 u_l). Let L
(resp. L) be the ring of Laurent polynomials with integer (resp. rational) coefficients.

Suppose that x is a boson such that 6, (u) has finitely many terms. Since

= KW

is the ratio of two elements of L and can be computed, for example, by long division,
its coefficients 6 must be rational, i.e., 0, (u) € L’. Note that this conclusion fails
if ;(u) has infinitely many terms and cannot be computed by long division. Since
K (u) is primitive (see definition in Proposition 3), basic ring theory implies that
actually 0, (u) € L [35]. In this particular example, 0, (u) € L can be derived using
long division and the fact that the leading coefficient of K(u) is ¢; = 1, although
primitivity is enough in general. Furthermore, K (u) is irreducible, meaning that it
cannot be factorized into a product of two non-trivial Laurent polynomials in L. By
basic ring theory, the ring L has the property that K (u) is irreducible if and only if
it is prime, meaning that if K (u) divides 2 (u)z(u) (i.e., the ratio 6, (u) € L), then it
divides 2 (u) or z(u). Using K (u™') = K (u), it is easy to show that if K (u) divides
either '(u) or z(u) then it must divide both. However, this means that z € KZ,

so the planon is actually trivial.

Even if there are suitable bosons to condense in a CS., theory, the generalized foli-
ation RG may still fail to work. For example, consider K (u) = (—3u+ 10 — 3u™!).
Here, K (u) = (3 — u)(3 — u~1) is reducible. By the argument above, up to transla-
tion and reflection in the z direction, the only suitable boson is z(u) = 3 — u. The

braiding statistic of y =), yrer with x is the constant term of

oK)~y = 2= Ly S0 (4 (6.14)

k=0
If yp = 0 for all £ <0, then (6.14) has no constant term. This means that half of

the elementary planons ey, k > 1, are deconfined upon the condensation of x. These

planons satisfy the relations

—3eji1 + 10 — 31 =0 (6.15)



120

imposed by the K matrix. Moreover, the condensation of x imposes a new relation
9¢1 — 3e9g = 3eg —e1 = 0. (6.16)

All other relations of e, k > 1, can be derived from (6.15) and (6.16). For example,
it can be shown that 27e5 —9e3 = 0, 8leg — 27e4 = 0, etc. Next, to understand what
happens to the other half of the elementary planons, I set yx = 0 for all £ > 1. The

braiding statistic is then
0

eT Ky = Z 3Ly, (6.17)

k=—o00

By (6.15) and the condensation of z, the planon
3671 — €y = 960 — 361 = 3(360 — 61) =0

is trivial. Similarly, all planons of the form 3e;_; — e, k < 0, are trivial. Therefore
without loss of generality, I assume that y, = 0,1 or 2 for all k¥ < 0. However, with
this assumption, the only non-trivial choice of yj such that (6.17) is an integer is
yr = 2 for all £ < 0. This can be seen using numbers in base 3. The excitation y is
thus an extended object. The conclusion is that the condensation of x divides the
system into two regions. In the region z > 1, planons remain deconfined but have
new relations; in the region z < 0, there is only an extended excitation left. The
highly inhomogeneous system after condensation contradicts the usual expectation
of an RG circuit, which should affect the system only near the support region of
the circuit. This contradiction can be traced back to the non-local statistics in the
CS theory. In general, there are two possibilities for a gapped CS, theory whose
K matrix is of the form (6.12), ¢; # 0: Either the theory does not have a suitable
boson to condense, or it does but the system becomes highly inhomogeneous in the
z direction after condensation of a single boson. Therefore, new notions of phases

need to be invented in order to classify CSs theories into fractonic orders.
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