= A

UNIVERSITY

Homology of covering spaces of symmetric
products of a Riemann surface

by

© Asitha Pitawala
Supervisor: Dr. Thomas Baird

A thesis submitted to the School of Graduate Stud-
ies in partial fulfillment of the requirements for the

degree of Master of Science.

Department of Mathematics and Statistics

Memorial University

November 2022

St. John’s, Newfoundland and Labrador, Canada



Abstract

Homology and cohomology are considered valuable algebraic tools for studying topo-
logical spaces. Homology groups of the symmetric product of a Riemann surface were
determined by I.G.Macdonald [9] in 1962. The main object of this project is finding

the cohomology and homology groups of certain covering spaces of these spaces.
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Lay summary

Algebraic topology uses algebraic tools such as homology and cohomology to study
topological spaces. The n—th symmetric product of a compact Riemann space of
genus ¢ is a 2n—dimensional orientable manifold. This thesis deals with the problem of
calculating homology and cohomology groups of certain covering spaces of symmetric

products of a Riemann surface.

We introduce the covering space as a pullback via the Abel-Jacobi map and use
the Euler characteristic to determine the Betti numbers of the covering space. As a
summary of results, apart from finding the homology and cohomology, we determine
the Poincaré polynomial, Euler characteristic and zeta function for the symmetric

product space and its covering space.
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Chapter 1
Introduction

The n—th symmetric product of a topological space X is defined as the quotient
space SP™(X) := X"/S,, where X" is the n— fold product space and the symmetric
group on n—letters S,, acts on X" by permutating factors. If M is a 2—dimensional
manifold, then SP™(M) is a 2n—manifold. These manifolds were studied in [2],[10],[9]

and they appear in many other papers in different contexts.

A Riemann surface of genus g, ¥, is a 2—dimensional manifold with the cell

complex structure of one 0—cell, 2g 1—cells and one 2—cell.

=0 &=

genus 0 genus | genus 2

Figure 1.1: Genus g surfaces

The 2n-dimensional manifold SP™(%,) is the domain of the classical Abel-Jacobi
map [1], [0].
AJ :SP"(3,) = J(X,)
where J(3,) is the Jacobian of X,.

The main objective of this thesis is to calculate the homology and cohomology of
certain covering spaces of SP"(¥,) constructed as pullbacks of covering spaces over
J(2,). A study of SP™(M) for closed, even-dimensional manifolds was published by



Hirzebruch [3] and SP"(X,) was studied by Macdonald [9] in 1962.

In the 19"* century, homological algebra had its origin through the work of Rie-
mann(1857) and Betti(1871) on homology numbers and then Poincaré in 1895. Emmy
Noether’s introduction of the homology groups of a space in the first half of the 20"
century sparked mathematicians’ interest in this approach. From 1940 to 1955, these
topologically modified procedures for computing the homology groups were extended
to define cohomology. Since then, homology and cohomology have become fundamen-

tal tools in algebraic topology.

Given a base point in %, there is a natural inclusion of SP"(3,) into SP"™(%,).
The infinite symmetric space SP>(X,) is the colimit of the SP™(3,) under this nat-

ural inclusion.

A space X with one nontrivial homotopy group 7,(X) ~ G is called an Eilenberg-
MacLane space K(G,n), where G is a group, and for n > 2 is abelian. In particular,
the K (Z,n) has a natural geometric realization as SP>(S™). Moreover, K (G, n) plays
a main role in Dold and Thom [5], [I1] who introduced homotopical decomposition

for connected CW-complexes of the infinite symmetric product,

SP®(X) ~ ﬁ K(Ho(X,Z),n).

The Y, satisfies the conditions of the Dold-Thom theorem and opens the possibility
to introduce the homology of infinite symmetric space. Note that SP>(X,) has a
cell complex structure such that every cell of dimension k£ < n lies in SP"(%,).
This argument implies that the homology of SP"(X,) and SP>(3,) are the same up
to degree n; this result was introduced by MacDonald in 1962 [9]. The remaining
homology groups given are by the Poincaré Duality Theorem. We present the answer

using Poincaré polynomials, which are generating functions for the Betti numbers.

The pullback of a covering space along a continuous function is a covering space.
We use this fact to introduce that covering space of SP>*(¥,) as a pullback space,
and it has the same homology as SP>(%,).

Next we introduce a relation between the covering spaces of SP"(3,) and SP>(X,)
respectively. Let 7 : Y — Y be a covering map and Y, be the n—th skeleton of the
space Y; then, 771(Y,) = Y, is the n—th skeleton of the covering space Y. This
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implies that the inclusion of SP"(3,) into SP>(%,) is a homeomorphism up to the
n—skeleton and hence, their homology groups are isomorphic up to n — 1. It remains
to calculate the n—th homology; we use the Euler characteristic and its properties for

covering spaces to find it.

The rest of the homology groups and cohomology groups up to 2n are determined
by using the Poincaré Duality Theorem. Since the Betti numbers are independent of

the field, this also determines the homology over the integer coefficients.

1.0.1 Outline

This thesis presents the homology and cohomology groups of certain covering spaces
of the n—th symmetric product of a genus g Riemann surface. In particular, we
establish the answers over the integer coefficients Z. This section is a synopsis of the

subsequent chapters.

Chapter 2 will discuss the algebraic and topological background required for read-
ers who have minimal knowledge of algebraic topology. Then we will describe homol-

ogy and cohomology in chapter 3.

Chapter 4 will deal with Betti numbers and Poincaré polynomials, which are used

to calculate homology and cohomology groups.

The homology, and cohomology of SP"(¥,) are presented in chapter 5. We show

all the answers are independent of the field and hence, define the results over integers.

We introduce the Abel-Jacobi map in chapter 6. Subsequently, we will discuss the
covering spaces and pullback in chapter 7. Then in chapter 8, we will prove our main

result.

In chapter 9 , we summarize our results.



Chapter 2

Background

2.1 Topological background

Definition 2.1.1. A topological space (X, 7) is a set X and a collection of open

sets 7 of X, satisfying the following conditions:

1. 0 and X are open,
2. An arbitrary union of open sets is open,

3. Any finite intersection of open sets is open.

Usually, we denote the topological space (X, 7) simply by X. A collection of open sets
B in a topological space X is called a basis if every other open set in X is a union

of sets in B.
Definition 2.1.2. A continuous map f : X — Y between topological spaces is a
map of sets for which pre-images of open sets are open. i.e,

If UCY isopen,then f'(U):={r€ X|f(z) €U} C X isopen.

Definition 2.1.3. A homeomorphism is a continuous bijection f : X — Y such
that the inverse f~! is also continuous. This is the notion of isomorphism for topo-

logical spaces.

Proposition 2.1.1. Let X,Y and Z be topological spaces.



1. The identity map Idx : X — X is continuous.

2.If f: X =Y andg:Y — Z are continuous, then the composition gof : X — Z

18 continuous.

3. Any constant map f: X — Y is continuous.

2.1.1 Review of Topological Spaces

Definition 2.1.4. Let X be a topological space and A C X a subset. The subspace
topology on A is the topology for which V' C A is open if and only if V= ANU for

some open set U in X.

The inclusion map i : A < X is continuous with respect to the subspace topol-
ogy. We have the following special property: a map f : Y — A is continuous if and

only if the composition 70 f : Y — X is continuous.

Definition 2.1.5. The product space X xY of two spaces X and Y is the Cartesian
product of sets X X Y, with a basis of open sets of the form U x V where U C X and
V CY are both open.

Definition 2.1.6. Let {X,} be an infinite collection of spaces indexed by «. The
coproduct space is the disjoint union of the sets X, with U C J[_, X, and is open
if and only if U N X, is open for all a.

The inclusions iq, : Xoy = [[, Xo are all continuous. A map F': [[, X, — Y is

continuous if and only if the composition F o1, : X, — Y is continuous for all a.
Definition 2.1.7. An equivalence relation on a set X is a relation ~, satisfying
for all x,y € X,

l.z~zx

2. x ~yimplies y ~ x

3. x ~yand y ~ z implies z ~ z.



Given any relation R on X, we can generate the 'smallest’ equivalence relation ~p
such that xRy implies x ~g y. Explicitly, we define x ~g y if and only if there exists
a finite sequence {x; € X}, for n > 0 satisfying,

1. xo==x

2. x, =y, and

3. v;Rx;_q or x;_1Rx; for all1=1,....n.

Given x € X, the equivalence class of z is

2] ={y € X |z ~y}

The equivalence classes determine a partition of X into disjoint non-empty sets. Notice
that [z] = [y] if and only if x ~ y. Let £ = X/ ~ := {[z]|x € X}; then, there is a
canonical map

Q:X—FE z— |z

called the quotient map.

Definition 2.1.8. Let X be a topological space and let ~ be an equivalence relation
on the underlying set X. The quotient topology on FE is the topology for which
U C FE is open if and only if Q7'(U) is open in X.

2.1.2 Connectedness and Path-Connectedness

A topological space can be ‘separated’ if it can break up into at least two open sets;

otherwise, we can say that the space is connected.

Definition 2.1.9. Let X be a topological space. A separation of X is a pair U,V
of disjoint non-empty open subsets of X for which the union is X. The space X is

said to be connected if there does not exist a separation of X.

In other words, a space X is connected if there is no proper subset A C X which

is both open and closed.

Observe that if A C X is both open and closed, then the complement A€ is also
both open and closed. There is a natural isomorphism AJ] A° = X. Thus, spaces



that are not connected can be decomposed into a disconnected union of non-empty

spaces.

Definition 2.1.10. Let I denote the unit interval [0,1] C R with the Euclidean
topology. A space X is called path-connected if for any two points p,q € X there
exists a continuous map 7 : I — X such that v(0) = p and (1) = q.

Every path-connected space is connected, but the converse is not true in general.

Connectedness and path-connectedness are preserved under the following operations:
1. A product of (path-)connected spaces is (path-)connected.

2. The continuous image of a (path-)connected space is (path-)connected.

3. Let {U,} be a covering of X such that each U, is (path-)connected and the

intersection N,U, is non-empty. Then X is (path-)connected.

2.1.3 Covers and Compactness

Definition 2.1.11. An open (closed) cover of a topological space X is a collection of
open (closed) sets {U,} such that the union U,U, = X.

Definition 2.1.12. A space X is called compact if every open cover {U,} of X
contains a finite subcover. That is there exists a finite collection {Uy, ..., U, } C {U,}
such that U ,U; = X.

2.1.4 Homotopy and Fundamental groups

Two continuous functions from one topological space to another are called homotopic
if one can be continuously deformed into the other when two functions are connected

in such a deformation, called homotopy.

Definition 2.1.13. Let X and Y be two topological spaces. A homotopy between
two continuous functions f,¢g : X — Y is a continuous function H : X x [0,1] - Y
defined by H(x,0) = f(z) and H(z,1) = g(x) for all z € X. The notation for this

homotopy is f >~ g.



Note that homotopy between two continuous functions is an equivalence relation.

Definition 2.1.14. A homotopy equivalence between two topological spaces X and
Y is a pair of continuous functions f: X — Y and ¢ : Y — X such that fog ~ Idy
and go f ~ Idx.

2.1.5 Homotopy Groups

Let I™ be the n—dimensional unit cube that is the product of n—many intervals
I =0, 1]. The boundary 01" of I™ is the subspace consisting of at least one coordinate

equal to 0 or 1. Let X be a set with a base point x € X and consider the set

OM(X) = {f: I" — X | f(OI") = x}.

We can define the homotopy of two functions in Q"(X) by following definition
2.1.13. Two functions fy, fi : (I",0I") — (X,*) in Q"(X) are homotopic if there

exists a continuous function H : (I"*1 dI" x I) — (X, %) such that
folxy,...,xn) = H(x, ..., 2y, 0)

and
fi(zy, ..oyzn) = H(zq, .oy Ty, 1).

Note that H(OI" x I) = *.
Definition 2.1.15. For a space X with a base point %, define the n—th fundamental

group 7, (X, *) to be the set of homotopy classes of maps in Q"(X). In other words,

(X, %) = Q"(X)/ = .

Note that m, (X, *) is a group if n > 1 and abelian if n > 2.

Theorem 2.1.2. Whitehead Theorem

Let f: X — Y be a continuous map between connected cell complexes. Then f is a
homotopy equivalence if and only if f. @ m(X) — 7 (Y) is an isomorphism for all
k > 1, where 7. (X) and 7 (Y') are k—th homotopy groups of X and Y for k > 1,

respectively.



2.2 Algebraic background

Definition 2.2.1. A group is a set G which is closed under an operation o, satisfies

the following conditions, is denoted as (G, o):

1. Identity: there exists e € G such that eox =2 oe =2z for all x € G
2. Inverse: for every x € (G, there exists ¢+ € GG such that roi=io0x =¢

3. Associativity: xo (yo z) = (zoy)o z for every z,y,z € G

In addition, if zoy = yox for all x,y € G, then we say that G is an abelian group.

Definition 2.2.2. A ring is a set R, which is closed under two operations + and -
such that the (R, +) is an abelian group, the operation - is associative, and satisfies

the distributive properties.

Definition 2.2.3. A field is a set F which is closed under two operations + and
- such that F is an abelian group under addition (F,+), and the set without the
additive identity is an abelian group under multiplication (F\ {0}, ), and satisfies the

distributive property of multiplication over addition.
Definition 2.2.4. Module:
Let R be a ring and 1 be the multiplicative identity. A left R-module gkM is an
abelian group (M, +) with an operation - : R x M — M such that, for all r,s € R
and z,y € M satisfies:

Lr-(z4+y)=r-az+r-y

2. (r+s)-x=r-x+s-x

3. (r-s)-x=r-(s-x)

4. 1-z=x

The operation - is called the scalar multiplication and is usually written by jux-

taposition, i.e. r-x = rx for r € R and x € M. The right R-module My is defined
similarly, except that the ring acts on the right.

Left group actions: An action of a group G on a non-empty set X is a function,

a: G x X — X, that satisfies the axioms:
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1. Identity: «(e,x) ==z
2. Compatibility:  «a(h,a(g,z)) = a(hg, )

for all g, h € G and all x € X, where e € G is the identity. We often shortened a(z, g)

tox-gor zg,

1. Identity: e-x==x

2. Compatibility: h-(g-x) = (hg) -z
Suppose that G acts on X; then, we can define a relation ~ on X by setting z ~ y
for x,y € X, iff there exists an element g € G such that g - x = y. Then ~ is an
equivalence relation and it gives mutually disjoint equivalence classes called orbits of

group action. The orbit of an element x € X is the set of elements in X to which =

can be moved by the elements of G and is defined as:

G-xv={g-z|ge€G}.

2.3 Manifolds

2.3.1 Topological manifolds

A second countable space is a topological space, the topology of which has a count-
able base. A Hausdorff space is a topological space where for any two distinct

points, there exist neighbourhoods of each which are disjoint from each other.

An n—dimensional manifold is a topological space that locally looks like R". For-
mally, a topological n—manifold is a second countable Hausdorff space in which each
point has an open neighbourhood homeomorphic to R™. A compact manifold is a

manifold that is compact as a topological space.

Examples:

e R"™ is an n—manifold.

e Any discrete space is a 0—dimensional manifold.
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The n—dimensional sphere S™ is a compact n—manifold.

The n—dimensional torus 1™ is a compact n—manifold.

Real projective space RP" is a n—dimensional manifold.

Complex projective space CP" is an 2n—dimensional manifold.

2.3.2 Smooth manifolds

Let M be a topological manifold. A chart on M is a pair (U, ), where U is an
open subset of M and ¢ : U — U is a homeomorphism from U to an open subset,
U=pU)C R

If (U, ) and (V,1) are two charts such that U NV # (), then the composite map
ot pUNV)— (UNV)is called the transition map from ¢ to ¥. Two
charts are said to be smoothly compatible if either U NV = () or the transition

map 1 o ! is a diffeomorphism.

An atlas A for M is a collection of charts the domains for which cover M. An
atlas is called a smooth atlas if any two charts in A are smoothly compatible with
each other. A smooth atlas 4 on M is maximal if it is not properly contained in any

larger smooth atlas. A smooth structure on M is a maximal smooth atlas.

A smooth manifold M is a pair (M, A), where M is a topological manifold and
A is a smooth structure on M. A differentiable manifold is a topological manifold

M, together with a maximal differentiable atlas on M.

2.3.3 Tangent map

Let M be a differentiable manifold of dimension n and pick a chart (U, ¢) on M. For
any « € M, suppose that two curves 71,72 : (—1,1) — M with 7,(0) = x = 72(0) are
given such that both ¢ oy, p 07 : (—1,1) — R™ are differentiable. Then 7, and o

are said to equivalent if
(¢ om) (0) = (p072) (0).

This defines an equivalence relation, and equivalence classes of such curves are

known as the tangent vectors of M at x. The tangent space of M at x is the set of
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all tangent vectors of M at x and denoted by T, M. The equivalence class of a curve

7 is denoted by ~'(0).
We can define a bijection D,¢ : T, M — R" by

Dug(3(0)) = l(# o) (imo

where v € +'(0). We make T, M into a vector space by declaring D,y to be an

isomorphism of vector spaces.

2.3.4 Transversality

Definition 2.3.1. Let M, X,Y be differentiable manifolds and let f : X — M and

g : Y — M be smooth maps. We say that f and ¢ are transverse, if, whenever

f(x) = g(y) =m,
Dgcf(TxX) + Dyg(TyY) =TnM

where D, f is the derivative of f and T, X is the tangent space at x € X.

Observe that if dim(X)+ dim(Y) < dim(M), and f, g are transverse, then f(X)N
g(Y) =0.



Chapter 3
Homology and Cohomology

The homology groups Hy(X), H1(X), Ha(X), ... of a topological space X are a set
of topological invariants of X represented by its homology groups, where the k"
homology group Hj(X) describes, informally, the number of k — dimensional holes

in X. For instance Hy(X) describes the path-connected components of X.

Most of the theorems and proofs in this chapter can be found in the Allen Hatcher’s

Algebraic Topology book [7].

3.1 Singular Homology

3.1.1 Simplices

Given n+1 points vy, ..., v, € R" that do not lie in a hyperplane, the simplex [vy, ..., v,]

is the smallest convex set, where points v; are the vertices of the simplex.

The standard n — simplexr A™ is the simplex spanned by the zero vector ey and

the standard basis vectors eq, ..., e, in R™. Thus,

A" = {(to, . tn) ER™ [ t;=1 and t; >0 forall i}

A singular n — simplex in a topological space X is a continuous map,

o: A" = X.
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A singular 0 — stmplex in X is simply a point in X, and a singular 1 — simplex is a

continuous path in X, etc..

L o0

0-simplex 1-simplex 2-simplex 3-simplex

Figure 3.1: Simplices

There is a canonical linear homeomorphism from the standard n — simpler A"
onto any other n — simplex [vg, ..., v,], preserving the order of vertices, such that

(toy ..., tn) = Y. tiv;. The coefficients ¢; are the barycentric coordinates of the point
Zi ti’Ui in [Uo, cey ’Un].

A face of a simplex is the subsimplex and it can be any nonempty subset of the

vertices. We define the face maps for 0 < i < n, such that
Fio A5 A"

by F! = [eq, ..., €;, ..., €], where the é; means omit e;.

The i — th face of a singular n — simplex o : A" — X is the (n — 1) — simplex
o A"t 5 X
defined by composition with the face map:

o) =go F.

3.1.2 Chains, Cycles, and Boundaries

Define S,,(X) to be the free abelian group generated by singular n — simplices. The

elements of S,(X) are called singular chains and are formal linear combinations of
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the form

E a,0,
ag

where the coefficients a, € Z and the sum is over a finite number of singular n —

stmplices o.

The boundary map 9, : S, (X) — S,—1(X) is a homomorphism, defined on singular

simplices by

and extended linearly to all of S,,(X) by the rule:

Oy, (Z aga> = Z ay0n(0).

We will often drop the subscript and write 0 = 9, when it is unlikely to cause

confusion.

Proposition 3.1.1. The composition Op—1 © Oy : Sp(X) — Sn_o(X) is the zero map,

1.e. dropping subscripts, we write this
O =0.

Proof. Since S, (X) is generated by simplices, it suffices to check that 9,1 009, =0
for all n — simplices 0. It is easily checked that if 0 < 5 < ¢ < n, the free maps satisfy

i J I nY] i—1
Fnanfl_Fnanfl'
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=0
=3 (~1)ds(o 0 FY)
=0
n n—1 .
=Y (-1)'> (1) (o FioF)_))
=0 7=0
n n—1 4
= (=1 (oo F 0 F,_y)
=0 j=0
= Y, (D)Mo FoFl_ )+ Y (=1)Y(coFioF])
0<i<j<n—1 0<j<i<n—1
= Y (~)¥(eoFoF )~ Y (-1 (oo FioFi})
0<i<j<n—1 0<j<i—1<n—1
=0

The group of n — cycles Z,(X) is the kernel of 0, :
Zy(X) :={a e S,(X)|0(a) =0}
and the group of n — boundaries B,(X) is the image of 0,41 :

B (X) :=={0(B) | B € Sny1(X)}

By the Proposition 3.1.1, B,,(X) is a normal subgroup of Z,,(X). The n—th degree
singular homology of X is the quotient group:

H, := Z,(X)/Bu(X).

Note that homology is a homotopy invariant, meaning that if f,¢g : X — Y are
homotopic, then the corresponding induced maps f,, g. : H.(X) — H.(Y) are equal.
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3.1.3 Homology as a functor

Let f : X — Y be a continuous map. If ¢ is an n — simplex for X, then the

composition f oo is an n — simplex for Y. This defines a homomorphism:
Su(f) 2 Sp(X) = S, (Y), such that

Sn(a) =foo,

and linearity on S,, implies that,

S"<Z a,0) = Z%f oo.

g oz

Clearly, S, (Idx) = Idg, (x) and S, (fog) = Sn(f)oS,(g) for composable continuous

maps f and g. Thus S, is a functor from topological spaces to abelian groups.

It is clear that S,,(f) sends Z,(X) to Z,(Y) and B,(X) to B,(Y'), and thus induces

a homomorphism between the quotient groups:

H,(f): H,(X) — H,(Y).

3.2 Chain Complexes

A chain complex of abelian groups C' := (C,,, 0,)nez is a sequence of abelian groups
(Cn)nez and homomorphisms 9, : C,, — C,,_; such that 0, 0 9,.1 = 0 for all n € Z.

We usually write a chain complex as:

Bn a’nf 1

On 0 o)
RO RNy BNy N L N TN o NINY )

Typically C,, = 0 for all n < 0 and where 0 denotes the trivial group.

Let im(0,41) be the image of the boundary map 0,1 and ker(d,) be the kernel
of the boundary map 9,. We define the n — chains Z,(C) = ker(d,) and the n —
boundaries B,(C) = im(0,+1) and hence, the n — th homology group of the chain
complex H,(C) = Z,(C)/B,(C). For z € Z,(C), the coset represented by z is denoted
by [z] € H,(C).
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A morphism of chain complexes f : C — (" is a sequence of homomorphisms
(fn: Cp = Cl)pez that commutes with the boundary maps: f,—1 09, = 9, o f, for

all n. In other words, the following diagram commutes:

c,—2C,, (3.2.1)

N

8/
/ n /
Cn Cnfl

A chain map h : C'— D induces homomorphisms in homology H,(h) : H(C) —
H(D) for all ¢ € Z by the rule

Lemma 3.2.1. Let h : C — D be a morphism of chain complexes such that p; : C; —

D; is an isomorphism for i < n.

0

e T i+1—>C'i—l>C’i,1—>...—>O

l ~jm 5 ~lpi1

_>Di+1 —>DZ—Z>DZ_1 —...—0

Then,
H,(C)= H,D) for i<n-—1.

Proof. 1. First we prove that p;(ker(0;)) = ker(d;).

Take any x € ker(0;). Since p;_; is an isomorphism p; 1 o 0;(x) = 0 and since

the diagram is commutative, d; o p;(z) = 0. Hence p;(x) € ker(d;).
However, for any y € ker(d;), by the isomorphism and the commutative diagram,
given that 9; o p; '(y) = p;', 0 8;(y) = 0. Therefore, y € p;(ker(9;)).

2. Next we prove that p;_;(im(0;)) = im(é;).

Take any y € im(0;); then, there exists x € C; such that 0;(z) = y. By the
commutative diagram p;_1(y) = J; o p;(x), and by the isomorphism, there exists
z = pi(z) € D; such that p;_1(x) = d;(z). Thus, p;_1(y) € im(4;).

However, for any y € im(9;), there exists x € D; such that y = §;(x). By the



19
diagram, p;*,(y) = 9;0p; *(z) and by the isomorphism, there exists z € C; such
that p; '(z) = 2. So, p; ' (y) € im(0;) and hence y € p;_1(im(5;)).

By Case 1 and Case 2, the p; is restricted to isomorphisms ker(9;) = ker(é;) and
Now, by the definition of homology, we have

ker(0;) ker(6;) .
Hi(C,R) = = = H;(D fi <n-1.
i(C, R) m(0ey)  m(Gi1) (D,R) for i<mn

]

The following theorem often reduces the problem of calculating homology groups
of Z to calculating homology groups over fields. It is a consequence of the Universal
Coefficient Theorem [7].

Theorem 3.2.2. Let X be a finite cell complex. If for any field F and all 1 > 0 the
dimension of H;(X,F) is independent of F, then H;(X,Z) is a free abelian group of

the same rank as the Betti number /.1.2.

3.3 Relative Homology

Let X be a topological space and A be a subset of X. A pair (X, A) gives rise to an
inclusion of chain groups S, (A) < S,,(X). Define the relative chain group of the pair
to be the quotient group:

Su(X, A) = S,(X)/Sn(A).

The relative chain groups combine to form the relative chain complex:

Sur (X, A) 2 5 (X, A) 2 8, (X, A) E 2 50X, 4) 20
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where the boundary map is defined by the following commutative diagram:

Sp-1(X) (3.3.1)

Sp(X, A) =2 S, (X, A)

where the vertical arrows are quotient maps. Note that 0, is well defined because
O, sends Sy, (A) to S, 1(A) and that 9> = 0 because 9> = 0. It follows that we can
define relative cycles and relative boundaries, Z,(X, A) and B, (X, A), respectively.

Thus, relative homology can be defined as:

Ho(X, A) = Z,(X, A)/Bu(X, A).

The quotient morphisms S, (X) — S, (X, A) fit together into a morphism of chain
complexes, j : C(X) — C(X, A) combined with inclusion chain morphism i : C(A) —

C(X). Then we get a commutative diagram:

> Si1(A) S, (A) S (A) ——
} | ;
— S (X) Sn(X) Sn-1(X) ——

By functoriality, these chain morphisms give rise to homology homomorphisms
H,(A) — H,(X) = H,(X,A) for all n > 0. The most important property of relative

homology is the existence of a connecting homomorphism:
0:Hy(X,A) = H,_1(A), such that 0J([z]) = [0(z)].
Definition 3.3.2. A sequence of abelian groups and homomorphisms
A-l.p2.¢

is called exact at B if ker(g) = im(f).
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Theorem 3.3.1. The long sequence of homomorphisms

Hy (i H,(j
e Hy (X, A) 2 i (A) L g x) (x, A) 2 H (A) 0

is ezact (i.e. exact at all groups in the sequence) and is called the long exact homology

sequence associated to the pair (X, A).

Let us state the following lemma for later use.

Lemma 3.3.2. The Five-Lemma

In a commutative diagram of abelian groups as follows:

A—t.pJd .ok . p_lt.p

U I

AL L. ¥, p

If the two rows are exact and o, 3,0 and € are isomorphisms, then ~y is also an iso-

morphism.

Proof. A proof can be found in Hatcher 2.1 [7]. O

3.4 Reduced Homology

The reduced homology is a modified version of singular homology. Let X be a space;
then there exists a unique map to a point € : X — {pt}. Define the reduced homology

as:

H,(X) :=ker H,(e).

For a non-empty subset A of X, we define the reduced homology as:

Ha(X,A) = Hy(X, A).
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3.5 Cellular Homology

3.5.1 Cell Complexes

Let
D" :={zeR"||z| <1}

be the unit disk or closed n-cell with the boundary

St =9D" = {x € R"||z| = 1}.

For a topological space X and a continuous map f : S"~! — X, we can construct
a new quotient space

Y = (XUD")/ ~

by the equivalence relation generated by p ~ f(p) for all p € S"~!. We say that Y is
obtained from X by attaching an n-cell and the map f is called the attaching map.

More generally, if we have a collection of maps f, : S" ! — X, then
Y = (XU(UaDg))/ ~

where p ~ f,(p) for all p € S"~! and «a.

A cell complex (CW-complex) is a space obtained by iteratively attaching n—cells.
That is to say, a 0—dimensional cell complex is a discrete space, and an n-dimensional
cell complex X, is a space obtained by attaching n-cells to (n — 1)—dimensional cell

complex X,,_1. An infinite dimensional cell complex is defined as a colimit.

A subspace A C X is called a subcomplex if it is a closed union of cells. For a
given subcomplex A C X, the quotient space X/A defined by identifying all points in

A with each other is naturally a cell complex, called a quotient complex of X.

The subcomplex X,, C X, consisting of all cells of dimension < n, is called the
n-skeleton of X.

Proposition 3.5.1. If A C X is a subcomplez, then H,(X,A) = H,(X/A) and we

have a long exact sequence in homology

o — Hy 1 (X/A) — Hy(A) — Hy(X) — H,(X/A) — H,,_1(A) — ... —0.
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Lemma 3.5.2. Let X be a cell complex and C' C X a compact subspace. Then C' is

contained within the union of finitely many cells of X.

Lemma 3.5.3. If X is a cell complezx, then:

1. Hi(X,, Xy—1) is zero if k # n and is a free abelian group with generators corre-

sponding to the n-cells when k = n.
2. Hp(X,) =0 for k >n. Thus H,(X) =0 for k > dim(X).

3. The inclusion i : X,, — X induces an isomorphism Hy (i) : Hi(X,) — Hp(X)
for k < n.

Proof. By Proposition 1.2, we have an isomorphism H(X,, X,,1) = ]:Ik(Xn/Xn_l)
and X,/ X, is a wedge of spheres indexed by the n — cell of X. Property 1 follows.

Property 2 is proven by induction, and is clearly true for n = 0. Now suppose it

has been proven for n — 1. The long exact sequence of the pair contains
o — Hp(X1) — Hp(X,) — Hi (X, Xooq) — ...

where both Hy(X,,_1) = Hp(X,, X,,—1) = 0 for k£ > n by induction and property 1.
Thus Hg(X,) = 0 as well.

To prove property 3, consider the exact sequence
Hy1 (X1, Xn) — Hip(Xp) — Hp(Xn11) — Hp(Xnp1, Xin).

By property 1, the groups on the end vanish for £ < n so Hg(X,) = Hg(Xni1).

Repeating this argument, we get
Hp( X)) = Hip(Xpy1) =& Hi(Xpa2) & .

which suffices if X is finite dimensional. For the infinite dimensional case, observe
that Lemma 1.1 implies that every chain Si(X) must be in the image of Si(X,,) for
some n (since the union of images of simplices occurring in the chain is a compact
subset of X). Thus every cycle Z,(X) arises as the image of a cycle in Z,(X,,) for
some n, and every boundary By (X) arises as the image of a boundary in By(X,,) for

some n. Thus, the result follows. O
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Let X be a CW complex. Using Lemma 3.5.3, we can define a homomorphism
dy : Hy(Xoi1, X)) = Hp1(Xn—1, Xi—2) by the commutative diagram

/0
\ Hy (Xpsa) = Hy(X)
Xn)
dn 1 n
Hn—l—l(Xn—l—la Xn) i H (Xn7 Xn—l) d Hn—l(Xn—b Xn—2)
x\ Jn—1
Hn—l(Xn 1)

(3.5.1)
where d,,,1 and d,, are defined as the compositions j, 00,1 and j,_;00,. Note that the
diagonal maps occur in the long exact sequences of pairs and hence, the composition
dyod,i1 =0. Thus (H,(X,, X,,_1),d,)nez forms a chain complex, called the cellular
chain complex. The homology of the cellular chain complex is called the cellular

homology.

Theorem 3.5.4. The cellular homology groups are naturally isomorphic to the sin-

gular homology groups.

~Y

Proof. From the diagram above, we may identify H,,(X) = H,(X,)/im(0,+1). Since
Jn is injective, it maps im(0,1) isomorphically onto im(j,0,+1) = im(d,+1) and by
exactness, H,(X,) isomorphically onto im(j,) = ker(d,). Finally, j,_; is injective,
ker(0,,) = ker(d,) and hence H,(X) = ker(d,,)/im(d,,+1). O

3.5.2 Examples for homology

Example 3.5.2. Genus g Riemann surface Y, is constructed by attaching a 2-cell to

a wedge of 2¢ circles using an attaching map [[7_,[a;, b;]. The cellular chain complex



25

is

0 7% 720 7 withboth dy =dy =0
and it follows that the result is:
7, if k=0,2,
Hy(2,,2) =2 7%  if k=1,
0 otherwise.

Example 3.5.3. n — dim sphere is defined by attaching an n—cell to a 0—cell, and

Z it k=0,n,
Hy(S",Z) =
0 otherwise.

Example 3.5.4. The infinite complex projective plane is a cell complex with one cell

in each even degree

7 if k=0, even,
0 if k= odd.

Hy(CP™,7) =

Example 3.5.5. The real projective plane has a cell complex structure with one cell

in each dimension. However, the homology groups are dependent on the field.

H(RP", Z,)

0 otherwise.

. Q ifk=0,and k =nif n is odd,
H(RP", Q) =

0 otherwise.

Z if k=0, and k = n odd,
Hy(RP",Z) = § /27 if 0 < k < n, and k odd,

0 otherwise.
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3.6 Cohomology Groups

Homology groups H,(X) are the result of forming a chain complex ... — C, RN
Cn_1 — ... of singular, simplicial, or cellular chains, and then take the homology
groups of this chain complex, Z,,/B,,, as we defined. To obtain the cohomology groups

H™(X), we dualize this chain complex as follows:

Let R be a commutative ring and consider a usual chain complex C' of free abelian
groups,
d o :
e > Ch = Cy = Chog —

To dualize this complex we replace each chain group C,, by its dual cochain group
C* = Hom(C,, R), the group of homomorphisms C,, — R, and we replace each
boundary map 0 : C,, — C,,_; by its dual coboundary map § =0 : C:_, — C>.

The reason why § goes in the opposite direction, increasing rather than decreasing
dimension, is purely formal: For a homomorphism « : A — B, the dual homomor-
phism o* : Hom(B, R) — Hom(A, R) is defined by o*(¢) = pa, so o* sends B % R
to the composition A % B 5 R.

That is
A—=~B

N\ P

R

The dual homomorphisms obviously satisfy (af)* = f*a*, I* =1, and 0* = 0. In
particular, since 00 = 0, it follows that §0 = 0, according to the following cochain

complex

s 5
O OO+

and the cohomology group H"(X; R) can be defined as the homology group. We can

now define cochains Z" := ker d,,,1, coboundaries B" := imd,,, and cohomology
H":=7Z"/B".

Definition 3.6.1. Let R be a commutative ring. The singular cohomology of a pair
of spaces (X, A), denoted by H"(X, A; R) for n > 0, is the cohomology of the singular
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cochain complex
o —=S"H X A;R) —= S"(X, A; R) —= S""H (X, A; R) — ...
obtained by dualizing the singular chain complex of X.
Theorem 3.6.1. Let X have a finite cell complex. Then, for any field T,
Hy(X,F)= H*(X,F) for keN.
Proof. Let us consider the cellular chain and cochain complexes of X :

9;

0; Oi—
e — Ci-i—l —+1> Cz — Ci—l —1>

5 5 8ie
* i+1 * i * i—1
= Ol — CF = O — ..

with C; = H;(X;, X;_1) = FY, where N; is the number of i — cells and Cf =
Hom(Ci; F) = Hom(FYi; F) = FYi have the same dimension. Also, since §; = 97, we
have rank(0;) = rank(é;). In other words, the dimensions of the image of 9; and ¢;

are the same.

By the definition of homology, we have H;(X,F) = ker(9;)/im(0;+1) and hence,

dim(H;(X,F)) = dim(ker(0;)) — dim(im(9;11)).

Now, by using the Rank-Nullity Theorem,

dim(H;(X,F)) = dim(C;) — rank(9;) — rank(0;41).

Similarly, by the definition of cohomology, we have
dim(H'(X,F)) = dim(C}) — rank(4") — rank(5"),

and hence dim(H;(X,F)) = dim(H (X, F)).

This result leads us to complete the proof. O
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3.6.1 The cup product

A graded R-algebra A* is a direct sum of R—modules

€7

equipped with a multiplication A® x A7 — A" which is distributive with respect to
addition. The elements of A C A* are called homogeneous of degree i. We say A* is

a graded commutative if the multiplication satisfies
m-n=(-1)"n-m

for homogeneous elements m € A* and n € A7.

Theorem 3.6.2. There is a multiplication called the cup product that makes the direct

sum

H*(X;R) := é H'(X:R)
=0
into a graded commutative, associative R-algebra for which H'(X; R) has degree i.
We begin by defining the cup product at the level of cochains,
SP(X, A; R) x SU(X, A; R) — SPT(X, A; R), (o, ) = Uy
defined on a (p 4+ ¢)—simplex o by
(pU)(a) = (oo e, ., ep])1h(0 0 [ep, ., piq));

where [eg, ..., €p] : AP — APT9 and [e,, ..., €,44] : A? — APTY are affine simplices. The

cup product is both associative and distributive with respect to addition.

Lemma 3.6.3. The cup product satisfies the Leibniz rule
MpUth) =dp Ui+ (—1)"pU )
for ¢ € SP(X) and ip € SP(X).

Consequently, it implies that the product of two cocycles is a cocycle. Also, if the
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product of a cocycle with a coboundary is a coboundary, because
YU =20(pUy) £dpUp =+0(pUy) if dp=0

and
dopUp =0(pU ) LUy =0(pUy) if 0y =0.

It follows that the cup product descends a map
U: H?(X;R) x HY(X;R) — H""(X; R)

which is both associative and bilinear with respect to the R—module structure. Thus

the cup product makes the direct sum
H'(X;R) = H'(X;R)
i=0

into a graded, associative R—algebra. There is a multiplicative identity, denoted by
1, which is represented by the 0—cocycle that sends every 0—simplex to 1.
3.6.2 The cap product and Poincaré Duality

The cap product is a bilinear map that takes as input a singular n—chain and singular

k—cochain, and outputs an (n — k)—chain for n > k:

N:S(X;R) x S*(X;R) = S,_1(X;R).

Given an n—simplex ¢ : A" — X and a cochain 1 € S¥(X; R), the cap product is
dual to the cup product in the sense that if ¢ € S"*(X; R) is a cochain, then

plon) = (P Ue)(o),
so that the homomorphism

YU(): S""(X;R) = S"(X;R)
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is the transpose of the linear map
N Su(X;R) — Shk(X; R).
Theorem 3.6.4. The cap product determines a bilinear map,
N: H,(X;R) x H*(X;R) — H, 1(X;R)

by the rule
[ N [Y] = [any].

Lemma 3.6.5. If a € S,(X) and ¢ € S*(X) then
Iany) = (—1)*0any —andyp).

Theorem 3.6.6. Poincaré Duality Theorem: Let M be a closed, R—oriented
n—manifold with fundamental class [M] € H,(M; R). The cap product with respect to

[M] defines an isomorphism

(MM () : H*(M; R) = H,_(M; R).

3.7 The Kunneth Formula

For two given spaces, we may form the product space X x Y, which comes equipped
with projection maps 7 : X xY — X and m : X XY — Y. These can be used to

define the cross product:
HP(X;R) x HY(Y;R) — H"*(X x Y; R)
given by a x b = 7} (a) Uns(b).

The cross product is bilinear, so it determines a homomorphism

HY(X;R)®@ HY(Y;R) — H"*Y(X xY;R), a®b+ axb. (3.7.1)
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Theorem 3.7.1. If both H?(X; R) and HI(Y; R) are free R—modules for all degrees

of p and q respectively, then there is an isomorphism:

H"(X xY;R) = P H"(X;R) @ H(Y; R)

ptg=n

defined by adding up the natural homomorphism 5.7.1.

A proof in the case when X and Y are cell complexes can be found in the Hatcher,
section 3.2 [7].



Chapter 4

Betti Numbers and Poincaré

Polynomials

4.1 Betti Numbers

4.1.1 Fundamental theorem of finitely generated abelian groups
Let G be a finitely generated abelian group. Then it decomposes as follows:

G=Z" X Ly X Liny X ... X L, for some integers r,ny,ng,...,ng,
and uniquely satisfying the following conditions:

1. » > 0 and n; > 2 for all 4,

2. nyq g for1 <i<s—1.
Then,

1. the integer r in the decomposition is called the free rank of G,
2. ni,na,...,ng are called invariant factors of G,

3. the decomposition is called the invariant factor decomposition of G.
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Definition 4.1.1. We say that a group G is finitely generated if there exists a finite
set S C G such that every element of G can be written as a product of finitely many

elements of S and the inverses of such elements.

Definition 4.1.2. For each positive integer r, let Z" = 7Z X 7Z X ... X Z be the direct

product of r copies of Z. Then Z" is called the free abelian group of order 7.

Definition 4.1.3. For each positive integer n, we call Z, = %Z the cyclic group of

order n.

4.1.2 Betti Numbers

Definition 4.1.4. Let X be a topological space and the abelian group Hy(X) be the
n' homology group of X. Then for a non-negative integer k, the £* Betti number
bp(X) of X is the dimension of Hy(X), i.e.,

Hy(X,F) =F" for a field F. (4.1.5)

The Betti numbers depends on the field F and only through the characteristic of

F. If the homology groups are torsion-free, then the Betti numbers are independent
of the filed.

Example 4.1.6. n — dim sphere.

Consider

F if k=0,n,
H(S™,F) =
0 otherwise.

Therefore by(S™) = b,(S™) = 1 and all the other Betti numbers are 0.

Example 4.1.7. Genus g Riemann surface.

Consider
F if k=0,2,
Hy(X,,F)=(F% ifk= 1,
0 otherwise.

Therefore bo(X,) = ba(X,) =1, b1(X,) = 2¢ and all the other Betti numbers are 0.
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Example 4.1.8. The infinite complex projective plane.

Consider
F if Kk =0,even,

0 if k= odd.

Hk(CPOOJ F) =

1 if k =0,even,

0 if k = odd.

Therefore b, (CP*>) =

Example 4.1.9. The real projective plane.

Z, if0<k<n,
Hy(RP",Z,) =

0 otherwise.

. Q ifk=0and, k=n, odd
Hy(RP",Q) =
0 otherwise.

1 if0<k<n,
Therefore, over the field Zo, b,(RP™) =

0 otherwise,
1 ifk=0,and kK =n odd,
and over Q, b,(RP™) =

0 otherwise.

4.2 Poincaré Series

Definition 4.2.1. For a fixed coefficient field I, define the Poincaré polynomial Py ()

of a topological space X to be the generating power series of its Betti numbers.

ie. Px(t)=) bt
where b; is the dimension of H;(X,F) as a vector space of F (or the i** Betti number
of X).

Example 4.2.2. n — dim sphere.
By Example 4.1.6, the Betti numbers are by(S™) = b,(5™) = 1 and all the other Betti
numbers are 0. Therefore Pgn(t) =1 + ™.
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Example 4.2.3. Genus g Riemann surface.
By Example 4.1.7, the Betti numbers are by(X,) = b2(3,) =1, b1(3,) = 2¢ and all
the other Betti numbers are 0. Therefore Py (t) = 1+ 2gt + t*.

Example 4.2.4. The infinite complex projective plane.
1 if Kk =0,even,
0 ifk=odd

By Example 4.1.8, the Betti numbers are b, (CP>) =

Therefore Pepeo(t) = 1412 4+ ¢4 + 5 + ...

Theorem 4.2.1. Let X and Y be two topological spaces. Then the Poincaré polyno-

mial of the tensor product X XY can be written as:
Pxxy(t) = Px(t)Py(t).
This theorem follows from the Kiunneth Theorem for fields.
Example 4.2.5.
Psiysi(t) = Psi(t)Psi(t) = (14+t)(1 +t) =1+ 2t + ¢*.
Example 4.2.6.
Pgiyas(t) = Psiygix. xs1(t) = Ps, (t)Ps, (t)...Ps, (t) = (1+)%.
Example 4.2.7.

PCPOOX(Sl)29(t) — P(Cpoo (t)P(Sl)Qg (t)
=1+ 4+t + 5+ )1+ 1)

2g
29
=142+ 404D ¢l
I+t +"+"+ ) <l>

o , =0
- ()
=0

=0



Chapter 5

The Symmetric Product Space and
The Infinite Symmetric Product
Space

5.1 The symmetric product space SP"(%,)

The symmetric product of a topological space X can be thought of as a set of finite
unordered n — tuples drawn from space X. Key to this construction is that the
symmetric group S, acts naturally on the product space X™ by permuting elements,

namely,

(21, %2, s Tp) = (To(1)s To(2)s - To@)) for all o € S, and (21, 22, ..., 2,) € X™.

Definition 5.1.1. Let X be a topological space. For any natural number n, the n'*

symmetric product of X is the orbit space:
SP"(X)=X"/S,

of the natural permutation action described above, where X" = X x X x ... x X is

the product space.

In case X = ¥, then SP"(X,) may be interpreted as the space of all effective

divisors of order n. In addition to that, SP™(3,) serves as the domain of the classical
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Abel-Jacobi map:
AJ, : SP"(3,) — Jac(X,),

which we will explain in Chapter 7. In this case SP"(%,) is a complex manifold of

dimension n (a real manifold of dimension 2n).

5.2 The infinite symmetric product space SP>(X)

Let X be a topological space and * € X be a given base point. Then, there is an
embedding
SP"(X) < SP"(X)

given by

j(xlax% 7xn) = (.Il,l’g, coey Ty *)

Thus SP"(X) can naturally considered as a subset of SP"™!(X) and this is given
a sequence
SPY(X)C SP*X)C..C SP"(X)cC SP"(X)C.. (5.2.1)

that allows defining an infinite symmetric space.

Let X; — X, < ... be a sequence of inclusions. Consider the union X = UX,
and define the topology of X by the rule that U C X is open if U N X,, is open for
all n. If the X, are a sequence of cell complexes, that is, X,, is a subcell complex of

X,11, then X is also a cell complex. We call X the colimit of the sequence.

Definition 5.2.2. Let X be a topological space. The infinite symmetric product of
X is the colimit
SP>(X) ~ colimSP"(X)

according to this sequence.

Theorem 5.2.1. Let X, be a compact Riemann surface of genus g. Then there is a

homotopy equivalence such that

SP>(%,) 2 CP> x (S")%. (5.2.3)

Theorem 5.2.1 is a consequence of the Dold-Thom Theorem 5.2.2, which we now
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explain.

5.2.1 Eilenberg-Maclane Space

Given a positive integer n and a group G (necessarily abelian if n > 2) then a con-
nected topological space X is called an Eilenberg-Maclane space of the type K (G, n),
if it has n'* homotopy group

(X))~ G

and
mi(X)=0 for i#n.

The homotopy type of a CW complex K (G, n) is uniquely determined by G and
n. Moreover, K(G,n) is a cell complex structure and it is unique up to homotopy

equivalence.

Example 5.2.4. The unit circle S' with G =7 :
K(Z,1) ~ S".
Example 5.2.5. The infinite dimensional real projective space RP> with G = Z :
K(Zy,1) ~ RP*.

Example 5.2.6. The infinite dimensional complex projective space CP* with G =
7 :
K(Z,2) ~ CP*.

5.2.2 Dold-Thom Theorem

Theorem 5.2.2. Let X be a connected cell complex. Then, there is a homotopy

equivalence

SP®(X) =~ ﬁ K(H,(X,Z),n). (5.2.7)
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5.2.3 Proof of Theorem 5.2.1

Note that Y, is a connected cell complex and
Z ifn=20,2
Remark 5.2.3. Hy(X,,Z) =< 7% ifn=1

0 otherwise.

Now the Dold-Thom theorem implies:
SP>(5y) ~ [[ K(Ha(S,,Z),n)
n=1
= K(H,(3,,Z),1) x K(Hy(X,,Z),2)
= K(7Z*,1) x K(Z,2)
= (SH¥ x CP™. (by Ex.5.2.4 and Ex.5.2.6)

5.3 The Betti numbers and Homology of SP*(%,)

By Theorem 5.2.1 and Theorem 4.2.1, we have the Poincaré polynomial for SP>(3,)

as:

1
= (11 (—)

1—¢2
=2
1=0

29
(29) it
: )
0

1=

Note that the k — th Betti number b, of a space is the coefficient of t* of its own
Poincaré polynomial. For example, consider by, has the following combinations to be
i+ 20 = 4,

]
\&}
e~

l

(]
—_
@)

J

Table 5.1: 7 and [ values for by
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and hence, by, = (29) + (29) + (29). So,

k by
0 b = (%)

1 b= (7)

2 by = (§) + (3)

3 bs = (7) + (%)

Al b= @)+ @)+ @)

51 k=) +@)+(®)

61 bs=(3)+ () + () + (@)
7= +E)+E)+ @)

Table 5.2: Classification of Betti numbers of SP>(%,).

In general,

Zfﬁ) @f) if k=0, even,
b(SP>(%,)) = (5.3.1)
SO (29) i k= odd.

2i+1

Recall that the homology of a space X,
Hy(X,F) =F% for a field F.
and hence, as a conclusion, we have:

k/2

Foito (3) if k=0, even,
FE5 G it k= odd.
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5.4 The relationship between SP"(3,) and SP*(%,)

As we described in subsection 5.2, SP*(%,) is the colimit of SP™(X,). SP*(X,) has
a cell complex structure [J] for which the SP"(X,) are subcomplexes such that the

natural inclusion i : SP™(¥,) — SP>(%,) is an isomorphism up to the n-skeletons:

(SP™(Xg))n = (SPT(Xg))n-

This inclusion determines an isomorphism between cellular chain complexes p; :

Ci(SP(5,)) — C(SP=(S,)) for i < n.

Theorem 5.4.1. Let &, be a compact Riemann surface of genus g with an n'™ sym-

metric product space SP"(¥,) and infinite symmetric product space SP>(X,). Then,

Hy(SP"(%,),F) = H,(SP>(%,),F) for k=0,1,..,n—1. (5.4.1)
Proof. The proof follows directly by Lemma 3.2.1. m

In fact, I.G MacDonald [9] proved that 5.4.1 is also an isomorphism for k = n.

5.4.1 The Homology and Betti numbers of SP"(%,)

Theorem 5.4.1 allows us to find homology groups of SP"(%,) and Equation 5.3.2
implies that
IFZZ% () if k = even,
Hp(SP"(%,),F) = (5.4.2)
SEVPGE) s —
[F2i=o 2i+1 if k= odd
for k=0,1,2,...,n.
To calculate the rest, from n + 1,...,2n of the homology groups, we need to use

Theorem 3.6.1 and the Poincaré duality.

Since SP"(X,) has a finite cell complex structure, by Theorem 3.6.1:

Hy(SP"(%,),F) = H*(SP"(%,),F) for ke€N.
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Recall that the n — th symmetric product space SP"(%,) of a compact Riemann
surface ¥, of genus g is a closed R — orientable 2n-dimensional manifold and satisfies

the Poincaré duality theorem. Thus we have

H*(SP"(%,),F) & Hap, 1(SP™"(%,),F).

Therefore, the conclusion is:

H,~ H*~ H,, , ~ H" "
As results:

e Poincaré polynomial

nsre) = X () (543

(3
i+k<n

e Fuler characteristic

WSP(S,) = <—1>"(2g - 2); (5.4.4)

n

e In addition to these results, we introduce the zeta function [9], ¢(u,t), which is

the power series of Poincaré polynomials of each symmetric product:

(14 ut)®
1= u)(1— 2w

C(ut) =Y PSP (Sy))u" = (5.4.5)

Moreover, all the Betti numbers are independent of the field, SP"(X,) satisfies all
the conditions of Theorem 3.2.2; and hence, we can introduce all the homology and

cohomology groups of SP"(%,) over Z.



Chapter 6

Fiber Bundles and Covering Spaces

6.1 Fiber Bundles

Definition 6.1.1. Let £, B and F be topological spaces, called total space, base
space and fiber respectively. A fiber bundle is a structure (F, B, ¢, F') with continuous

surjection ¢ : E — B satisfying the following conditions:
1. For any b € B the pre-image ¢~'(b) is homeomorphic to F' and is called the fiber
over b.

2. For every b € B there is an open neighbourhood U C B of b such that there is a
homeomorphism ¢ : ¢71(U) :— U x F with subspace topology and the following

diagram commutes:

¢ (U)—<=UxF

q ;
proji

U

where proj; is the natural projection onto the first coordinate. The set of all {U;, ; }

is called a local trivialization of the bundle.

Since projections are open maps, every fiber bundle ¢ : £ — B is an open map

and hence, B has the quotient topology determined by the map ¢. The fiber bundle
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structure is determined by the projection map ¢, but we sometimes write a fiber
bundle as a short exact sequence to indicate which space is the fiber, total space, and

base space.
F yE—1—> B

Note that when the fiber is a vector space, the bundle is called a vector bundle.

Example 6.1.2. A fiber bundle with fiber a discrete space is a covering space. Con-
versely, a covering space with fibers which all have the same cardinality, such as a

covering space over a connected base space, is a fiber bundle with a discrete fiber.

Example 6.1.3. Trivial Bundle.
Let E = B x F and let ¢ : E — B be the projection onto the first coordinate. Then

F is a fiber bundle over B and is called a trivial bundle.

Example 6.1.4. The n—dimensional real projective space RP" defined by:

RP" :=S"/ ~

where x ~ —x for z € S™ C R"*L. Let ¢ : S™ — RP" be the projection map, then

this is a fiber bundle with fiber in the two point set and it is also a covering map.

Example 6.1.5. The n—dimensional complex projective space CP™ defined by:

(Cpn — SQn-i—l/ ~

where x ~ ux for z € S € C" and u € S'. Then ¢ : S?"*! — CP" is a fiber
bundle with fiber S*.

Example 6.1.6. One of the simplest examples of a nontrivial bundle £ is the M&bius

band, which is a bundle over S* with fiber an interval.

Theorem 6.1.1. Given a fiber bundle (E, B, q, F) and choosing a base point ey € E;

then, there is a long exact sequence of homotopy groups

——To(F,eq) —=ma(E, eq) —=ma(B, q(eg)) —=m (F,eq) —=m1(E, eq) —=m1(B, q(ep)) .
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6.1.1 Sections

Let ¢ : E — M be a fiber bundle with the fiber E,, = ¢~'(m) for m € M. A section

is a continuous map s : M — E such that g o s =idy;,1.e.,

s(m) € E,, forall me M.

If E — M is a vector bundle, then every fiber F,, of E is a vector space and thus
has a distinguished element, the zero-vector in FE,,, denoted by 0,,. It follows that

every vector bundle admits the zero-section:

so(m) = (m,0,) € Ep,.

6.1.2 Pullback Bundle

Definition 6.1.7. Let ¢ : E — B be a fiber bundle with the fiber F and let f : B' —
B be a continuous map. Define the pullback bundle by

fFE={({,e)e B xE|f(t))=q(e)} CB xE

and the projection map ¢ : f*E — B’, given by the projection onto the first coor-
dinate and ¢g : f*E — FE, given the projection onto the second coordinate, such that

the following diagram commutes:

f'B——

E
le
B-1.pB

—_

(6.1.8)

If (U, ) is a local trivialization of E, then (f~'(U),) is a local trivialization of
[*E, where ¢(V,e) = (b, proja(p(e))). It then follows that f*E is a fiber bundle over
B’ with fiber I and the bundle is called the pullback of E by f.

Proposition 6.1.2. Let (E,B,q,F) be a trivial fiber bundle and f : C — B be a
continuous map. Then the pullback of the fiber bundle along f is also a trivial fiber
bundle on C" with the same fiber F.
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Proof. Considering the pullback of the commutative diagram:

q¢C——C

| b

BxFL1 -B
we have

b,d),c) € Bx F xC|qb,d) =b= f(c)}
) € BxC|f(c)=b} x F
fle),e)|ce C} x F

S

6.1.3 Covering Spaces

Definition 6.1.9. A covering space of a space X is a space X together with a map
p : X — X satisfying the following condition: every point z € X has an open
neighbourhood U, C X, such that p~'(U,) is a disjoint union of open sets, each of
which is mapped by p homeomorphically onto U,.

Example 6.1.10. The map p : R — S given by p(t) = € is a covering map,
wrapping the real line round and round the circle. The pre-image of a little open arc

in the circle is a collection of open intervals in the real line, offset by multiples of 2.

Example 6.1.11. Another cover of the circle is the map p : S' — S! given by

p(e®) = e where n is a positive integer. This wraps the circle around itself n times.

Example 6.1.12. The map p : (S1)% — (S1)% given by p(e't e'2, ... e''29) =
(€21 etz ?"2) is a covering map, wrapping each component two times, which

makes 229 cover.

Theorem 6.1.3. If X is a cell complex with the n—skeleton X,, and X is a covering
space with the covering map p, then X is a cell complez with the n— skeleton pHX,) =
X,
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Proof. The proof and the explanation can be found in Hatcher [7]. O

Corollary 6.1.4. Letp:Y — Y be a covering map and f: X — Y be a continuous

map. Pullback f; of the covering map p along f is a covering map.

¥)L-v
lf; . il/p

X ——

fr (6.1.13)

Proof. Take any € X and let f(z) =y in Y. Since p is a covering map, there exists

an open neighbourhood U, C Y such that p~'(U,) = | Vi, where each V; is open
el

in Y for ¢+ € I and maps homeomorphically to U, by p. Now, since f is continuous,

f~1(U,) is an open set, and let U, = f~1(U,) be the open neighbourhood of z.

) Claim : U, is~covered by fi. Thatis (f£5)71(U,) = (f) 1 (fHU)) = F 1 (U,)) =
fFFHUV) = U (V).

iel iel
So we need to check that each f ~1(V;) is mapped homeomorphically onto U, by

f,- By Corollary 6.1.5 we have f as a homeomorphism and hence we have the result.

]

Corollary 6.1.5. Letp:Y — Y be a covering map and f: X — Y be a homeomor-
phism. If the pullback of p along f is X, and the covering map Iy X — X, then the

function f: X — Y is a homeomorphism.

f

XY (6.1.14)
Ip lp
XL-vy

6.1.4 Vector Bundles

An n—dimensional vector bundle is a structural (E, M, q) fiber bundle, such that the

fibers are vector spaces isomorphic to R".

Every point m € M has an open neighbourhood U along with a homeomorphism
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h:q Y (U) — U x R™ which takes fibers ¢~*(m) — {m} x R" so that the following

diagram commutes:

¢ (U)—L~U xR"

q )
proji

U

A smooth vector bundle is a vector bundle (E, M, q), where E and M are smooth

manifolds and ¢ : E — M is a surjective submersion.

Theorem 6.1.6. Let E — M be a smooth vector bundle with fibers E,, = C" and
g : X — FE be a smooth map on a smooth manifold X. Then, there exists a smooth

section s : M — E. such that g is transverse to s.

Proof. Theorem 15.3, Chapter 02 [1] O

Corollary 6.1.7. Let E — M be a smooth vector bundle with fibers E,, for m € M.
If the dimension of E is greater than twice the dimension of M, then there exists a

non-vanishing section.

Proof. Let sg : M — E be the zero-section, which is a smooth map on M. Now, by
Theorem 6.1.6, there is a smooth section s such that sg is transverse to s. In fact,
since the dimension of T, M for x € M is equal to the dimension of M, whenever the
dimension of E is greater than twice the dimension of M, then transversality 2.3.1
implies that there is no intersection, which is for all m € M, s,,, # 0,, and hence, there

exists a non-vanishing section.

6.1.5 Projective Bundles

Let V' be a topological vector space over C. The set of all 1 — dim vector subspaces of
V is called the projective space P(V'). Topologically, it is the quotient space endowed
with the quotient topology, the set of equivalence classes of V' '\ {0} under the equiv-
alence relation ~ defined by z ~ y if there is a nonzero element \ of the field such
that z = Ay. If V' is a finite dimension (say n — dim), then the dimension of P(V) is

n — 1.



49

Definition 6.1.15. Let ¢ : £ — X be a topological vector bundle over C with the
base of topological space X. Then its projective bundle is the fiber bundle P(q) :
P(E) — X, the total space of which is a bundle of projective spaces, and the bundle

projection is

P(E) — X
[v] — q(v).
Proposition 6.1.8. Suppose that M is a manifold and E — M is a smooth vector

bundle of rank greater than dim(M). Then the associated projective bundle P(E)

admits a section.

Proof. Let E— M be a topological vector bundle with total space F and fibers E,,.

By Corollary 6.1.7, there exists a non-vanishing section s; : M — FE.

For the associated projective bundle P(E) — M with fiber P(E,,) = P(C") =

CP™ !, we can define a section

sy J(M) — P(E) by so(m)=[si(m)]. (6.1.16)

This implies that every non-zero section of F gives a section of P(FE). ]



Chapter 7

The Abel-Jacobi Map

7.1 The Jacobian

Let ¥, be a compact Riemann space of genus g. The first step is to introduce the
Jacobian of X, which we will define to be the compact quotient of CY by a certain

lattice.

Choose smooth closed loops 71,72, ..., Y24 representing a basis [1], [v2], ..., [724] for
the homology group H,(X,;Z) = 7.

Figure 7.1: Genus-g Riemann surface with closed loops 71, 72, ..., V24

Let HY(X,; Q') be the vector space of holomorphic 1— forms on %,. Let wi, wa, .., w,
be a basis for H(X,; Q10) = Cv.

Now define a 2g — dimensional lattice A = {372 nv; |n; € Z} < C9, generated

by the basis of vy, ..., v9, € A such that integrating each of w; 1—forms over 7;,

UZ':(/ wl,...,/wg).
i Vi
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Alternatively, we can define
A= {(/wl,--.,/wg) |[y] € Hi(X;Z)}.
gl gl

The Jacobian of the Riemann surface ¥, denoted by J(X,) is the compact quotient
space,
J(E,) =CI/A = R?9/A.

Since A is a discrete subgroup in C9 of maximal rank, C9/A is a (2¢)—dimensional

torus which is homeomorphic to (S')% as a topological space.

7.1.1 The Abel-Jacobi Map

Fix a point py € X,. The Abel-Jacobi map is a map AJ : ¥, — J(X,). For every

point p € Yy, choose a curve 7 from py to p and define the map AJ as follows:

4 P P
AJ(p):(/ wl,/ wg,...,/ ) + A
Po Po Po

Although f :g w; seemingly depends on the path from py to p, its image in J(3,)
depends only on the point p. Moreover, any two different paths 7,7, from py to
p define a loop with the path concatenation in Y,; therefore, it become an element
in Hy(X;Z), so integration over it gives an element of A. That means the difference
is erased to the quotient by A. Hence AJ(p) is well-defined as a function of p and

independent for choice of curve (It does however depend on the choice of the base
point py).

In the case of general curve ¥/, the map AJ is far from being an isomorphism
unless ¢ = 1. Since J(X,) is an abelian group, the Abel-Jacobi map AJ can be

extended to a symmetric product,
AlJ, : SP"(X,) = J(X,)

defined by
AT, (P) :=AJ(z1) + ... + AJ(z,,)

where P = (z1,...,x,) € SP™(X,).
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7.2 Abel-Jacobi map as a fiber bundle

Theorem 7.2.1. For n > 2g — 2 the Abel-Jacobi map AJ, : SP™"(£,) — J(¥,) is a
fiber bundle with fiber CP™9, where CP"™9 is a complex projective space of dimension

n—g. Moreover, SP™(X,) is isomorphic to the associated projective bundle P(E) for
a vector bundle E — J(¥,).

Proof. The proof for the first statement is Theorem 2.4 of [3] and the proof of the
second part directly follows Chapter VII, Prop: 2.1 of [1] H

Since there is a natural inclusion, SP"(X,) — SP""(%,), and a sequence of

subspaces, 5.2.1, we have a sequence of fiber bundles as follows:

Adp

CcPrs SPr(%,) 2

J(2)
_ Jn+1
CPH-9 — - SprL(s f L g(sy)

P29 — SR (s § 2 7(5,)

Hence, taking the direct limit, we can observe that the result of a fiber bundle is

CP* — SP=(%,) 2= j(3,) (7.2.1)

with fiber CP>°. Hence, for the identity element * € J(X,) by the definition of the

fiber bundle, there is a homeomorphism
f:CP™ — AJ (%) (7.2.2)

Lemma 7.2.2. If n > 2g or n = oo, then the Abel-Jacobi map AJ, : SP"(¥,) —

J(Xy) admits a section.

Proof. Now, by Theorem 7.2.1, we have an isomorphism h, and since n > 2g, by

Proposition 6.1.8 there is a section s,, such that
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52

PN
P(E) - J(Zg)

=1 h

SPr(s,)
So, we can define the section s : J(3,;) = SP™(3,) by s = h o ss. O

Define the map ¢ : CP* x J(3,;) = SP>(%,) by ¢(z,y) = f(x) + s(y). Observe
that (AJw 0 @)(z,y) = .

Lemma 7.2.3. The function ¢ : CP>® x J(¥,) = SP>(3,) is a homotopy equiva-

lence.

Proof. Consider the trivial fiber bundle CP® - CP*> x J () profe, J(2,) which
gives the first row of the following diagram, and since AJy : SP>®(¥,) — J(X,) is
a fiber bundle, the second row according to the Theorem 6.1.1. Recall that f is a

homeomorphism 7.2.2.

e = Tpt1(J(Ey)) — T (CP®) — 7, (CP™ x J(¥,)) = mp(J (X)) — 11 (CP>®) — ...

W T,

= g1 (S (Bg)) = (AT () —= T (SP* () — 7 (J (Eg)) = M1 (AT () = ..

Since all the homotopy groups here are abelian groups, by the Five-Lemma 3.3.2,
the map ¢, is an isomorphism and hence, by Theorem 2.1.2, ¢ : CP* x J(3,;) —
SP>(%,) is a homotopy equivalence. O



Chapter 8

— N—

The Relationship Between SP" (%)
and SP>(%)

8.1 Covering space of SP"(X,) as a pullback

We will construct a homomorphism J(X,) — J(2,) which is also a covering map. As
described in Chapter 7, the Jacobian is the compact quotient space J(3,) = R*/A.
Let {v1, ..., v2,} € R? be a basis for A and C' = [vy, ..., v;, ..., U3, be the column matrix
for the basis. Let A be a 2g x 2¢g matrix with integer entries such that det(A) # 0.
Then, CAC~! = B is a surjective linear map R?9 — R29 that sends A to A. This is
determined to be a surjective homomorphism p : J(X,) — J(£,) by p([z]) = [Bz] for
r € R%.

Then p determines a covering map J(X,) — J(X,) with the number of sheets equal
to | det(A)|. Now we shall consider the pullback diagram of p along the Abel-Jacobi

map:

—_——

SP(S,) —= J(3,) (8.1.1)
I P
SP(,) AL J(3,)

By Corollary 6.1.4, the pullback f; of the covering map p is also a covering map
with | det(A)| number of sheets.
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e~ —

8.2 Homology groups of the covering space SP> (%)

In this section, we will prove that a covering space of SP*(%,) has the same homol-
ogy as SP>(%,). To begin, let us start with the following commutative diagram of
continuous functions and topological spaces:

/

f

Z/ éX/ _LY/
j@z Pz j‘»@y
71 . x-9% vy

Then we have, two respective pullback spaces Z' x X' Y and Zx yY to the diagrams
7' = X « Y and Z — X < Y such that

Z'xoY ={(z,y) e ZxY'|f(z) =g ()} and ZxxY ={(z,y) € ZxY|f(z) =g(y)}.

Hence, we can define a function
V:Z x0Y = ZxxY (8.2.1)

such that ¥(2',y") = (¢.(2), <Py(3/l>>~

We can define the pullback space for the diagram CP> x J(X,) LIEN J(E,) +
J(X,), as a covering space CP> x J(X,) of CP* x J(X,). Similarly, the pullback

space for the diagram SP>(X,) Adee, J(Z,) & J(Z,) is 515;(/29).

Following 8.2.1, this determines the function ¢ : SP>(X,) = CP> x J(X,).

Note that the pullback of a trivial fiber bundle is a trivial fiber bundle with the
same fiber. Thus CP*> x J(3,) — J(X,) is a trivial bundle. Moreover, since we

consider the pullback as the covering space, by Proposition 6.1.2,

CP® x J(5,) = CP™ x J(5,). (8.2.2)

—~——

Lemma 8.2.1. ¢ : SP>(X,) — CP> x J(X,) is a homotopy equivalence.
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Proof. Since we have pullback diagrams of a trivial fiber bundle and fiber bundle,
we can say that CP* — CP> x J(¥,) — J(¥,) is a trivial bundle and CP>* —

SP>(%,) — J(X,) is a fiber bundle. Now, by Theorem 6.1.1, we have long exact

sequence of homotopy groups, which make the following commutative diagram:

e i1 (T () —= T (CP®) —= 1, (CP= X J(5,)) = 700 (J(5,)) —= Tt (CP®) — ...

S

= g1 (S (8g)) = (AT (6)) —= T (SP>(34)) — 7 (J (Eg)) = o1 (AT (6)) = ..

Since all the homotopy groups here are abelian, by the Five-Lemma 3.3.2 the map,

1, is an isomorphism. Hence, by Theorem, 2.1.2, ¢ is a homotopy equivalence.  [J

Corollary 8.2.2. Let X, be a genus g compact Riemannian space and F be a field.
Then

Hi(SP>(%,),F) = H,(SP*(X,),F).
Proof. By Lemma 8.2.1, we have the homotopy equivalences,

—_—

SP=(%,) = CP> x J(5,)
= CP™ x J(X,)

= SP>(%,).
O
As a consequence of Corollary 8.2.2 we have
. ol (39) if k=0, even
Hip(SP>(%,),F) = (8.2.3)

FE5 " () if k = odd.

Now let us consider the relationship between the covering spaces. Let p : XX
be a covering map and let X be a cell-complex with the n—skeleton X,,. Then Xisa

cell-complex with X,, = p~*(X,,) representing the n—skeleton of X.
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Proposition 8.2.3. Let X, be a compact Riemann surface of genus g. Then,

P

H(SP(S,),F) = Hy(SP>(,),F)  for k=0,1,..,n— L. (8.2.4)

Proof. Consider the following pullback diagram:

Recall that we have a homeomorphism of n—skeletons SP"(%,), = SP>(%,), for

up to the n —th skeleton, and by Corollary 6.1.5, we have SP"(%,) = SP>(3,), for
up to the n — th skeleton. Now Lemma 3.2.1 gives the proof. O
Thus, as a result
o FZZ% (37) if k£ = even,
Hi(SP*(%,),F) = (8.2.5)

(k=1)/2 ( 2g

[F2i=o (211) if k= odd.

for k=0,1,2,....,n — 1.
Since SP™(%,) is a closed manifold, its covering space is also a closed manifold.
By the Poincaré duality theorem

Hon_in(SP"(3,),F) = Hy(SP"(,),F) (8.2.6)

for Kk = 1,2,...,n — 1 and it remains to determine the n — th Betti number of the

covering space.

8.3 Euler Characteristics

The Euler characteristic x(X) can be defined purely in terms of homology and hence
depends only on the homotopy type of X. In particular, x(X) is independent of the

choice of the cell complex structure on X.
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Definition 8.3.1. Euler characteristic.
Let X be a finite cell complex, and ¢; be the number of ¢ — cells of X. Then, the Euler
characteristic x(X) is defined as:

There is an alternative definition for the Euler characteristics connected with the

Betti numbers. We are going to use that definition for the calculations.

Proposition 8.3.1. For a finite cell complex the Fuler characteristic is equal to the

alternating sum of Betti numbers:

Theorem 8.3.2. Let X be a finite cell complex and p : X — X be an m—fold covering

map for the covering space X. Then,

X(X) = mx(X).
Proof. Since p is an m—fold covering map, we have the number of ¢ — cells of X,

ci(X) = me(X).

Now, by the Definition 8.3.1,



29

—_—

8.3.1 The n-th Betti number of SP" (%)

Let b; and b; be the i—th Betti number of S P"(¥,) and its covering space, respectively.
Then we have b; = b; for all i except ¢ = n, and from section 8.1 we have the covering

—_—

map fy: SP"(X,) — SP"(%,) with [ det(A)| number of sheets.

For m = | det(A)|, by Theorem 8.3.2 and (5.4.4) we have:

b = o+ (m = X (SP"(3,)) (8.3.2)
29 — 2
= by 4 (m - 1)(—1)"( gn ) (8.3.3)
where
o G if n = 0, even,

(n—1)/2 [ 2 :
k=0 (Qkil) if n = odd.

So the results are:

e Euler characteristic by using (5.4.4):

KPS = (s () =m0 (7))
e The Poincaré polynomial
PSPE) = PSP E) + -1 s39)

e Zeta function

[e.9]

() = 3 PSP (E,)u" =

(1 +ut)*

A— o e Hm - DA+ )™ (83.6)

Finally, note that the Betti numbers are independent of the characteristic of F. It
follows by Theorem 3.2.2 that



P

H,(SP™(3,),Z) = 7'

where b, is given by the equation 8.3.2.

60

(8.3.7)
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Results

1. Homology and Cohomology of SP*(%,) :
7500 (%) if k=0, even,
Hy(SP*(Z,),Z) = H*(SP>(%,),Z) =
SEPPGE) e
Z#i=0 — \2it1) if k = odd.

—~—

2. Homology and Cohomology of SP>(%,) :

7500 (%) if k=0, even,

Hy(SP=(%),Z) = H*(SP=(%,),Z) = (k-1)/2 ( 2
ZZi:O (Qiil) if k = odd.

3. Homology and Cohomology of SP™(%,) :

7525 (3) if k = 0, even,
n _ k n _
Hy(SP"(%y),Z) = H*(SP"(%,),Z) = SEeD2 (20
7,2~i=0 2i+1 if k = odd

for k=0,1,2,...,n and H, = H* = H,,_;, = H*"7F,

4. If the zeta function is ((u,t) = Y~  P(SP"(3,))u", then



(14 ut)®
(1 —u)(1—t2u)

C(uv t) =

—~—

5. Homology and cohomology of SP"(%,) :

o o Zziﬁ (37) it k=0, even,

H(SPA(5,),2) = HHSP(%,),Z) =
ZZESI)M (2%1) if £k = odd

for k=0,1,...,n—1and H, = H* = Hy,_;, = H>*F for all k except n.

For k =n,
H,(SP"(S,),Z) = H"(SP"(S,).Z) = ™,
where
b = by + (m — 1)(—1)" (29 - 2)
n
and

b0 (%) if n =0, even,

(n—=1)/2 1 2g

ko (pga) i n=odd.

—_— —_—

6. If C(u,t) = >~ P.(SP"(X,))u", then

— (1 + ut)?

) = i =gy * O D
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