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1. Introduction

In this paper, we consider formally self-adjoint real principal type operator P =
Op(p) on the Euclidean space R™ with n > 1, where Op(-) denotes the Weyl quan-
tization. A typical example is the Klein-Gordon operator with variable coefficients
(see Remark 1.4), and the propagation of singularities plays an essential role in the
proof of the essential self-adjointness.

We suppose the symbol p(zx, ) is real principal type with asymptotically constant
coefficients in the following sense:

ASSUMPTION 1.1. — Let m > 2, p,p,, € C®(R**) and py € C*(R") be real-
valued functions of the form

p,8) = Y. aa(@)E", pm(7,) = D aa(@)€% po(€) = D bal”

lal <m lal=m |a|=m

where b, € R and a, € C*(R") such that for any multi-index 3 € Z,
07(aa(r) = ba)| < Cs @)1, zeR”

with some p > 0, where we set b, = 0 for || < m — 1. Moreover, there exists C' > 0
such that

CHE™ ™ < |Oepm(, €)] < Ole™!
for (x,&) € R?". In particular, this implies
CTHE™ ! < 10epo()] < Clg™

Let (y(t)vn(t)) = (y(t7$07€0)7n(t7x07£0)) € Cl(R X RQn’RQn) be the solution to
the Hamilton equation:

V0 = BEO0), Gr(0) = TG0, e R

with the initial condition: (y(0),n(0)) = (zo,&) € R*". We suppose the following
null non-trapping condition:

ASSUMPTION 1.2. — For any (9, &) € p,;,}(0) with & # 0, |y(t, zo, )| — oo as
t| — oo.

Our main theorem is the following:

THEOREM 1.3. — Suppose Assumption 1.1 and 1.2. Then P = Op(p) is essentially
self-adjoint on C°(R™).

Remark 1.4. — (Klein—Gordon operators on asymptotically Minkowski spaces)
Let go be the Minkowski metric on R": gy = da} —da3 —---—dz}, and g~' = (g¢')7

be its dual metric. A Lorentzian metric g on R" is called asymptotically Minkowski
if g~ (x) = (9" (x))} -, satisfies, for any a € Z" there is C, > 0 such that

92 (97(x) = g7 )| < Co ()", wemrr,
with some p > 0. Suppose V' (z), 4(xz) € C*(R™;R), j =1,...,n, such that
2V (@) < Ca (@), |02 A;(0)] < Ca ), @ e RY,
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Essential self-adjointness of real principal type operators 1037

for any o € Z7. Then the symbol

() = 3 (@) (6 — Ay()) (€ — Ax(x)) + V(a)

J, k=1

satisfies Assumption 1.1. The essential self-adjointness for this model is studied by
Vasy [Vas20).

Remark 1.5. — In this paper, we only deal with operators with order greater than
1. The essential self-adjointness of first order operators on C2°(R™) can be proved by
Nelson’s commutator theorem with its conjugate operator N = —A+|z|>+1 ([RS80,
Theorem X.36]). We also note that if P commutes with the complex conjugation:
Pu = Pu, then, it is enough to assume the forward null non-trapping condition only
instead of null non-trapping condition (cf. [RS80, Theorem X.3]).

Remark 1.6. — It is an open question whether Assumption 1.2 is necessary for
essential self-adjointness of P.

The study of essential self-adjointness has a long history but mostly on operators
of elliptic type (see [RS80, Chapter X and reference therein]). For the construction
of solutions to evolution equation with real principal type operators, we refer the
classical paper [DH72] by Duistermaat and Hérmander, and the textbook by Hor-
mander [H6r85]. Chihara [Chi02] studies the well-posedness and the local smoothing
effects of the Schrodinger-type equations: dyu(t, ) = —iPu(t, x) under the globally
non-trapping condition. The well-posedness implies essential self-adjointness of P if
the operator P is symmetric. We assume the non-trapping condition only for null
trajectories, since the microlocally elliptic region should not be relevant.

Recently, the scattering theory for Klein—Gordon operators on Lorentzian man-
ifolds has been studied by several authors (see, e.g., [BVWI15, GRHV16, Vas20]
and references therein). We also mention related work on Strichartz estimates
for Lorentzian manifolds ([GT12, MT15, Tai20]), nonlinear Schrédinger-type equa-
tions with Minkowski metric ([GS93, Sal07, Wan13]), and quantum field theory on
Minkowski spaces ([GW19, VW18]). In order to study spectral properties of such
equations or operators, self-adjointness is fundamental. We note a sufficient con-
dition for the essential self-adjointness is discussed in Taira [Tai20]. The essential
self-adjointness for Klein-Gordon operators on scattering Lorentzian manifolds is
proved by Vasy [Vas20] under the same null non-trapping condition. We had in-
dependently found a proof of the essential self-adjointness using different method
for compactly supported perturbations (we discuss the basic idea in Appendix C).
Inspired by discussions with Vasy during 2017, we generalized the model to include
long-range perturbations, and also to higher order real principal type operators. Our
proof is considerably different from [Vas20], relatively self-contained, and hopefully
simpler even though our result is more general than [Vas20] for the R™ case.

This paper is constructed as follows: in Section 2, we prepare several notations
and basic lemmas. Our main result is proved in Section 3. In Subsection 3.1 we show
that (P —i)u = 0 implies u is smooth. The basic idea of the proof is analogous to
Nakamura [Nak05] on microlocal smoothing estimates, and relies on the construction
of time-global escaping functions (see also Ito, Nakamura [IN09] for related results for
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1038 S. NAKAMURA & K. TAIRA

scattering manifolds). The technical detail is given in Appendix B. In Subsection 3.2,
we show the local smoothness implies an weighted Sobolev estimate, which is sufficient
for the proof of the essential self-adjointness. The idea is analogous to the radial point
estimates of Melrose [Mel94], and also related to the positive commutators method
of Mourre. Here we construct weight functions explicitly to show necessary operator
inequalities. The proof relies on the standard pseudodifferential operator calculus. In
Appendix A, we prove non-trapping estimates for the classical trajectories generated
by pm(x, &), which are necessary in Appendix B. The main lemma (Lemma A.2) is
a generalization of a result by Kenig, Ponce, Rolvung and Vega [KPRV05], though
the proof is significantly simplified. In Appendix C, we give a simplified proof of the
essential self-adjointness for the compactly supported perturbation case. In this case
the relatively involved argument of Subsection 3.2 is not necessarily.

Acknowledgments

We are grateful to Andra$ Vasy for stimulating discussions during RIMS meeting
at Kyoto in 2017. We also would like to thank referees for suggesting improvement
of this paper.

2. Preliminary

We set (z) = (1 + |z|?)"/? and D, = —i0/0z. We denote the weighted Sobolev
spaces by
H* = HAH(RY) = () (D) [LA(RY)]
for s,/ € R, and their norms are given by
Il o = [[(D2)* () | .-

We use the following notation of pseudo-differential operators. For any symbol
a € C*(R?"), we define the Weyl quantization of a (at least formally) by

Op(a)u(e) = (2m) " [[ €= ea((z +y)/2,E)uly) dyde, u e SR,
We set the symbol classes S, S*¢ and S(m, g) by
S:={aeC®R™")|V a,B, 3 Cuop : |020{a(x,6)| < Cap},
§hti={a e CORM|V o, 8, I Cas : 0507 a(x, €)| < Cas ()71 ()1},
S(m,g) = {a € C®(R™) \ for vector fields : X1, X, ..., Xj, 3 C such that
XXz ... Xpa(z, €)] < Om(z, €)g(Xy, X1)2g(Xz, Xo)? - g( X, Xi)?

where g is a slowing varying metric and m is a g-continuous function (see [Hor85,
Section 18.4]). We denote the Poisson bracket of symbols a and b by {a,b} =
0,0 - Ogb — Oga - O,b.

The proofs of the following lemmas are standard, and we omit the proofs.
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Essential self-adjointness of real principal type operators 1039

LEMMA 2.1. — Let (g, &) € R* with & # 0. Suppose that there exists a € S
such that a(zg, &) > 0 and || Op(an)ul| 2 = O(h¥*) for some e > 0, where ay(z,£) =
a(z,h€). Then u € H* microlocally at (zg,&).

LEMMA 2.2. — Let k,{ € R. Assume a; € S** is a bounded sequence in S**
and a; — 0 in S*T%9 for some § > 0. Then, for each s,t € R and u € H**
|Op(a;)ul| e, ex — 0 as j — oo.

3. Proof of Theorem 1.3

By the basic criterion for the essential self-adjointness ([RS80, Theorem VIL.3]), it
is sufficient to show
Ker (P* +1i) ={0}
to prove Theorem 1.3. Since D(P) = C>°(R"), we have D(P*) = {u € L*(R") | Pu €
L*(R™)} where P acts on u in the distribution sense. We hence show:
(Pti)u=0 in D'(R") for u € L*(R") implies u = 0.
We only consider “+7 case. The “—" case is similarly handled. Moreover, we note
if u satisfies (P 4+ ¢)u = 0 and u € HWTA’*%(R”), then u = 0 follows from a simple
argument in [Vas20]. Namely, we take a real-valued function ¢ € C2°({t € R|t < 2})
such that ¥(t) =1 for t < 1 and set ¢Yg(x, &) = Y((z) /R)Y((¢) /R). Then we have

2illull32 = (Pu,u)r2 — (u, Pu)p = }%ggo ([Op(¥r), Plu,u);o .
We note that [Op(¢g), P] is uniformly bounded in Op S™ '~ and converges to 0

in Op S™~ 149149 a5 R — oo for any 6 > 0. We obtain u = 0 by using Lemma, 2.2.
Thus, in order to prove Theorem 1.3, it suffices to prove

PROPOSITION 3.1. — Ifu € L2(R") satisfies (P + i)u = 0, then u € H"% 2.

The proof of Proposition 3.1 is divided into two parts. In Subsection 3.1, we prove
the local smoothness of u. In Subsection 3.2, using the local smoothness of u, we
prove weighted Sobolev properties of .

3.1. Local regularity

The main result of this subsection is the following proposition. We note that we
need the null non-trapping condition only for this proposition.

PROPOSITION 3.2. — Ifu € L*(R") satisfies (P + i)u = 0, then u € C®(R").

Proof. — Tt suffices to prove u € HF (R™) for any k > 0. We use the contradiction
argument. Suppose u ¢ HF (R™) with some k. By Lemma 2.1, there exist (z9,&) €
R™ x R™ with & # 0, C' > 0, and a sequence {h;} C (0, 1] such that for any a € S
with CL(ZE(), go) = 1,

k-
hy — 0 as ¢ — oo, and ||Op(ap, m)u| = C’hlZ”‘IH,
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1040 S. NAKAMURA & K. TAIRA

where ap, (2, &) = a(x, hﬁé). We may assume (9, &) € p;,}(0) since u is smooth
microlocally in R?" \ p,}({0}). Now we use the following proposition.

PROPOSITION 3.3. — There exists a family of bounded operators

{F(h,t)}o<n<1,t50 on L*(R")
such that
(1) F(h,0) = Op(vn)* = Op(vn)* Op(vr), where 1y, satisfies conditions: ¥y, (o,
h_ﬁfo) > 1, and for any o, B € Z1}
181

02O Yn(w,6)| < Caphm (z)7°.
(2) There exists C' > 0 such that for 0 < h < 1,

1 (R, )|l g2y < C () RE™H2/00=D g >0,
(3) There exists R(h,t) € B(L*(R"™)) such that

d
S F(ht) [P F(ht)] > —R(h,1), ¢ >0,

sup (1) || R(, )| per2y = O(h™®) as h — 0.

=

Proposition 3.3 can be proved similarly as [Nak05, Lemma 9]. For the completeness,
we give a proof of Proposition 3.3 in the Appendix B. Now we set u(t, z) := e 'u(z).
Then u(t, z) satisfies

iOpu(t,x) — Pu(t,z) =0, ||u(t)||r2@n) < e "||ullr2mn),
where the first equality is in the distributional sense. Setting a(x, &) = ¥y (z, lfﬁg),

then we note a € S, ap ., = ¥, and a(xg, &) = 1. We set Fy(t) = F(hy,t). Then, we
have

ch T < 0p(n, ull® = (u, Fi(0)u)
= (), F0)u) — [ (uls), Fuls)u(s)) s

= (u(t), Fy(t)u(t)) — /0 t <u(s), (ﬁ?(s) +ilP, Fg(S)])U(S))ds

—m42 t
<Ch™ () e [lull® + O(hE°) - HUH2/0 ™ (s) ds,

where all the inner products and norms here are in L?(R"), and O(h$°) is uniformly
in £. Now, we take t = h[l then we conclude a contradiction. Thus, we obtain
u € Hf (R™) for any k > 0. This completes the proof of Proposition 3.2. 0

3.2. Uniform regularity outside a compact set
In this subsection, we prove a priori sub-elliptic estimates near infinity. The fol-

lowing estimates are based on the radial points estimates in [Mel94], where the
radial points estimates are used for scattering theory on scattering manifolds. By
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Essential self-adjointness of real principal type operators 1041

the classical propagation of singularities, the singularities of a solution to Pu = 0
(provided P is real-valued real principal type) propagate along the Hamilton flow
associated with p. At points where the Hamilton vector field vanishes, we may use
the so-called radial points, which implies u is rapidly decaying at a radial source if
u has a threshold regularity at the radial source.

In our case, the radial points estimates are analogous to the Mourre estimate
microlocally near outgoing or incoming regions, which is used commonly in scattering
theory. We give a self-contained proof of the radial point estimate based on an explicit
construction of escaping functions. We note the operator theoretical framework of
the Mourre theory is not applicable here since we do not have the self-adjointness
of P at this point.

We set

P:PO_I_Qa POZPO(DJE)’ Q:OP(Q),
where
q(x,8) =p(x,£) —po(§) € S™ 7", V(2,8) = p(2,€) — pm(2,€) € S™ 174
We use the following smooth cut-off functions: Let X € C*°(R) be such that

1 ift<1
X(t) = S 0<X() LKL, X(t) K0 fort eR,
(1) {O oo (1) (1) <0 for

and supp X’ € (1,2). We write X(¢) = 1 — X(¢), and
Xu(x) = X(|z[ /M),  Xu(x) = X(|z[/M), xR,
with M > 0. A main result of this subsection is the following theorem.

THEOREM 3.4. — Let v > 0 and z € C\ R. There is M > 0 such that if
¢ € LA(R"), (P — 2)p € S(R") and Xy (x)p € C®(R"), then p € HF1=m/2-7n
HF/2=9=12 for any k € R.

Now we show Proposition 3.1 follows from Theorem 3.4.

Proof of Proposition 3.1. — Suppose that v € L*(R") satisfies (P + i)u = 0. By
Proposition 3.2, we have u € C*°(R"). In particular, we have X, (x)p € C*(R") for
any M > 1. Taking v = 1/2 and k = m—1, we obtain ¢ € H™/>~1/2 ¢ gm=1)/2.-1/2,
This completes the proof of Proposition 3.1. 0J

Thus it remains to prove Theorem 3.4. In the following, we assume Im z > 0
without loss of generality. We may also assume 0 < v < min(1/4, u/2).

Weight functions: We choose p(t) € C*°(R) such that

0 ift<0
t) = R 0<p(t) <1, p(t)=0 fortecR.
p(t) {1 > 18, p(t) p'(t) or

For § € (1/2,7/8), we set

P(t)=pt—0), p’(t)=1—p(t+1-108), pi(t)=1—7p\@)—p"(t),
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for t € R. We use the following notation:

P O =0, ) = W) ) = 7 8(6).

Then we set

b (x,€) = (P (] + p(n) + p (m)]| ) e,

which is defined for z,£ € R™\ {0}. We introduce cut-off functions and set

Dis,o(@,6) = ¥ (2, )X (2)X, (), @,6 ER™.
with M, v > 0. We also write

(M, v) = {(2,€) | M < |z| < 2M, [¢] > v},

D(M,v) = {(2,&) | || = M,v < [¢] < 2w},
We set a Riemannian metric g on R?" by
_da® dg?

TN

The next lemma is a key of the proof of Theorem 3.4.

LEMMA 3.5. — Let 1/2 < 0 <6 <7/8, keR,0< M < M,0< v < v, and
write

B=0p (b)), B=0p(,).
If M is sufficiently large, then: There are pseudodifferential operators S = Op(f1),
T = Op(f2) such that fi, fo € S(1,9) and supp [f1] C (M, v), supp [fo] C
Q(M,v); If p € S8, Bp € H-14m/2-12 B(P — 2)p € HF-m=1/2172 gy ¢
HF+m=1/2 and Ty € L? then

BSO c Hk N Hk+(m_1)/27_1/2.
Moreover, For any N > 0 and k > 0 there is C' > 0 such that

(3.1) |Belisin sz + (Im 2) | Bel
< C(HB(P — 2) @l tm-vys21/2 + HE%0’
+ 1Sl 5ksemssz + TNz + Il )

2

Hk—1+m/2, -1

Remark 3.6. — The constant C' in the lemma is independent of ¢ and z € C\ R.
We note we assume By € H¥(m=D/271/2 for technical reasons, though only the
norm of By in H*~1*% =1 appears in the RHS of (3.1).

Theorem 3.4 follows from Lemma 3.5.
Proof of Theorem 3.4. — For j =0,1,2,..., we choose v; and v; so that
0<Dg< V=01 <V =VUy<Ug=---< 0y <00
with an arbitrarily fixed dg > 0. We then E}loosg M; and M ; so that the claim of
Lemma 3.5 holds with k = j/2, M = M;, M = M, and

O<MQ<M0:M1<M1:M2<M2:"'.
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We also set §; = (1 +277)/4 and @» =8 1=(1+2-27)/4for j=0,1,2, ... We
write B] = Op(bf\gj,l’j)’ é] = Op(bi\;[gﬁﬁj) = ijl'
Suppose ¢ € L? and (P — 2)¢ € S(R"). Then we note

B;(P — z)p € S(R").

At first, we have Eogo € H>= c H*~'/2. By Lemma 3.5 with k¥ = 1 — m/2, we
learn By = Byp € HY™2 0 HY2-1/2 provided Sy € HY? and Ty € L2, which
are satisfied under the assumptions of Theorem 3.4 (with My < M). Then we use
Lemma 3.5 again with k = (3 — m)/2 to learn Byp = Byp € HG™/2n gh-1/2,
Iterating this procedure 2k-times, we arrive at

nggO e ch+1fm/2 N Hk+1/2,71/2'

Note that conditions S¢ € H¥/?*1/2 and Ty € L? are satisfied since yu(z)¢ €
C>®(R") and ¢ € L?*(R"). Now we use the first inclusion Borp € HFH1=7/2 We
recall, by the assumption, X, € H*1="/2 and this implies

B2k§0+XM(x>(P c Hk+1fm/2.

Since

bM,u+XM(I)>CO<w> 77 |€| 227/’

by the elliptic estimates (or the sharp Garding inequality), we have ¢ € HF+1=m/2.=7,
@ € HF+Y/2=771/2 follows from By € H¥1/%-1/2 by the same argument. O

For the proof of Lemma 3.5, we compute the commutator of B and P, and then
use a commutator inequality. We write b = b?w,w b= bjz’f/, P’ = p, and p, = p°,
where x = +, —, or 0. The following lower bound for the Poisson bracket is crucial
in the proof of Lemma 3.5.

LEMMA 3.7. — Let k, M and v be as in Lemma 3.5. If M is sufficiently large, there
are symbols f1, fo € S(1,¢g) such that supp [f1] C Q1(M,v), supp [fa] C Qa(M,v),
fi,f2=0, fo<C <IL‘>_(1+M_2’Y)/2 b, and 64 > 0 such that

[l

{p (€8] 2 000 "0 = (" -

Proof. — We first note

0T ([ FE x®z)\._ |v| 9
8w = 7 U= [ D = — (11— )
v-am=v-gro=pi{s. (G~ T Je) = 5 ()

where E denotes the identity matrix. We also note
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Using these, we compute:
{po, b} = v - 0,b
= (- 0em){p_ 2" + o+ Py 2l = v (p_ |2+ po + pi 2| 7) |
X X (2)X, (e + (v Dula]) (vp 2™ = ypi 2|71 Xas (2) X, (§)e ™
+ (v Balal) (p-lal” + po + pclal ) M X (frl /MY, (€)™

= ;;"' (=) {o- (ol = 1)+ 0y (]2 = 1) =7 (2] + po + pi|2]7) }

X Xnr (2% (€)™ + 1 (mp ol = mpe o] ) Rar @K )™ + 7,

|z
where
ro(w, €) = [v(€)[n(x, )V (, &) MIX (|| /M)X, (€),
which is supported in ©;(M,v). We may suppose M > 1, and then
Pl =1) <0, py (j2[ 7 =1) <0
on the support of b. We also note
np—(n) < (=7/8+08)p-(n), —np+(n) < =dp+(n),
and
(1= 72 poln) > min (1= (6= 1%, 1~ 5.+ 1/8)") pul).
We set
05 =min (7/8 = 6,6,1— (5 — 1)%,1 = (5 + 1/8)%) > 0.

We substitute these inequality to the above formula on {pg, b} to learn

(Y — —
{po, 0} < —753;:I;|‘{po + ool + pylz| ™ PR (2)%, (§)e ™™ + 7o

g _537||Z||b(‘r7 f) + 7’0(27, f)
Then we have
v
—{p0,0*} = —2b{po, b} > 2537Hb2 — 2bry.
This also implies
v
(3.2) —{po, (©™1?} = —2b{po, b} ()™ > 253,7":6" ()R B2 — 2(6)* bry.

On the other hand, we have {q, (£)** b2} € S((z) "t~ (&)**™ ™ ¢). We consider
this function in more detail. We note, for any «, 8 € Z7,

(3.3)

0208V (2,€)| < Cagla TN, € £ 0,
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with some C,s > 0. We also note
{g,0} = {4, "} Xas(2)X, () + 1" { @, Xaa ()%, (€) }
= {q, P} Xas ()X, (&) + 71 + 72,
where
r=b(0eq) - (0:Xar) Xo(€), 12 = —bXps(2)(Daq) - (06X,

We observe that 7y is supported in Q; (M, v), and , € S((€)™ ", g); 7, is supported
in Qy(M,v) and r, € S((z)"" 7" g). Using (3.3), we have

{0} X (@)X ()] < C )™ 77 (™ X ()X (€)

< C/M—(M—Q'y) ‘v’(fl)|b($’ g)
X

with some C,C" > 0. Moreover, since ¢ € S™ *_ we have

o @™} < 0 @ iyt < o e

with C” > 0 and C"” > 0. Set C; = C" + C". Hence we learn
fur (91} > —2cn - L2 1 2 (9 b+ 2 (6% b
uniformly in M > 1. Combining this with (3.2), we learn
{p.(©% 0} > (2057 — 20, M~ =27 () mbz +2()* b(—rg + 71 + 7o)
We recall v < 1/2. We now choose M so large that 20, M~=27) < §5v, and we
obtain

(D +2()F b(—ro + 11 +72).

{n@ﬁﬁ}>@v|

We note supp [—ro+7r1] € (M, v) and —ro+7r; € S((f}mfl ,g), hence we can find
fi€S(1,9), fi =0, supp [f1] € Q1 (M, v) such that

2(&)% b(—ro +11) = — (€)M f2,

Similarly, since supp [ro] € Qu(M,v), 7o € S((z)” ", g), we can find f, € S(1, g),
fo =0, supp [fa] C Q2(M,v) such that

2 <§>2k bro>—f7 and 0< fo <C <x>—(1+u—2w)/2 b.

By setting d4 = 037, we arrive at the conclusion of the Lemma 3.7. U

Gl
x

We write
B=0p(b), B=O0p(b), A=(D,)m D272

LEMMA 3.8. — Under the above assumptions, there are pseudodifferential oper-
ators S,T,U,V and a constant 0, > 0 such that

—i [P, B(D.)* B| > 6,B(D,)* |AP (Dy)" B = 8" (D)™ "' S = T"T = U -V,

where
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1) S € OpS(1,g) and its symbol is supported in 2y (M, v);

(1)

(2) T € OpS(1,g) and its symbol is supported in Qo(M, v);

3) U = Op(u) with u € S((z)> 2 (&)™ 2 ¢) and or for any o, 3 € Z",
+

050 ul, )| < € (a) (), €%
(4) V € OpS((2)™ (6) ™. 9).

In the proof of Lemma 3.8, we use the following estimate:

LEMMA 3.9. — Suppose a be a symbol such that supp [a] C €, where
V ={(z,9] |z| = M, |§| = '} with M" > M, v' >, and for any «, 3 € Z,

90 alw, &)| < Cup ()" ()™ b(x, €7,
where s,/ € R. Then for any N, there is C,Cy > 0 such that
| (¢, Op(a)p) | < C || By|
Proof. — We note, for any «, 8 € Z7,
020gb(w, €)| < Cls ()TN (T2 €), (2,6) € .

We write § = () >"" dz? 4+ (2)*7 (£)7?d¢2. Using the above estimate and the
assumption on a, and following the construction of parametrices for elliptic operators,
we can construct a symbol h(x, &) € S(1,g) such that

Op(a) = B (z)* (D,)* Op(h) (D,)* (x)" B + R,

where R € S({x) > (£)">, 7). The assertion follows from this since Op(h) is bounded
in L2(R"). O

Proof of Lemma 3.8. — By the standard pseudodifferential operator calculus, we
can find f1, f» such that fj € S(1,g), supp [fj] C Q;(M,v),j=1,2, and

Op (€)™ f2) < Op(f1)" (D2)* ™ Op(f1) + Ry,
Op (@)~ ) < Op(f2)" Op(f2) + Ra,

where R; are smoothing operators. We set S = Op(fl) and T = Op(fQ). We denote
v —
() = {p (% 1) — @H (€05 + (€ 21 g2 > 0.
We note, by the construction, ((z,§)'(z,£)* € S((z) ™ (ﬁ}zkjm_l,g), where
b = bf\;ﬂ’l,, with M < M' < M, v < v < vand d < § < §. Hence by the
sharp Garding inequality, we have
Op (C(b,)_2) > —-C <Dx>k—1+m/2 <I>_2 <Dz>k’—l+m/2
with some C' > 0. Then by the asymptotic expansion, we learn
Op(C) > —CB <Dm>k—1+m/2 <ZL'>_2 <Dx>k—1+m/2 B — Rg,

where Ry € S((z) " (£)*T7 ¢), and the symbol is supported in supp [6'] modulo
S(R?¥). Using Lemma 3.7, we can estimate R3 and other error terms from below

2
A Cx el s o€ SRY).
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by —CB (D) "™/2 (2)72 (D,)*"""™/2 B modulo smoothing operators, and these
will be included in U to complete the proof 0]

LEMMA 3.10. — For ¢ € S(R™), the inequality (3.1) holds, where S = Op(fi),
T = Op(f?): f17f2 € 5(179)7 and Supp [fl] - Ql(M7 V)7 supp [fQ] C Q2<M7 V)'

Proof. — We compute the commutator to obtain quadratic inequalities. For ¢ €
S(R™), we have

(¢, =i |P,B(D.)" B] o) = (¢, =i [(P = 2), B(D.)" B] ¢)
= —i(({D2)" B(P = 2)¢,(D.)* By) — ((Da)" By, (D,)* B(P = 2)¢))
B

= —i(((A™)" (Da)" B(P = 2), A (Dy)" Bg)
—(A(D.)* B, (A1) (D)} B(P — 2)¢)) — 2(Im 2)|(D,)" By||
<2|[(A™) (D) B(P = 2)¢| - |A(D.)* Bo| - 2(1m 2)||(D. B¢H

Combining this with Lemma 3.8, we have

54HA< BgoH +2(Im = H ng‘ <<p, (S*(D)Y"™ 'S + T*T + U + V)cp>
(A (Do) B(P = 2)¢| - [A (D) By

< MDAy 0y Bp - 2

5l
Thus we have
5ol 2 o0 o
< 6—”(/\‘1)* (D) BP —2)o| + (i, (8" (D)™ S+ T°T + U + Vo).
4
Now we note, by Lemma 3.9,

<()07 U()O C HB()O’ Hk— 1+m/2, —
with any N. These imply (3.1) for ¢ € S(R"). O

We now extend Lemma 3.10 to more general ¢ to prove Lemma 3.5. We choose
M’ and v/ sothat M < M' < M, 0 <V <v,§ <8 <9, and set

V(x,8) = by i(2,€), B =Op(t).

A O lll-n.-x

We write
A.=(eD,) "B, A.=(eD,)"'B, A.=(eD,) "B

and we denote their symbols by a., a. and a’, respectively.
By the same computation as in the proof of Lemma 3.7, we have

{p, (" |a?} > (nm (€ Jacl? = (™ = (@),
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modulo S(R")-terms, where constants are independent of €, and f; and f, are
independent of €. Then, as well as Lemma 3.8, we have

—i [P, Az (D)™ AL
> 8,AN (D) A% (D) AL — S (D) S — T T — UL -V,
where the symbol of U, has the property:
(3.4) Juc(,€)] < C (@) (O™ [al(, )",

and symbols of U, and V. are bounded in the respective symbol classes. It follows
that

2 n
(e, Ueo) | < C ALl gimrimn 1+ C llpllg-nv 0 € SRY),
where the constant is independent of €. Thus we have, as well as Lemma 3.10, for

p € S(R),
(35) [ Apllfres o2 172 + (Im 2) | Al
< C(HAE(P — )@l hn-cm /2172 + [|ALP | rprms2.
+ 1Sl Fremsz + IT@lI72) + Cn llel3v. v

with any N, where C' and Cy are independent of € € (0, 1].

LEMMA 3.11. — Suppose that p € S'(R") satisfies By € HF-1+m/2-1/2,

A (P — 2)p € HF-m=1/212 g, ¢ gHHm=D/2 and Ty € L2

Then A.p € H¥(m=1/2=1/2 1 g™ and (3.5) holds.

Proof. — We set, for L > 0,

X1 = Xp(2)X(Dy).

We first note | X1¢ — 9| ..c — 0 as L — oo, provided v € H*‘. We also note
¢ € H*' if and only if limy o0 || X0 s e < 00.

We observe that the symbol of [X, A.] is bounded by C (z)~" (€)' d/(z,£), mod-
ulo S(R??)-terms, uniformly in L, and also it converges to 0 locally uniformly as
L — 00. These imply

i (X, A0

woe T XL, Al

Hs, ¢ < ]-17m (||A€XL¢| Hs,f)
L — o0

L— o0

Hs, ¢

with any N, provided By € H*"%¢"1, In particular, since we assume

égp c HF14m/2,-1/2

Jim (X LAl Fpisnmnyn e + 1 XL AP0

< lim (JJAX | 3erim vz 1z + A XLl 5 -
L—o00
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By the same argument, using E(p € HF-14m/2=1/2 e learn
L@Oo 1A(P = 2) X £l gn-cmvr212 < [ Ae(P = 2)lln-cm1ys21/2 -

We have similar estimates for ||.S¢|| ;r+@m-1),2 and ||Tpl| ;.. Concerning the estimate
for || ALo|| jye—14m/2 -1, we use the fact that By € HF~1m/2-1/2 t5 obtain

Tim | ALX 1ol vz -1 < ALl Fgomrima
Combining these with (3.5) for X ¢, we learn
dim (X Aol gas iz 10 + 1X Aol 0)
< Jim (C (I A=(P = 2)Xp@lieinnzo e + [AX L@l o -
+ S X@llFesem-vro + I TXrel72) + O I Xl )

< C(IA(P = 2)ll 5 mns2172 + 1ALl s mz,
+ 1Sl resemvrz + I T@l72) + Ci el

and this implies the assertion. 0

Proof of Lemma 3.5. — It remains to take the limit € — 0 in (3.5). We note

1Al e = [[(D2)* (@) (eD2) " B,
= [(eD.) " (Da)* (2) Bo + (Da)* [()" . (eD2) "] B

L2’

and hence

< A

e T C Byl

Hs—1,6—1 -

[{eDa) ™ (D) ()" By

2
Thus we have

1Bl e < M [[Acpl e + C 1Bl g emn
We note this holds without assuming By € H** and if the right hand side is finite,

we obtain By € H**.
By the same argument, we also have

E)HAE(P — Z)SO“Hk:—('mfl)/Z,l/?

< HB(P - Z)SDHHIC—(m—l)/Q,l/Q +C HB(P — Z)QDHka(mﬁ»l)/Z,fl/Z
< (1+C) ”B(P_Z)QDHka(anl)/Z,l/Q

and similarly,

1 | Aol s+ < C' 1B e
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Substituting these to (3.5), we have
1Bl pescm-v2, 12 + (Im 2) || Bl 3
< lim (\|A5<p|!i1k+(m_1>/2,_1/2 +C ||B¢|’§1k+<m—3)/2,—3/2
e—0
+ (Im 2) ([[A=elln + C 1Bl i)

< T C (AP = 2 lu-im-vyns + | A

e—0

2

Hk—1+m/2, -

T HBSOHiIkwL(mfii)/Q,—l)
2 2 9 9
+C <HB(PHH1<—1,—1 + [|Sell rsm-1y/2 + HTgoHLQ) + Cn @l -~ -~
~ 2
<O(IB(P = 2)¢lpecnvrnre + Bl
+ 1Sl i omenro + HTSOH;)) +Cn lell3-n

Hk—1+m/2, -1

and this completes the proof of Lemma 3.5. 0

Appendix A. Estimates for the classical trajectories

In this section, we prove estimates on the classical trajectories which are used
in the proof of Proposition 3.3. First, we show a classical Mourre estimate which
implies the pseudo-convexity of R” with respect to P. We note

(y(t, 2, 0), 0t 2, A6) = (y (\" M 2,€) A (A" 2.€) ) for A >0,
since p,, is homogeneous of degree m.
LEMMA A.1. — There exist M > 0 and Ry > 1 such that
Hy (|a) = M|gPe—
for any (x,¢) € {(y,n) € T"R"[[y| > Ro, |n| # 0}
Proof. — We have
H, (|2*) = 2H,, (z - Ogpm)
=2|0epm|® +2 > z; (&Ek@gjpm) Oeeom —2 > (agjﬁgkpm) Oy Prn-
g, k=1 g, k=1
On the other hand, by Assumption 1.1, there exists C' > 0 such that
2> 2 (00,0c,0m) Oc.om — 2" x5 (Oe,06,Pm) Do, P
g, k=1

J, k=1

< C{(Ro) ™" [¢Pm=.,

Combining this with the non-degeneracy condition of J¢py(&) in Assumption 1.1, we
conclude the assertion. O

Next, we observe that an energy bound on classical trajectories holds, even if p is
not elliptic. We note an analogous result is proved in [KPRV05], though our proof
is simpler.
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LEMMA A.2. — Fix (x0,&) € T*R" with & # 0 and suppose that (x,&y) is
forward non-trapping in the sense that |y(t, zo,&y)| — oo as t — oo. Then, there
exist C'1,Cy > 0 such that

C’1 < |77(t>$0750)| g 027
fort > 0.

Proof. — Let Ry be as in Lemma A.1, and we let R; > Ry which is determined
later. We first note that by the forward non-trapping condition and Lemma A.1,
there exits 3 > 0 such that for ¢ > t;, we have

d
(A1) [y(t, 20, &) = R, —|y(t w0, &) > 0.

Indeed, it is easy to observe that there are 5 > sy > 0 such that %Ly(t, To,&0)]? > 0

for t > sg, and 4|y(to, z0,&)[> > 0. Then for all ¢ > ¢, the condition (A.1) is
satisfied.
Let Cy > 0 be a constant such that

[0upm (@, )| < Colz| 7 #[¢]™,
and we write 1y = |n(to, zo, &)| > 0. We set

T = Sup{s 2 2(:0 ‘ 770/2 < |77(t7:[;0a€0)| for ¢ € [thS]} S (tQ,OO].

By Lemma A.1, we have

2 2 M?ﬁ(m*l) 9
[y(t 20, &0)* 2 B + —pr—(t—t0)*, to<t<T
Now we note
d — 1= m
‘dt!n(t, 350750)‘ < Co’y(t>$o,fo)| ! N’U(@iﬂo,fo”

and hence

M=) —(14+p)/2
< (m—1)Co (R% + o (t - t0)2>

d (m—
%M(t»xméo” (m=1) 92m—1

for tg <t < T'. Thus we have

o ™ = (T, w0, &)Y

T Mp2m=1) —(14p)/2
< / (m —1)Cy (Rf Nl - t0)2> dt

o g2m—1
_ 0, Co2Cm=D/2RH o
S Ve 0 ;
where C), = [(7(1+ 52)_1+T”d3. We now choose Ry > 0 so large that
C, Co2Cm /2 Vi
(1+ VM ) ’

CM002(2m_1)/2R1_M
(I+p)vM

<1/2, ie, R;> (
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then

(T, 0, &))" < (3/2)m ™Y,
ie., (T, z0,&)| > (2/3)Y™ Yy > (1/2)n0. If T < o0, this is a contradiction, and
hence T' = co. Thus we also learn

2_1770 < |T](t,[[‘0,€0)| < 21/(m_1)7]07 L 2 tO'

O
COROLLARY A.3. — Suppose the same assumptions as in Lemma A.2 hold. More-
over, suppose |{g| = 1. Then, we have
CiA < |n(t, o, Ao)| < CaA
for any A > 0 and t > 0.
COROLLARY A.4. — Under the same assumptions as in Lemma A.2 with |&| = 1,

there exist C,C", K, K' > 0 such that
CM — K < |y(t, mo, A\o)| < C'Mt + K
for A >0 andt > 0.
Combining with the estimate |9,pm(z, €)| < C (z) """ |€]™, we obtain:
COROLLARY A.5. — Suppose that (¢, &) € R" xR"\ {0} is non-trapping. Then,
Ny = lim n(t, 2o, &) # 0,
vy = lim Oepr (y(t, w0, &0), n(t, 20, &0)) = Depo(n4) # 0

exist.

Appendix B. Construction of the conjugate operator

Let (z0,&) € p, (0)\ {¢ = 0}. By Assumption 1.2, (zg, &) is forward non-trapping.
We denote y(t) = y(t, xo, &), n(t) = n(t, zo,&n). We note that

jli}I?o n(t7 Zo, 50) =N+ ;é 07 tllpgo aEpm(y(t)v 77(75)) = U4 # 07
exist by Corollary A.5. Moreover, there exist M, My > 0 such that
ly()/t —vel, In(t) =i = O(() ") as t — oo,

My <|n(t)| < My, t>0.

We denote B(r, s, 2,() = {(z,€) € R*"||z —z| < r,|¢ —&| < s} C R*™. In order
to prove Proposition 3.3, it suffices to prove the following theorem. We set an h-
dependent metric g5 by

(B.1)

gn = dz*/ <x>2 + hQ/(m_l)d§2.

THEOREM B.1. — There exist ¢, € C*(R?*") and ¢, € C®(Rsq, C°(R*™))
such that F(h,t) = Op(pp +) and:

(i) F(h,0) = |Op(¥n)]* with ¥n(zo,&0) = 1.
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(ii) n ¢ satisfies

modulo S(h*, gy,) if t/h is sufficiently large.
(iii) For any a, 3 € NZ, there exists Cng > 0 such that

8?05’8%,75(:5,5)‘ < Clag (t) RUAHD/(m=1)=1 ()l

(iv) There exists a family of bounded operator R(h,t) in L*(R") such that

where sup.o (1) ™ | R(h, 1)l 122 = O().

The proof of Theorem B.1 is based on the fact that any classical trajectory of H,
behave as straight lines even if p is not elliptic. We follow the argument in [Nak05].

LEMMA B.2. — There exist constants 1,9y > 0 with |vy| > 40, such that the
following holds:
There exists a smooth function 1 € C*®(Rs(, C°(R*")) such that
(1) w 2 07 and ¢(0>$0750) > 1.
(i) supp ¥(t,-,-) C B(2tdy, 202, tv,ny) for t = Ty, where Ty > 0 depends only

on (I'(), §0)7 Pm and 51-
(iii) For any «a, 8 € N*, there exists C,z > 0 such that

020t 2,€)| < Cag ()7,

fort >0 and z,£ € R".
(iv) v satisfies

200D (t, 2, €)| < Clag )~ 1

(%f + {pm,w}> (t,2,6) =0

fort >0, x,£ € R™.

Proof.—Let\IIGCOO(R)suChthatog\Ifgl,\If’g(),\lizlforrg%,\lfzo
forr>1, U(r) > 0if L <r < 1. We define

¢dux@):ﬂyoxézyﬂ>@<M;£$N>

where we set (t) = d; — Cy ()" and let C} > 0 be determined later. We set

L(tv l’,f) = 3§pm(:c,£) - aﬁpm(ly(t)?n(t))a
_ 1 r—y(t)  te—y)
o) = (v =g - )
1 (_7’(t)|€ —n(t)]
() 7(#)

Al(ta Z, 5) =

+ (&Cpm(y(t),?](t)) — &cpm(ﬂ?,f)) : :7
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For t > 0, we have

(B.2) (%‘? + {Pm, %}) (t,z,€) =

sner (S (el E52)

By Assumption 1.1 and (B.1), we have

)
for (z,&) € supp ¥o(t,),t = To_1 with a constant Cy > 0 and a time T3 > 0. This
implies
(Slt 51 (Slt — 51
B. A <—— e - my L
for (z,&) € supp V' (lx—y(t)|/61 () V(| —n(t)|/v(t)). By Assumption 1.1 and (B.1),
there exist C' > 0, Tyo = Tp—1 such that for (z,£) € supp o(t,x, &), we have

[Dapm(y(£), (1)) = Db (2, ) < C ()"

for t > Tpy. Here, we can choose C' > 0 independently of C;. We note that ~(t)/2
< [€ —n(t)| holds on the support of W' (|¢ —n(t)|/v(t)). Using these observations, we
learn

AW ey, GO
(BA) Aifta,6) < ~ il — )]+~
_ 1 (_Clﬂt'|§_77(t)|+ c ><_ 1 (Clﬂt _ C )
’y(t) <t>2+u v(t) <t>1+u X ’Y(t) 2<t>2+u <t>1+u

for (z,€) € supp W(|lz —y(t)|/o1 (()V'(I§ —n(®)[/~(t)) with t > Tye. By (B.2), (B.3)
and (B.4) with U < 0 and 0; >> 09, we can select Tyo > 0 and C; > 0 such that for
t = Too,

0
(B (%2 + ot ) 000 >0
Now we define (¢, x, &) by the solution to

(B.6)
(G + tom0d )08 =oto) G+ ) .6, 0Tt 1,

ot
Y(Too + 1,2,€) =o(Too + 1,2,6),

where p € C*°(RR, [0, 1]) such that p(t) = 1 for t = Tog+ 1, p(t) = 0 for t < Tye. Then
we can extend 1) smoothly to ¢ > Too + 1 by (¢, z,£) = ¢o(t, x,&) for t = Tho + 1.
For (z,€) € R*™, by using p(t) < 1, we obtain

dy diy

$<t7y<t7x7€>777(t7x7§)) < %(@Z/(taxaf)aﬁ(tal’?ﬁ))-
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Let 0 < s < Too+ 1. Integrating this inequality over [s, Too+ 1] with (z, &) = (0, &o)
and USing ¢(t7$a€) = 1/J0(t7 x>€) with (ta ZL’,g) = (TOO + lay(TOO + 1)777(T00 + 1))7 we
have

¢(5> y(5)7 T](S» > %(37 y(8>7 77(8)) 2 0.

Substituting this inequality with s = 0, we have (0, xq, &) = 10(0,z9,&) = 1.
This implies that v satisfies (i). We set Ty = Tpo + 1. Now (ii) follows from (B.1)
and the relation (¢, x, &) = ¥o(t, z, &) for t = Tp. (iv) follows from (B.5) and (B.6).
Furthermore, (iii) follows from (B.1), (B.6), the relation ¢ (¢, z,£) = (¢, z,€) for
t > Ty and the definition of . O

We set
BT Wniw,€) = (t/h,2, hiT€) oo i(@,€) = bn #vn (@, ),

and Fy(h, t) = Op(po(h,t,-,-)) = | Op(tn,¢)|?, where # denotes the composition
of the Weyl quantization ([Zwol2, (4.3.6)] with » = 1) and |A|*> = A*A for an
operator A.

LEMmMA B.3. —

(i) Fo(0) = | Op(vno)[2 with v o(we, b~ m1&) > 1.
(ii) We have

supp ©o,n,t C B(Qh_ltél, Qh_ﬁéz, h_ltv+,h_ﬁn+)

modulo S(h*, gp) if t/h > Tj.
(iii) For any a, 3 € N2, there exists Coz > 0 such that

1Bl |\«
0507 po,n,1(2,€)| < Cophm=t ()71,
8l 4

8§a§at90o,h,t(l’,§)‘ < CpphmT <x>—\a|—1 '
(iv) There exists ro(t, z,&) € C®(Rso x R?") such that

0 .

&Fo(h, t) -+ Z[P, F()(h, t)} 2 — Op(?”o,h,t%

and supp ro.p+ C SUPP @Yo, h,+ modulo S(hoo (x)™>, gh). Moreover, for any
a, B € N, there exists Cop > 0 such that

1Bl=(m=2) 1
6§‘Ofro,h,t(:c,£)) gC’aﬁh T <:C> la|—1 s

Proof. — Properties (i)—(iii) follow from (B.1) and Lemma B.2. We prove (iv).
Since |x| ~ t/h holds on supp ¥, 4, we learn dypo p.((, -) € S(h™! (x)fl ,gn). More-
over, we have [P, Fy(h,t)] € Op S({(z) ™" (£)™", gu). By its support property, [P, Fy
(h,t)] € OpS(h~' (z)~", gp) follows. We obtain

O el .2, + (o s )P} (2.6) > 0
by Lemma B.2(iv). We note p = p,,, + V with V € S™h7# and

[V, Fo(h,t)] € Op S(h™51 (2) 7" gu).
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—(m-2)

By the sharp Garding inequality, there exists 7o 5 € S(h™m=1 (z)""", g,) such
that (iv) holds. O
Proof of Theorem B.1. — We choose Ao, A1, Ag, - - - € [1,2) such that

1:)\0<)\1<)\2<"'<2,

and take ¢y p (2, €) as Yy, ¢(x, §) and T), as Ty with d; replaced by A\;d; in Lemma B.2
and (B.7). By the choice of ¥, we note

(B.8) Vry1,n,0(2,8) = Ly,
on supp Yy p, (-, ) for some Ly, > 0. For k > 1, set
k—m+1 k—m+1
Ok ni(1,€) = h 7t tCxp i # b n € S (R 7T £, gy)

where Cy, > 0 is determined later. By Lemma B.3 (iv), we can write 7o p ¢+ = 701, n,t +
702, h,t, Where

—(m—2)

(B.9) To1,h,t € S<h T (z) T, 9h)

satisfies supp o1, n.¢(t, -, -) C supp @olt,+, ) and roo pt € S(h™ ()", gn). By (B.8),
we can find C7 > 0 such that

m—+2
ror, n,e(2,€) < CLAT™=T [y (2, &) P
This inequality with Lemma B.2(iv) implies

—m—+2

(B.10) Cihm-1 (8875 (t|¢1,h,t|2) +1 {pm7 |¢1,h,t|2}> (z,€)

—m+2

0 —m+2
= Cih7 (atwl,h,tﬁ + {pm, |w1,h,t|2}> (2,€) + CLh =1 [ihy . o(x, )

2 o1, h,t(2, §).
Taking My = max (T}, ||vi| — 2\ed1]7!) > 0, we have

(B.11) t < Myh(z), for (t,z,&) € supp Yy,
by Lemma B.3(ii). Lemma B.3 (iii) with (B.11) implies
=2 8W1,h,t\2 2 2
(B.12) hom= t(@t + {pma |91, h,t] } € S(h " ,gh)>-
By (B.9), (B.10) and (B.12), it follows that the both sides in (B.10) belong to

—m+2

S(hm=t  dz?/ (z)* + h*/ ("D de?). The sharp Garding inequality implies that there
exists

rine €S (W75 (2)7" )
which is supported in supp ¢; . modulo S(h™ ()", gj) such that

0 .
ot Op(¢1.n,t) + i[P,Op(¢1.n.t)] = Op(ro.nt) — Op(ri,ne)-

We set Fi(h,t) = Fy(h,t) + Op(¢1,4,¢), then we have
0

§F1<h‘7t) + Z[P7 F1<h‘7t)} Z — Op(rl,fqh>'
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Iterating the above argument, we can construct Cy > 0, Fi(t) and

k— m+2

Tkhtes(h me <33>_1,9h)
such that supp 7y p.+ C supp @i p.+(+,-) modulo S(h* (x)~*,gp) and

;Fk(h;t> -+ Z[P, Fk(h,t)] = — Op(Tk,h,t<'7 ))7

Fr1(h,t) = Fi(h,t) + Op(@k, b,¢),
k—m+2

Pin,t(4,€) < Crgrh 1 [Ypga,ne(2,6)[> modulo S(h™ ()", gn).
By the Borel’s Theorem (see [Theorem 4.15][Zwo12]), we can define

‘PhtiEf Z@khtiﬁf)

k=0

and F'(h,t) = Op(en,:). Then, F(h,t) satisfies the properties in Theorem B.1. This
completes the proof of Theorem B.1. O

Appendix C. Compactly supported perturbation

The proof is considerably simpler if the perturbation is compactly supported, since
we do not need the argument of Subsection 3.2. Here we discuss the simpler argument
for this case. We assume that there exists R > 0 such that supp ¢ C Bgr(0) x R",
where Br(0) = {z € R™ | |z| < R}. We note still the local regularity argument
(Subsection 3.1 and Appendices A, B). Let » € C*(R") be a real-valued function
such that ¢y =1 on R" \ Bg41(0) and ¢ = 0 on Bg(0).

PROPOSITION C.1. — Let k > 0 and u € L*(R") N HEI™ Y(R") be a distribu-

loc

tional solution to (P + i)u = 0. Then we have u € H*. In particular, u € H*
follows.

Proof. — Set N =1 —A and N, = (I —A)(I —eA)~! and define L = py(D) where
A denotes the standard Laplacian on R". By virtue of the support property of 1,
we compute

L(yu) = P(yu) = Y Pu+ [P, Y)u = —ipu + Ku,
where K := [P, 1] is compactly supported coefficients differential operator with order
m — 1. We note Ku € H! since u € H".(R"). Hence, we have

loc
2ilm (NZ*(yu), L(vw)) , =2iTm (NZ*(u), —ihu + Ku)
= — 2| NA ()|, +2iTm (N*(Yu), Ku)
On the other hand, by the Plancherel theorem, we have
2ilm (NZ5(pu), L)) , = (N2*(w), L)) , — (L(u), N2*(w)) , = 0.

Thus, we have

|2

L2

L2’

L? L2

< [im (NZE(pu), Ku)| < | NF(u)

L | NERw

L2
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Consequently, take e — 0 and we obtain ||[N*(yu)||z2 < ||N*Ku||z2 < oo, by using
the monotone convergence theorem and Ku € H*. This implies yu € H*. O

Proof of Proposition 3.1. — Suppose that u € L*(R") satisfies (P +i)u = 0. By

Proposition 3.2, we have u € C*(R™) C Hi)(cmfl)/Q(R”). By Proposition C.1, we
conclude v € Hm=1/2 ¢ gm=1/2,-1/2, ]
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