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To highlight the strength of our approach, we give examples of computations of Fourier
transforms of tempered distributions that do not correspond to integrable or square integrable
functions. The most striking one is a formula for the Fourier transform of functions on H¢ that
are independent of the vertical variable, an open question, to the best of our knowledge.

RESUME. — Dans cet article, on s’intéresse a ’extension de la transformation de Fourier
sur le groupe de Heisenberg H¢, aux distributions tempérées. Notre but est de donner au
lecteur un cadre adapté & I’étude de I’analyse de Fourier et des EDP sur H¢.

Comme dans R", il s’agit en premier lieu de montrer que la transformation de Fourier est un
isomorphisme sur I’espace de Schwartz, puis d’étendre sa définition par dualité aux distributions
tempérées. Pour ce faire, on définit la transformée de Fourier d’une fonction intégrable comme
étant une fonction uniformément continue sur Pensemble HY = N¢ x N¢ x R\ {0}, qui peut
étre complété en un ensemble Hd pour une distance adéquate. Ce point de vue donne une
caractérisation simple de I'image de I’espace de Schwartz sur H? par la transformation de
Fourier, permettant ainsi d’étendre sa définition a ’ensemble des distributions tempérées.

Pour illustrer la puissance de notre approche, on donne quelques exemples de calculs explicites
de transformées de Fourier de fonctions ou distributions tempérées qui ne correspondent pas
a des fonctions intégrables ou de carrés intégrables. Le plus spectaculaire est 'obtention d’une
formule explicite pour la transformée de Fourier de fonctions réguliéres indépendantes de la
variable verticale. Pour répondre & cette question de facon simple, avoir pris le soin de le
compléter au préalable I’espace des fréquences H s'avere fondamental.

1. Introduction

The present work aims at extending Fourier analysis on the Heisenberg group to
tempered distributions. It is by now very classical that in the case of a commutative
group, the Fourier transform is a function on the group of characters. In the Euclidean
space R™ the group of characters may be identified with the dual space (R")* of R”
through the map & + €& where (£, -) designate the value of the one-form ¢ when
applied to elements of R”, and the Fourier transform of an integrable function f
may be seen as the function on (R™)*, defined by

(1.1) FO© = FO ™ [ € f(a)da.

A fundamental fact of the distribution theory on R" is that the Fourier transform
is a bi-continuous isomorphism on the Schwartz space S(R™) — the set of smooth
functions whose derivatives decay at infinity faster than any power. Hence, one
can define the transposed Fourier transform F on the so-called set of tempered
distributions S’(R™), that is the topological dual of S(R™) (see e.g. [Rud62, Sch98§]
for a self-contained presentation). As the whole distribution theory on R™ is based on
identifying locally integrable functions with linear forms by means of the Lebesgue
integral, one can look for a more direct relationship between “F and F, by considering
the following bilinear form on S(R™) x S(R"):

ef —i(€,x
(12) Ba(£.0) ™ [ fla)e " o(¢) dade,
where the cotangent bundle 7*R™ of R is identified with R" x (R™)*. This allows
to identify tﬂs((Rn)*) with Fjsn), and it is thus natural to define the extension of
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Fourier transform on the Heisenberg group 3

F on §'(R™) to be F, that is,
(1.3) V(T,¢) € S'(R") x S(R"), (FT, $)s/rn)xs®n) e, Fd) s (mnyxS(®n)-

We aim at implementing that procedure on the Heisenberg group H¢. As in the
Euclidean case, to achieve our goal, it is fundamental to have a handy characterization
of the range of the Schwartz space on H? by the Fourier transform. The first attempt
in that direction goes back to the pioneering works by D. Geller in [Gel77, Gel80] (see
also [ADBR13, Far10, LT14] and the references therein). However, the description
of F(S(H?)) that is given therein relies on complicated asymptotic series, so that
whether it allows to extend the Fourier transform to tempered distribution is unclear.

We here aim at presenting a rather elementary description of F(S(HY)) that
is based on the approach that we developed recently in[BCD]. Our motivation is
threefold. First, our approach enables us to recover easily different classical but
highly nontrivial results like the fact that the fundamental solution of the heat flow
or kernels of multipliers of the form a(—Ag) with a € S(R), belong to S(H?). Second,
we are able to compute explicitly the Fourier transform of a number of functions
which are not integrable like, for instance, that of functions that are independent of
the vertical variable. Third, having a complete description of both F(S(H¢)) and
F(S'(H)) gives us a solid basis to tackle more complicated Fourier analysis issues,
with applications to Partial Differential Equations.

At this stage of the paper, we have to recall the definitions of the Heisenberg
group H? and of the Fourier transform on H¢, and a few basic properties. We shall
define H? to be the set T*R¢ x R equipped with the product law

wow (Y + Y, s+ +20(V,Y)) = (y+ ¢ n+0s+ 5 +200,9) — 200, 9))
where w = (Y,s) = (y,n,s) and v’ = (Y',s') = (v/,7/,s) are generic elements
of H% In the above definition, the notation (-,-) designates the duality bracket
between (RY)* and R? and o is the canonical symplectic form on R??, seen as T*R.
This gives H¢ the structure of a non commutative group for which w=! = —w. The
reader will find more details in the books [BFKG12, FH84, FR14, Fol89, FS82, Ste93,
Tay86, Tha98] and in the references therein.

In accordance with the above product formula, one can define the set of the
dilations on the Heisenberg group to be the family of operators (d,)a>0 given by

(1.4) da(w) = 64(Y, s) ' (ay, a’s).

Note that dilations commute with the product law on H? that is d,(w - w') =

do(w) + §o(w'). Furthermore, as the determinant of J, (seen as an automorphism of

R24+1Y is 2442 the homogeneous dimension of He is N < 2d + 2.

The Heisenberg group is endowed with a smooth left invariant Haar measure,
which, in the coordinate system (y, 7, s) is just the Lebesgue measure on R??*!. The

corresponding Lebesgue spaces LP(H?) are thus the sets of measurable functions
f :H¢ — C such that

def % .
sy & ([ @)P dw)” < oo, it 1<p<ox,

with the standard modification if p = oc.
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4 H. BAHOURI, J.-Y. CHEMIN & R. DANCHIN

The convolution product of any two integrable functions f and g is given by

frg)™ [ fw-vg@)dv= [ f)g - w)dv,

Hd

As in the Euclidean case, the convolution product is an associative binary operation
on the set of integrable functions. Even though it is no longer commutative, the
following Young inequalities hold true:

Nf*agller < || flleellgllze, whenever 1 < p,q,r < oo and i = ]19 + (1] -1

The Schwartz space S(H?) corresponds to the Schwartz space S(R?¥!) (an equiva-
lent definition involving the Heisenberg structure will be provided in Appendix A.3).

As the Heisenberg group is noncommutative, defining the Fourier transform of
integrable functions on H¢, by a formula similar to (1.1) is no longer relevant. One
has to use a more elaborate family of irreducible representations of H¢, all of them
being unitary equivalent (see e.g. [Tay86, Chapter 2|) to the Schridinger representa-
tion (U*)xer\ {0y which is the family of group homomorphisms w +— U;) between H"
and the unitary group U(L?(R%)) of L?(R?) defined for all w = (y,n, s) in H? and u
in L*(R?) by

Ulu(z) def e~ MEF2Ma=y)) gy (12 — 2)).

The standard definition of the Fourier transform then reads as follows.

DEFINITION 1.1. — For f in L*(H?) and A in R\ {0}, we define
Fu(HO [ Fw)U) dw.

Hd
The function Fu(f) which takes values in the space of bounded operators on L*(R?)
is, by definition, the Fourier transform of f.

An obvious drawback of Definition 1.1 is that §u f is not a complex valued function
on some “frequency space”, but a much more complicated object. Consequently, one
can hardly expect to have a simple characterization of the range of the Schwartz space
by $m, allowing for our extending the Fourier transform to tempered distributions.
To overcome that difficulty, we proposed in our recent paper[BCD] an alternative
(equivalent) definition that makes the Fourier transform of any integrable function on
H<, a continuous function on another (explicit) set H endowed with some distance d.

Before giving our definition, we need to introduce some notation. Let us first
recall that the Lie algebra of left invariant vector fields on H?, that is vector fields

commuting with any left translation 7, (w’) ! , is spanned by the vector fields
(1.5) SE8,, X9, +2n;0, and Z; €9, —2y;9,, 1<j<d
The sublaplacian associated to the vector fields (X;)i<j<q and (Z;)1<j<aq is defined
by

def o -
(1.6) Ag = ) (X7 +E25),

J
=1
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Fourier transform on the Heisenberg group 5

and may be rewritten in terms of the usual derivatives as follows:
d
AHf(K S) AYf Y S Z 77] Yj yja’f]j)asf(y7 S) + 4|Y|26§f(ya S)’

The sublaplacian plays a fundamental role in the Fourier theory of the Heisenberg
group. The starting point is the following relation that holds true for all functions f
in the Schwartz space (see e.g.[Hue76, Olv74]):

d
(L7) Fu(Auf)(N) = 4Fu(f) (M) o A, with A u(z) E Z_: = Xz [fu(z).

In order to take advantage of the spectral structure of the harmonic oscillator,

we introduce the corresponding eigenvectors, that is the family of Hermite func-
tions (Hy)pene defined by

e 1 % e d n; e ‘”‘2
H, = () C"Hy with C" % J[C" and Ho(z) & n%e %
pAL e Bl
where C; def —0; + M; stands for the creation operator with respect to the j-th

variable and M; is the multiplication operator defined by M;u(z) o xju(x)

def
As usual, for any multi-index n in N¢, nl % nil . ngl and |n| € ny + ... + ng

stands for the length of n (not to be confused with the Euclidean norm that we shall
sometimes denote in the same way for elements of R?).
Recall that (H,),cye is an orthonormal basis of L?(R?), and that we have

(_8_72 + M]2>HTL = (2n; +1)H, and thus — Al H, = (2[n|+d)H

osc

For A in R\ {0}, we finally introduce the rescaled Hermite function H, ,(x) o

IA|fH,(|]\|22). Tt is obvious that (Hp ) )nene is still an orthonormal basis of L?(IR?)
and that

(1.8) (=07 +NM;)Hop = 2n;+ 1)|AHpn and  — A} Hyx = (2[n|+d)|A[Hp .
Our alternative definition of the Fourier transform on H¢ then reads as follows:

DEFINITION 1.2. — Let H? € N2 x R \ {0}, and denote by w = (n,m,\) a
generic point of HY. For f in L*(H?), we define the map Fuf (also denoted by fg)

to be
H* —s C
./T"Hfi R
{ W (Fulf)N) Hua | Hon)

To underline the similarity between that definition and the classical one in R", one
may further compute (Fu(f)(A)Hma|Hn2) 2. One can observe that, after a change of
variable, the Fourier transform recasts in terms of the mean value of f modulated by
some oscillatory functions which are closely related to Wigner transforms of Hermite
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6 H. BAHOURI, J.-Y. CHEMIN & R. DANCHIN

functions, namely
(1.9) Fuf (@) = /H W@, Y) f(Y. ) dY ds
(1.10) with W(d,Y) & /Rd MDA (y + 2)Hoa(—y + 2) dz.
With this new point of view, Formula (1.7) recasts as follows:
Fua(Auf)(@) = —4|X[(2|m| + d) fa(@).
Furthermore, if we endow the set H? with the measure d@ defined by the relation

/Hde( 0)do Y / (2, 1m0, \) [ A| %\,

(n,m)eN2d
then the classical inversion formula and Fourier—Plancherel theorem become:

THEOREM 1.3. — Let f be a function in S(H?). Then we have the inversion

formula
2071 s\ n d
(1.11) flw) = a1 /ﬁd e W(w,Y) fu(w) dw for any w in H,

and the Fourier transform Jy can be extended to a bicontinuous isomorphism be-
tween the spaces L*>(H?) and L?(H?), that satisfies

d
(1.12) I fall?s 5oy = 5o HfHL2 (k1)

Finally, for any couple (f, g) of integrable functions, the following convolution identity
holds true:

(1.13) Fu(f *g9)(n,m,\) = (fu - Gu)(n,m, \)
with (fig - i) (n,m, A) S 7 Faa(n, €, \)gm(€,m, N).

£eNd

For the reader’s convenience, we shall present a proof of Theorem 1.3 in the
appendix.

2. Main results

As already mentioned, our final goal is to extend the Fourier transform to tempered
distributions on H. If we follow the standard approach of the Euclidean setting that
is described by (1.2) and (1.3), then the main difficulty is to get a description of
the range S(H?) of S(H®) by Fy that allows to find out some bilinear form By for
identifying “Fy with Fp.

Here, we first present results pertaining to the characterization of the set S (IPVHd),
then exhibit a large class of functions of S (ﬁd) that, in particular, contains the
Fourier transform of the heat kernel. Third, we go to examples of tempered distri-
butions on the frequency set H? and, finally, to computations of Fourier transform
of tempered distributions (with a special attention to functions independent of the
vertical variable).
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Fourier transform on the Heisenberg group 7

To characterize Fg(S(H?)), we first have to keep in mind that, as in the Euclidean
setting, we expect the Fourier transform to change the regularity of functions on H¢?

to decay of the Fourier transform. This is achieved in the following lemma that has
been proved in [BCD].

LEMMA 2.1. — For any integer p, there exist an integer N, and a positive constant
C, such that for all @ in H* and all f in S(H?), we have

(2.1) (L+ [A[(In] + || +d) + [n = m])? | fa(n, m, A < Gyl fllny.s:

where || - || s denotes the classical family of semi-norms of S(R?***1) namely

def a
Ifllvs = sup [[(1+ V2 + )20 f|| .
la|<N L

The second property we expect to have is that the Fourier transform changes
decay into regularity. As in the Euclidean case, this is closely related to how it
acts on weight functions: we expect Fy to transform multiplication by a (suitable)
weight function into a derivative operator on H?. So far however, we lack a notion
of differentiation on H that could fit the scope. This is the aim of the following
definition (see also Proposition A.3 in Appendix):

DEFINITION 2.2. — For any function 6 : H* — C we define

L (jn+m| + d)p(@)

(2.2) Ag(@) Y — o

2|A| Z W Y(m; + 1) (@) + /5 9(@;))
and, if in addition 0 is differentiable with respect to A,

det d d
d)\( @)+ 2)\9( )

5$ZQmTW<> Vo D+ 1) 6@]) )

(23) Dab(@) =

where @} o (n+4d;,m=+4;,\) and 6; denotes the element of N* with all components

equal to 0 except the j- th which has value 1.

The notation in the above definition is justified by the following lemma that will
be proved in Subsection 3.2.

LEMMA 2.3. — Let M? and M, be the multiplication operators defined on S(H?)
by

(2.4) (M2f)(Y,8) E [YPf(Y,s) and Mof(Y,s) < —isf(Y,s).
Then for all f in S(H?), the following two relations hold true on H:
FuM?f = —AFuf and Fu(Mof) = DyFuf.
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8 H. BAHOURI, J.-Y. CHEMIN & R. DANCHIN

The third aspect of regularity for functions in Fg(S(H?)) we have to underline is
the link between their values for positive A and negative A. This link is crucial in
the computation of MyFg* which is done in the proof of the inversion theorem in
the Schwartz space S(HY). That property has no equivalent in the Euclidean setting,
and is described in the following lemma:

LEMMA 2.4. — Let us consider on S(H?) the operator P defined by
ef 1[5
(2.5) PO S [ (£ = f(Y, =) ds'
Then, P maps continuously S(HY) to S(H?) and, for any f in S(H%) and @ in H¢,
we have 2iFy(Pf) = Xo(Fuf) with

~ _+det O(n,m, A) — (=1)"T™0(m, n, —\)
(26) 50(0)() ) .

Technically, the above weird relation stems from the fact that the function W
fulfills:

(27) YV (n,m,\Y) e H! x T*RY, W(n,m,\,Y) = (=)™ W(m,n, -\, Y).

Note that, since the left-hand side of (2.6) belongs to the space Fi(S(H?)) that is
the natural candidate for being S (ﬂd), we need to prescribe in addition to the decay
properties pointed out in Lemmas 2.1 and 2.3 some condition involving f]o. This
motivates the following definition.

DEFINITION 2.5. — We define S(H?) to be the set of functions § on H® such that:
e for any (n,m) in N?¢, the map A\ — 0(n, m, A) is smooth on R \ {0},
e for any non negative integer N, the functions AN, DY0 and oDy 60 decay
faster than any power of do(@) % ||(|n +m| + d) + |m — n|.
We equip S(H?) with the family of semi-norms
dof sup (1+ c?o@))N (IAN0(@)| + DY ()] + [SoDY ()] )

weH!

HGHMNI,S(IEW)

Clearly, the above definition of semi-norms guarantees that there exist an integer K
and a positive real number C so that the following inequality holds true:

(2.8) HHHLl(ﬁd) < C(HQHK,O,S(I’PV]IFI)'

More importantly, we have the following isomorphism theorem.

THEOREM 2.6. — The Fourier transform JFy is a bicontinuous isomorphism be-
tween S(H?) and S(HY), and the inverse map is given by
= def 2d_1 is\ ~ —~ —~
(2.9) Fab(w) & = /ﬁde W(@,Y)0(@) da.

We shall discover throughout the paper that the definition of S(H?) encodes a
number of nontrivial hidden informations that are consequences of the sub-ellipticity
of Ag. For instance, the stability of S(H?) by the multiplication law defined in (1.13)
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Fourier transform on the Heisenberg group 9

is a consequence of the stability of S(H?) by convolution and of Theorem 2.6. Another
hidden information is the behavior of functions of S(H?) when A tends to 0.
Keeping the decay inequality (2.1) in mind, we endow the set H? with the distance:

d(, @) = N +m) = X (0 +m)], +[(n —m) = (0 =m)| +d]A = V],

where |- |; denotes the Manhattan norm ¢! on R

With this choice, the Fourier transform of any function of S(H?) (and even of any
integrable function on HY) is uniformly continuous on H?, and can thus be extended
by continuity on the completion He of H?, as explained in greater details in the
following statement that has been proved in [BCD]:

THEOREM 2.7. — The completion of (H¢, d) is the metric space (H, d) where
B HUH! with HI®RLx 7z and RLE (RO)IU(R,)?

and the extended distance (still denoted by J) is given for all w = (n,m, \) and @' =
(n/,m’, N') in H%, and for all (&, k) and (&', k') in HZ by

~

(@,@") = [A(n +m) = X(n" +m)|; +[(m —n) = (m" —n')| + d[A = X,
d(®, (i, k) = d (i, k), D) & |A(n+m) — |, + |m —n — k| +d|A|,
d((&,k), (', K) = |& = &' + [k = K.

L

The Fourier transform fH of any integrable function on H? may be extended
continuously to the whole set He. Still denoting by fH (or Fuf) that extension, the
linear map Fy : f — fu is continuous from the space L*(H?) to the space Co(H?) of
continuous functions on H? tending to 0 at infinity.

The above theorem prompts us to consider the space & (ﬂd) of functions on H?
which are continuous extensions of elements of S(H?), endowed with the semi-norms

1 v v, s(@ey- Those semi-norms will be denoted by 1 v v @@y i all that follows.

Note that for any function 6 in S(H?), having @ tend to (i, k) in (2.6) yields
0(x, k) = (—1)¥o(—2, —k).

As regards convolution, we obtain, after passing to the limit in (1.13), the following
noteworthy formula, valid for any two functions f and g in L*(H?):

(210) Fulf *g)ay = (Fuf)ag * (Fuuo)gy

~

. H k) %
with (6, - 02)(2,k > 0@, k) Ox(2, k — k).

k' €74

Let us underline that the above product law (2.10) is commutative even though
convolution of functions on the Heisenberg group is not (see (1.13)).

TOME 1 (2018)



10 H. BAHOURI, J.-Y. CHEMIN & R. DANCHIN

The next question is how to extend the measure dw to H?. In fact, we have for
any positive real numbers R and ¢,

e
%I—ﬁd ]l{|)\| |n+m|+|m—n|§R}]l|)\|<5 dw = /—5 (Z ]l{\)\| n+m+|m—n<R}> |/\|d dA

< CR?%¢.

Therefore, it is natural to extend dw by 0 on ]ﬁlg. With this convention, keeping
the same notation for the extended measure, we have for all continuous compactly
supported function 6 on H¢,

/A 8(@) d C‘:‘ff/~ 0(@) da.

H H

At this stage of the paper, pointing out non-trivial examples of functions in S (IF]Id)
is highly informative. To this end, we introduce the set S of smooth functions f

on [0, oo[d x 74 x R such that for any integer p, we have
sup (I a1+ . A xg+ k)" Op 0 f (21, ..., 24, F, A)‘ < 00.
(21,...,2q,k,\)€[0,00[F x ZF xR
o|<p

As may be easily checked by the reader, the space S; is stable under derivation and
multiplication by polynomial functions of (z, k).

THEOREM 2.8. — Let f be a function in S;. Let us define for @ = (n,m,\)

in HY,
O7(@) = [ (MR(mm),m—n. ) with R(n,m) < (n; +m; + 1)i<jca

If f is supported in |0, oo[d x {0} x R, or if f is supported in [r, oo[d x 74 x R for
some positive real number ry, and satisfies
(2.11)  fz, =k, =) = (=) f(z,k,\) forall k€ Z X>0 and x>0,
then © belongs to S(H?).

A particularly striking consequence of Theorem 2.8 is that it provides a trivial proof
of Hulanicki’s theorem in [Hul84] and of the fact that the fundamental solution of the

heat equation in H? for the sublaplacian belongs to S(H¢) (a nontrivial result that
is usually deduced from the explicit formula established by B. Gaveau in [Gav77]).

COROLLARY 2.9. — For any function a in S(R), there exists a function h,
in S(HY) such that
Ve SHY, a(—Au)f = fxha
In particular, the function h such that, for all uy in L*(H?) and t > 0, the map

: of 1 s
w:tr—>ug*xhy with hy(y,n,s) def Wh (\%, 5%, t)
fulfills
O — Agu =0 in ]0,4+oo[ x H* and lim u(t) = in L'(H?),

t—0t

belongs to S(H?).
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Fourier transform on the Heisenberg group 11

Proof. — Let us focus on the second result, proving the first one being similar.
Then applying the Fourier transform with respect to the Heisenberg variable gives
that v must fulfill

(2.12) U (t,n,m, \) = e #NCMHDG (0 m X).

At the same time, we have u(t) = ug * hy. Hence, combining the convolution for-
mula (1.13) and identity (2.12), we gather that

g (@) = et

Then applying Theorem 2.8 to the function e~#@1+-+2a)] . ensures that R
belongs to S(H?), and the inversion theorem 2.6 eventually implies that A is in
S(HY). O

Before explaining how to extend the Fourier transform to tempered distributions,
let us specify what a tempered distribution on H is.

DEFINITION 2.10. — Tempered distributions on H? are elements of the set S'(H?)
of continuous linear forms on the Fréchet space S(HY).

Convergence of tempered distributions is defined in the standard way: we say that
a sequence (7, )nen of S'(H?) converges to a tempered distribution 7 if

V0 e SHY), lim (To,0) g @ays@n = (T 0 s @ s

A first class of examples of tempered distributions on H¢ is given by “functions
with moderate growth”:

DEFINITION 2.11. — We denote by L., (H?) the set of functions on H? with

moderate growth, that is the set of locally integrable functions f on H? such that
there exists an integer p satisfying

LU+ N+ m] 4+ d) + o= ml) | f(@)]dd < oo.
As in the Euclidean setting, functions in L}VI(IF]Id) may be identified with tempered
distributions:
THEOREM 2.12. — Let us consider ¢ be the map defined by
LY, (H) — S'(HY)
. { Yo ) [0 Jo b (@)0(@) di]

Then ¢ is a one-to-one linear map.
Moreover, if p is an integer such that the map

(n,m,\) — (1 + [A|(n +m|+d) + [n —m|)"Pf(n,m, \)
belongs to L*(H®), then we have
(213) [, 0] < ||+ N[0+ m| +d) + [n = m]) P S|

1 (ﬁd) ||0 ||p70’S(H/-]\Id) .

The following proposition that will be proved in Section 5 provides examples of
functions in L}, (H?).
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12 H. BAHOURI, J.-Y. CHEMIN & R. DANCHIN

PROPOSITION 2.13. — Let v < d + 1. Then the set L}, (H") contains the func-
tion f, defined by

Fnm, A) E (AN @lm] +d) 7 bum, (n,m, A) € HY
Remark 2.14. — 'The above proposition is no longer true for v = d + 1. If we look

at the quantity |A|(2|n|+ d) in H? as an equivalent of |€|? for RY, then it means that
the homogeneous dimension of H is 2d + 2, as for H.

Obviously, any Dirac mass on HY is a tempered distribution. Let us also note that
because
100, 1, A)| < (14 IA@In] + d) ™ (16]] 45,0, 5550
the linear form

(2.14) I:{S(ﬁd) — C

0 o Yend Jg O(n,n, N)|A|4dA

is a tempered distribution on [,

We now want to exhibit tempered distributions on H? which are not functions or
measures. The following proposition states that the analogue on H? of finite part
distributions on R”, are indeed in &'(H?).

PROPOSITION 2.15. — Let v be in the interval |d + 1,d + 3/2[ and denote by 0
the element (0,0) of HZ. Then for any function 6 in S(H?), the function defined a.e.
on H? by

(AP (2[n| + d)
is integrable. Furthermore, the linear form defined by

Py 1 y def 1 [ O(n,n,A) +0(n,n,—\) —26(0) 5 da
AP (2[n] + d)7 2 Ji (AP (2[n] + d)7 ’

is in S'(HY), and its restriction to H? is the function f that has been defined above,
that is, for any 6 in S(H?) such that 6(n,n,\) = 0 for small enough |\|(2|n|+ d), we

have
1 Nl 1
<Pf <|A|v<2|n| ¥ d>v)’€> - @@ a

Another interesting example of tempered distribution on H¢ is the measure Hia
0

(1 A) s Gy <9(n,n,)\) +6(n,n,—\) — 29(6)) 7

defined in Lemma 3.1 of [BCD]. In our setting, that result recasts as follows:

PROPOSITION 2.16. — Let the measure jig, be defined for all function 6 in S(]ﬁld),
0
by
R o . (s déf —d . . . .
(50, 0) = /ﬁg 0(i k) dugy (i, k) < 2 kZGZd ( /(R_)d O k) i+ | 0 K) d:zc) .

Then pz, belongs to S’ (H%), and for any function ¢ in S(R) with integral 1 we have
0
1 A N
lim =1 ( ) = piz, in S'(H?).
0

e—0 ¢ £
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Fourier transform on the Heisenberg group 13

Let us finally explain how Formulae (1.2) and (1.3) may be adapted so as to extend
the Fourier transform on H¢ to tempered distributions. We introduce:

B - S(HY) x S(HY) — C
" (f.0) oz £V, 5) W@, V) 0(0) dw did

[ SEY — S
and fH-{ 0 s L W@, ) (@) d

Since, for any 6 in S(H?) and w = (y,7,s) in H%, we have

d+1

(2.15) (‘Fub)(y, 1, 5) = ——(Fiz'0)(y, —n, —5).

2d—1

Theorem 2.6 ensures that *Fy is a continuous isomorphism between S(H®) and S(H?).
Now, we observe that for any f in S(H¢) and 6 in S(H?), we have

Bu(f.0) = [ fw)(Fub)(w)dw = [ (Fuf)(@)0(@) d.
This prompts us to extend Fy on S’(H?) by

def -
<.FHT, 9>S’(ﬁd)xs(ﬁd) = <T, tFH9>3/(Hd)><S(Hd) for all 0 € S(Hd)

A direct consequence of this definition is the following statement:

PROPOSITION 2.17. — The map Jy defined just above is continuous and one-to-
one from S'(H?) onto S'(H?). Furthermore, its restriction to L*(H?) coincides with
Definition 1.2.

Just to compare with the Euclidean case, let us give some examples of simple
computations of Fourier transform of tempered distributions on H¢.

PROPOSITION 2.18. — We have

7Tcl—i—l

05

0’

where T is defined by (2.14) and 0 is the element of Iﬁlg corresponding to & = 0 and
k=0.

Let us emphasize, that without completing the frequency set H?, it would not be
even possible to state the second result of the above proposition. The same happens
in the following statement when computing the Fourier transform of a function
independent of the vertical variable.

THEOREM 2.19. — We have for any integrable function g on T*R?,

Fiu(g @ 1) = (Gug) g,

TOME 1 (2018)



14 H. BAHOURI, J.-Y. CHEMIN & R. DANCHIN

where Gyg is defined by

d
with Ka(@,k,Y) = QK(ij,k;, Y))

1 ™ 4 a'cl sin z+nsgn(x) cos z)+kz
and IC(:‘c,k,y,n)déf—/ e<2\ |2 (y sin z+n sgn(&) cos 2)+ )

dz.
2T :

The rest of the paper unfolds as follows. In Section 3, we prove Lemmas 2.3 and 2.4,
and then Theorem 2.6. In Section 4, we establish Theorem 2.8. In Section 5, we study
in full details the examples of tempered distributions on H given in Propositions 2.13—
2.15, and Theorem 2.12. In Section 6, we prove Proposition 2.18 and Theorem 2.19.
Further remarks as well as proofs within our setting of known results are postponed
in the appendix.

3. The range of the Schwartz class by the Fourier transform

The present sectionaims at giving a handy characterization of the range of S(H¢)
by the Fourier transform. Our Ariadne thread throughout will be that we expect that,
for the action of Fy, reqularity implies decay and decay implies reqularity. The answer
to the first issue has been given in Lemma 2.1 (proved in [BCD]). Here we shall
concentrate on the second issue, in connection with the definition of differentiation
for functions on HY, given in (2.2) and (2.3). To complete our analysis of the space
Fu(S(H?)), we will have to get some information on the behavior of elements of
Fu(S(H?)) for A going to 0 (that is in the neighborhood of the set H¢). This is
Lemma 2.4 that points out an extra and fundamental relationship between positive
and negative \'s for functions of Fy(S(H?)).

A great deal of our program will be achieved by describing the action of the weight
function M? and of the differentiation operator 9, on W. This is the goal of the next
paragraph.

3.1. Some properties for Wigner transform of Hermite functions

The following lemma describes the action of the weight function M? on W.
LEMMA 3.1. — For all © in H? and Y in T*R¢, we have
YPW(@,Y) = —AW(-,Y)(@)

where Operator A has been defined in (2.2).

ANNALES HENRI LEBESGUE



Fourier transform on the Heisenberg group 15

Proof. — From the definition of WV and integrations by parts, we get

YW@ Y) = [ (1P = 558 ) (209 Honly + 2)Hya( =y + 2) 2
= /Rd 62“‘("’2)|)\|5I(@,y, z)dz

with Z(0,5,2) % (Iof = 5582 ) (HalME o+ 2) Ha (N -y +2)).

From Leibniz’s rule, the chain rule and the following identity:
Ayl =ly+ 2 +ly— 2 +2y +2)- (y—2),
we get

T(@,5,2) = —yg (A = Ny + PV HAAE( + 2))) Bl N~ + 2))
1

e ((A — N2y — 22) Ho (A2 (— y—|—z))) Ha(MF (y + 2))
2|A|Z O H )N (y + 2) (@ Ho) (MF (—y + 2)

— 54 1) - (2~ D HAA + 2) A (- + 2).

Using (1.8), we end up with

I(d,y,2) = 2|1A|<|n+mr + d)Ho (A2 (y + 2)) H (A2 (—y + 2))
= oy 22 {OHI N+ D@ H N -y +2)
(M H) (N2 (5 + 2) (M H ) (A (—y + 2)) }.
Then, taking advantage of (A.4), we get Identity (2.2). O

The purpose of the following lemma is to investigate the action of dy on W.

LEMMA 3.2. — We have, for all w in H? and Y € T*R?, the following formula:
(3.1) AW(@,Y) = DAW(@,Y)

where, for 6 : HY — C, we denoted

D,0(@) < —;ie 2& 3 {\/ )(m; + 1) 0@ — \/We(wj)} .

Jj=1
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Proof. — Let us write that

W@, Y) = [ (50 (A Gy + 2) H (M (- + 2))) de
;i\W(w Y)+ Wi (w0,Y) + Wy(w,Y)

def

with Wi(@,V) = [ 2iln, 2)e P9 X2 Hy (A2 (y + 2) Ho(IA2 (—y + 2)) d=
R

-~ e iA(n,2) a d 1 1
and - Wa(@,Y) & [ e 0INE (Ha(A(y + 2) Hn(A5(—y +2)) de.

dX
As we have
22<7], Z> 2iA(n,z) — Z Zgaz]em)\ 1,2)
] 1
an integration by parts gives

d
Wi (@7 Y) = _Xw(ma Y)

14 Nz d 1 1
3 L N, (Ha N+ 2) Ha(A -y o+ 2) e
J:

Now, let us compute

J(@,y,2) = ( sz ZJ)( (A2 (y + 2) H (A2 (—y + 2)))

From the chain rule we get

T.9.2) = G 3 {5 Hal Py + )G +2)

+ (—yj + 2) Ha (N2 (y + 2)) (0 Hin) (1N 2 (—y + 2))
— 22 Ho((NZ (—y + 2)) (0;H,) (A2 (y + 2))
— 22, H, (|A2 (y + 2)) (0, Hn ) (A2 (—y + 2)) } -

This gives

>~ {(H) (AL (g + 2)) A2 (=5 + ) Hu (1A (—y + 2)

J(0,y, 2

§3\+~
.
I

+ A2 (5 + 2) Ha(IN2 (5 + 2)) (0 Hin) (A2 (—y + 2)) }

which writes

> {@H) (N2 (y + 2)) (M Han) (A2 (—y + 2)

§\+~

J(0,y, 2

.
—_

+ (M H) (1M (y + 2)) (95 Hin) (A2 (—y + 2)) }

Using Relations (A.4) completes the proof of the Lemma.

ANNALES HENRI LEBESGUE
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Fourier transform on the Heisenberg group 17

3.2. Decay provides regularity

Granted with Lemmas 3.1 and 3.2, it is now easy to establish Lemma 2.3. Indeed,
according to (1.9), we have

(FuM2f)(@) = /H TN, )Y PW(@,Y) dY ds.
Therefore, Lemma 3.1 implies that

(FaM2F)(@) = —(|n + m| + d) /H T s)eT W@, Y) dY ds

- m > {\/(nj +1)(m; +1) /Hd f(, s)e*i‘*)‘W(@;r’ Y)dY ds

v T /H FY.s)e P W(a;,Y) dY ds} |

By the definition of the Fourier transform and of A, this gives FyM2f = —AFuf.
To establish the second part of the lemma, we start from (1.9) and get

d . —
Fu(Mof) (@) = / (e F(Y. ) W(@, Y) dY ds
He dA
= i(f (@) — / eI (Y, s)i (W(@,Y)) dY ds
dx e ha T ’ '
Rewriting the last term according to Formula (3.1), we discover that

(Fabdof)() = - (Fe ) () — D\ Fisf ().

By the definition of the Fourier transform, this concludes the proof of Lemma 2.3.

On the one hand, Lemmas 2.1 and 2.3 guarantee that decay in the physical space
provides regularity in the Fourier space, and that regularity gives decay. On the other
hand, the relations we established so far do not give much insight on the behavior of
the Fourier transform near H¢ even though we know from Theorem 2.7 that in the
case of an integrable function, it has to be uniformly continuous up to A = 0. Getting
more information on the behavior of the Fourier transform of functions in S(H?) in
a neighborhood of ]ﬁlg is what we want to do now with the proof of Lemma 2.4.

Proof of Lemma 2.4. — Since the partial Fourier transform JF, with respect to
the vertical variable is a bounded isomorphism on S(R?¢*1) it suffices to establish

that F,P is a bounded operator on S(R?*¥™). Now, fix some function f in S(H?),
and observe that

OP(Y.5) = 3 (F(¥.9) ~ [(¥,~5)).

Taking the Fourier transform with respect to the variable s gives

(3.2) IFUPIYA) = 5 (Fuf(V0) = Fof(V,~)
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Let us consider a function x in S(R) with value 1 near 0 and let us write

iFS(PY,A)

B 1_2§(A) (Fsf (Y, A) = Ff (Y, =) + X(A)/Ol(ﬁxfsf)(Y, — X+ 2tN) dt.

The two terms on the right-hand side define bounded operators on S(R??*1). Hence,
the operator F,P is bounded on S(R?¥*1) and thus, so does P.

Note that in the case of a function g in S(H?), Formula (1.9) may be alternately
written:

Fiug(@) :/ Fug(Y W (@,Y)dY forall @ = (n,m,\) in H
T*R
Relations (2.7) and (3.2) guarantee that

2%iNFig (P f)(@) = /T L BAF(PHY. NW(@, Y) dY

T*Rd
_ / T f (Y, )W (@,Y)dY
T*Rd

— (=) F Y= W(m,n, =), Y) dY

T*R4

= Fuf(n,m,\) — (=)™ Fg f(m,n, —N),

which completes the proof of Lemma 2.4. [l

3.3. Proof of the inversion theorem in the Schwartz space

The aim of this section is to prove Theorem 2.6. To this end, let us first note that
from Inequality (2.1) and Lemmas 2.3 and 2.4, we gather that Fg maps S(H?) to
S(H*) continuously. In addition, (2.8) guarantees that all elements of S(H%) are in
LY(HY) N L2(HY).

Hence Theorem 1.3 ensures that Fy : S(HY) — S(H?) is one-to-one, and that
the inverse map has to be the functional Fy defined in (2.9). Therefore, there only
remains to prove that Fy maps S(H?) to S(H?). To this end, it is convenient to
introduce the semi-norms defined by:

def def

(3:3) I/ s@a = Iyl Mg 7oy HI AR FllZ2@ay with My = M*+ Mo

which are equivalent to the classical ones defined in Lemma 2.1 (see Proposition A.2).
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Let us compute M2Fy6(Y, s). According to Lemma 3.1, we have for all @ =
(n,m, ) in H%,

S @)Y PW(B,Y)
(n,m)eN2d
S

= o 3 <(|n+my+d)W( 0(w) Z:: O(w)W(wy,Y)

(n,m)eN2d

— 3y + 1) (my + 1) 6(@)W(@] Y)).

j=1

Changing variable (n, m) = (n+4;, m+9,) and (7, m) = (n—0;, m—J,), respectively,
gives

> @)Y PW(w,Y)

(n,m)eN2d
1 - -
-5 (W)ZGNM <(|n +m| + DO(@W(@,Y)
d
;(\/ 4 1)(m; 1) 0 (@j)+,/—njmje(@j)))wm,m
=— > A@)W(a,Y),
(n,m)eNzd

where A is the operator introduced in (2.2).

Multiplying by 24~ tr~4"1e!* integrating with respect to A and remembering (2.9),
we end up with
(3.4) (M2Fub)(Y,s) = —Fu(A)(Y,s).
Understanding how M, acts on Fg(S(H?)) is more delicate. It requires using the
continuity property of Definition 2.5. Now, if § is in S(H¢) then it is integrable. As
obviously |W| < 1, one may thus write for all w = (Y,s) in H?, denoting R, &

R\ [—¢,¢],

d—1

_ 2
(MoFub)(w) = 7rd+1£13(1) > U (n,m,w)
(n,m)eN2d

with U (n,m,w) o —/ (dd)\eis’\> O(n, m, \W(n,m, A\, Y)|\|4d\.
Re
Integrating by parts yields
U (n,m,w) = VW (n, m,w) — V3 (n, mw) with
e d
IO (n, m, w) / B (W(n,m A, Y)0(n,m, N)[AY) dA - and
R dX
\1122)(71, m,w) def od ( W (n,m,e,Y)0(n,m,e) — e “W(n,m,—¢,Y)0(n,m, —5)) .
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Let us compute

det d

(3.5) o)™ =

(W(n,m, A, Y)0(n, m, MIAY) .
Leibniz’s rule gives

O, Y) = W@, VIO@AF + Wi, Y) o (1A10().
Hence, remembering Identity (3.1), we discover that

d

do ,
B, YA+ 5

@ )
|)\ d d R - .
~ox zﬁ(w) (‘/njmj W(w;,\,Y) — \/(nj+1)(mj+1)W(wj ,Y)) .

Ow,Y) = b(@)W(@,Y)[A

From the changes of variable (n’,m') = (n—9d,;,m —9;) and (n,m) = (n+6;, m+9,),
we infer that

> bH(w) ( ngm; W(w;,Y) — \/(nj+1)(m]~+1) W(@j,Y))

(n,m)eN2d

== 2 w@Y) (v o) - i Dim) 0(7) )

(n,m)eNzd

Therefore, using the operator D, introduced in Definition 2.2, we get

S vWmmuw) = Y / BADAG) (n, m, AW (n, m, A, Y )| A4d.

(n,m)eNz2d (n,m)eN2d

Since Dyf belongs to & (]ﬁ[d) and is thus integrable, Lebesgue dominated convergence
theorem guarantees that

- (1) _ A (D0 (1 -~ ~
ll_r)r(l)(n"%Nlellg (n, m,w) /ﬁde (DAf)(0)W(0,Y) dw.

In order to show that the contribution of ¥ (n, m,w) tends to 0, the boundedness
of X6 will come into play. Indeed, we have

e W(n,m,e,Y)0(n,m,e) — e “W(n,m,—¢,Y)0(n,m, —¢)
= (e"s5 — e’iss) W(n,m,e,Y)0(n,m,e)
+e 5 (W(n,m,e,Y)0(n,m,e) — W(n,m, —,Y)0(n,m, —¢)).
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Hence, thanks to (2.7)
S U3 (n,mw) =2ie%sin(se) Y. W(n,m,e,Y)0(n,m,e)

(n,m)eN2d (n,m)eN2d

+ Ede_isg( > W(n,m,e,Y)0(n,m,e)
(

n,m)eN2d

- Z (=)™ W(m, n, e, Y)0(n, m, —5)).

(n,m)eN2d
Swapping indices n and m in the last sum gives
S 3 (n,mw) = 2igtsin(se) Y. W(n,m,e,Y)0(n,m, )
(n,m)eN2d (n,m)eN2d

+ettleme W(n,m,e,Y)(Z0)(n, m,¢).

(n,m)eN2d

Remembering that [W| < 1, we thus get

36) | > ¥(n,mw)
(n,m)eN2d
< et (2\3\ Yo o(n,mie)|+ D] \(iﬁ)(n,m,e)\) )
(n,m)eN2d (n,m)eNz2d
Since
—92d—
o 10 m o) < N0llygnos@e 2o (L+e(ln+m|+d)+|n—m])>*
(n,m)eN?2d (n,m)eNz2d
and
Yo (tre(ntmlrd) +n —m) <Y (e +d) Y (4 k)T
(n,m)eN2d LeNd keZd

< Ce™,

the first term of the right-hand side of (3.6) tends to 0 when & goes to 0. Employing
the same argument with ¥y guarantees that we do have

; (2) —
lli% > v (n,m,w) =0,
(n,m)eN2d

from which one may conclude that
MoFu) = FuD0.
Together with (3.4), this implies that
MyFub = Fu (A +Dy)(0))  with My = M? + M,
Hence, for any integer K, there exist an integer Nx and a constant Cx so that

(3.7) 1M FOll sty < Cr 0l e e sy
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Finally, to study the action of the sublaplacian on Fg(S(H?)), we write that by
definition of X; and of W, we have

X (eisAw<@’ y)) - /]Rd X; (eis)\+2i/\<77,Z>Hn7)\(y + 2)Hpn(—y + z)) dz

= /. eIsAT2Nm.2) (22)\77] + 0y ) (Hox(y + 2)Hpx(—y + 2)) dz.

As 20\ e? n2) = 9, (e¥*12)) | integrating by parts yields
(3.8) X (eisAW<wyy)) _ /Rd oiSMH2iA(n,2) (3yj—@j)(Hn,x(erZ)Hm,A(—erz))dZ-
The action of Z; is simply described by

=/ eis’\”m”’z)%}\(zj —y;) ) Hor(y + 2)Hpa(—y + 2) dz.
R

Together with (3.8) and the definition of Ay in (1.6), this gives
Na (6PW(@,Y)) = 4 [ B, (4 2) (AL H)(—y + 2)
= —4|\|(2)m] + d)e" W (@, Y).
This implies that for all integers K, we have
(—Ap)* (Fub) = FuM®0 with  M6O(n,m, \) < 4|7 (2|m| + d)0(n, m, \),
whence there exist an integer Ng and a constant Ck so that
(3.9) (= 28)* (Fab) |l 20y < CrllOlly, v sy

Putting (3.7) and (3.9) together and remembering the definition of the semi-norms
on S(HY) given in (3.3), we conclude that for all integer K, there exist an integer
Ny and a constant C'x so that

”FHHHK,S(]HW) < CKHQHNK,NK,S(ﬁd)'

This completes the proof of Theorem 2.6.

4. Examples of functions in the range of the Schwartz class

The purpose of this sectionis to prove Theorem 2.8. Let us recall the notation
(@) € f(AIR(n,m),m —n. ) with R(n,m) < (n; +m; + 1igja.

For any function f in S which is either supported in [0,00[* x {0} x R or in
[ro, 00[* x Z% x R for some positive real number rq and satisfies (2.11), the fact
that ||©|| v o5y is finite for all integer N is obvious. We next have to study the
action of A and Dy on © #. To this end, we shall establish a Taylor type expansion

of A® ¢ and D,6O s near A = 0. To explain what kind of convergence we are looking
for, we need the following definition.
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DEFINITION 4.1. — Let M be an integer. We say that two continuous functions 6

and ' on HY are M-equivalent (denoted by 0 = 0') if for all positive integer N, a
constant Cn y exists such that

v e ', [0(@) - 6'(@)] < CnaAM (1 + A0+ m| +d) + [m —n[)™

Obviously, if two continuous functions 6 and ¢’ on H? are M-equivalent for some
M > 1 then they are also (M —1)-equivalent, and o0 is (M —1)-equivalent to o6’
Hence

(4.1) 02 0= ||0]xo < oo forall NeN.

It is also clear that

(4.2) 0,20, and 6, 26, implies 0; + 6o = 0, + 6},
that, whenever 0 < My < M and A # 0, we have

(4.3) IE0 — |\ "Mog || Moy’

and that, if the function P is bounded by a polynomial in (n,m) with degree M,
then

MMO

(4.4) 00 — P(n,m)0 "=Z" P(n,m)¥.

Finally, the definition of A in (2.2) implies that
(4.5) 0E0 — A9'=*A¢ and DAQ D,\Q’
We have the following lemma.

LEMMA 4.2. — For any positive integer M, we have

(2A)*

Vel o,@F) 2 Z i

=0

Oy 4(1).

Proof. — Performing a Taylor expansion at order M + 1, we get

f(‘)“R(n + 5j7m + 5j)7m —n, )‘)

= Z i

+ 2NV /01 (1M')(8M“f) (MRS (n,m, t),m —n, A) dt

j:2])\| DR, m), m —n,\)

with Rf(n,m,t) & (nmi+mi+1,...,n;+m; +1£2t,... ,ng+my+1). The fact
that f belongs to S implies that for any positive integer N, we have

/1 (-n" oML f (|)\|R4~r(n m,t),m—n A) dt
0 M' 3;7 7 ) Y ) )

<Cn L+ A[(In+m|+d) + m—n|)~"
This gives the lemma. O
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One can now tackle the proof of Theorem 2.8. Let us first investigate the (easier)
case when the support of f is included in [0, 0o[* x {0} x R. The first step consists in

computing an equivalent (in the sense of Definition 4.1) of A®; at an order which

will be chosen later on. For notational simplicity, we here set R(n) o R(n,n) and

omit the second variable of f. Now, by definition of the operator A, we have

(46) (~B6p)(n,n,)) = 2;,Qum+d>uMR - YA, )

J=1
def

with  A;(n,\) = (n; + 1) f (AR 4 20;), X) +n,f (|AR(n — 25;), ).
Lemma 4.2, and Assertions (4.3) and (4.4) imply that

am—1 ny +1 (20
PEVURVR e S RCRIVENY
i 2 S @t i),
am—1 205 +1 L (20)*

D

= (20)! (D2 PN R(n), A)

1 M—1 (2’)\|>2€+1

TN & @i

=0

2|\l

(02 NAIR(n), ).

Let us define

226—1
Falw, M) 5 3 ¥ O f ()
j=1 )
dof d 22@
and  fory1(z, A) = Zm)\%agfﬂf(%/\)-
j=1 '

Clearly, all functions f, are supported in |0, oo[d x {0} x R and belong to 8¢, and
the above equality rewrites

2M—1

2M
(4.7) R0 (m,m, ) L1 =S fu (N R(), A)

=1
Arguing by induction, it is easy to establish that for any function f in S, supported
in [0,00[ x {0} x R and any integers N and p, the quantity HAp@f”Nos(ﬁd) is finite.
Indeed, this is obvious for p = 0. Now, if the property holds true for some non
negative integer p then, thanks to (4.5) and (4.7),

2M
AP0 (n,n, ) =TT ST AP0y, (n, N).
/=1

From (4.1), (4.7) and the induction hypothesis, it is clear that if we choose M greater
than p then we get that HAp@fHNOS(ﬁd) is finite for all integer N.
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Let us next study the action of Operator D,. From its definition in Lemma 2.3
and the chain rule, we gather that

(4.8) (DaBs)(n,n,A) = () (INIR(n), A) + if(|/\|R(n),A)
+sgn)\z 2n; +1)(0, f) (1M R(n Z

with  Dy(n, A) = ny f (A(R(n) = 26;),A) = (n; + 1) (INI(R(n) +235,), 1)

Lemma 4.2, and Assertions (4.3) and (4.4) imply that

1 a1 ny+ 1 (2A])
o D) "= 2/\ z:z:o i (05, )(IAR(n), A)

2|AD*

n] 2M (_
5; (0,, H)(INR(n), \)
oh—1 M (2/\)2571

(4.9) = X o
C2ny + 1R AT

noX

= (204 1)!

(02, /) (INR(n), A)

(@2 NAIR(n), ).

Observe that the term corresponding to ¢ = 0 of the first and second sums above
cancel out with the second and third terms of the right-hand side of (4.8), respectively.
Hence, defining for ¢ > 1 the functions

we get, using (4.8) and (4.9),

(ﬁ/\@f)(n> n, )‘) - (Gaxf)o% n, )‘)

From that relation, mimicking the induction proof for A, we easily conclude that for
any function f in S supported in [0, oo[d x {0} x R, and any integer p, the quantity
”Di@fHNOS(H?Id) is finite for all integer N. This completes the proof Theorem 2.8 in

that particular case.
Next, let us investigate the case when the function f of S is supported in the

set [ro, 0o[? X Z% x R for some positive ro and satisfies (2.11). Then, by definition of
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the operator A, we have for all @ = (n,m,\) in H%, denoting k o — n,

—AO(

<)

)dcf 2|1)\’ ((|n+m| +d)f (JAR(n,m), k, \) ;A] )

with  A;(@) = y/(n; + 1)(m; + 1) £ (N(R(n,m) + 26)), k, A)
+ y/igm; | (N(R(n,m) — 26;),k,\).

Compared to (4.6), the computations get wilder, owing to the square roots in the
above formula. Let M be an integer (to be suitably chosen later on). Lemma 4.2,

and Assertions (4.3) and (4.4) imply that
1 anr /(5 + 1)(my + 1) 24 (2)\])
i) "E >SS O 1) (AR m)
';&| 3 2'5‘ ) (ARG, m). k).

=0
Defining

o (p,q) = \J(p+ 1)(g+1) £ g,
for nonnegative integers p and ¢, we get

1 -~ 2M-1

(@) " B() + Aj(a),

_ e+j7jM2>\2e
with A%@iﬁaghﬁ)gyg&(@gﬂmewmhm

- M-1 2041
a4 Al ) e P f) (AR k).
In order to compute an expansion of ozjc (n, m) with respect to n;+m,;+1 and n; —m;,
we shall take advantage of the following two identities that are valid for any (p, q)
in N?

1 2 —(p—9q)7?
(p+1)(Q+1)—§(p+q+1) 1+p+q+1+( g+ 1)
_ 2 1-(p—q)?

and - /p (p+q+1) Cptg+l (pg+1)?

Let us introduce the notation f(p,q) = On(p, q) to mean that for some constant C,

there holds S
1 lp— q*M*
,q)| <C + :
7. 9)] <@+q+UM (p+q+1)2M+1

Using the following Taylor expansion with K = 2M:

K 1
vVi+tu=1+ aguél—l— K+1aK+1uK+1 1+tu_K_%1—tht,
! 0

{1=1
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we gather that, up to a Qs (p, q) term, we have

1 2M 2 1—(p—q)2\"
p+1)(¢g+1)=-(p+q+1)|1+ (141( + )
DD = 5rae ) (14 e (g O

2M 2 p )2 1
and = +qg+1) 1+ ag, | — +
VP = (p 1 lezzl ¢ ( p+q+1 (p+q+1)2>

Now we can compute the expansion of a*(p,q). Newton’s formula gives

ot (pg) = pratlt a ( 1) + Oau(p, q)
1<€12<:2M "\20) (p+q+1)2-2-1
202y

(4.10)

0—205—-1
- 4 4% (1-(p—9)?)
«@ (p7Q) =2 Qay ( ) Y +02M(p7Q)
1<£12<:2M "\26+1 (p+q+1)2r—20-2
2 1<
In the above expansion, some Oyy/(p, ) terms are kept for notational simplicity.
Now, one may check that for all functions 6 and ¢’ supported in [ro, oo[d x 74 x R
and any integers M; and Ms, we have for all j € {1,...,d},

MliMQ

(4.11) (f — Ou, and 0% 9/) — f(ny,m;)0() Fng,m)0 (@).

Then Assertion (4.10) implies that for any function g in S supported in the
set [ro, oo[d x Z¢ x R, and any j in {1,...,d}, we have

(412) ™ (nj,m;)0,(w)

2M—1 A 4&(1 _ (nj _ mj)g)zl—m R
= |nytm+ 1t z( ) | O,(®)
J J 1<£12<:2M 1\ 20, (nj +m; + 1)261 205—1 9
2L2<ly

and

(4.13) o (nj,m;)0, (D)

B 452 1— o N2 01—205—1
o 3wyl ) T e
1<t <2M 2t (nj+m;+1)2a-20
205414

Using (4.11), this gives

~ 0V, 2M— +mj+1 & -~
A0 (M 60 + Y. 0)
=0

. def 61 2@2 1 2 El 262 )\2 el EQ l)

with  fio(e. kX)) 5 30 an |y, )2 (1=k) " S f (k)
s N
202y
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and, if 1 << M,

dor 1 01\ 20,1426 N a—20 \2UFa—6-D)
B 2 ( )2 (LR e O (RN,
’ (26)!%(12@]\4 1\ 245 ( J) 22T O
200<4
Similarly,
M—
e oM
A( = Z @fj,2£+1
with  fjoe1(z, k, A) def # Z 0 ot (1 _ kz)ermq
PR U+ 1), A=, " 2 +1 :
205+1<4,

)\2(@4—@1—@2—1) 20t
X W% fla, k).

J
From the definition of Operator A, we thus infer that there exist functions feof SF
supported in [rg, 00[* x Z? x R and satisfying (2.11), such that for all M > 0,

~

2M
A© 1 Z ®f17

At this stage, one may prove by induction as in the previous case that ||A7’ Ol v os (@)
is finite for all integers N and p.
Let us finally study the action of Dy. From its definition, setting k = m —n, we get

(BrO,)(7) = 45 (F UNA(m), k2) + 507 (AR m) . ) + 5> Dy(@)

with  Dj(@) = /ym; f (|A(R(n,m) — 26;), k, \)
— (n; + D)(m; + D) f (M(R(n,m) +26;), b, \).

The chain rule implies that

d

5 (F (ARG, m), 8 X)) = (Oaf) (INR(1, m), )

+sgn NS (n; + my + 1)(0s, £) (INR(n,m), k, A).

J=1

Combining Lemma 4.2, and Assertions (4.3) and (4.4) yields

1 L 2M-1 M oA
5Dj(w) = a (nj,mj);oW(%ﬁf)(IMR(n,mLk:,A)
M-1 20
o (g, ) e A Y éﬁl)!@fﬂf)(wfun,m),k, \).
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Therefore, we have

(Dr0)(@) " () (NI R(nm), k, \)+ ;A d— Zloc (g, m)) f(IA|R(n,m), k, A)
+ sgn)\; (nj +m; + 1= a(nj,m;)) (D, )(INR(n,m), &, \)
~(n;, m; éz - (02 F) (A R(n, m), b, A)

M— 2)\)25
_oﬁ‘(n],mj ) sgn A 2:1 20+ 1)

82‘“ AR, m), k, \).

Hence, using (4.12) and (4.13) and noticing that the coefficient ay, involved in the
expansion of ai(nj, my;) is equal to 1/2, we conclude that there exist some functions

f;-, f]b and fﬁe of 8, supported in [ry, oo[d x 7% x R and satisfying (2.11) so that

N oM — d 2M d
(DA (@) = (B, ) (@) “Z " Y05 () = > Op(@) =3 O (@),
=1 j=1 =1j=1 "7

where

b1 —205—1
lo 2 201 —202—3
- ot o )42 (1-#2) by
fj(xa k7 >\) = E : Qy, (262 :_ 1) x2£172£272 f(.fC, k? >\) ;

Y g
2o+1<ly
42 k2 bi=26 \26—2¢2—1
b ko def 61 ! J 15) koA
HETNESD VTN ) (k).
1<b1<2M L
209l

Flo@ B, N E ] Y ay

01—202—1
9202420 (1 _ .2 2042012093
( b ) (1-5) A (02 F) (. k, )

1choon \22F1 R (20)!
205+1<4y
and
0 —20,
2 1 _ k2 /\2@1—2f2
def El 4 ( ])
fgﬁwﬂ(l’ k,A) =22+ Z e, ( ) 20, —203—1
1<, <2M by T
209ty
2n*! 2041
X ——— (0 x, kN .
At this stage, one can complete the proof as in the previous cases. 0

Let us finally record two interesting asymptotic properties of the operators A and
D, when A tends to 0.
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PROPOSITION 4.3. — For any function f in S; supported in [rq, 0o x Z x R for
some positive rq, the extension of A©®; and D O to H} is given by

2

(A@f)(l“, k) = xagxf(xw k, 0) + (%;f(l', k, 0) - Zlfxf(xa k, 0)
and (Dx\O)(i, k) = Orf(&, k,0).

Proof. — For expository purpose, we omit the dependency on k, for f. Then we
have by definition of ©; and A, for all (n,n+k,\) in H' with positive A,

—2X2AO(nyn+kA) = A2n+k+ 1) f(A2n+k+1),\)
A+ D+ k+ 1) fA2n 4k +3),0)
—Anln+ k) FO@n + k —1),0).
Denoting & = 2An, the above equality rewrites
—2X°A0; () = Al(@) - A*(@) — A (@)
with AY @) € (& + Ak +1)) f (& 4+ Ak +1),)) ,

(4.14) A2@ def\/( )(§+Ak+1>f(fc+A(k+3),A),

Ad(a) g<2+>\k>f(x+)\(k—1),>\).

Let us compute the second order expansions of A (@), A2(@) and A3(@) with respect
to A, for fixed (and positive) value of & = 2An. A Taylor expansion of f near the
point (&,0) gives

(4.15) AN@) = i f(&,0) + ((k + 1)(f(&,0) + 205 f(i,0)) + £y f (&, 0))\

+ (;a’:@ikf(;t, 0) + (k J; Dk (203, f(#,0) + 205 f(4,0))

+ (k + 1)(0xf(2,0) + 202, f(, 0))) M+ 0N

where as in all that follows, O(A\") denotes any function of (&, k, A) such that there
exists a constant C,, , depending only on f, ry and &k such that

OOM)| < Cry AN

In order to expand the terms A2(@) and A*(@), we shall use the fact that there

exists some constant C' such that for all § > 0 and 7 in | — ¢, y[, we have
0’
(4.16 VT VI~ g+ gl <ovi [1]
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In order to find out the second order expansion of A2, let us use (4.16) with ¢ = /2
andn = Aorn = )\(k+1) together with the Taylor expansion of f at (&, 0). This gives

A (@) = (f 57 8;%) <\/§ + (k;jg)k - (ké;;\l/);v)

X (f(:‘c, 0) + (Orf(,0) + (k + 3)0:f(4,0)) A

(k‘+ )?

+ (;(XAf(j, 0) + (k +3)02, f(&,0) + 0F. f (&, )) A2> + O(N?).

Hence, we get in the end, replacing ¢ by its value,

(4.17) A2(@) = ';"f(a; 0) + <<1+I;> £(@0) + (k"2*3> 0 F(,0) 42 xa)\f(x 0))

+ (<k23)2¢0§¢f(j3’0) + (k —;— 3) #02 f (i, 0) + jai,\f(it,o)

2

+ (1 + ’;) ((k+3)0: f(&,0) + Oz f(i,0)) — Lﬂax 0>) A+ O,
Similarly, we have

8@) = Vi (Vi+ 505~ ) ( F.0) + (0 (0,0) + (k12 (. 0)

(k—1)*
2

# (30000 + 6= et + g o) A?) Lo

whence,

(4.18) A¥(@) = ;f(x 0) + (];f(x',O)Jr(k;l) i:@if(x',O)Jr;j:@Af(x',O)))\

k—1)2 i
+<( 41) f+< 21>a:82Af(1",0)+43§Af($70)

2

+ i (k — 1)0s.f(£,0) 4+ Oxf(£,0)) — Lf(:‘c, 0)) M+ ON).

2
Inserting inequalities (4.15), (4.17) and (4.18) in (4.14), we discover that the zeroth
and first order terms in the expansion cancel. Hence we are left with

2

(1) LR6, @) + L (0 - 26¢f(x'70)—2560§¢f(x',0)| <l

Now let us consider a sequence (n,, A,)peny such that 2lim, .. A\,n, = &y and
lim, ,, A, = 0. Applying the above inequality (4.19) with & = 2\,n, and A = A,
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ensures that

2

lim [ AOf(ny, ny + k, Ap) + ——— f(2),n,, 0)
81y

pP—00
— 05 f (200, 0) — 2,103, f(2Apnp,0)> =0.
As the function f is regular with respect to & on [ry, oo[, we infer that

]{2
lim A@f(np, n, +k,\,) = 2002, f (0,0) + 9s f (#0,0) — —'f(abo, 0).

p—0o0

The proof for Operator D, being quite similar, we just sketch it. From the definition
of D, and the chain rule, we discover that for all (n,n + k, A) in H' with A > 0,

DAOs(@) = (2n 4 k + 1) f(AN2n + k + 1), \) + O f(AM2n + k + 1), )
—|-21)\<f()\(2n—|—k:+ A+ n(n+k)f(A2n+k —1),\)
— S+ D) (k1) FA2n + k + 3),)\)> .

Therefore, assuming that & Loan > 0, we get
. 1
(4.20) D\Os(w) = 0Orf(z+ (E+1)AN) + X(x + (k+DN)0:f(z+ (k+ 1)\ N)

2; (MG + (k+ DA ) + A¥(@) — A% (@) .
Because

f(@+ (E+ DX\ A) = £(i,0) + ((k+ 1)0: f(d,0) + Oz f(&,0)) A + O(N\?)
and

(+ (E+1D)N)0:f( 4+ (K + 1)\ N)

= 00:f(2,0) + ((k + 1)(0: f (&, 0) + 202, f (i, 0)) + 202, £ (,0)) A + O(\?),

we get in the end, taking advantage of (4.17) and (4.18),
DAO; (@) = Orf(,0) + O(N),

which completes the proof. O

5. Examples of tempered distributions

A first class of examples is given by the functions belonging to the space L}W(HT]Id)
of Definition 2.11. This is exactly what states Theorem 2.12 that we are going to
prove now.
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Proof of Theorem 2.12. — Inequality (2.13) just follows from the definition of the
semi-norms on HY. So let us focus on the proof of the first part of the statement that

actually holds true in the largest class of locally integrable functions.
Let f be a function of L} (H?) such that ¢(f) = 0. In order to prove that f =0

loc

a.e., it suffices to check that for all K > 0 and b > a > 0, we have

L Ir@)da =0

Ca,b, K

with Cop i & {(n,m,\) € H? : [A|(jn+m|+d) < K, n—m| < K and a < |A| < b}.
To this end, we introduce the bounded function :

and smooth it out with respect to A by setting

def
g = Xe*r 9

where Y. Lo -1 x(e71) and y stands for some smooth even function on R, supported
in the interval [—1, 1] and with integral 1.

Note that by definition, g is supported in the set CA,I’b, k- Therefore, if ¢ < a then
g. is supported in CAa,E,b+€7K(1+E/a). This readily ensures that ||g.|| N.0,5(fi4) is finite
for all integer N (as regards the action of operator S0, note that ge(n,m,\) =0
whenever |\ < a — ).

In order to prove that g. belongs to S (ﬁd), it suffices to use the following lemma

the proof of which is left to the reader:

LEMMA 5.1. — Let h be a smooth function on H¢ with support in {(n,m,\) :
|A| = a} for some a > 0. If h and all derivatives with respect to \ have fast decay,
that is have finite semi-norm || - ) for all integer N, then the same properties

hold true for ﬁAh and Ah.

||N,o,5(1?11d

Because ¢. is in S (ﬂd) for all 0 < ¢ < a, our assumption on f ensures that we

have

def

R /ﬁd F(@) g-(@) d@ = 0.

Let K = 3K /2. Whenever 0 < € < a/2, we have for all (n,m,\) € H? and N #0,

A= N
b (225 st snm

a/2,b+a/2,K

1 (A=X
= gX ( > g(n’m7 A,)(]]-é\ f)(n7ma )‘)7
which guarantees that

/A e = N)|g(n, m, )| | f(n,m, \)| d@ dN < HX’|L1|’]15/2

Sl < oo
HI xR K

a/2,
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Therefore applying Fubini theorem, remembering that y is an even function and
exchanging the notation A and )\ in the second line below,

I—/Af(nmA(/Xa)\ A)(nmA’)dA)dw

_/ (n,m, \) (/ (A=) amwmf)(n,m,X)dx) i
= L (exag )@@ o

The standard density theorem for convolution in R ensures that for all (n,m) in N*¢,
we have

lim
e—0

[ s (1 Pmm ) — (s Hnym, A)’ X = 0.

a/2,b4+a/2,K a/2,b+a/2,K

Hence, because the supremum of ¢ is bounded by 1, we get
0= lim /.

e—0

= ). e _f(w) g(w) dw

Ca/2 b+a/2,K

_/ @)| da,

a,b, K
which completes the proof of Theorem 2.12. O
Proof of Proposition 2.13. — It claims that the functions

fr(nm, ) € (N2fm] +d) 7

are in L}, in the case when 7 is less than d + 1. As f, is continuous and bounded
away from any neighborhood of 0, it suffices to prove that

3 /A ) A < o

o N[CIERS

Now, performing the change of variables X = A(2|n| + d), we discover that, since
vy<d+1,

3 / (n,n, ) AldA = 3 (2]n) +d)‘d‘1/ IV]47dN < oo,

S N @inl+a)< ot V<1

Hence one may conclude that f, is in L},. O
Proof of Proposition 2.15. — We start with the obvious observation that

O(n,n, \) + 0(n,n, —A) — 260(0) -
Onm d0| < Th + 7.
@K AP In[+ d) S
with
| def ]1 ) ‘Q(n,n, A) +0(n,m, —4) - 26(6)‘ dw
{AI@2In[+d)>1}On,m A7 (2|n| 4+ d)” v
O(n,n, ) + 0(n,n, —\) — 26(0)

def T i 0
and I, = / Lyni@inl+a) <1}5nm’ A (2|n| 4+ d)7 ’ do.
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On the one hand, we have, changing variable X' = A\(2|n|+d) and using that v > d+1,
9 S
(51 T <A e 2 (2]n!+d)d+1/1 X7 AN < OO e oy

neNd

On the other hand, changing again variable A’ = \|(2|n| + d), we see that

2
T, = e
R NCTEr Ly

neNd
></1 0 nnL +0 nni —20(0) | |[N]*7dN.
0 2In|+d 2[n|+d

At this stage, we need a suitable bound of the integrand just above. This will be
achieved thanks to the following lemma.

LEMMA 5.2. — There exists an integer k such that for any function 6 in S(Jﬁld),
we have

v (nom ) € B, (90,0, 3) = 60) 6l < Ol 550 (,/\A|(zyny+d)+|x\).

Proof. — Theorem 2.6 guarantees that 6 is the Fourier transform of a function f
of S(H?) (with control of semi-norms). Hence it suffices to prove that

Ful@) = dum [ £} duo| < NP (YNl + ) + Ao

with N(H) & [ (L ]Y]+[s + 209 |(V.s)] dw.

According to (1.9), we have

~

Ja(®) = S /H f(w)dw

f( ) ( —iA(st2(n,y)) 672i)‘<77’z>Hn’)\(Z‘i‘zy)HM,)\(Z)dZ

Rd

- H,a\(z )Hmv)\(z)dz> dw.

Rd
The right-hand side may be decomposed into I; + I + I3 with

L = / e TASHZMY) £ (1) (/ <6_2i’\<’7’2> - 1) Ho(z +2y)Hpn(2) dz) dw,
H Rd

I, = /Hd e—i)\(s—i—?(nvy))f( ) (/ (Hox(2 + 2y) — Hox(2)) Hpa(2) dz> dw
and I3 = /Hd ( —iX(s+2(ny)) (/ Ho\(2)Hpn(2) dz) dw.

To bound I, it suffices to use that

/]R (202 1) Hy (24 29) Ha(2) 2

<23 Pyl [, o 20) 25 Hpa ()]

7j=1
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whence, combining Cauchy—Schwarz inequality and (A.4),

/R (e 1) Hy (24 29) Ho

d
Z Ini1\/ A (4m; + 2).
7j=1

This gives

(5.2) L] < /A[(4)m] + 2d) /Hd [l 1f(y,n, s)| dy dnds.

To handle the term I, we use the following mean value formula:
1
Ho(z+2y) — Hyx(2) =2y /0 VH, (2 + 2ty) dt,

which implies, still using (A.4),

[ (Haaz 4 29) = Hos(2) Hon Z Jaly/IATCan; +2),

and thus

(53) 1 < IN@RI+2d) [ 1y]1£.0.9)] dydnds.

Finally, it is clear that the mean value theorem (for the exponential function) and
the fact that (H,),ena is an orthonormal family imply that

(5.4) 15| < Mo [ |5+ 20,5} £y, 7, )| dy dy ds.

Putting (5.2), (5.3) and (5.4) together ends the proof of the lemma O

Conclusion of the proof of Proposition 2.15. — Taking A = +5-5—
we discover that

N N ~
0 _ 0 —— | =26
(e gmrza) +0 (- grra) - 240

This implies that

5 |+d in Lemma 5.2,

< OO, p.5@ny VN

1 1 d+i_
O”Q”kks Hd) Z 2|7’L|~|»d)d+1‘/0 |)\/| +2 ’YdA/

eNd
1
< C||0||k7k7s(ﬁd)/0 N[ AN

As v < d+ 3/2, combining with (5.1) completes the proof of the proposition. [

6. Examples of computations of Fourier transforms

The present sectionaims at pointing out a few examples of computations of Fourier
transform that may be easily achieved within our approach.
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Let us start with Proposition 2.18. The first identity is easy to prove. Indeed,
according to (1.10), we have

<FH(50)7 0>gl(ﬁd)xs(ﬁd) = <§0>t~FH(0)>S’(Hd)><S(Hd)

= /ﬁd(Hm,/\‘Hn,)\)pe(@) dw.

As (Hy5), oy 18 an orthonormal basis of L*(R?), we get
<fH(50)79>3'(ﬁd)xs(ﬁd) - Z /Re(nvnu A) [A]%dA
neNd

which is exactly the first identity.
In order to prove the second identity, we start again from the definition of the
Fourier transform on &'(HY), and get

(6.1) (Fi(1), ) g oy esiio) = /H (Fu) (w) d.

Let us underline that because ! Ff belongs to S(HY), the above integral makes sense.
Besides, (2.15) implies that

7Td+1 B
(Fal1), 0o = 5T o (Fi " (0) (5 =1, =) dy dds.

By Theorem 2.7 and Lemma 5.2 we have, for any integrable function f on HY,

~

Fal®) = [, f(w)du.

Thus we get
1 » I
(Fis(1), 0) s ioyesiiio) = gas 7 (Far' (6)) (0) = 556(0).
This concludes the proof of the proposition. O

In order to prove Theorem 2.19, we need the following obvious property of the
Fourier transform.

LEMMA 6.1. — Let (T},)nen be a sequence of tempered distribution on H¢ which
converges to T in 8'(H?). Then the sequence (FgT,)nen converges to FyT in S'(H?).

Now, proving Theorem 2.19 just amounts to recasting Theorem 1.4 of [BCD] (and
its proof) in terms of tempered distributions. We recall here the statement for the
reader convenience.

THEOREM 6.2. — Let y be a function of S(R) with value 1 at 0, and com-
pactly supported Fourier transform. Then for any function g in L'(T*R%) and any
sequence (&,)nen of positive real numbers tending to 0, we have

(6.2) Jim Fia(g @ X(en°)) = 27(Gug) g

in the sense of measures on H®.
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Proof of Theorem 2.19. — As g ® x(&,*) tends to g ® 1 in §’'(H?), Proposition 6.1
ensures that

(63)  Fu(g®1)= lim Z. (g,0) with Z.,(g,0) = Fulg ® X(en")).

Moreover, according to Theorem 6.2, we have, for any 6 in S (]ﬁld),

LA@H%:f\12<A>(X@W&md@ with G(0) ™ [ W@, )g(v)dy.

Hd &, €n T*R4

As g is integrable on T*R?, Proposition 2.1 of [BCD] implies that the (numerical)
product 6 is a continuous function that satisfies

1G(@)8(@)| < C (14 [A(|n+m| +d) + |n —m|)~>*.
This matches the hypothesis of Lemma 3.1 in [BCD], and thus

lim 1Q<A>GW@W@d@:A%M@@Gmm@%MM%@ﬁ)

n—o0 Hd €TL €T'L 6

Together with (6.3), this proves the theorem. O

Appendix A. Useful tools and more results

For the reader’s convenience, we here recall (and sometimes prove) some results
that have been used repeatedly in the paper. We also provide one more result
concerning the action of the Fourier transform on derivatives.

A.1. Hermite functions

In addition to the creation operator C} dof —0; + M; already defined in the

introduction, we used the following annihilation operator:

(A1) A; =9, + M.

It is very classical (see e.g. [Olv74]) that

(A.2) A;H, =\/2n; H, 5, and CjH,=/2n;+2H,s,.
As, obviously,

(A.3) 2M; =C;+ A; and 20, =A, - C},

we discover that

—_

M;H, = - (\/2n; Hy_s, + /20, + 2 H, 1))

P
wdéwﬂ:;(QWHn%—%MﬁﬂHM@.
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A.2. The inversion theorem

We here present the proof of Theorem 1.3. In order to establish the inversion
formula, consider a function f in S(H?). Then we observe that if we make the
change of variable ' = x — 2y in the integral defining (Fu(f)(A)(u))(x) and use the
definition of the Fourier transform with respect to the variable s in R, then we get

Fu(f)(A / fy,m, s)e” 72wy (2 — 2y) dy dn ds
(A.5) _ )
=2 [ WD) ( S A) (0! da

This can be written

Fa(NNW)(@) = [ K.’ Mu(a') da,

ZL'I

(A.6) with  Kp(z,a’,\) < 27 <ff>< 5 wm) el g

(R)>

x/

= 27U F,.f) (”“"_2 Az + '), /\> .

This identity enables us to decompose Fy into the product of three very simple
operations, namely

Fu=2"PyodoF,

x—a

(A7) with ®(0)(e, ) € o (T3 N+ )0

and (PH¢)(n m, )‘) é ( ( 7)‘)|Hn7/\ & Hm7/\)L2(R2d) .
Let us point out that for all A in R\ {0}, the map

is an automorphism of L?(R??) such that

_d
(A.8) [2(0)( -, Ml r2reay = [A[72[|@( -, A)|| 22(Rea),
and that the inverse of ® is explicitly given by

—1 _
(A.9) o (y,z,A)—w(erzA y+2A A)

Next, Operator Py just associates to any vector of L?(R?*®) its coordinates with
respect to the orthonormal basis (H, \ ® H, ») (n,m)eN2d- It is, by definition, an iso-

metric isomorphism from L?(R??) to ¢2(N??), with inverse

(A.10) (P 0)(z, 2’ N) = > 0(n,m,\)Hyx(2)Hmp(2).

(n,m)eN2d

Obviously, arguing by density, Formula (A.7) may be extended to L?*(H?). There-
fore, according to Identities (A.8)-(A.10) and to the classical Fourier-Plancherel
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theorem in R¥*!, the Fourier transform Fy may be seen as the composition of three
invertible and bounded operators on L?, and we have

fﬁl = 2d.7:7;51 od 1o Pgl.

This gives (1.11) and (1.12). For the proof of (1.13), we refer for instance to [BCD].
This concludes the proof of Theorem 1.3.

A.3. Properties related to the sub-ellipticity of the sublaplacian

Under Notation (1.5), denote by X = (A1, ..., Xyy) the family of horizontal left

invariant vector fields (where we agree that X; 4 = Z; for jin {1,...,d}), and define,
for any multi-index « in {1,...,2d}* :
(A.11) xex, x,
Then setting, for a nonnegative integer k
def a
filpee & S Xoul,
ae{l,...,2d}*

we have the following well-known result (see the proof in e.g. [CCX93, H6r85)):
THEOREM A.l1. — For any positive integer ¢, we have for some constant Cy > 0,
| Afgull oy < [l goemey < Cell Afyull 2y -

This will enable us to establish the following proposition which states that the
usual semi-norms on the Schwartz class and the semi-norms using the structure of H¢?
are equivalent.

PROPOSITION A.2. — Let us introduce the notation
def .
(Muf)(X,s) = (IXP —is)f(X,s).
Next, for all @ = (o, @y, . . ., aaq) in N**2¢ we define
w® sMOyM L ySin T LLon?t and Toz\ def 200 + g + ... + g .

Then the two families of semi-norms defined on S(H¢) by

def
1F 115 suey = 1FNI72 + IMEFI72 + | AR f]I72

and NX(f)E 3 ucx?f|
lal+I81<p

are equivalent to the classical family of semi-norms on S(R?¢*1).

Proof. — As obviously || f||,.smae) < Nop(f), showing that the two families of semi-
norms are equivalent reduces to proving that

(A.12) VpeN, 3(Cp M)/ YV feSMHY), Ny(f) < Gyl fllns, s -
Now, integrating by parts yields

/H w0 f () w X F(w) dw = (<1 [ fw) X (02 X7 F(w)) duw.

Hd
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Observe that X7w" is either null or an homogeneous polynomial (with respect to
the dilations (1.4)) of degree v' — v, and equal to 0 if the length of « is greater than
the length of 4. Thus, thanks to Leibniz’s rule, we have

(A.13) [XB, w2“]f(w) = Z Ao,ol B3 wo‘,Xﬁ/f(w).
o/ <2a|-1
|8'1<]8]—1

Hence we get that

[ FX7 (X)) dw = 3 anars [0 F) 27 27F(w) du
Jo’|<2]af

18'1<18

Thanks to Cauchy-Schwarz inequality and by definition of My, we get, applying
Theorem A.1 and taking p large enough,

> aaa,w'/ w® f(w) X7 X7 F(w) dw < O (|If (172 + IMES 172 + I ARS(7:) -
|o/|<2|a\

18'1<18l

This proves that the two families of semi-norms in the above statement are equivalent.
In order to establish that they are also equivalent to the classical family, one can
observe that for all j in {1,...,d},

1 _ N = — - Y= _
SIZ[:J';XJ'], ayjzxj—gj(:jxj—%:j) and 3nj:~j+§](:j9(j—)fj:j)a

from which we easily infer that

n . n def a
[ fllp.s@earry < CNogy(f)  with [[f2 sgearry = D0 2%0° fl1 72 (gearyy-
|| +]B|<p

This ends the proof of the proposition. O

A.4. Derivations and multiplication in the frequency space

In Section 2, we only considered the effect of the sublaplacian Ay or of the deriva-
tion 0, on Fourier transform. Those operations led to multiplication by —4|\|(2]|m/|+d)
or i)\, respectively, of the Fourier transform. We also studied the effect of the mul-
t1phcat10n by [Y'|? or —is, and found out that they correspond to the “derivation
operators” A and D, for functions on HY.

Our purpose here is to study the effect of left invariant differentiations &; and =;

def

and multiplication by M £ = y; £in; on the Fourier transform. This is described by

the following proposition
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PROPOSITION A.3. — For any function f in S(H?), we have, for \ different
from 0,

FulX;f = —/(/l\;er and (FuZ;f) = —M\;fH
with M O(@) = N2 (/2m; + 20(n,m + 65, \) — \/2m; 0(n,m — 5, )))

and /\7;9(@) def |Z>‘\ (,/Qm] +20(n,m+0;,\) + /2m; 0(n,m — d;, )\)) .

We also have FyM; Ef = D]j-E fu with

~ 1
+ def {£A>0} ‘ A
(D) (w) ! (/21 0(n — 6;,m, ) = \/2m;+26(n, m + 5;, 1))
Titr<oy
+ 2’)\|% (./an+20(n+5j,m,)\)— 2mj0(n,m—5j,)\).
Proof. — The main point is to compute
o W(W,Y), o WwW,Y), yWwY) and nW(w,Y).

By the definition of W and Leibniz’s rule, we have, using the notation fy(x) o

£ 2a),
BW(@.Y) = [ DN (@ Haly + ) Hona(—y + 2)

= Hoaly + 2)(0Hu)a(—y + 2) )d
From (A.4), we infer that

A2
(A.14) o, W(w,Y) = |2|( 20, W(n—38;,m, \,Y)) —/2n;4+2W(n+6d;, m, A, Y)

2m; W(n,m —8;, \,Y) +,/2m; + 2W(n,m + §;, \,Y)).
Let us observe that

8,,J.W(@, Y) = /Rd Zi)\zje2i’\<”’z>Hn7,\(y + 2)Hp(—y + 2)dz
= ix [Py 4+ ) Huay + =) Ha(=y + 2)
+ Hon(y + 2)(=y; + 2j) Hua(=y + 2)) dz

\ '
( /Rd e?M(n,Z)((Man))\(y + 2)Hi\(—y + 2)

B

+ Hua(y + 2) (M Hp)r(—y + 2)) dz.
Now, using again (A.4), we get
A
2[|2
2m; W(n,m —§;, \,Y) + WW(T@, m+0;,\,Y)).

(A.15) 9, W(@,Y)=

(1/2n; W(n—:6;,m, \,Y))+/2n;+2W(n+d;,m, A, Y)
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For multiplication by y;, we proceed along the same lines. By definition of W, we
have

. 1
ij(w, Y)

EE

/Rd62i>\<n’z> ((M]Hn))\<y + Z)Hm7>‘(_y + Z)

— Han(y + 2)(M; Hy)a(—y + z))dz.

Still using (A.4), we deduce that

(A.16) yW(@,Y) = 2n; W(n—38;,m,\,Y)) +1/2n;+2 W(n+d;,m, \,Y)

o
4)\|z
—\/2m; W(n,m —§;, \,Y) —/2m; +2W(n,m+06;,\,Y)).
For the multiplication by n;, let us observe that, performing an integration by parts,

we can write
1

"~ 20 Jpa

_ v 2i\(1,2) _
= o3 fus© 0.y (Hup(y + 2)Hp\(—y + 2)) dz.

Leibniz’s rule implies that

LW(@,Y) 0., (€¥X09) Hox(y + 2)Hon (= + 2) dz

_ i|Alz
i y) =2 [

e21A(n,2) ((8an))\(y + Z)Hm,x(—y + Z)

+ Hoa(y + 2)(0;Hm)a(—y + Z))dz-
Using (A.4), we deduce that

(A17) nW(w,Y) = Z|4)‘\ (\/2n; W(n—206;,m,\,Y)) — /2n;+2W(n+d;,m,\,Y)

+/2m; W(n,m —6;,\,Y) — \/mwm,m +6;,\,Y)).
As e\, (eiskw(@,yD = 2ip;, WV(w,Y) + 9, W(w,Y), we infer from (A.14)
and (A.17) that
eI, (eiskw(@ . )) :W% <\/WW(n,m+5j,)\, ) —/2m; W(n,m—4;, A, - ))
=MiW(w,-).

Then, using the definition of Fy completes the proof of the first item of the proposi-
tion. Indeed, we have for all @ in H¢,

FuX, f(@) = /H eI, Y) A (Y, 5) du
- [ x
Hd

=— | eNMIW)(Y,s) (Y, s)dw = —M] Fiu f ().

Hd

i (W@, Y)) £V, ) dw
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For proving the second item, we start from the relation
eTINE; (W, Y)) = —2iy IW(@,Y) + 8, W(,Y),
and infer from (A.15) and (A.16) that
|;)|\§ ( 2m; W(n,m—26;, A, - )+4/2m;+2W(n, m=+4;, A, - ))
= M;W(w,-).
Finally, it is obvious that (A.16) and (A.17) give

efis)\Ej (eisAw(@’ . )) —

(y; i, W(@,Y) = POV (y/2n; W(n = 8;,m, A, Y)) +/2n; + 2W(n+38;,m, A, Y)

—/2m;W(n,m —0;,\,Y) —/2m; +2W(n,m +;,\,Y)
+ sgn(\) ( 2n;W(n — 05, m,\,Y) —/2n; +2W(n +d;,m, \,Y)

+/2m; W(n,m — §;, \,Y) — /2m; + 2W(n, m + ¢;, A,Y))) .
Then reverting to the definition of Fy gives the last part of the proposition. O
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