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Shock Wave Structure for Polyatomic Gases with
Large Bulk Viscosities

Kazuo Aoki! and Shingo Kosuge?

"Department of Mathematics, National Cheng Kung University,
Tainan 70101, Taiwan and National Center for Theoretical Sciences,
National Taiwan University, Taipei 10617, Taiwan
Institute for Liberal Arts and Sciences, Kyoto University,
Kyoto 606-8501, Japan

Abstract The structure of a standing plane shock wave in a polyatomic gas is in-
vestigated on the basis of kinetic theory, with special interest in gases with large bulk
viscosities, such as CO5 gas. The ellipsoidal statistical (ES) model for a polyatomic
gas is employed. First, the shock structure is computed numerically for different
upstream Mach numbers and for different (large) values of the ratio of the bulk
viscosity to the shear viscosity, and the double-layer structure consisting of a thin
upstream layer with a steep change and a much thicker downstream layer with a
mild change is obtained. Then, an asymptotic analysis for large values of the ratio
is carried out, and an analytical solution that describes the thick downstream layer
correctly is obtained.

1 Introduction

A shock wave is described as a discontinuous surface, across which the density,
the velocity normal to the surface, and the temperature of a gas exhibit jumps, in
inviscid gas dynamics. In reality, however, the shock wave has a structure, that
is, physical quantities undergo steep but continuous changes across a thin layer of
thickness of a few mean free paths. To describe such a structure, one has to use, in
principle, kinetic theory of gases instead of ordinary gas dynamics. The structure
of a standing plane shock wave is one of the most fundamental problems in kinetic
theory and has been investigated by many authors (see, e.g., [1, 2, 3, 4, 5]). In the
present study, we consider this classical problem with special interest in polyatomic
gases with large bulk viscosities, such as carbon dioxide (COs) gas.

Recently, the shock-structure problem was investigated for polyatomic gases on
the basis of extended thermodynamics [6, 7], and some interesting results were ob-
tained. In [6], it was shown that for CO4 gas, macroscopic quantities exhibit profiles
of three different types (Types A, B, and C in [6, 7]) depending on the upstream
Mach number. When the Mach number is very close to 1, i.e., the shock wave is
very weak, the profiles of the density, velocity, and temperature are almost sym-
metric with respect to the centers of the respective profiles (Type A). When the
Mach number is increased slightly, the profiles become nonsymmetric and exhibit
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a corner upstream (Type B). If the Mach number is increased slightly more, one
obtains profiles with a double-layer structure, consisting of a thin front layer with
a steep change and a thick rear layer over which the quantities slowly approach the
downstream equilibrium values (Type C).

However, these results are based on extended thermodynamics, which is essen-
tially a macroscopic theory. Since the problem is basically for kinetic theory as
mentioned at the beginning, they also need to be justified directly from kinetic the-
ory. This is the motivation of the present study. However, kinetic approach is not
an easy task because of the extreme complexity of the collision integral of the Boltz-
mann equation for a polyatomic gas. Therefore, we adopt the polyatomic version of
the ellipsoidal statistical (ES) model, which was proposed in [8] and was rederived
in a systematic way in [9].

In the present study, we first show that the three types of shock profiles (Type
A, Type B, and Type C) are also obtained by the direct numerical analysis of the ES
model. Then, we carry out an asymptotic analysis for large bulk viscosity based on
the ES model to obtain an analytical solution that describes the thick rear layer of
Type C correctly. This analytical solution also describes the entire profiles of Type
A and Type B. Since the details of the numerical and asymptotic analyses are found
in [10], we only summarize necessary materials and main results in the present note.

2 Problem

Let us consider a stationary plane shock wave standing in a flow of an ideal poly-
atomic gas. We take the X axis of the coordinate system (X7, Xs, X3) perpendicu-
lar to the shock wave. The gas at upstream infinity (X; — —o0) is in an equilibrium
state with density p_, flow velocity v_ = (v_, 0, 0), and temperature 7", and that
at downstream infinity (X; — o0) is in another equilibrium state with density p,,
flow velocity v, = (vy, 0, 0), and temperature T,. We investigate the steady be-
havior of the gas assuming that the problem is spatially one dimensional and using
the ES model for a polyatomic gas [8, 9].

Let us denote by v the ratio of the specific heats (y = ¢,/c,, where ¢, and ¢,
are the specific heat at constant pressure and that at constant volume, respectively)
and assume that ¢,, ¢,, and thus v are constant (calorically perfect gas). Then, v is
expressed in terms of the internal degrees of freedom ¢ of a molecule as

vy=(0+5)/(6+3). (1)

We denote by M_ the Mach number of the flow at upstream infinity, i.e., M_ =
v_/y/7RT_, where R is the gas constant per unit mass (R = k/m with the Boltz-
mann constant k and the mass of a molecule m). Then, the Rankine-Hugoniot
relations give the following expressions of the downstream quantities p,, v,, and
T, in terms of the upstream quantities p_, v_, and 7_ and the upstream Mach
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number M_:
(v+ 12
= - 2
(v — 1)M2 + 2

ST e (2b)

29M? — (y = D][(y = 1) M? + 2]
(v +1)2M2

T+ -

T.. (2¢)

3 Basic equations

Let t be the time variable, X (or X;) the position vector in the physical space,
& (or &) the molecular velocity, and £ the energy per unit mass associated with
the internal modes. We denote the number of the gas molecules contained in an in-
finitesimal volume d X d€d€ around a point (X, &, &) in the seven-dimensional space
(X, & &) at time ¢t by (1/m)f(t, X, &, £)dXd€dE. The function f(t, X, &, &),
which may be called the velocity /energy distribution function of gas molecules, is
the fundamental physical quantity and is governed by the ES model. In the present
time-independent and spatially one-dimensional case, where f = f(Xy, &, &), the
equation is written in the following form:

of
o= QU ®)
where
Q(f) = Ac(T)p(G — f), (4a)
p55/271
g —
(232 [det (T)] 2(RTo 2T (6)2)
<o (5@ TG -0)- =) @)
(M) = (1 = 0)[(1 — v)RT40i5 + vpij/ p] + ORT6y, (4c)
p= / 0 FdEdE, (4d)
1 [ee]
= / 0 & fdEdE, (4e)
_ / (& — v)(& — vy) fASdE, (41)
T, — SpR / / € — v fdede. (4g)
T = 5 / /0 £ fdEde, (4n)
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3T + 0Tine :

= 4
3+4 (4)
Tret = 0T + (1 — )T}y (4j)

Here, p is the density, v (or v;) = (v, 0, 0) the flow velocity, p;; the stress tensor,
Ti: the temperature associated with translational motion, T},; the temperature as-
sociated with the energy of the internal modes, T the temperature, d€ = d&;d&>dEs,
and the domain of integration with respect to £ is the whole space of £&. The symbol
d;; indicates the Kronecker delta, and v € [-1/2, 1) and 6 € (0, 1] are the constants
that adjust the Prandtl number and the bulk viscosity. In addition, A.(T") is a
function of 7" such that A.(T)p is the collision frequency of the gas molecules, I'(z)
is the gamma function defined by

I(z) = /0 " s lerds, (5)

T is the 3 x 3 positive-definite symmetric matrix whose (i, 7) component is defined
by Eq. (4¢), and det(T) and T~ are, respectively, its determinant and inverse. In
Eq. (4b), the summation convention a;c;;b; = Z? i1 a;c;;b; is used.

The boundary condition at upstream infinity and that at downstream infinity
are given as follows:

p_55/2—1
/= (2mRT_)32(RT_)3/2T(5/2)
x exp (—(51 SN R‘;) (X, = —o0),  (6a)
p+55/2—1
I = @rRT PR (RT, 7T (3/2)
_ 2 2 2
X exp (—(51 v;i%;:fg iy R(;—’-i-) ) (X7 — 00). (6b)

It should be mentioned that for Eq. (3), the viscosity u, the thermal conductivity
k, the Prandtl number Pr, and the bulk viscosity pu;, are obtained as

B 1 RT YR RT (7a)
T v oA Ty T 1A(T) ¢
B 1 1 /5 1
Pr= l—v+0v =9 (3 7) Pr’ (7b)

4 Numerical analysis

One of the advantages of using the ES model is that one can reduce the indepen-
dent variables from (X, &, &, &3, €) to (X1, &) eliminating the molecular velocity
components & and &3 parallel to the shock and the energy variable £ in the present
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spatially one-dimensional problem. More specifically, we introduce the following
three marginal velocity distribution functions:

9(X1, &) = //_ /0 J(X1, &, &, &3, E)dEdEdEs, (8a)
e = [ [T @reiren g g otdada, s
i(X1, 1) = //_OO /000 Ef(X1, &, &, &3, E)dEdEdEs. (8¢)

If we multiply Eq. (3) by 1, & + &2, and £ and integrate the respective results
over —oo < &9,& < oo and 0 < & < oo, then we obtain three simultaneous
integro-differential equations of ES type for g, h, and 7. It should be noted that the
resulting equations do not contain the energy variable £ associated with the internal
degrees of freedom. The boundary conditions for these equations at X; — 4+o0o can
be obtained by a similar procedure. Here, we omit the resulting equations and
boundary conditions (see [10]).

The equations for g, h, and 7 are solved numerically by an iterative finite-different
method. The details of the method, as well as the data for the computational systems
(the distribution of the grid points, the ranges for the variables in the computation,
etc.), are shown in [10], so that we omit them here and only show the results.

5 Numerical results

Let us restrict ourselves to CO5 gas. We set § = 4 and Pr = 0.761 and assume that
A.(T) = const, referring basically to [11]. We also let 7_ = 293K. According to
[12], the ratio up/p is large and between 10% and 4 x 10% at this temperature. In the
present study, in order to observe the change of the shock profiles as y,/p increases,
we carried out computation for u,/p varying from 100 to 2000. In this sense, our
COg gas is a pseudo-COy gas with variable p,/p.

In the following, the results are shown for M_ = 5. 1.138..., and 1.05. We
show the profiles of the density p, the flow velocity v; (the X; component), and the
temperatures 7" normalized in the conventional way, that is,

P 7 {}:vl—m’ 7 T-T-

—_—. 9
P+ — P- V- — U4 T, -1 )

In the figures shown in the following (except for Fig. 2), the coordinate z; is the

dimensionless coordinate normalized by the mean free path [_ at the equilibrium
state at rest with density p_ and temperature 7", that is,

vy =X /l_,  1_=(2/V7)(2RT_)V?/A(T )p_. (10)
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1000 2000 3000

T
(a)

Fig. 1: Profiles of p, 0, and T at M_ = 5 for § = 4, Pr = 0.761, A, = const, and
pp/ e = 100, 200, 500, 1000, and 2000. (a) Profiles for —200 < z; < 3600, (b)
profiles for —20 < 27 < 100. The red curves indicate p, the green curves o, and the
blue curves 7. The solid lines indicate the profiles for u; /i = 100, the dashed lines
for p,/p = 200, the dot-dashed lines for u,/p = 500, the dot-dot-dashed lines for
/1 = 1000, and the dotted lines for u,/p = 2000. In panel (b), the black dotted
lines indicate the profiles of p, ©, and T for u,/p = oco.

e Caseof M_ =5

Figure 1 shows the profiles of g, o, and T at M_ = 5 for CO, gas with /1 = 100,
200, 500, 1000, and 2000. Figure 1(b) is a magnified figure of Fig. 1(a) in the range
—20 < 27 (= X;/l-) <100. The red curves indicate p, the green curves v, and the
blue curves T'; the solid lines indicate 1, /i = 100, the dashed lines u/p = 200, the
dot-dashed lines 1,/ = 500, the dot-dot-dashed lines p,/p = 1000, and the dotted
lines y,/pe = 2000. In Fig. 1(b), we also show by the black dotted lines the profiles
of p, ¥, and T when j,/;t = oo. In this case, since § = 0 [cf. Eq. (7b)], there is no
relaxation between T}, and Ti, through 7' [cf. Egs. (4c) and (4j)]. Therefore, the
downstream condition is different from Eq. (6b) and is given by

ﬁ+86/2—1
(27 RT 11 )2 (RTos)*/2T(5/2)

coxp | GGG £
2RT,v Rl

f=

) , (X1 — 00), (11)

where p,, vy, Tiyy, and Ty are given by

N AM? M2 +3
P+ = T pP—s V4 = T UV, (12&)
M? +3 4M2
- 5M2 — 1)(M? +3 -
Ttr+ = ( — )A(, S )T—; Tint+ = T—, (12b)
16M2
M_ =v_/\/5RT_/3 = M_+/3/5, (12¢)
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R  E— Y/
U1 U
(a) (b)

Fig. 2: Profiles of p, 0, and T at M_ = 5 for § = 4, Pr = 0.761, A, = const, and
tp/ e = 100, 200, 500, 1000, and 2000 in the new coordinate y;. (a) Profiles for
—0.2 <y <1, (b) profiles for —0.06 < y; < 0.06. The red curves indicate p, the
green curves ¥, and the blue curves 7. See the caption of Fig. 1 about the types of
lines.

and the temperature at downstream infinity is given by 7' = (3ﬁr+ + (5ﬁm+) /(349)
Equation (12) is the Rankine-Hugoniot relations for y,/u = co. Note that it is the
same as the Rankine-Hugoniot relations for a monatomic gas if M_is regarded as
the upstream Mach number. In Fig. 1, z; = 0 is set at the position where the density
is equal to the average of the upstream and downstream values when p,/p = oo,
that is, p = (p— + p1)/2.

The profiles in Fig. 1 are of Type C consisting of a thin front layer and a thick
rear layer. As p,/p increases, the thickness of the rear layer increases and reaches
over 3000 mean free paths (I_), whereas the profiles of the thin front layer are not
affected by up/p and coincide with the shock profiles for p,/p = oco. This indicates
that the thin front layer corresponds to the shock wave for p,/u = oo, and the jump
caused by this layer is given by the Rankine-Hugoniot relations for p,/pu = oo.
Therefore, Type-C profile should appear when M_>1.

Here, we introduce the new space coordinate y; whose length scale of variation
isl_ /0, ie.,

h = (2/\/7?)9% = (2/\/7?)9(X1/l_), (13)

which is expected to describe the slow variation occurring in the thick rear layer when
e/ >1 (0 < 1). In Fig. 2, we show the profiles of p, v, and T, corresponding to
Fig. 1, as the functions of y;. Figure 2(b) is a magnified figure of Fig. 2(a). As one
can see, the curves for p;,/p = 100, 200, 500, 1000, and 2000 coincide perfectly in the
thick rear layer. Using this new coordinate y;, we will derive a set of macroscopic
equations that can describe the slow relaxation over the thick rear layer in Sec. 6.1.

e Caseof M_ =1.138...

This case corresponds to M_ = 1, at which the thin front layer of Type-C profile
disappears. Figure 3 shows the profiles of p, ¥, and T', and Fig. 3(b) is the magnified
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20000
X1

(a)

Fig. 3: Profiles of p, ¥, and T at M_ = 1.138... (]T/[/, =1) for § =4, Pr = 0.761,
A, = const, and p,/p = 100, 200, 500, 1000, and 2000. (a) Profiles for —2000 <
xr1 < 28000, (b) profiles for —1000 < x; < 4000. The red curves indicate p, the
green curves ¥, and the blue curves T. The solid lines indicate the profiles for
/1 = 100, the dashed lines for p,/p = 200, the dot-dashed lines for u,/pu = 500,
the dot-dot-dashed lines for p,/p = 1000, and the dotted lines for p, /1 = 2000.

figure of Figs. 3(a). In the figure, x; = 0 is set at the position where p = 0.05.
The profiles do not show the double layer structure, but the thickness of the shock
increases as /(0 becomes large, as in the case of M_ = 5. The profiles start
abruptly from the upstream uniform state though the approach of the profiles to
the downstream uniform state is slow and smooth. Therefore, the profiles are not
symmetric with respect to the centers of the respective profiles, and we can say that
the profiles in this case are of Type B.

e Case of M_ =1.05

Finally, we show the profiles of p, 0, and T for M_ = 1.05 in Fig. 4. Figure
4(b) is a magnified figure of Fig. 4(a). In the figure, z; = 0 is set at the position
where p = 1/2. The profiles, which are almost symmetric with respect to the
centers of respective profiles, correspond to Type-A profile. The thickness of the
shock increases with the increase of u,/p and reaches over 50000 mean free paths
for pp/p = 2000.

In this way, the transition of the profiles from Type A to Type C, which was
predicted by the extended thermodynamics [6], is also observed in the present com-
putation based on the ES model.

6 Asymptotic analysis for large u,/p

6.1 Slowly-varying solution

Figure 2 in Sec. 5 suggests that the thick layer behind the thin layer of Type-C
profile for large p,/p (ie., small 8) may be described by a slowly-varying solution
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Fig. 4: Profiles of p, 0, and T at M_ = 1.05 for § = 4, Pr = 0.761, A, = const, and
wy/pe = 100, 200, 500, 1000, and 2000. (a) Profiles for —40000 < x; < 60000, (b)
profiles for —10000 < x; < 10000. The red curves indicate p, the green curves v, and
the blue curves T. The solid lines indicate the profiles for /p = 100, the dashed
lines for p, /1 = 200, the dot-dashed lines for yu;,/p = 500, the dot-dot-dashed lines
for pp/p = 1000, and the dotted lines for p,/pu = 2000.

whose length scale of variation is of the order [_/#. Although the results are not
shown in Sec. 5, the replot of the curves in Figs. 3 and 4 in terms of the variable
y1 [Eq. (13)] shows that the profiles of each macroscopic quantity for large /o fall
on a single curve for respective M_. Therefore, we expect that the slowly-varying

A~ N AN AN A~

Let us introduce the dimensionless quantities [(;, &, f, G, A(T), p, Ui, Dij, Tiv,
T, T, Trel], which correspond to the original dimensional quantities [&;, £, f, G,
A(T), p, vi, Dij, Tix, Tints T, Trer], by the following relations:

G =&/QRT )2, E=¢/RT.
(F.G) = (f.G)/2p-(2RT_) ™2, AT) = AT)/AT.),

~ - N (14)
p=p/p-, 0 = v;/(2RT_)"/?, Pij = Pij/p—,
(ﬂra inty T7 Trel) - (Tlnrv j—}nta Ta Trel)/T—7

where p_ = Rp_T_. If we assume that f is slowly varying, i.e., a function of the

~

variable y; [Eq. (13)]: F= (y1, ¢, € ), then we have the dlmensmnless ES model of
the following form:

f ~ o~

0 = A(T)p(G — 1. 15
i = ADFG - ) (15
The explicit form of Q\ , which is almost the same as G in Eq. (4b), is omitted here
(see [10]).
We analyze Eq. (15) for § < 1 by a Hilbert-type expansion in 6, i.e.,

f:ﬁ0)+ﬁl)9+ﬂ2)92+... ] (16)

VII-9



KAzuo AOKI AND SHINGO KOSUGE

Correspondingly, the macroscopic quantities h (h = p, v1, pyj, ...) are also expanded
as

=00+ hV9 4+ @0 ... (17)
We leave the details of the analysis in Appendix C of [10], where the three-dimensional
version of Eq. (15) is analyzed. As the result of the analysis, the macroscopic equa-
tions that describe the leading-order quantities p(©, U(O) ﬂ(ro), and T ot of the ex-
pansion (17) are obtained. We omit the superscript (0) for brevity. Then we have
the following system of ordinary differential equations for p, vy, T}, and Tiy:

7y (7o) =0, (18)
diyl g—tl - 2a> =0, (18b)
(04 3+ 5T ) =0 (15¢)
e A (150

where T in A,(T) is given by

3ﬁr + 6ﬁnt

T= 19
340 (19)
which is the dimensionless version of Eq. (4i).

It should be noted that (p, U1, Ttr, Tmt) are equal to (1, v_, 1, 1) at upstream

infinity and to (p., vy, T+, T+) at downstream infinity, where

~ U+ ~ _ P+ A_E

_ == = ) 20
’Uﬂ: (QRT,)I/Z’ p+ p77 + T, ( )

and they are related by the dimensionless version of the Rankine-Hugoniot relations
(2) or the original conservation laws

o~ B T - 1 - R 540~ N 540
p+U+ =v_, ,\_++2U+: ,\_+2U_7 Ui"’ + T+—'U2 +L (21)
Uy v_ 2 2

It follows from Eqs. (18a)—(18c) that

~

oY T | o~ 55 0s
pU1 = Cq, A_t + 2v1 = ca, + T + 5T = (22)
3 SR

where c1, c9, and c3 are constants, or

U1

_c ~ R N ~ 2 S o
P = ,Tl, ﬂr =" (Cg — 2U1) s ﬂnt = 5 (63 — §C2U1 + 41}%) . (23)
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The substitution of Eq. (23) into Eq. (18d) with Eq. (19) gives the following equation
for v;:

~2 5 ~ dﬁl 3(4+5) A | ~2 5+5 ~ C3

o — ) —— = 2 — — 24
U1(1602 Ul)dyl 8(3"‘5)01 C( ) vl 2(4+5)C2v1 4+5 ) ( a’)
~ 2 ~
T = 513 (v% — oy + 03) ) (24Db)

In the case of the Type-C profile, the slowly-varying solution should be applied
to the downstream of the thin front layer, so that c¢;, ¢, and ¢3 in Eq. (22) are
determined from the downstream condition as ¢; = p, v, ¢o = (T " /vy) + 2vy, and
s =01+ [(5+0)/ 2]71. However, these downstream quantities are expressed in
terms of the upstream quantities by Eq. (21). Therefore, we can express c¢;, ¢y, and
c3 using the upstream quantities as

¢ =1, 62:;—1—2@\,, 03:@34—5——’_5. (25)

v_ 2

Using these relations and the ratio of specific heats v = (5 + 9)/(3 + §), we can
transform Eq. (24) as follows:

_dnn 3+ 1)

0t (0. — 0y) Qs —1—6&21}(?) (V- =) (v —04), (26a)
S . 142
T(o) =1+ (y—1) (01 —7-) <v1 - —= ) : (26b)

where U, and v, (downstream velocity) are expressed in terms of v_ as

~ 51+ 202 . —1)02
I =R S € ) = i) (27)
16 - (v+1)u-

Let us consider the integration of Eq. (26), with an initial condition v; = vy at
Y1 = Yo, from y; = yy to co. When vy < v, and vy € (v, v_) (note that vy < v_),

dvy /dy; is negative from Eq. (26). This range of 7; is not empty because v, < v,
for v < 5/3 and M_ > 1; this can be seen readily from the relation

Uy b 207 +1 5y4+1 M2 +1
—=—(r+1) = =3 2 : (28)
vy 16 (y=1Dv +y 8 v (y—1)M*2+2

Therefore, if the initial value vy satisfies vy < v, and vy € (v, v_), the solution v;
monotonically decreases as y; increases and approaches v, which is an equilibrium
point of v; where dvy/dy;, vanishes. This means that, with an appropriate choice
of the initial value vy, the solution of Eq. (26) is expected to describe the velocity
profile in the downstream range y; € [y, 00) of a shock wave. Once the solution vy
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is obtained from Eq. (26), other quantities are obtained from Eq. (23). That is,

p(v1) = T Tiu(v1) =1+2(U_ — 1) <U1 — 22}7_) , (29a)
o 8
Tint(01) = 1+ < (V1 — V) (V1 — Vs (29D)

J

where 7., is the dimensionless downstream velocity of the shock wave when 6 = 0,
which is defined as 0, = v, /(2RT_)Y? with v, given by Eq. (12a) and thus is
written in terms of U_ as U, = (202 + 5)/80_. Equation (26) with the initial
condition vy (yo) = vy can be solved analytically. More specifically, 77 is obtained as
the inverse function of the following function y; (v1):

N = 16 v u? (U, — u) ’
Y1 (V1) — Yo e /m 37 @) (o — ) (u_m)d : (30)

Moreover, the integration can be carried out explicitly for special forms of gc(f),
such as A (T) =1, VT, and T (see Appendix D in [10]).

Let us now discuss the possible choices of the initial value ¥y and the relation
between the resulting solution v; [and Eq. (29)] and the profiles of Type A, Type B,
and Type C. Here, we note that M_ < M_ holds because M_/M_ = /3v/5 and
v < 5/3.

oCaseofM,<1<M,

Since M_ = \/6/50_, it follows from Eq. (27) that _ < ¥,. Therefore, the
admissible range of the initial value vy, i.e., Uy < v, and vy € (vy, v_), reduces
to just vy € (vy, v_). That is, we can take Uy as almost v_, i.e., vy = v_ — 0.
Therefore, the solution v is expected to describe the whole profile of the velocity.
Let us consider this point in more detail. We consider Eq. (30) for a fixed value of
v1 in the middle of the profile, v, < v; < v_. Then, we have the following estimate:

- [ - I L
y1(V1) — yo > Cy(vl)[ — udu = Cy(01)[—In(v- — ) + In(v- —vy)], (31)
01 -
where
16 03(0, — )

Cy(i}\l) =

307+ 1)0- maxe, <uen [A(T(u)] (To —5,) 0. (32)

As the initial value vy approaches the upstream velocity v_, the coordinate y;(v1),
which expresses the coordinate y; inside the shock profile, diverges to +o0o. To locate
the shock profile in a more comfortable range with finite y;, we need to shift the
coordinate, or take the initial position 3y as —oo. Theoretically, if we assume that
Up — U_ at y; — —oo, we obtain the whole profile of vy, changing from v_ to v,
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in a range of finite y;. Correspondingly, p changes from p(v_) = 1 to p(v}) = py,
Tir changes from Ti,(v_) = 1 to Ty, (vy) = T, and Tj, changes from Ti(0-) = 1 to
Tint(0y) = T This solution corresponds to the whole profile of Type A.

o Case of M_ =1

In this case, it follows from Eq. (27) that v, = v_ = 4/5/6. Therefore, the
admissible range of the initial value vy is still vy € (v, v_). However, Eq. (30)
reduces to

. B 16 v u? ’
yl(vl) — Yo = 3(7+ 1)/,&7 /i;1 A\C(T\(u)) (u —@\+)d . (33>

Since the integrand does not have a singularity at u = v_, the integral takes a finite
value at vy = v_ for a fixed value of v; in the middle of the profile, v, < v; < v_.
This means that yy can be a finite value, say yo = 0, and the velocity profile locates
in a range with finite y;. Therefore, the solution v; can describe the whole velocity
profile v_ — v, in the range y; € [y, 00). From Eq. (26), we observe that
j—zl = 30+ D2 )= (34)
1

Y1=Yo 16 U

This means that the profile of the velocity suddenly start at y; = yo with a finite
gradient and approaches v as y; — oo. In other words, the velocity profile exhibits a
corner at y; = yo. One can also show from Eq. (29) that dp/dy; > 0 and dT'/dy, >
0 at y; = yo. Therefore, the profiles of p and T also exhibit a corner. These
observations are consistent with the numerical result shown in Fig. 3. This solution

corresponds to the Type-B profile.

e Case of M_ >1

Because U, < v_ in this case, the admissible range for the initial value reduces
to vy € (v, v,). Here, we should note that v, < v,. < v, holds. Therefore, we
can take 7,,, which is the dimensionless downstream velocity of the shock wave
when # = 0, as the initial value 7y. Then, the solution v; describes the monotonic
decrease from v, to vy as y; varies from y, to oo. Correspondingly, p changes from
P(Vss) = Pux to (V) = Py, Tty changes from Ty, (Vi) = Thw to T (V) = T, and Tiye
changes from fint(i}\**) =1to ﬁnt (vy) = ﬁL, where p.. = py/p— and ﬁ* = ﬁH/T_
are, respectively, the values of p and ﬁr downstream of the shock wave with 6§ = 0
[cf. Eq. (12)]. This corresponds to the thick rear layer of the Type-C profile. To be
more specific, we replace the thin front layer with a jump satisfying the Rankine—
Hugoniot relations for # = 0 and the thick layer with the solution corresponding to vy
obtained here. In this way, we can describe the Type-C profile by the slowly-varying
solution.

In summary, the slowly-varying solution, i.e., v; obtained from Eq. (30) and
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0 100 200 20 0 20 40 60

Fig. 5: Comparison between the profiles based on the slowly-varying solution and
those of numerical solution. Profiles of p, ¥, and T at M_ = 5 for § = 4, Pr = 0.761,
A, = const, and p,/p = 100 are shown in the figure. (a) Profiles for —40 < z; < 200,
(b) profiles for —20 < z; < 60. The red line indicates p, the green line v, and
the blue line 7' of the numerical solution. The black dot-dashed line indicates the
corresponding profiles obtained on the basis of the slowly-varying solution. In panel
(b), the numerical solution of the ES model for u;,/p = oo is also shown by the black
dashed line.

the corresponding p, ﬁr, and ﬁm in Eq. (29), can successfully describe the Type-A
profile when M <1< M_ the Type-B profile when M. = 1, and the Type-C
profile, with the help of the Rankine-Hugoniot relations for # = 0 when M_ > 1.

In [13], the shock-wave structure of a polyatomic gas is investigated by a set of
macroscopic equations that is derived by the extended thermodynamics [14] or from
the Boltzmann equation by an appropriate moment closure [14, 15] (see also [13]).
The macroscopic equations expressed in terms of the slowly-varying variable y; in
Eq. (13) are essentially the same as our equations (18).

6.2 Comparison with numerical results

Let us compare the slowly-varying solution with the numerical solutions. For our
CO, gas with varying /1, the values jp/p = 100 and 1000 gives 6 = 5.00... x 1073
and 5.00... x 1074, respectively, which are quite small. Therefore, we can expect
that the leading-order slowly-varying solution obtained in Sec. 6.1 describes the
shock profile accurately. To confirm this statement, we consider the case of p;,/p =
100, for which the leading-order solution should be less accurate than the case of
/10 = 1000, and make some comparisons. In Figs. 5-7 below, z; = 0 is set in the
same way as in Figs. 1, 3, and 4, respectively, for the numerical solution. Then,
the profiles obtained by the slowly-varying solution is shifted in such a way that the
point at which p = 0.5 coincides with that of the numerical solution.

Figure 5 shows the profiles of p, #, and T at M_ = 5 and for /1 = 100. Figure
5(b) is a magnified figure of Fig. 5(a). The colored lines show the numerical solution
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(a) (b)

Fig. 6: Comparison between the profiles based on the slowly-varying solution and
those of numerical solution. Profiles of p, ¥, and T at M_ = 1.138... (M_ = 1) for
d =4, Pr=0.761, A. = const, and p,/u = 100 are shown in the figure. (a) Profiles
for —200 < z; < 1800, (b) profiles for —160 < x; < 160. The red line indicates p,
the green line o, and the blue line 7" of the numerical solution. The black dot-dashed
line indicates the corresponding profiles obtained on the basis of the slowly-varying
solution.

obtained in Sec. 5: the red line indicates p, the green line ¥, and the blue line 7.
The black dot-dashed line indicates the profile of the thick rear layer obtained on the
basis of the Rankine-Hugoniot relations for u,/p = oo [cf. Eq. (12)] and the slowly-
varying solution corresponding to Eq. (30) in the case of M_>1 (see Sec. 6.1). In
Fig. 5(b), the numerical result for u,/pu = oo is also shown by the black dashed line.
As one can see, the slowly-varying solution describes perfectly the profiles in the
thick rear layer. Needless to say, Fig. 5 corresponds to Type-C profile.

The comparison of the profiles at M_ = 1.138... (M_ = 1) and for u,/pu = 100
is made in Fig. 6. Figure 6(b) is a magnified figure of Fig. 6(a). Note that the
scale of ¥ is shown on the right side in Fig. 6(b). In this case, the slowly-varying
solution based on Eq. (30) gives a profile that starts suddenly with a corner, as
shown by the dot-dashed lines in Fig. 6(b). It agrees with the numerical solution on
the whole though there is a visible difference in the magnified figure, Fig. 6(b). The
numerical solution gives profiles that start smoothly without a corner. However, as
/1 becomes large, say 1000, the start of the profiles becomes sharper, and the
difference between the numerical and slowly-varying solutions becomes invisible.
This corresponds to Type-B profile.

Figure 7 shows the comparison of the profiles at M_ = 1.05 and for u/p = 100.
In this case, the agreement between the numerical and slowly-varying solutions is
good even in the magnified Fig. 7(b). This corresponds to Type-A profile.

In this subsection, we compared the numerical and slowly-varying solutions for
our COy gas with varying p,,/p when it is smaller than the real value, i.e., p,/p =
100, and confirmed the agreement. It should be emphasized that we have much
better agreement for the real COy gas with puy/p of the order of 1000.
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Fig. 7: Comparison between the profiles based on the slowly-varying solution and
those of numerical solution. Profiles of p, ¥, and T at M_ = 1.05 for § = 4,
Pr = 0.761, A. = const, and p,/pu = 100 are shown in the figure. (a) Profiles for
—2500 < x; < 3000, (b) profiles for —200 < z; < 200. See the caption of Fig. 6.

7 Concluding remarks

In the present study, we investigated the structure of a standing shock wave in a
polyatomic gas with a large bulk viscosity on the basis of the polyatomic version of
the ES model for the Boltzmann equation. It is known that CO, gas has a large
value of the ratio of the bulk viscosity to the viscosity (u/p), which is of the order
of 1000. Therefore, we considered an artificial CO5 gas with the same properties
as COy gas except that pu,/p takes arbitrary values and investigated its behavior as
/e increases up to 2000 to understand the properties of the shock profiles when
/1 is large. The study was motivated by the recent results based on the extended
thermodynamics [6, 7].

We first carried out direct numerical computations of the ES model and obtained
the profiles of the macroscopic quantities inside the shock wave accurately. In this
step, we were able to reproduce the Type-A, Type-B, and Type-C profiles defined in
[6], that is, Type-A profile is a profile almost symmetric with respect to the center
for each macroscopic quantity, Type-B profile is the profile that is nonsymmetric and
has a corner upstream, and Type-C profile is the profile consisting of a thin upstream
layer with a sharp change and a thick downstream layer with a slow change. We
observed that as the ratio y,/p increases, the thin front layer in Type-C profile does
not change, whereas the thickness of the thick rear layer increases indefinitely. In the
limit when pu,/p — oo, the shock wave reduces to the thin upstream layer only and
its downstream state approaches a uniform equilibrium state satisfying the different
Rankine-Hugoniot relations [Eq. (12)] that hold when 1,/ = 0.

Then, motivated by the numerical results, we tried to describe the behavior of
the thick rear layer of Type-C profile by a slowly-varying solution of the ES model,
the length scale of which is of the order of p;,/p (or the inverse of the parameter 6
appearing in the ES model). Carrying out an asymptotic analysis for small 6 (or
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large 1,/ 11) using a Hilbert-type expansion, we derived a simple set of ordinary dif-
ferential equations for the macroscopic quantities, which can be solved analytically.
We showed that Type-C profile can be described by this slowly-varying solution
correctly if its upstream condition is set to be the downstream condition of the
Rankine-Hugoniot relations for p,/u = oo. In addition, we showed that the slowly-
varying solution can also describe the entire Type-A and Type-B profiles correctly.
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