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AN EXPLICIT PROOF OF THE GENERALIZED
GAUSS-BONNET FORMULA

by
Henri Gillet & Fatih M. Unlii

To Jean-Michel Bismut on the occasion of his 60* birthday

Abstract. — In this paper we construct an explicit representative for the Grothendieck
fundamental class [Z] € Ext"(0z,Q%) of a complex submanifold Z of a complex
manifold X when Z is the zero locus of a real analytic section of a holomorphic
vector bundle E of rank 7 on X. To this data we associate a super-connection A
on /\* EV, which gives a “twisted resolution” T* of 6z such that the “generalized
super-trace” of ﬁAz"', which is a map of complexes from T™* to the Dolbeault complex
@'", represents [Z]. One may then read off the Gauss-Bonnet formula from this map
of complexes.

Résumé (Une démonstration explicite de la formule de Gauss-Bonnet généralisée)

Dans cet article nous construisons un représentant explicite de la classe fonda-
mentale de Grothendieck [Z] € Ext"(0z,7 ) d’une sous-variété Z dans une variété
lisse complexe X quand Z est le lieu des zéros d’une section réelle analytique d’un
fibré vectoriel holomorphe E de rang r sur X. Nous associons a cette donnée une
super-connection A sur /\* EV, qui fournit une « résolution tordue » T* de O telle

que la « super-trace généralisée » de L A%7 qui est un morphisme de complexes de
p g 3 p

T* vers le complexe de Dolbeault ﬂ;&*, représente [Z]. On peut alors lire la formule
de Gauss-Bonnet a partir de cette application entre complexes.

Introduction

If X is a complex manifold, and 7 is a holomorphic section, transverse to the zero
section, of the dual EV of a rank r holomorphic vector bundle, it is well known that

2000 Mathematics Subject Classification. — 5TR20, 32C35.
Key words and phrases. — Differential geometry, algebraic geometry, characteristic classes, Gauss-
Bonnet formula.

The first author was supported in part by NSF Grants DMS 0100587 and DMS 0500762.

© Astérisque 328, SMF 2009



138 HENRI GILLET & FATIH M. UNLU

the fundamental class of the locus Z of zeros of 7 is equal to the top Chern class of
the bundle EV:
[Z] = e (EY) = (-1)"cr(E)
For Hodge cohomology, this is the fact that the image of the Grothendieck fundamen-
tal class
[Z] € Ext"(0z,9%)
under the map
Ext"(0z,0%) — Ext"(Ox, Q%) = H"(X, Q%)

coincides with the top Chern class of EV. Proofs of this result tend to be indirect,
i.e. they depend on the axioms for cycle classes and Chern classes, and comparison
with “standard” cases.

However, one may observe that the section 7 gives rise to an explicit global Koszul
resolution

K*(r) = (\'EY,1r) = 0z,
and so the theorem can be rephrased as saying that image of [Z] under the map:
Ext"(K* (1), %) — Ext"(0x, Q%)

induced by the isomorphism Ox ~ K°(), is the top Chern class of EV. Our first
result is to show that a choice of connection V on E, determines, via Chern-Weil
theory applied to superconnections, an ezplicit map of complexes from the Koszul
complex K*(7) to the Dolbeault complex of Q% , which represents the Grothendieck
fundamental class and the restriction of which to the degree zero component @x of
the Koszul complex is precisely multiplication by the r-th Chern form of EV.

One motivation for the current paper was to obtain a better understanding of
the proof by Toledo and Tong of the Hirzebruch-Riemann-Roch theorem in [12].
In that paper the authors used local Koszul resolutions of the structure sheaf of
the diagonal Ax C X x X to construct the Grothendieck fundamental class [Ax],
and then to compute x(X, Ox) as the degree of the restriction of the appropriate
Kunneth-component of [Ax] to the diagonal. For such a computation one needs
only the existence of a “nice” representative of the Grothendieck fundamental class
in some neighborhood of the diagonal. However the diagonal Ax is not in general
the zero set of a holomorphic section of a vector bundle. Instead one can use the
“holomorphic exponential map” (see the article [10] for an exposition) to construct,
in a neighborhood of the diagonal, a real analytic section of p*(Tx), which vanishes
exactly on the diagonal. (Here p: X x X — X is the projection onto the first factor.)
Thus we are led to consider what happens if we ask only that 7 be real analytic rather
than holomorphic. In our second main result, we use the theory of superconnections
and twisted complexes in the style of Brown [5], and of Toledo and Tong (op. cit.) to
construct a map from the Dolbeault resolution of K*(7) to that of Q% representing
the Grothendieck fundamental class and which restricts to the r-th Chern form of EV.
An important tool in this construction is a non-commutative version of the supertrace
for endomorphisms of Grassman algebras.
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AN EXPLICIT PROOF OF THE GENERALIZED GAUSS-BONNET FORMULA 139

We should also remark that instead of working in the real analytic category, one
can make a very similar argument in the algebraic category, using formal schemes.

Let us now give a more detailed outline of the paper. Recall that the section 7 gives
rise to a natural Koszul resolution K(7)* — @z, in which K(r)~/ = A\’ §. Here & is
the sheaf of holomorphic sections of E. Choose a connection V : Bx ® § — 8%’ ® &
of type (1,0) (@5° being the sheaf of real analytic (1,0)-forms on X) on &, such that
V2 = 0. Let V = V + 0 be the associated connection. We view V as acting not only
on &, but on all tensor constructions on &. Then our first result is:

Theorem (A). — The connection V and the section T determine a map of complezes,
from the Koszul resolution K(7)* of Oz, to the Dolbeault resolution @y [r] of Q% r]

¥ K(r)" — G5
the degree —r component of which is ﬁ(zv(f))’", and the degree 0 component K(7)° =
Ox — GY'[r]° = @Y of which is represented by the r-th Chern form of (EV,V).
In general 9 is given by a linear algebra construction involving V and the curvature
R =[V,0|s of V, and we have: .
— The class in Exty) (0z,90%) represented by v is the Grothendieck fundamental
class [Z].
— The image of [Z] in Exty (Ox,Q%) ~ H""(X,C), is represented by the degree
zero component of v, which is equal to the r-th Chern form c,.(EVY, 6)
It follows immediately that the image of [Z] in H™"(X,C) is equal to c.(EV).

The proof of Theorem A is contained in Section 5. (cf. Theorem 5.5 and Corol-
lary 5.6).

In the second half of the paper, we extend Theorem A to the case where Z is the
zero locus of a real analytic section of EV. It is no longer the case that 7 determines a
Koszul resolution of @)z, but instead we get a resolution of ﬁﬁg* ® Oz. In order to get
a complex that is quasi-isomorphic to £z, we construct a resolution of the Dolbeault
resolution ﬁgg* ® Oz of Oz, by constructing a twisted differential, 6, in the sense of
Toledo and Tong [13], on B%* ® \* &.

A key tool in extending Theorem A to this situation is the notion of the “gener-
alized supertrace” of an endomorphism of the exterior algebra of a finitely generated
projective module. Suppose that V is a (locally) free module of finite rank r over a
commutative ring k. Then the generalized supertrace is a map

Tra : Endg(A*V) = AVY
(c.f. Definition 6.1). If A is a graded-commutative algebra over k, we can extend this
to a map
Trp : End4(ABA\*V) — ABA\*VY
Here ® denotes the “super” or graded tensor product. If ¢ € End4(A*V), then the
degree 0 component of Trp () is the usual super-trace of . The key property of Try
(which is proved in Section 3.) is:
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140 HENRI GILLET & FATIH M. UNLU

Proposition. — Assume that ¢ € Enda(A*V), and let § € Enda(A*V) be an A-
linear superderivation. Then

Trald, @], = [6, Tra ()],

Theorem (B). — Let Z be a complex submanifold of X such that there ezxists a holo-
morphic vector bundle m : E — X and 1 € (X, 8x ® 6v) such that 1, : Gx @ & —
Bx ® Iz is surjective. Then

— There is a superconnection § of type (0,1), on the super-bundle \* E, such that:
1. §2 =0, so § defines a differential on G%* ® \* 6,
2. the component of § of degree —1 with respect to the grading on \* E is
the Koszul differential 1.,
3. If we write & for the induced differential on 62(’* ® N* &, then the map
N’ & = Ox — Oz induces a quasi-isomorphism of complezes:

(BY ®N\*6,8) 5 (8% © 02,0) & 07
— Let Ry be the curvature of the superconnection A =V + 3§ on A\* E. Then the
generalized supertrace of ﬁR’A defines a map of complexes

ax ® N6 — a5'Ir,

which, via the quasi-isomorphisms in part 1), represents the Grothendieck fun-
damental class [Z],

— The image of [Z] in H™"(X,C) is represented by the degree 0 component of the
generalized supertrace of ﬁR’A, i.e., by the super-trace of %Rg, which by Quillen
[11] is an (r,r)-form representing the Chern character ch,(A\* E).

The proof of Theorem B is contained in Proposition 8.4, Theorem 10.3, and Corol-
lary 10.5. We would like to thank the referee for comments which let to a substantial
improvement in the organization of the paper.

1. Superobjects

Throughout this paper we will use the language of super-objects. We include here
basic definitions and properties for the convenience of the reader and to fix notation.
We omit the details and proofs, which may be found in [11] and [4].

Let k be a commutative ring with unity .

Definition 1.1. — A k-module V with a Z/2Z-grading is called a k-supermodule.

Remark 1.2. — In the same spirit, a Z/2Z-graded object in an additive category is
called a superobject. As realizations of this general definition, we will be dealing
with super algebras, super vector bundles on a smooth manifold, and sheaves of
superalgebras on a topological space, etc.
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AN EXPLICIT PROOF OF THE GENERALIZED GAUSS-BONNET FORMULA 141

We will write V+ and V'~ for the degree 0 (mod 2) and degree 1 (mod 2) parts of
V and we will call them the even and the odd parts of V respectively. Let v € V be
a homogeneous element. We say |[v| =0if v € Vt and |v|=1ifrve V™.

Endg (V) is also a k-supermodule with the grading

Endg(V)t = Homg(V*,V*t)® Homg(V~,V"7)
Endk(V)_ = Homk(V"', Vo) e Homk(V_, V+)
Moreover, the algebra of endomorphisms Endg (V) is a k-superalgebra with this grad-

ing. If no confusion is likely to arise, we will suppress the mention of the ring k from
now on.

Definition 1.3. — Let A be a superalgebra. The supercommutator of two elements of
A is

[a,b], = ab— (—1)'e!ltlpg
where a and b are homogeneous. The supercommutator is extended bilinearly to non-
homogeneous a and b.

If the supercommutator [,], : A® A — A is the zero map, then A is called
a commutative superalgebra. The exterior algebra of a free module M with the
7./2Z-grading A\*M = @, cpen A'M and A\™M = @, .44 \’M is a commutative
superalgebra.

Let V be finitely generated and projective. Assume that % € k. Giving a Z/2Z-
grading on V is equivalent to giving an involution € € Endg(V), that is €2 = I. The
even and the odd parts are the eigenspaces corresponding to the eigenvalues +1 and
—1 respectively. In the same fashion, the Z/2Z-grading on Endy (V) can be given by
the involution

p(p) =€opoe
where ¢ € Endg (V).

Definition 1.4. — Let ¢ € Endg (V). The supertrace of ¢, denoted by trs(p), is defined
to be

tr, () = tr(e o )
where ‘tr’ is the usual trace map.

Lemma 1.5. — The supertrace vanishes on supercommutators.
Proof. — Cf. [11]. O
Let A and f be superalgebras. We define the super tensor product of A and B,

denoted by A®B, to be the k-module A ® B with the Z/2Z-grading

(A®B)t = (A*®BY)® (A" ®B")

(ARB)” = (A*®B7)® (A~ ® Bt
and the algebra structure

(a1 ® b1)(ag ® by) = (—1)11%2lg,0; @ b1by
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142 HENRI GILLET & FATIH M. UNLU

for homogeneous elements a;,a; € A and by, by € B. As usual the product is extended
bilinearly.

Definition 1.6. — Let A be a superalgebra and 6 € Endg(A) be homogeneous. We will
call 6 a superderivation if it satisfies the super-Leibniz formula

d(araz) = 6(a1)az + (—1)'5”‘“|a16(a2)

for homogeneous a1,a; € A. We will call a non-homogeneous element of Endi(A) a
superderivation, if its even and odd components are superderivations.

2. Sheaves on Real Analytic Manifolds

While we could use the C° Dolbeault complex in the proof of the first main
theorem, for consistency we will work with real-analytic forms throughout this paper.
In this section, we shall recall the results that we need.

Theorem 2.1. — Let M be a real analytic manifold which is countable at infinity and
let F be a coherent analytic sheaf on M. Then

HP?(M,9)=0 for p>0
Proof. — Cf. Proposition 2.3 of [3]. O

We denote the sheaf of real analytic functions on M by @,,, while if X is a complex
manifold, we shall write @5 for the sheaf of (p, g)-forms with real analytic coefficients.
It is a classical result (see [6]) that the real-analytic Dolbeault complex is a resolution
of the sheaf Q% of holomorphic p-forms. It follows from the theorem, therefore, that if
& is a locally free sheaf of ) x-modules, then the cohomology groups H?(X, &) may be
computed as the cohomology of the real analytic Dolbeault complex ﬁg(’* ®p, 6(X).

Corollary 2.2. — Let F be a locally free sheaf of Gpr-modules of finite rank. Then F
is a projective object in the category of coherent sheaves of @pr-modules.

Proof. — Cf. Lemma 2.7 of [3]. |

It follows immediately that any vector bundle on a complex manifold admits a real
analytic connection, since to give such a connection is the same as splitting the Atiyah
sequence.

Proposition 2.3. — Let X; and X5 be complex spaces. The canonical projection
7 X1 X Xo— X3
is flat.
Proof. — Cf. [7] (Proposition 3.17 on page 155). O

Corollary 2.4. — Let X be a complex manifold. The sheaf @x is a flat sheaf of Ox-
algebras.
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AN EXPLICIT PROOF OF THE GENERALIZED GAUSS-BONNET FORMULA 143

Proof — Let X denote the complex manifold with the opposite complex structure
and A : X — X x X be the diagonal embedding. Let m; : X x X — X be the
projection onto the first component. Let z € X be any point. The stalks @x , and
O « X, (z) AT€ canonically isomorphic. Hence the result follows from the proposition

applied to the map m : X x X — X. O

It follows immediately that if & is a coherent sheaf of ©)x-modules, then the co-
homology groups H?(X, ¥) may be computed as the cohomology of the real analytic
Dolbeault complex @%* ®¢, F(X).

3. Superconnections and the Chern Character

Let us recall the definition and basic properties of superconnections from [11].

We assume that X is a real analytic manifold of dimension n. However, everything
in this section applies verbatim to the smooth case. We denote the exterior algebra
of the sheaf of real analytic differential forms on X, which is a sheaf of commutative
superalgebras, by @%. Let E = E*® E~ be a real analytic super vector bundle on X.
We will write & for the sheaf of real analytic sections of E, and &% (&) for @x®g, 6.

Definition 3.1. — A C-linear endomorphism A of @ (&) of odd degree is called a
superconnection on E if it satisfies the super-Leibniz rule
Aw®s) =dw® s+ (—1)“lw A A(s)

for local sections w, s of &y and & respectively.

If X is an almost complex manifold and if A satisfies the following version of the
super-Leibniz rule
Alw®s) = 0w ® s+ (=1)lw A A(s)
then, it is called a superconnection of type (0, 1) (or simply a (0, 1)-superconnection).
A? is called the curvature of the superconnection and is denoted by R4. The
curvature of A satisfies the identity

Ra(w®s) =wA Ra(s)

for local sections w and s of @ and & respectively. Thus R4 can be thought as a
section of the sheaf of superalgebras &x® &ndy, (E) where &ndg, (E) denotes the
sheaf of endomorphisms of the bundle E.
We extend the supertrace to a map tr, : @x® &ndy, (E) — @ by the formula
trs(w ® ¢) = wtrs(p)

for local sections w and ¢ of & and &ndy, (E).

Proposition 3.2. — Let n be a non-negative integer. The differential form trs(R%) is
closed and its cohomology class does not depend on the choice of the superconnection A.
Proof. — Cf. [11]. O
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144 HENRI GILLET & FATIH M. UNLU

Theorem 3.3. — The differential form

(3.1) trs (exp(Ra))

represents the class ch(E1) — ch(E™) in cohomology.

Proof. — Cf. [11]. O
Remark 3.4. — The reader is warned that we omit the usual factor of (5-) from (3.1),

following the convention in algebraic geometry.

4. The Grothendieck Fundamental Class

General references for this section are [9] and [1].

Let X be a compact complex manifold of dimension n. We denote the sheaf
of holomorphic functions and the sheaf of holomorphic k-forms on X by @x and
Q’j( respectively. Suppose that & and @ are sheaves of O x —modules. We write
Homg, (F,4) for the sheaf of Ox-morphisms from & to & and Homg, (¥,§) for
I'(X,#H omg, (¥,4)). The derived functors of Homg, (¥,§) (resp. Homg, (¥,8))
will be denoted by é’ztigx (7,8) (resp. Extigx(g' ,9)). We simply write & for the
dual of &.

The abelian groups Ext’éx (¥,9) and sheaves 6ztigx (F,8) are related by the fol-
lowing spectral sequence

By = H'(X, éat)) (9,9)) = Exty?(7,5))

Let Y be a complex submanifold of X of codimension p. We denote the sheaf of ideals
defining Y by . In this situation, one has that

6:Eti9x(9y, Q) = 0 fori<p and
&athy, (Oy, ) AP (I/9%) @ Oy © O
Homg, (NP(I/97), Oy ® OF).

All tensor products are taken over ©)x unless stated otherwise. It follows that the
edge homomorphism

Ext}y, (Oy, %) — H°(Sath, (O, %))
is an isomophism, and so
Ext?) (Oy,0%) = Homg, (A\"(4/4°), Oy ® O%).

Therefore there is a class [Y] in Ext’éx (Oy, %) which corresponds to the homomor-
phism of sheaves

N'(I19%) = Oy @ 9%
AN Afpodfi Ao Ndfp.
The class [Y] is called the Grothendieck fundamental class of Y in X.
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AN EXPLICIT PROOF OF THE GENERALIZED GAUSS-BONNET FORMULA 145

5. Koszul Factorizations

In this section, we prove Theorem A of the Introduction. The proof is contained
in Proposition 5.4 and Theorem 5.5.

Let 7 : E — X be a holomorphic vector bundle of rank r and let V be a flat real
analytic connection of type (1,0) on E. For instance, V can be taken as the (1,0)
part of the canonical connection associated to a real analytic hermitian structure on
E. We write V for 8 + V. We will denote the induced connection, and the (1,0)-
connection on the dual bundle EV using the same symbols. However R will be used
exclusively to denote the curvature of the induced connection on EV. Throughout
this section we assume that 7 € I'(X,"). Let 2, : @x @ A\ & — x ® /\1"_1 & be
contraction by 7 as usual. We extend 2, to an odd superderivation of the sheaf of
commutative superalgebras ﬁ}@ A &. Note that V(1) = 1,0V +801, : Gx®E — ﬁ},}o
and therefore V(7) can be considered as an element of I'(X, @}’ ® &"). We write
19(r) : Bx O NP & — Gx° ® AP & and 1p(r) : Bx ® AP & — Gy @ A\P~1 & for the
contractions with V(7) € I(X, %’ ® &") and R(r) € (X, %' ® &") respectively.
We extend ty () (resp. 2g(r)) to an even (resp. odd) superderivation of G%x® A&

We state two facts without proof

@19l = e
oy mm]s = 0
Lemma 5.1. — For 1 < p < r the following diagram is commutative

ﬁ (zV(‘r))p
—_—

Z"'X_P»T—P ® /\P 6 ﬁ;{"_p

TR(T) l 51

(rw(r))?7!

1
ZTX—p+1,'r—p+1 ®/\p—-1 & (p—1)! ﬁ}r—p+l

where Z%F denote the sheaf of O-closed (not necessarily 0-closed) forms of type (p, p).
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146 HENRI GILLET & FATIH M. UNLU

Proof. — We have

1 1 _
0o = (wn)f = ] [0, (bw(r))*],

p!
1 2 o ,
== > (v ) 0 [B,19(n), © (bw(ry)P I
et
1 ! . .
== D (v 01rir) 0 (ty(n)P
!
1 =
== D (v’ otrer)
p! =
1 _ 1 _
=P ()" otremy = -1 (ron)" O

Let ¢p : AP & — Homg, (N"7F & N\ &) be the isomorphism given by
$p:a— (B BAQ) for ae NP6, Be NP6 and0O<p<r

We will identify the sheaves #Homg, (A" P& A &) and A" P8 ® A" & via the
canonical isomorphism between them.

Lemma 5.2. — The following diagram is commutative for 1 < p < r

(7 '®1)0(\"PR®1)0d,

A?E NPE® Zy P F

ir Jv YR(7) l

Ap_lg (¢;_11®1)°(Ar—p+lR®1)°¢P"l /\p—16® ZTX—P+1,7‘—p+1

where AP R: NP & — NP & ® Z%P is defined by AR (e' A---AeP) = R(e') A---A
R(eP) for local sections €',...,e? of §.

Proof. — The lemma is an immediate consequence of the following commutative di-
agrams. (Note that A7 and AR(7) denote right multiplication by 7 and R(7) respec-
tively).

NE o preepn e DTEL areve ez

l ~| ARG |

$p-1 /\r_p+1 R®1
/\p—l 6 P— /\r—p+l 6\/ ®/\T6 /\r—p+1 é»V ®/\r6®zrx—p+l,r—p+1
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AN EXPLICIT PROOF OF THE GENERALIZED GAUSS-BONNET FORMULA 147

and
¢, '®1
——

N7E QN ST N EQZPP

AR(T) l m(r)l

-1
/\r—p+1 6\/ ®/\r 6®er—p+l,r—p+1 ¢17—1®1 /\p—l £®Z;{—p+1,r—p+l.

It is worth mentioning that R can be written as a matrix of d-closed forms of type
(1,1) with respect to any given local holomorphic framing. Consequently the image
of the mapping APR : AP &" — AP 6" ® G5F lies in \P &' ® Z%P. Since 7 is a
holomorphic section, a similar remark applies to the mappings ¢5(,y and AR(7). O

Proposition 5.3. — The following diagram is commutative
ANE—n NTHE 2 oo & —= 0Oy
=2 (zvm)rl 1/;r_1l zpll ¢0=det(R)l
ﬁ;éo E) ﬁ'r)él E) . E) ﬁ;ér—l F] ﬁr){
where Y, = =1 (1y(r))’ 0 (¢, ®1) 0 (N"PR®1) 0 ¢p.
Proof. — This is an immediate result of the previous two lemmas. a

~

The symbol f : C* = D* is used to denote that f is a quasi-isomorphism.

Proposition 5.4. — The morphism ¢ € Homg, (\* &, Gy [r]) represents the
Grothendieck fundamental class of Z in éa:trgx(QZ, Q%).

Proof. — The morphism (which is a map of complexes) ¥ € # omg, (K(7)*, &% [r])
gives us an r-cocycle, denoted by [¢], in the double complex omy (K(r), ).
We have the quasi-isomorphisms

FHomly (K(r), @y) > K(r)* @ det(8") ® Gy 5 07 @ det(6”) ® €.

Under these maps, [¢] is mapped to ¢, : A" & — ﬁ}o (mod ).
We have T = 3, a;€* with respect to some local holomorphic framing {et,...,e"}
of EV. Then

1
Yr(er A Nep) = ﬁ(ZV(-r))r(el/\”'/\er)

= ym(e)) A Ay (er)
= Oa;A---ABa, (mod )
= daj A---Ada, (mod ).
Then the result follows from the fact that the morphism defining Grothendieck fun-

damental class of Z in Homg, (A"(4/9%), 0z ® ) is mapped to ¥, : \" & — Gy
(mod 4) under the following sequence of quasi-isomorphisms

N(I/5)Y @ S 07 @det(8Y) @ Wy S 07 @ det(8Y) ® Gy ]
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148 HENRI GILLET & FATIH M. UNLU

Theorem 5.5. — The map of complezes iy € Homg, (A" &, @%"[r]) represents the
Grothendieck fundamental class of Z in Exty (8z,0%). Moreover the image of ¥ in

H™(X,Q%) is the r-th Chern form c,(EY, V).

Proof. — Since 1 represents the Grothendieck fundamental class locally, it does so
globally. The second result follows from the fact that 1y = det(R) by Proposition 5.3

~

and that det(R) is the r-th Chern form of the pair (EV, V). O
We obtain immediately

Corollary 5.6. — Let w : E — X be a holomorphic vector bundle of rank r and 7 :
X — EV be a holomorphic section which is transverse to the zero section. If Z is the
complezr submanifold where T vanishes, then the fundamental class of Z in Dolbeault
cohomology is represented by the r-th Chern form c.(EV, V).

Notice that the standard proofs of this result (for example in [8]) implicitly use the
axioms defining Chern classes.

6. Generalized Supertraces

The heart of this section is Proposition 6.4 which will be used in Section 9 to
construct a map of complexes that represents the Grothendieck fundamental class.
Let V be a finitely generated projective module over a commutative ring with unity
k, and let VV be its dual. Let {,) : VV®;V — k be the pairing defined by (s,t) = s(t)
for s € VV and t € V. We extend (,) to a pairing between A™ VY and A™ V by
<'LL, ’U) = det<ui’vj>

whereu =u! A---Aum € A" VVandv=v1 A---Avy, € A" V. It is easy to check
that
(u,v) = (tym 0 -0, ) (V1 A+ - AVp,)

where 1,; denotes contraction by u/. We denote the exterior algebra of V by AV
with the usual grading for which A"V has degree n. Then

Homy (AV, AV)
is naturally graded with Homy(A™V, A"V having degree (n — m).

Definition 6.1. — Let ¢ € Homg(AV,A\V). If ¢ has degree (—n) with n > 0, we
define the generalized supertrace of ¢, denoted by Tra(p) € A" V'V (as opposed to the
supertrace trs), as follows:

(Tra(p)) () = (=1)Mtrs (1 0 )

where I, € Endg(A\ V) is left multiplication by n for some n € A" V. If ¢ has positive
degree, then Trp(p) is defined to be 0.

ASTERISQUE 328



AN EXPLICIT PROOF OF THE GENERALIZED GAUSS-BONNET FORMULA 149

Clearly when n = 0, we have Try = tr,.

Let i : AVY — Endg(A V) be the inclusion defined by i(a)(8) = (o, B) for a €
A"VV and B € A"V, and i(a)(B) =0if 8 ¢ A"V . We will often identify A V'V
with its image under ¢, and think of Trp () as belonging to Endg(A V).

Remark 6.2. — We have the identity
’I‘rA o i - idA vV

Remark 6.3. — Let 7 € VV and let 1, denote contraction by 7, which is a superderiva-
tion of AV of degree —1. It is straightforward to check that

0 if rankV >2
Tra(er) = {

7 if rankV =1.

An important feature of the supertrace is that it vanishes on supercommutators.
However, this is not true of the generalized trace Try. Instead we have:

Proposition 6.4. — Assume that p € Endg(AV), and let 6 € Endg(A V) be a k-linear
superderivation. Then

’I‘I'A [5’ Lp]s = [6’ ’I\I‘A(So)]s‘
In order to prove the proposition we need a lemma.

Lemma 6.5. — Assume that ¢ € Homy(A V, AV) is of degree —n < 0, and let § be a
k-linear superderivation of degree j with —m + j < 0. Then

’I‘I‘A[éi ‘p]s = [6’ ﬁA(w)]s‘
Proof. — Let n € A" 77V be any element. Then

Tra[6,¢), (1) = Tra(8 0 ¢ — (=1) "™ p 0 §)(n)
— (=)ltr, (b 0 S 0 9) — (~1)Ttr,(1y 0 0 )
by definition of Try
— (— 1)ty (b 0 8 0 9) — (—1)* b, (§ 0 by 0 )
since trs([d, b 0 ) =0
= (1) ", ([6,1)]s 0 )
= (—1)"_"j+1trs(l¢5(n) o p)
= —(=1)"™Tra(¢)(6(n)) by definition of Trp
= [0, Tra(p)]s(n) since 6 o Tra(yp) = 0. o

Proof of Proposition 6.4. — We can write ¢ = ), ¢, and § = Y ;d; where ¢, is
the degree n component of ¢, and §; is the degree j component of §. Note that a
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superderivation of A V is necessarily of degree greater than or equal to —1. Moreover,
Trp[d;,¢n), = 0 unless n 4 j < 0. Then

Trald, ¢l, = Z Tra(65, ¢,

jz-1

= Z Z TfA[‘Sj"Pn]s

j2—1 n<—j
= Z Z [6;, Tra(¢n)], by Lemma 6.5

j2—1 n<—j

= [6, Tra(#)],- O

7. Twisted Complexes

In this section, we give a brief exposition of twisted complexes, which were in-
troduced by E. Brown in [5]. These shall be used in Section 8 to construct “global
resolutions” of €}z by locally free &x-modules. (cf. Proposition 8.4). The reader is
referred to [14] for an extensive study of the use of twisted complexes in the duality
theory of complex manifolds.

Let A be an abelian category.

Definition 7.1. — Let M = {MP%} _, be a bigraded object in A, and let § be a

differential of total degree +1 on the associated graded object T(M)* = Dptq=i MP1.
The pair (M, 6) is called a twisted complex if § preserves the filtration with respect to
the grading by the first degree on M. In this case, § is called the twisting differential
of the pair (M, 6).

We can write § = 34~ ax Where ax € [], ,cz Homg(MP9, MP+ka—k+1) The fact
that 62 = 0 entails the following, which is called the twisting cocycle condition,

(7.1) Zaian_i =0 for n > 0.
=0

Consider the cases where n=0, 1, 2

(7.2) ag=0

(7.3) apa; + ajap =0

(7.4) apaz + a2 +azag =0

(MP*,ag) is a cochain complex for each p € Z by (7.2). The totality of maps
(-1)%%? : MP? — MPTL9 gives us a map of complexes from (MP* ag) to
(MPT1* a4) by (7.3). Equation (7.4) entails that —a? : (MP*,a9) — (MP+2* qy)
is chain homotopic to the zero map, and the chain homotopy is given by
az € [1, gz Homg(MP9, MP+2:9-1),
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By definition (T'(M)*, d) is a filtered differential object with the filtration given by
F* = @, M*I. Hence there exists a spectral sequence with

EP? = HY(MP*, ag) = HPYY(T(M)*,9).

We note that (H*(MP*, ag),a;1) is a cochain complex because of (7.4). As a result
the Ey terms of the spectral sequence are

EY? = HP(HY(M**,a9),a1).

Remark 7.2. — The reader may observe that there is a formal similarity between
twisting cocyles and flat superconnections.

Example 7.3. — Every double complex (with anticommuting differentials) is a twisted
complex with ax = 0 for k > 2.

Example 7.4. — Let (C*, d) be a bounded cochain complex in A, and for simplicity as-
sume that C* # 0 only for 0 < k < n for some n € N. Suppose we are given projective
resolutions (PP*, a,) of CP for each p with augmentation maps €, : (P?*,a,) — CP.
Then one has cochain maps 8, : (PP*,a,) — (PPYY* a,44) lifting d : CP — CPHL.

ol el -

0 — po-1 P pr—1 B2 B pn1

of ol o

0 — poo P, pro P P pno ____
S -l
d

> cr ——— 0
0
Now we will construct maps ax for k& > 0 in order to make (P**,§ = Y ;5,ax) a
twisted complex. (Note that ax =0 for k > n + 1).

We set ag = {(~1)Pap},cz and a1 = {B;} ¢z Then the twisting cocycle condition
is satisfied for n = 0 and n = 1. Now assume that a is constructed. It is easy to
check that — 3% | aiax_iy1 : (PP*,a0) — (PPHF+1*[—k+1], ao) is a cochain map. If
we consider — ZLI a;ak—i+1 as a map from the complex (PP*,ag) to the augmented

complex (PPHE+1*[—k +1] — CP+k+1[—k 4 1] — 0), then it is homotopic to the zero
map being a chain map from a complex of projectives to an acyclic complex. Let az41
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be a chain homotopy between — z;c:l a10k—i+1 and the zero map, then one has
k
Gk4+100 + AoGk41 + Z a;ak—i+1 =0
i=1
which is equivalent to the twisting cocycle condition for n = k + 1. This completes
the induction.
Moreover, if we endow C* with the filtration béte, i.e. the filtration defined by

a;,,(C)i = {

then, the augmentation map e : T(P**) — C* respects the filtrations and is a
quasi-isomorphism of the associated graded objects. Therefore, the cochain complex
(T'(P**), ) is quasi-isomorphic to (C*,d).

Definition 7.5. — Let C be an object in A. A twisted complex (M, 6) is called a twisted
resolution of C if

0 if i<p
Ctif izp

R A

8. Koszul-Dolbeault twisted resolutions

The main result of this section is Proposition 8.4 wherein we use twisted complexes
to construct a global resolution of @z by locally free &x-modules.

Let X be a compact complex manifold of dimension n. We write @x and &% for
the sheaf of real analytic complex valued functions and for the sheaf of real analytic
differential forms of type (p, q) respectively. Let 7 : E — X be a holomorphic vector
bundle of rank r. We will denote the sheaf of holomorphic sections of E by &. The
dual bundle and its sheaf of sections will be denoted by EY and &V respectively.

Definition 8.1. — A connection of type (0,1) (or simply a (0,1)-connection) on E is
a C-linear map .
D:tx®6— 3 ®6

satisfying the Leibniz rule
D(fs) =0f ® s+ fD(s)
for local sections f of Gx and s of &.

Let D be a (0, 1)-connection on E, and let (,) denote the pairing between E and
EV. One defines a (0,1)-connection on EV (which will also be denoted by D) by the
formula

9(s,t) = (Ds,t) + (s, Dt)
for local sections s and t of @x ® & and Bx ® & respectively. Finally we extend D to
a C-linear superderivation of odd degree of the sheaf of superalgebras @ ® A &. As
a result, D is a (0,1)-superconnection on the bundle A E. Let 7 be a global section
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of 8x ® &. We extend 1., the contraction by 7, to an odd degree superderivation of
@x® A & which acts trivially on &(X).

Lemma8.2. — Let € (X, Gx®&") be any section and let D be a (0, 1)-connection
on E such that D(1) = 0. The following diagram is anti-commutative for p,q > 0

B NP6 —2— a3 e A\PE

ﬁg(,q ®/\p—16 L ﬁg(,qﬂ ®/\P—15_
Proof. — We have D o1, +1, 0 D = [D,1,]s = 155, a

Lemma 8.3. — Let Z be a complex submanifold of X such that there exists a holo-
morphic vector bundle m : E — X and a sectiont € I'(X, 8x ® £v), vanishing along
Z, such that the induced map 1, : Gx ® & — Gx ® Iz is surjective. Then there exists
a (0,1)-connection D on the bundle E such that D(t) = 0.

Proof. — We have the following diagram
tx®6

‘&r)l

' es — ay —Lo G} e0; — 0.

There exists an @x-linear map 0 : 8x ® & — ﬂ‘jgl ® & such that 1, 080 = 1) since
POz, = 0 and @x ® & is projective by Corollary 2.2. Then D = 8 — 8 is the desired
(0, 1)-connection since

[D,,], = [0,1], — [6,2-], = 0. a

Proposition 8.4. — Let Z be a complex submanifold of X such that there exists a
holomorphic vector bundlen : E — X and 7 € I'(X, ﬂx®é’v) such that1, : 8xR&5 —
Bx ® Iz is surjective. There is a twisted resolution (cf. Definition 7.5) (M“™,§ =

Ykzoak) of Oz with Mbm = 6‘)’;’ QA" 6, ap =1, a1 = D, and where the ai
are @ -linear superderivations for k > 2.

The quasi-isomorphisms are the augmentation map € : (T'(M)*,d) — (82{’* ®0z,0)
and the inclusion 07 — (4% ® 0z,9).

Proof. — The fact that (:;)2 = 0 and that D and +, anticommute implies that the

twisting cocycle condition (defined in Section 7) is satisfied for n =0 and n = 1. We
will construct superderivations ar, k > 2 satisfying the twisting cocycle condition
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by induction.

Gx —*5 ﬁ‘,’gl L 5 ﬁ‘jg"
x®& —2u @leg D D B @ &

] g q

ax®/\'r—l 6 _9 . ﬁg(,l®/\r—16 ﬁgén®/\r—1 &
x O\ E —2— YN E L B N6
We have the diagram

]
ol

ol
]

Gx ® 6§ ——— 8y

-] o|
ﬁ%2 ® A2 6 1r 60 ® é’ ﬁO ,2
There exists an @x-linear map as : @x ® & — % ® A% & such that —a? = 1, o as
since 82("1 ® & is projective by Lemma 2.2. We extend as to an odd superderivation
of @%® A & which acts trivially on &%. The twisting cocycle condition for n = 2 is
satisfied since both —a? and aj o2, + 1, 0 ay are superderivations that act trivially on
@ and agree on @x ® &.
Now assume that aj is constructed. Thus we have the diagram

Bx®6 —— tx
‘| o]
ﬁ0k+1®/\k+16 ﬁ0k+l®/\ & ﬁ0k+1®/\k 1g
where y = — Zi=1 a;ak—i+1. 1t is straightforward to check that u is &x-linear. Hence

there exists a map ax41 : @x ® & — ﬁg(’kﬂ ® /\'c+1 & such that g =12, oagy;. The
extension of ax4; to an odd superderivation of @5%® A & which acts trivially on &%
satisfies the twisting cocycle condition by applying the argument used in the previous
paragraph. Note that ay = 0 for k£ > n+1, so the induction ends after a finite number
of steps.

Let € denote the augmentation map from the twisted complex (T™* = T'(M)*, §) to
the complex (ﬁgé* ® 0z,0). If we endow the latter complex with filtration béte, then
€ becomes a map of filtered complexes which is a quasi-isomorphism of the associated
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graded objects. Hence, (T, §) is quasi-isomorphic to (ﬁgg* ® 0z,0), which in turn is
quasi-isomorphic to 0. ]

Note that § is a flat superconnection of type (0,1) on the superbundle A E.

9. Koszul Factorizations II

In this section, we will construct a map from the twisted complex T* = T'(M)* of
Proposition 8.4 to the Dolbeault complex @%"[r| by using the generalized supertraces
of Section 6. The precise argument is contained in Corollary 9.3. In the next section,
we will prove that this map represents the Grothendieck fundamental class of Z in X.

We extend the generalized trace (cf. Definition 6.1) to a map

Try : ﬁ;{@ £ndgx (/\E) - ﬂ}@/\gv
by the formula
Tra(w ® ¢) = wTra(e)
for local sections w and ¢ of & and &ndg, (A E) respectively.

Proposition 9.1. — Let ¢ be a section of the sheaf of superalgebras ﬂ}@ éndg, (A E)
and § be the twisting differential of Proposition 8.4. Then

Tra, ), = [6, Tra(p)],

Proof. — We observe that, for local sections w; ® ¢1,ws ® @3 of G%® éndg, (AE),
one has that

w1 ® p1,w2 ® 2], = (1) 1wy Aws @ [i01, 2],

This follows from a straightforward computation and the fact that ©% is supercom-
mutative. Therefore

Tralwr ® @1,ws ® @3], = (1) 111lw; A wy @ Tra g1, 2l
Assume that & is a section of B%® &ndg, (\E) which is a superderivation. Since
the supercommutator and Try are additive, we may assume (without any loss of
generality) that 6 = w1 ® ¢1 and ¢ = ws ® Y. Then
Tra[6, o, = (1)l A w, ® Tral1, 03],
(—1)"”‘”‘"1|w1 Aws ® [p1, Tra(p2)], by Proposition 6.4
= [w1 ® p1,w2 ® Tra(p2)],
[67 ’I\I'A (SO)]s'

We further observe that § — 3 is a section of B%® &ndg, (\E) which is a sum of
superderivations. As a result we have

Tral6 - 57 ‘10]3 =[6- 5) TrA(QO)]s‘

We finally observe that
[0, 0], = [0,w2 ® p2], = Bwa ® 2
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and
[0, Tra(9)], = [0, Tra(wz ® @2)], = [0, w2 ® Tra(p2)], = dwz ® Tra(p2).
Then the assertion follows from the equation

Trp [5) (p]s = [5’ Tr/\((p)]s' o

Recall that the differential ¢ is a flat superconnection of type (0,1) on the super
vector bundle AE. If we let A = V + § (recall that V is a flat (1,0)-connection on
E), then A is a superconnection on AE. The curvature of A, denoted by R4, is given
by the formula

Ry=A*=(V+8)?=V?>+Vobs+50V+6=[V,J,
since V2 = §2 = 0.
Corollary 9.2. — Let ) = LR7. Then
[6, Tra(¥)], = 0.
Proof. — This follows from the fact that [§, R4], = 0 and the proposition. O

Corollary 9.3. — Let ¢ = LR7,. Then

00 Trp(¥) = Tra(w) o 6.

In other words, Tra(4) is a cochain map from the twisted complex (T™* = T(M)*,4) of
Proposition 8.4 (which is quasi-isomorphic to ©z) to the Dolbeault complez (%" [r], D)
(which is quasi-isomorphic to Q%[r]).

Proof. — We have
[J,TI‘A(Q,Z))]S = Z Z [aj, TrA (Ym,n)],

j20 m-nzj-1

= Z Z (aj o TrA('l/)m,n) - TrA("/)m,n) ° aJ')

i20 m-n>j-1
since Tra(¢¥m,n) are of even degree

= JoTrp(y)) — Z Z TrA (Ym,n) 0 @;

320 m-n2j-1

= BoTra(y) — Tra(¥) 0.

Then the assertion follows from Corollary 9.2. O

Corollary 9.3 (combined with the Lemmas 10.1 and 10.4) can be seen as a gener-
alization of Proposition 5.3 to the real-analytic case.
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10. Comparison with the Grothendieck Class

As a result of Corollary 9.3, Try (1) gives us an element in Homg, (T*, @%"[r]), and
therefore a class in Extp (T*, &%"). We can identify Exty (T, &%) with the group
Extpy (0z,Q%) since T* and @%" are quasi-isomorphic to ©z and Q% respectively.
Now we shall prove that the class of Tra(¢) in Exty, (€z,Q%), denoted by [Tra ()],
is the Grothendieck fundamental class. But we need two preliminary lemmas first.

Lemma 10.1. — Let ¢ = #RQ. We write ¢ = Y Ymn where Y € B(X) ®
Homg, (A™ &, A" &). Then

1
Yro = ﬁ(ivw))r-

Proof. — We have Ry = [V,0], = 1y(r) + D k1 V(ak). In this sum, the only sum-
mand that lowers the Koszul degree is the term ¢y (). Therefore, the only term that
lowers the Koszul degree by r in 4 R7 is % (ty(n)" O

Therefore, we have the following equality for the restriction of Tra (¥) to @x ® A" &

1
TraWlaxop e = H(ZV(T))T~

Lemma 10.2. — Let A*, B*, and C* be cochain complezes; and f : A* — B* and
g : B* — C* be maps of complexes such that the composition g o f is homotopic to
the zero map. There exists a map I(f) : A* — Cone(g)*[—1] such that the following
triangle is commutative

l
A* —(Q Cone(g)*[—1]

B*
where Pr : Cone(g)*[—1] — B* is the projection map.
Proof. — Exercise. O

Theorem 10.3. — [Trp(¢)] € Exty (0z,9Q%) is the Grothendieck fundamental class.

Proof. — Since Extp_ (0z,Q%) = HO(X, baty (0z,9%)), we need only prove that
the classes agree locally.

Let £ € X be a point and U be a neighborhood of z such that the restriction
of E to U is trivial, with {f1,..., fr} a local holomorphic framing of E over U and
{f,..., f"} the dual framing for EV; we identify E and EV with the trivial bundle via
these framings. Assume that Z has holomorphic equations {z1,...,2,} in U, and is
hence the zero set of the v = z; f1+---+2,f" of EV. Then the Koszul complex K (v)*
over U is quasi-isomorphic to Oz|y where K(v)~% = A\* 0, and the differentials are
contractions by v .
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We will construct a quasi-isomorphism % : K(v)* — T*|y such that the class of
the composition Try (¥)|y o @ in

Eaty, (K(v)", @' Ir)) = batp, (Ozlu, %)

is the restriction of the Grothendieck fundamental class of Z.

Step 1: We first define a map u from K(v)* to K(7)*|y. By the assumptions on Z
and 7, there exist uj; € I'(U, @x) such that z; = ), uj;a; where 7 = ajel+--+age.
We let up : Oy — Gy be the inclusion and u_; : O, — @y ® |y be the map which
sends f; to ), ujie;. Then we extend u_; to a map of Koszul complexes by setting
U_p = /\’c u_1. Therefore u_, is given by multiplication by det(u;;).

Step 2: Next, we shall extend v : K(v)* — K(7)*|y to a map @ : K(v)* — T*|y.
The twisted complex T* is a filtered complex with respect to Dolbeault degree. Let
us denote this (decreasing) filtration by F?, i.e. F' = Fi(T*) = @,5; &%’ ® \ 6.
Then one has Gri, = 8%' ® K(7)*.

The map (—6 +1,) : K(7)* — F1[1] is a map of complexes, since (=8 +1,) 02, =
—6 0 (=6 +1,). Hence

(=0 +u)ou: K" — Fily

is a cochain map. Moreover, (—§+1,)ou is homotopic to the zero map since K (v)* is a
complex of free ©x-modules; F1[1] is acyclic in negative degrees; and ((—d + 2,) o u) :
Oy — F[1]°y is the zero map. (Note that ug is the inclusion of Oy into &y, and
(=8 4 2,)o = 0). Consequently, there exists an extension

@ =1(u): K(v)* — Cone(—4 +1,)*[-1]
by Lemma 10.2. This is the desired extension since T* = Cone(—6 + 2, )*[—1].
Step 3: We now prove that @ : K(v)* — T*|y is a quasi-isomorphism. Let i :

Ozlv — ﬁ?,’* ® Oz|u be the inclusion and p : K(v)* — 0z|y be the augmentation
map. Then we have a commutative diagram

K@) —» Ty

d d!

Ozl —— G5 ® 0zly

in which the vertical arrows and the bottom horizontal arrow are quasi-isomorphisms.
As a result, 4 is a quasi-isomorphism.
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Step 4: Let n = Tra(%) o @. Thus the degree (—r) component of 7 is given by the
composition % (ty(r))" o det(u;;). Hence
1
7!
1 r
= det(uij)ﬁ(zv(.,)) (e1A---Nep)
= det(us)0a1 A---Ada, (mod )
= 0z1A---AN0z (mod J)
= dz; A---Adz, (mod J).
By Proposition 5.4 n represents the Grothendieck fundamental class of Z N U in

U. Since 4 is a quasi-isomorphism, so is Tra(9)|y. Since Trp(¢) represents the
Grothendieck fundamental class locally, it does so globally. 0O

Lemma 10.4. — Let v = LR7. We have

Tea ()l = trs(8):

Proof. — Omitted. O

n—r(fl ARERRA f’r) = (ZV(T))r(det(uij)el JARERIAN er)

Corollary 10.5. — The image of the Grothendieck fundamental class in H™ (X, Q%) is
represented by the (r,r) degree part of the Chern character form of the superbundle
N\ E equipped with the superconnection A =V + 6.

Proof. — This follows from the theorem, Lemma 10.4, and Theorem 3.3. O
This completes the proof of Theorem B. |
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