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GLOBAL FIELDS, CODES AND SPHERE PACKINGS 

by 

Michael A. TSFASMAN 

Introduction 

We are going to apply some simple algebraic geometry and number theory 
to codes and sphere packings. These constructions look rather exciting since on 
the one hand they lead to considerable progress in codes and packings, and on 
the other hand they concern rather deep properties of global fields. Moreover 
they look quite lucid and simple. Here we present eight constructions of this 
kind leading to asymptotically good families. 

Section 0 provides some necessary definitions concerning codes and 
packings (this paper is addressed to those knowing what a global field is). 
Then (in §§1-8) we discuss eight constructions. Each of them is characterized 
by the following data : 1) we use either number (TV), or function (F) fields; 
2) we use either additive (A), or multiplicative (M) structure; 3) we obtain 
either lattice packings (L), or codes (C) ; 4) the construction either depends 
on a divisor (D), or not. These are the meanings of abbreviations we use in 
the titles of sections. For each construction we estimate parameters and try to 
produce asymptotically good families. 

Section 1 is due to the author (it is exposed, e.g. in [LI/Ts] §7, [ C O / S L ] 
ch.8 §7, [ T S / V L ] ch.5). The construction of §2 was historically the first and 
is due to GOPPA [Go 1], its asymptotic significance was first understood 
in [ T S / V L / Z I ] (for a detailed exposition see [ T S / V L ] ) . Section 3 is due to 
LENSTRA [LE]. The next four constructions (§§4-7) are due to ROSEN BLOOM 

and the author [Ro/Ts] . The construction of §5 has been independently 
discovered by QUEBBEMANN [Qu]. The construction of §8 is again due to 
GOPPA [Go 2]. The last section is devoted to some remarks and open problems. 

S.M.F. 
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0. Packings and Codes 

Notation. In what follows log denotes log 2, and In denotes log e. By ~ we 
mean asymptotic equality and by > asymptotic inequality (up to a function 
tending to 0). 

Sphere packings. We first consider a classical problem of packing equal 
non-overlapping spheres in Rn. Let L be the set of centers and set 

d = d(L) = inf 
v, u E L, v=u 

\u — v\, 

d is the minimum distance of the packing, it equals the maximum possible 
diameter of non-overlapping open spheres centered in L. 

The density of L is the part of RN covered by spheres ; to be precise, it can 
be defined as 

A — A(L) = lim sup 
c—>-oo 

vol(S n Bc) 
vol(B c) ' 

vol being the standard volume in RN , S = {x € \x — u\ < 
d 
2 

for some 

u e L} , Bc = {x e RN\ \x\ < c } . 

Let VN = 
iN/2 

r ( f + 1) 
be the volume of unit sphere. We define some other 

parameters setting 

6(L) = A(L 
VN 

v(L)=hg6(L) , 

7 ( i )=mL) f / N , 
A ( L ) = -

1 
N 

l o g A ( L ) ; 

6(L) is called the center density, and the most important (for our purposes) 
parameter X(L) is called the density exponent. 
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GLOBAL HEIDS CODES AND SPHERE PACKINGS 

Lattices. The most interesting case is when L is an additive subgroup of 
R^ , i.e. a lattice (we suppose that d(L) > 0 and A(L) > 0). For a lattice L 

ML) = -
1 

N 
log 

d(L)NVN 
2N detL 

where detL = vol(R^/L) is the volume of fundamental domain. 

Each lattice corresponds to a quadratic form f(x) on a free Z-moclule of 
rank AT, and the problem of finding the smallest possible A (i.e. the largest 
possible A) is equivalent to another classical problem of finding a form of 
discriminant 1 with the maximum value of i(L) = min f(x), cf. [Mil. 

xeN-{o} 

Asymptotic behaviour. In this paper we are interested in lattices of 
high rank. Let {L/v C R ^ } be a family of lattices with TV —» oo. Set 

\({LN}) = liminf X(LN). 
N—>-oo 

A family of lattices is called asymptotically good iff \({L^}) < oo. Using the 
Stirling formula we see that 

\({LN}) ~ - l o g ne 

2 
H-logVÎV - l o g d ( L ) + 1 

N 
log(detL). 

Note that asymptotically 7 ~ 
27V 

ire 
4 " \ 

It is known that A ( { L ^ } ) > 0.599 (the Kabatianski-Levenshtein bound, 
valid also for non-lattice packings) and that there exist families of lattices with 
A({L/v}) < 1 (the Minkowski existence bound). 

However it is in fact very difficult to construct asymptotically good lattices 
explicitly (cf.[Co/SL] , [Ll/Ts]), and each construction leading to good lattices 
is of interest. (Natural families of lattices, such as TN and root lattices AN and 
DN , are asymptotically bad). 

Codes. Let Fg be a finite field. Being finite the space F^ is equipped with 
the natural notion of volume (the number of points) and with the Hamming 
norm \\v\\ = \{i | V{ 7 ^ 0} | . Hence for this space there also exists a packing 
problem. A code is a set of points C C F^, n is called its length, k = log \C\ 
is its loa-cardinality, d = min \\u — v\\ is its minimum, distance. The 

v,uEC, v=u 
relative parameters are the rate R = R(C) = k/n, and the relative distance 
8 = 6(C) = d/n. 
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Linear codes. A code is called linear iff it is a linear subspace. For such 
a code k is an integer and d = min lldl. 

vec-{o} 

Asymptotic behaviour. Let {Cn C F^} be a family of codes with n — 
oo. In contrast with sphere packings, codes have two asymptotic parameters 8 
and R (the reason is that in R^ rescaling is possible and we can always set 
d(L) = 1). Set 

<5({C„}) = hmsup<5(Cn), 
n—•oo 

R({Cn}) = limsup R(Cn). 
n—>>oo 

A family of codes is called asymptotically good iff 8({Cn}) > 0 and R({Cn}) > 0. 

It is known that for any 8 £ o, 
q - 1 

Q 
there exist families of linear codes 

{Cn} with 

and 

6({Cn}) = 6 

R({Cn}) > l - Hq{6) 

(the Gilbert-Varshamov existence bound); here 

Hq(x) = x \ogq(q - 1) - x logq x - (1 - x) log g(l - x). 

is the g-ary entropy function. There also exist upper bounds which we do not 
discuss here. Again it is difficult to construct good codes explicitly. 

There are many interesting links between codes and lattices, cf.[Co/ SL]. 

1. Additive lattices (NAL) 

Construction. Let K be a number field and let OK be its ring of integers, 
[K : Q] = N = s + 2t where s is the number of real embeddings K —» R and 
t is the number of conjugate pairs of complex embeddings K c—> C. Together 
they form the standard embedding 

a : Rs
 x C' = RN 

which is a homomorphism of Q-algebras. Let L = a(0K). 
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Parameters. For x = (xi,...,xs ; y\ + izi,..., yt + izt) e R s x C let 
N(x) = x1---xs(y2

1+ z\) ··· {y2

t + z2

t). Then N{a{f)) = NK/q(f) is the norm of 
/ € K. Let T>K be the discriminant of K. 

LEMMA 1.1. Let L = <T{OK)- Then 

(i) detL = 2- ' '|DK| , 

(") s + t > d(L) > s 
2 

+ t, 

and if t = 0 then d(L) = y/N. COROLLARY 1.2. Suppose that K is either 
totally real, or totally complex. Then 

6{L) = 
NN/2 

2N |DK| , 

A ( L ) = 1- \\ogN - ±]ogVN + ±\og |DK| 

Proof of Lemma 1.1 : (i) is straightforward (see [LA], ch.5, §2, Lemma 2). 
(ii) Let x = a(f) = (x1,..., xs ; yi + izx,..., yt + izt). We have 

|o (f)| = s 

j=1 
x2 + t 

i = i 

(y2 + z2.) 

For / = 1 , | ( j ( l ) | = ^ + £. The arithmetic-mean geometric-mean inequality 
yields 

S 

3 = 1 
x] + 

t 

j=1 
(y2 + z2) > 1 

2 

s 

j=1 
x2 + 2 

t 

j=1 

(y2 + z2) > 

> 
s + 2* 

2 

S 

j=1 

x2 
t 

j=1 

(y2 + z2)2 
1/2N 

= s 
2 

+ t | N K / Q ( f ) | 1 / N > 
S 

2 
+ t 

since Nj</q(f) £ Z. In the totally real case 

N 

j=1 
x2 > N 

N 

j=i 

x22 

1/2N 

= N \NK/Q(f)\1,N > N. 
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Unramifled towers. Now let the field K vary so that N —• oo, and A' is 
either totally real, or totally complex. Then 

X(L) ~ — log ne 
2 + 

1 

N 
log |DK|. 

If we want to construct good lattices the last term should be bound. It is 
definitely so if K runs over an unramified tower of fields over some A' 0, in which 
case it is just constant. We get : 

THEOREM 1.3. If a number field KQ of degree N0 has an infinite unramified 
tower of fields K D Ko which are either totally real, or totally complex, then it 
yields an asymptotically good family of lattices {L^ C R ^ } with 

A({LJV}) ~ - l o g ne 
2 

•f 
1 

N0 

log |DK0| 

For K0 = Q(cos 
2?r 
11 5 -46) we get A - 2.2218... (for this field 

[K0 : Q] = 10 , \VKo\ = 2 1 5 • I I 8 • 23 5, and MARTINET proved that it has 
an infinite abelian tower). On the other hand, ODLYZKO-SERRE inequalities 
for the discriminant (based on the "explicit formulae") show that for any A' 
we cannot get asymptotically less than 1.193... (and 1.694... assuming the 
generalized Riemann hypothesis). 

Congruence lattices. Let a be a fractional ideal in A". Consider the 
additive subgroup 

L(a) = a-1 = {/ e K | fa ç 0K). 

The corresponding lattice La = a(L(a)) up to a multiplication by some in £ Z 
is a sublattice in A, and we can estimate its parameters more or less in the same 
manner as before. (This is the NALD-case). 

2 . Function field codes (FACD) 

Construction. Here is a straightforward analogue. Let A' = Fq(X) be a 
function field, X being a smooth projective curve over a finite field F f /. Fix a 
set of points V = { P i , . . . , Pn} C X(Fq) and let Mv = { £ A | f is regular at 
P}. There is a natural map 

qP : Mp ---- Fn , 

Mf) = (f(Pl),-J(Pn)).. 
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Let D be a divisor on X such that V D Supp D = 0. Consider 

L(D) = {feK\(f) + D>0}. 

The image C = <p-p(L(D)) C F" is a code. 

Parameters. Let # be the genus of X and a = deg£). Of course, the 
length n of C equals \V\. 

LEMMA 2.1. Let a < n. Then for the code C 

(i) d> n — a, 

(ii) & = dimL(£>) > a - g + 1, 

and if a > 2g — 1 then k = a — g + 1. 

Proof : (i) follows from the fact that the number of zeroes of / 6 L(D) 
cannot exceed degD. It also shows that (for a < n) cp-p is monomorphic on 
L(D). 

(ii) follows from the Riemann-Roch theorem. • 

Asymptotic behaviour. Lemma 2.1 shows that 

6 + R> 1 - q-1 
n 

Consider a family of curves of growing genus with 

l*(F, ) | 
9 

-> A. 

r h e n we get a family of codes with n —• oo and 

8 + R>1 — A~l , 

if A > 1 these codes are asymptotically good. The DRINFELD-VLADUT theorem 
states that A < yjq — 1, and it is known that for q = p2m there exist 
families of curves with A = y/q — 1. Let V = X(Fq) (to be scrupulous about 
V 0 Supp D = 0 we can also put V = X(Fq) - P0 , D = aP0 ; it does not 
influence asymptotics, we never mention such things below). 

THEOREM 2.2. A family of curves of growing genus g such that 

l*(F , ) | 
g 

-+A>1 
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yields an asymptotically good family of codes such that for any 6 < 1 — A 1 

there is a subfamily {Cn} with 8({Cn}) = 6 and 

R({Cn}) > 1 - A -1 - 6. 

For q — p 2 m we can set A = yjq — 1. • 

It is not difficult to see that on some segment of the d-axis for q = p2rn > 49 
these codes are better than the GILBERT-VARSHAMOV bound. 

3. Number field codes (NAC) 

The construction of §1 can be generalized using non-archimedian places. 
Let S = Sf U Soo be a fixed finite set of places of a number field K. For v £ Sf 
let k(v) be the residue field, for v £ Sf let k(v) = R for real places and k(v) — C 
for complex ones. Let a be a fractional ideal such that 5/ fl Supp a — 0. For 
any v £ S there is a natural map av : L(a) —> k(v). Together they form a iimp 

as : L(a) -> 
vES 

k(v). 

Everything is quite natural, but what we get is neither a code, nor a lattice 
(except for the case S = Soo discussed in §1). Here is a way out. 

Construction. Let [K : Q] = N = s + 2t. Fix two integers q > r > 1. Let 
Sf be the set of places v of K such that for some c(v) £ Z 

r < N(v)c^ < q , 

where N(v) = \k(v)\. Let S = Sf U 5^ , S^ being the set of all archimedian 
places, let n = \S\ = |5 / | + s + t. To make our consideration simpler we suppose 
that the field is totally real, i.e. t=0. 

Let 
U = {xeRN \ 0<Xi<r^N}. 

There exists a shift U' of U such that \U' D <r(0K)\ > ra/yJ\VK\ , a(0K) being 
the lattice studied in §1. Divide each side of the cube U' into q equal parts, 
and identify the set of qN small cubes with F^. Define ^ : U' fl a [OK) — F^ 
mapping each point to the small cube it lies in; let (pv be the component of yo 
corresponding to v £ Soo- For v £ Sf let ipv be the map 

U' Г! а(Ок) О к - > 0 * / И " > F , , 
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where we identify the place v £ Sf with the corresponding prime ideal, and 

OK/VC^ F g is some fixed embedding of sets. 

Let (fS : U' fl v(OK) —> F^ be defined as (ps = ( w , »• • •) f ° r a n < v € 5. 
The image C = (fs(U' fl cr(0/<:)) C is a (non-lineaf) code of length n. 

Parameters. The parameters are estimated by the following result re­
minding one of Lemma 2.1. 

LEMMA 3.1. Let a < n. Then 

(i) d > n + 1 — a , 

(ii) k > a logq r - logq WK\. 

Proof: (i) Let fuf2 € U' fl a(CJÄ). Set 

A = {v £ 5oo I yv (f1) = ^ ( / 2 ) } , 

5 = {v £ Sf I v ^ C A ) = ^ ( / 2 ) } . 

On one hand |/i — / 2 | v < ralN for any z; £ 5^ and |/i — / 2 | v < 
ra/N 

q 
for 

t; £ A. On the other hand / 1 - / 2 £ for any t; £ B, and 7V(?/w) > r. Let 
a = | A | , ß = \B\. We have 

< J \fe/ Q (/ i - / 2 ) < 
ra 

qa 
< ra~a. 

Therefore a + 3 < a, i.e. d > n — a. 

(ii) We see that if a < n then <¿?s is an embedding and 

\U ' f \ a {0 K ) \>ra / \DK\. 

This lemma is also valid for t ^ 0, but the proof is slightly more difficult. 

Asymptotic behaviour. Fix q and r and consider a family of fields K of 
growing degree. Let 

7 = liminf 
K 

logq |DK| 

n 
5 

where n = s + t + \S/\. We get a family of non-linear codes with n —> 00 and 

R>(l-6)logqr-y , 
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if 7 < \ogq r then there exist asymptotically good codes among them. 

It is possible to prove (using the "explicit formulae again") that 7 > 
( A / ^ — l ) - 1 which shows that the parameters of these codes are worse than 

in §2. On the other hand for r = q + 1 
2 

there exist fields with 7 < const • log q 
q1/4 , 

where const does not depend on q. Summing up we get THEOREM 3.2. A family 

of number fields K of growing degree with lim inf 
logq |DK| 

n 
7 < log r where 

n = s + t + \Sf\ , Sf being the set of non-archimedian places v such that for 
some c{v) el , r< NK/q(v)c^ < q 
(r and q being fixed), yields a family of asymptotically good non-linear codes 
with 6({Cn}) = 6 and 

R ( { n } ) > ( l - 6 ) logq r - 7 . 

We can set 7 = const logq 
q1/4 

• 

It is not difficult to see that for a large q on some segment of the <5-axis 
these codes are better than the GlLBERT-VARSHAMOV bound, though worse 
than in §2. 

4. Multiplicative lattices (NML) 

Up to this moment we have used the additive groups of global fields. Now 
we are going to exploit their multiplicative structure. 

Construction. We start with a number field K of degree N = s + 2t and 
a finite number of its places S = 5^ U Sf which includes all the archimedian 
ones, let n = \S\. Let 0*s be the set of 5-units, i.e. / € 0*s iff all the prime 
divisors of its numerator and denominator belong to 5. 

There is a natural map 

yS : O* Rn , 

/ - { i n ii/v} , 

where v 6 5 , and || ||v is the normalized absolute value, i.e. \\f\\v — \ov{f)\ 
for real places, \\f\\v = \ov(f)\2 for complex ones, and \\f\\v = N(v)-ord^ for 
v £ Sf. It is clear that kevcps = W is the group of roots of 1 in A', and that 
Im (ps C H = {x 6 Rn | Ylxi = 0} because of the product formula. 
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Parameters. Let R be the regulator of K and let h be its class number. 
Set h(f) = In [f| v\ for / € iT*, this is the height function (sorry that it is 

v 
denoted by the same letter as the class number) ; h(f) = 0 iff / 6 W. We set 
h(K) = min h(a) and call it the height of the field K. v J fei<*-w v ' * 

LEMMA 4.1. Let Ls = <Ps(0*s). Then 

(i) d(Ls) > 
1 

n 
h(K) , 

(ii) if K is totally real, then 

d(Ls) > 
[K : Q ] 

In 
In 1 + 5N 

2 1 

(iii) rk Ls = n — 1 and 

det Ls < \/n Ä/i 
vES f 

lnJV(v). 

Proof : (i) is obvious since 
n 

i=1 

x2 > 1 
n 

Ixi J.* 

(ii) In [Sc] it is proved that for any totally real field K 

h(K) > [K : Q ] In 1 + 5 
2 

. 

(iii) Let the first coordinates in R" correspond to v 6 S^,. Consider the 
orthogonal projection 

T:H-*H0 = xeRn 
q+t 

i=1 
Xi = 0 = H1 O Rn-s-t , 

where Hi = {x 6 R S _ M | = 0}, T multiplies volumes by yjs + */v^- Since 
iJi n T ( L s ) is the lattice of units, det(T(L s) fl Hx) = R and det T{LS) = 
y/s + t R det (pr2 T(LS)). Using the obvious 

vEsf 
llnN(v) :pr2T(Ls) < h 

we get the answer. • 
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Asymptotic behaviour. We start, as in 81, considering unramified towers 

of fields. In such towers 1 
N 

log \T>K\ is constant. To bound 
Rh 
\W\ we can use 

standard estimates for the residue of £-function of K. 

If we put s = 2 in the proof of Lemma 1 of [LA] ch.XVI, §.1, we get 

Rh 

\W\ 
< 

2\VK\ 

ns+2t 

(this is not the best estimate but the most obvious one). 

In the totally real case \W\ = 2. Put S = 5^ and consider unramified 
towers of totally real fields. We get 

THEOREM 4.2. If a number field K0 of degree N0 has an unramified tower 
of totally real fields then it yields an asymptotically good family of lattices 
{LN C R ^ } with 

A ( { M ) < - L O G 
7r 3e 

2 
— log In 

1 + V5 

2 
+ 

1 

N0 
log \FKo\. 

For K0 = Q(v/2 , V70035) we get A < 8.4046 (for this field iV 0 = 4 , \VKo\ = 
2s • 3 2 • 5 2 • 7 2 • 2 3 2 • 2 9 2 and MARTINET proved that is has a required tower). 

5. Function field lattices (FML) 

Here is a direct function field analogue of the construction of §4. 

Construction. In the notation of §2, let 

o; = { feK* |Supp(f )ç P}. 

Let Div-p(X) denote the group of divisors supported in P, Div°(X) of those of 
degree 0, Prp(X) the subgroup of principal divisors. Let Jx = Div°(X)/Pr(X) 
be the Jacobian of X. 

There is a natural map 

VP : ö*v —> Divp(X) ~ Z n , 

f (f). 
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It is clear that Ker yp = F* is again the group of roots of 1 in K, and that 

Imtpv Ç Div^(X) ~ A n _! = {x e Tn\ Xi = 0} . 

We set 
L P = ipv(0*v) С An-! ® R ~ R n _ 1 . 

Parameters. Let us start with a bound for the number of points on the 
Jacobian : 

LEMMA 5 .1 . \Jx(fg)\ < l + q + 
\ X ( F q ) \ - q - 1 

9 

9 

Proof. We know that \Jx(Fq)\ = 
2<7 

2 = 1 

(1 - w,-), wÌ being the Frobenius roots, 

1 ^ ' I = \ fq>> Ug+i = Ui. The arithmetic-mean geometric-mean inequality yields 

2<7 

¿=1 
( i - W O = 

9 
(q + 1 - Ui - Ui) < 

9 

i=l 

(q + l - U i - ui) 

g 

9 

. 

and the statement follows from 

9 

i=i 
(ui+mi) = \X(Fq)\-q-1. 

Now we can estimate the parameters of Lp. 

LEMMA 5 . 2 . Let L v = yviOVl. Then 

(i) d(Lv) > min 1 2 d e g / > 
'2|X(FC)| 

q +1 

(ii) rk L-p = n — 1 and 

det L-p < v/ïï |Jy(F,)| < yß l + q + 
\ X ( F q ) \ - q - l 

9 

9 

. 

Proof: (i) Let / € 0*v, f $ F* <pj>(f) = ···, *») € Z n . Then 

M / ) l = a? > |xi| = 2 d e g / , 
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since xi G Z, xi = 0, deg / = 
xi>0 

Xi. Any / G A maps F^-points to Ff/-points 

of P 1 . Therefore 
| * ( F g ) | <(q + 1) degf 

and we get the second inequality. 

(ii) We know that det An_i = yjn, and det L-p = [Ai- i : det An-1 
Then A n _ ! - Div^(A) c Div°(A), and Lv = P r P ( A ) = Pr(A) 0 Div^(A). 
Therefore 

[A,- ! : Lp\ < [Div°(X) : Pr(X)] = |J^(F,)| . 

Lemma 5.1 gives the second inequality. • 

Asymptotic behaviour. As in §2 we consider families of curves of 
growing genus with l*(F , ) | 

9 
A, and set V = X ( F A We get 

THEOREM 5.3. j4 family of curves of growing genus g such that 

№ ) | 
5 

—> A > 0 

yields an asymptotically good family of lattices {L^ C R ^ } wii/i 

A ( { ^ } ) < - log 7re -h log q + \ + A~l log(l + ry + A) . • 

We are again interested to take the largest possible A. Let q = p2m, thei 
we can consider curves with A = y/q—1. For such curves we can even do slight!} 
better than Lemma 5.1 : 

LEMMA 5.4. For a family of curves X with 

l*(Fq)| 
g 

– Vq - 1 

there is an asymptotic equality 

1 
9 

log|J x (Fq) | ~ log? + q-1)log 
q 

q-1 
. 

Proof : Let 7VR = |X(F , , ) | . Then 

Nr = qr + 1 -
2» 

«=1 
<4 , 
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where = Jqoa, = 1, and OL{

 1 = ag+i for i = 1,. . . ,g. We are interested 

I N M = | J ï ( F ç ) | = 
2g 

z=l 
(1 — a;,-). Let b — loga Then 

1 

9 

oo 

m=6+l 

q-rn/2 

m 

2g 

i=l 
a? < 2 

OO 

m=6+l 

- m / 2 

m 
—• 0 when g —> oo . 

Since 0 < K + a," - 1 + • • • + 1|2 = (n + 1 ) + 
n 

j=1 

(n + 1 - + a,- J ) , we have 

n + 1 > -
n 

j=1 

(n + l - iXo^ + O , 

summing it over « = 1, . . . , 2g and using 
aj + a2-

3, and 
2a 

¿=1 
= iVj ^ ' / 2 - qj/2 - q-j/2 we get 

9(b + l)> 
b 

¿=1 

(6 + l - i ) [ 7 V , g ^ / 2 - g i / 2 - g - ^ ] , 

or 

1 > 
b 

j=1 
(1-

j 
b+i 

N1 

g 

q1//2 + 
b 

j=1 
( 1 -

j 

B + 1 
) 

Nj - N1) 

g 
q -j/2 -

-
1 

g 

b 

j=1 
( 1 -

j 
B + 1 

)(qj/2+g-j/2). 

The last term is less than 

1 

g 

b 

j=1 
qj/2 + 

1 

g 

b 

j=1 

q-j/2 

which tends to 0 when g —> oo. The first term tends to 

NI 

5 

oo 

j=l 

q-^2 = 
Ni 

9 
( V ^ - I ) - 1 ^ ! , 

therefore 
6 

j = 1 

^ - Ni 

9 
q-H*1 - 0 . 
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Now we are able to estimate 

1 
g 

l n M = 
1 

g 
In 

2g 

i=1 
(1 - wi) = 1 

G 
ln q9 

2g 

i=1 
(l - ai-q-1/2) 

= ln q + 
1 

g 

2g 

i=1 
l n ( l - a . g - 1 / 2 ) = l n g -

1 

g 

OO 

m=l 

q-m/2 

m 

2g 

i=1 

am. 

= lng + 
1 

g 

b 

m=l 

q-m/2 

m 
[Nmq-m/2 ~ q m / 2 ~ q~m/2] 

-
1 

g 

oo 

m=b+l 

q - m / 2 

m 

2g 

i = 1 

am . 

The last term tends to 0, and the second term is 

1 

9 

b 

m=l 

g-m/2 

m 
[Nmq'm/2 - q m / 2 ~ q-m/2} = 

= 
b 

m=l 

N1 

g 

q-m 

m + 
b 

m=l 

q-m 

m 

(Nm - N1) 

g -
1 

g 

b 

m=1 

1 

m 
-

1 

g 

b 

m=1 

q-m 

m 
. 

The first term tends to 

(Vq-1) 
oo 

m-1 

q-m 

m 
= ( V q - l ) l n q 

q - l 

and all the rest tend to zero. 

Using Lemma 5.4 we get 

THEOREM 5.5.-4 family of curves of growing genus g such that 

№ ) l 
9 

- i=Vq - 1 

yields an asymptotically good family of lattices {Ljy C R ^ } with 

\({LN})<-log ne + log 
q + l 

q - l 
+ 1 

q - l 
log q 

For q = 9 we get A < 1.8687... 
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6. Congruence sublattices (FMLD) 

The construction of §5 can be slightly elaborated. We consider some specific 
sublattices of L-p. 

Construction. Let D b e a positive divisor on J , D = ^ = degi^, 
N(P{) = qn, a = degD = Ylairi- We identify D and Pi with the corresponding 
ideals. Suppose that V fl Supp D = 0. Let 

Ov,D = {feO*v\f = l(mod D)} , 

and consider the lattice Lp,D — ̂ viP^p^) Ç Lp. 

Parameters. Here are the estimates. 

LEMMA 6 . 1 . Let LVD = (pv(0^D). Then 

(i) d(LptD) > y/2i, 

(ii) r k L-pv = n — 1 and 

det LViD < \Jx(fq)\ 
qa 

q-1 
(1 - q -ri) 

Proof: (i) We use the first inequality of Lemma 5.2 (i), which in our case reads 
d{LvtD) > mm 

feo*„-{i} 2 deg / , and notice that deg / = deg(/ — 1 ) > deg D = a. 

(ii) Lemma 5.2 (ii) estimates det Lp, and we have only to estimate 
[L<p : LViD]. Look at the embedding O^ <-> HO p., where Op. is the group c 
units in the completion of the local ring at Pi. 
Let &P.a. = {x <E 0*Pi | x = l(mod i f ' ) } - We have 

0*VD = O*p0 O*,ai) 

and 

Pv • 0*VtD) < O*Pi: Oka] = ((<F < - l ) ( f ^ ) . 

Then Ker (p-p — F* and Op DC\ Ker p-p = { 1 } , therefore 
Pv • 0*V,D} = (q~ l)[Lp • Lv,D}. 

Asvmptotic behaviour. Consider the same familv of curves as in S 5 , 

let V = X(Fa) and let D be such that lim 
degD 

l*(F,)| 
= (2 l n g ) - 1 (this choice 

appears to be optimal). We get 
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THEOREM 6.2. A family of curves of growing genus g such that 

L*(F,)| 
g 

- Vq - 1, 

with the appropriate choice of divisors, yields an asymptotically good family of 
lattices {L/v C RN} with 

\({LN}) < -log 
7T 

2 + 
1 
2 

log(lng) + 71 

*q-l 
l o g g - l o g ( g - 1) . • 

For q = 2209 = 472 we get A < 1.3888... 

7. Number field case (NMLD) 

Now we return to the number field case and discuss an analogue of 
congruence lattices of §6. Here we also obtain good lattices. 

Construction. In the notation of §4 let a C OK be an ideal, a = fj vV, 
such that v ^ Sf (i.e. 5/ D Supp a = 0 ) . 
Let 

0*s,a = {feO*s\f = l(mod a)} 

and consider the lattice Ls j Q = ^ ( O J J C Z/ 5. 

Parameters. Everything is quite similar to §6, though the estimates are 
slightly worse. Let Wa = W fl <9£j0. 

LEMMA 7.1. Let Ls,a = ¥>s(<9s,0)- T h e n 

(i) d(LSta) > 
2 

fn 
(lniN^/Q(a)-(* + 2t).ln2), 

(ii) rk Ls ) Q = n — 1 and 

detL5,a < (detL s)iV^/Q(a)n(l -
1 

NK/q(vi) 
)[W: Wa]~l < 

(s + t)(n- s-t)Rh 
vesf 

lnN(v))NK/Q(a) 1 -
1 

NK/q(Vi) 
))[W : TF n ] - i . 

Proof: (i) Let v?s(/) = (x1,x2,... ,xn), x,- = In | |/ | | V i . . Then 

\<Ps(f)\ = x2 > 1 

n 
N = 2 

n xi>0 
xi. 
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We have 

x t > 0 
Xi = 

ves 
ll/lk>i 

In 11f11, = 
vesoo 
\\f\\v>l 

1* 11/11« + 
ves; 

o r d v ( / - l ) < 0 

( -ord„(/ - l ) ) ln N(v) 

veSoo 
l l / lk>l 

l n | | / L -
ll/-i|U>i 

I n | | / - 1 L + 

ll/-i||«<i 

( - l n | | / - l | | „ ) + 

+ 
víSoo 

Н / - 1 | | * < 1 

( o r d v ( / - l ) ) l n A ^ ) 

(we have used the equality ovdv(f — 1) = ovdvf for ovdvf < 0, and the product 
formula). We omit the third term (it is non-negative), the fourth term is at 
least In NK/Q(CL) since / — 1 £ a, and the sum of the first two terms is at least 

v£Soo 

In | |2 | | w since max{0, ln | | z | | } + max{0,ln ||1 — z\\} is minimum for z = —1 

(both for z e R and z e C). 

(ii) Knowing Lemma 4.1 (ii) we have only to estimate [Ls : As,a] - Note that 
Ker ifS — Ker (fs^O*s a = W a , and proceed as in the proof of Lemma 6.1 (ii). 

• 

Asymptotic behaviour. The proof of Lemma 7.1 (i) shows also that if 
logiV A 7 Q (a) > s + 2t then Wa = {1} since ips(f) = 0 for / € Wa. We choose 

a in such a way that 1 

n 
log NK/q(a) ~ s + 2t 

n 
+ loge (it is in fact optimal), K 

runs over an unrammed tower. 

As in §4 we have 
Rh 

\W\ < 
2\VK\ 

hs+2t 
Let us choose 5 in such a way that 

5 + 2* 

n 
is constant in the tower and that both b and bupp a completely split m it (ot 
course this restricts the choice of the tower). We get 

T H E O R E M 7.2. If a number field IQ of degree No has an infinite unram.ifi,ed 

tower in which sets of its places So (with n 0 = \SQ\) and Supp a 0 split completely 

then it yields an asymptotically good family of lattices {Lyv C R ^ } with 

\ ( { L N } ) < - h g 
271 

e 
+ 

1 

n 0 

l o g l i o I -
No 

n 0 

( l o g TT - 1 ) + 

+ 
1 

n0 vES0f 
log(ln N(v)) + 

1 

n0 v¡\a 
log 1 -

1 

NKo/q(vi) 
m 

For the totally complex field Q (cos 
2tt 

11' 
-46) and So = Soo we get A < 11.1512. 

391 



TSFASMAN M. 

For the totally real field Q (>/2, \/70035) and 5 = 5^ we get A < 8.7920. These 
are not best choices, but what we get is always much worse than in §6. 

8. Congruence codes (FMCD) 

The construction we are now going to expose corresponds to function field 
congruence lattices of §6 in the same way as number field codes of §3 correspond 
to additive number field lattices of §1. 

Construction. In the notation of §6 suppose that D = pD' for some 
positive divisor D' (where p is the characteristic of Fq , q = pm). 

Let C = LViD/((pI)n H LV)D) C (Z/p)n = F£. It is a p-ary code of length 
n. 

To study C we have to give another construction of the same code. 
Let ft( 

Pi CP 
Pi — D) be the space of differential forms uo on X such that 

{u) + ZPi-D>0. 

There are natural maps 

dlog : 0*ViD -> 0( Pi-D), 

f - df 
f 

(here we use the condition D = pD\ it yields df 
f 

= 0(mod D)) and 

Resp : Q( Pi-D)-+ Fn

q , 

u I-̂  (Res A (u; ) , . . . ,Resp n (c j ) ) . 

It is well known that C = Im Resp is a code dual to that of §2 (and its 
parameters are d! > a - 2g + 2, k' > n - a + g - 1, k' = n - a + g- 1 for a < n). 
We have the following obvious commutative diagram 
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Op,D yp 
L-p,D C Fn 

Fn Resp 

dlog 

ne Pi-D) 

i.e. C = C D F " 

Parameters. Now we are ready to estimate parameters. 

LEMMA 8.1. Let C = LptD/((p2)n n LV>D) = C ' f i F p

n C F " . Then 

(i) d > d'> a - 2g + 2 ; 

(ii) k > n — 1 — m 
p-1 

P a. 

Proof: (i) The first inequality is obvious. Let u> € fi( Pi-D), then the 
number of non-zero residues of u> equals the number of its poles (all poles being 
simple) which is at least deg D — 2g + 2. 

(ii) Let B = L-po D ( p Z ) n . Then 

pk = \C\ = \hp,D : B] = 
= : Л . - 1 И ( p Z f J K . j Г) (pZ)n : S p , ^ : L-p^o]'1 . 

We have [A n_i : An-i D Q?Z)n] = pn The multiplication by p maps 
isomorphically A n _i onto An-i 0 (pT)n and Lp^/ onto B. Therefore 

[ A . - 1 Г! ( p Z ) B : Б][ЛП_! : L ^ ] " 1 = 

= [A n_i : L7??Jo/][An_i : LP,D-1 = [LV,D' • £-p,d] 1 • 

Proceeding as in the proof of Lemma 6.1 (ii) we see that 

[Lp,D> : Lv,d] < q d ^ D - d e s D ' =pm£Ta . 

Summing up we get k > n — 1 — m p - i 

p 
a. m 
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Asymptotic behaviour. As usual the best results are obtained for 
|X(Fq)| 

g 
—> A, A being as large as possible (always A < ^Jq — 1 ) . 

THEOREM 8.2. A family of curves over Fq, q = pm, of growing genus g 

such that 
|X(Fq)| 

b 
—> A > 

2m(p - 1 ) 

P 
yields an asymptotically good family of 

p-ary codes such that tor any Ò < 
p 

m(p — 1 ) 
— 2A 1 there is a subfamily {Cn} 

with S({Cn}) = 6 and 

R({Cn}) > 1 - m 
p - 1 

P 
(2A- 1 +6) . 

One easily checks that for m = 1 this result is worse than that of Theorem 2.2. 
The result of Theorem 8.2 can be generalized to p r-ary codes (just change p by 
p r ) , but the construction using L-p^ goes out (cf. [ K A / T S ] ) . 

9 . Remarks and open problems 

Here we list some natural remarks and questions, without any particular 
order. 

1. What are the best constants in §4 and § 7 ? 

2. We have mostly restricted ourselves (in the function field case) to 
V C X(Fq). All the constructions in fact work for any set of places of K, 
though places of high degree usually spoil parameters. Can places of higher 
degree be of any use ? 

3. In the number field case we have usually supposed that S D S^. Can 
we get anything good without this condition ? 

4. Each section of this paper was encoded by three or four letters. Formally 
speaking there are 16 possibilities. What can we say about those we have not 
mentioned ? 

5. In §2 we have an asymptotic equality for A, and in all the other cases 
but estimates. What are the true values of A (asymptotically) ? 

6. Can we use "explicit formulae" plus some other considerations to give 
lower bounds of the density exponent of what we are able to get by our 
constructions ? 
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7. In the function field case the best families of curves (those with 
\X(Fq)\ 

9 
— Jq - 1) are provided by modular curves which form ramified towers 

(the ramification being rather small). What are their analogues in the number 
field case ? 

8. The results we have obtained concern packings either in R^ or in F^. 
Our constructions also lead to natural lattices in Fq((T))N and in products of 
p-adic fields. What are the correct parameters (how to put the problem) in 
those cases ? 

9. Function field multiplicative lattices can be also constructed starting 
from curves over any field, provided that we know the finiteness of the subgroup 
in Jacobian generated by V. Consider modular curves (say, over C) and V 
consisting of cusp points which are of finite order (the MANIN-DlllNFELD 

theorem). How to estimate parameters? 

10. What can be done with varieties (over Fq and arithmetic) of dimension 
more than 1 ? For example what are the densities of MORDELL-WEIL lattices 
on abelian varieties ? 

11. K* = K\{K) and the map we have used in §§4-7 is the regulator map. 
What can be done with the help of higher regulators on K{(K) ? 
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