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On the integral group algebra of a finite algebraic group

R. B. HOwWLETT and G. I. LEHRER

§1 Imntroduction and notation

Let G be the group of F-rational points of a connected reductive algebraic
group defined over F, and let U be a maximal unipotent subgroup of G.
In this note we give three explicit embeddings of the ring of endomorphisms
E = Endzg (Indg(l)) into the integral group ring ZG. The embeddings have
properties related to certain ZG modules, and all have the same image. Thus
they imply the existence of certain automorphisms of E.

There is a canonical surjection o: E — E = Endzg(Indg(l)), and
c® 1:E®zZ[|H|™'] - FE ®z Z[|H|™'] has a left inverse 7. (Here B is a
Borel subgroup and H a maximal split torus in G such that B = HU.) One
of our embeddings composed with 7 gives the embedding of £ ®z Z[|H|™!]
which we constructed in [3]. Thus the present work may be thought of as an
extension of the results of that paper.

Another direction for applications of this work is the construction of
idempotents (analogous to Steinberg’s idempotent for Stg) in FG (F a
field) which are not in the Hecke algebra H(G, B) (or even H(G,U)). This
could provide explicit constructions of representations of G in characteristic
p (where p|q).

We begin here with some generalities which will establish our notation.
Let R be a commutative (unital) ring, A an R-algebra and a € A. Then a4
is a (right) A-module, and we write £ = End4(aA4). We have

(1.1)  There is an algebra homomorphism A\: A = {z € A | zaA C aA} — E
defined by = — (Az:y — zy) (z, y € ad).
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If a is an idempotent and ¢ € E then ¢(y) = ¢(ay) = ¢(a)y for any y € a4;
hence ¢ = Ay(q), and ¢(a) = ¢(a)a € aAa. Thus we have

(1.2) If a is an idempotent then
(i) X is surjective
(ii) There is an algebra homomorphism p: E — aAa C aA C A such that
Ap = idg.

(1.3) DEFINITION If there is an algebra homomorphism u: E — A such
that Ay = idg, we say that E is embedded in A, and that u is an embedding
of E into A.

Let G be a finite group and take A = RG, the group ring over R. For
any subset S C G denote by [S] the sum [S] = 3 .55 € RG, and consider
the case a = [I{], where I{ is a subgroup of G. If G =[], Kz ;K is the double
coset decomposition of G with respect to K, the map T;:[K] — [Kz;K]
defines an element of F, and it is well known that

(1.4) E is the free R-module with basis {T;}.
Moreover, in this case we have
(1.5) A:aA — E is surjective.

For here T; = A,, where y = Z, kjzj and Kz; K = ]_Ij kjz;J. However, in
general there is no embedding g in the sense of (1.3).

Here we shall be concerned with the case R = Z, G the group of Fy-
rational points of a connected reductive Fg-group and K = U, its max-
imal unipotent subgroup. We shall show that there is an embedding of
E = Endzg[U]ZG into ZG, and in the course of its study some automor-
phisms of E will play a role. Our embedding has properties connected with
those of the Steinberg representation of ZG (see §3 below). For this obser-
vation we are indebted to Okuyama.

We remark finally that the nature of our formulae are strongly sugges-
tive that there is an underlying geometric explanation for the facts we present
here, related to the geometric structure of the Bruhat cells and Schubert va-
rieties of the underlying algebraic group.
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§2 The case of a finite algebraic group

For the rest of this note, G, U, B = HU and E will be as in the last section
(G the group of rational points of a connected reductive group defined over
F,, and so on). If N = Ng(H) then N/H = W is the Weyl group of G, with
simple reflection set S, length function (w) (w € W) and longest element
wg. Denote by ® and II the corresponding root system and set of simple
roots (respectively). For elementary facts concerning the structure of G' the
reader is referred to [2], [1] or [3]. We assume that the representatives w € NV
(w € W) have been chosen so that if w = wyw, with I(w) = {(wy) + {w2)
then w = wyws,. (See [9] for the proof that this is possible.) We shall require
the following well known fact (see, for example, [3] Lemma 2.8):

(2.1) LEMMA Let a € & with U, C U the corresponding root subgroup of
G, and suppose that n € N maps onto r,, the reflection in W corresponding
to a. Then each element z of U¥ (= U, — {1}) has a unique expression
z = hp(2) fo(z)ngn(x), where h,, is a map U¥ — H and f,, gn are bijections
U# - U?¥,.

An easy computation proves

(2.2) LEMMA  Use the notation of (2.1) and let t € H. Then for v € UZ,
(1) hen(u) = hp(u)t™?
(i1) fin(u) = tfa(u)t™! and gin(u) = gn(u).
If r € W is a reflection then we will write A, f and g for h;, fr and g5
if there is no danger of ambiguity. We also adopt the notation V = u')o_lUu'Jo

and V, = U_,.

(2.3) PROPOSITION (i) In the above the notation, if a is a simple root and

r = r, then we have (in ZG)
BNViV]= > ku)u= > vif(g ' (v)),
uEUf’e vEVa#

where k(u) = h(u)™!.
(ii) We have 7?37 _p# h(u) = 2 ueu# k(u).

Proof. Part (i) follows easily from [3,§2] and (2.1).
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(ii) Inverting k(u) = f(u)rg(u) gives v hk(u)™! = g(u) 717~ f(u)~1. Mul-
tiplying both sides on the left by k(«) and conjugating by 72 we obtain

(2.3.1) R(F2k(w)u " h(u)T172) = 772k (u) (u € UMH).

Since k(u)uk(u)™! = f(u)rg(u)k(u)~! with uniqueness of expression on the
right, it follows that k(u)uk(u)~! determines f(u) and hence u; thus as u runs
over U so does k(u)uk(u)~!. Now sum (2.3.1) over u € U to obtain (ii).

]

Since the sum in (2.3) (ii) will recur later we give it a name: with the
notation as in (2.3) write

(2.3.2) ne= > k(u)=7> > h(u) € ZG.

weU# ueUZH#

(2.4) LEMMA With the notation as in (2.1), let u € U#. Then we have
g(g(u)")= u’ (where z¥ = y~lzy).

Proof. We have u = h(u)f(u)rg(u). Make g(u) the subject of this formula,
conjugate by 7 and collect terms as follows:

g(uw)" = (F72h(u) ) (R(w) flu) " h(u) ") A (P ur).

The result follows. [m]

The double coset decomposition of G with respect to U is well-known;
we have G = [],,cy UnU. Hence it follows from the generalities in §1 above
that £ = Endzg([U]ZG) has a Z-module basis {7, | n € N } defined as
in (1.3). The rules for multiplying these 7}, were determined by Yokonuma
[10], and may be expressed as follows. (In writing the relations we regard the
length function of W as lifted to N—that is, for n € N we define I[(n) = I(7)
where 71 is the image of n in W.)
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(2.5) PROPOSITION (Yokonuma [10]) The algebra E = Endzg([U]ZG)
has a Z-basis {T,, | n € N } satisfying
(1) Ifl(ning) = I(n1) + l(ne2) then Ty, Ty, = Thyn,-
(i) Ifi(n) = 1 then T? = ¢.Tp> + Tn EueU;“ Th, (u)n2, where a € II is the
root corresponding to n € S and g, = |U.|. (Note that n? € H.)

Proof. (i) follows easily from the definition of T}, (namely, T,,[U] = [UnU])
and Chevalley’s refinement of the Bruhat decomposition for G, by induction
on l(ny). Note that the case I(nz) = 0 reads T, Th = T (h € H,n € N).
For (ii) one uses the Chevalley decomposition together with (2.1) above. We
leave the details to the reader. O

(2.6) DEFINITION For n € N define the element v, € ZG by

Yn = Z(-—l)l(t)[Bt N VvVnV].
tew

Note that from (2.3) of [3] it follows that Bt N VnV = @ unless t < 7
(in the Bruhat order on W). Hence (2.6) may be written

(2.6) Yo = > _(=D)'O[BtNVnV].

t<n
tEW

(2.7) THEOREM The elements v, form a Z-basis of a subalgebra T of ZG,
and the map ¢: T, — <y, is an isomorphism of Z-algebras.

Proof. Since the support of v, is contained in VnV and G is the disjoint
union of { VnV | n € N }, the v, are clearly Z-linearly independent. In view
of (2.5) it therefore suffices to prove

(271) Yy VYna = Ynyin, ifnl, ny € N with l(nlng) = l(nl) -+ l(ng),

and

Y2 = gaYnz + Yn Eueuf Yh(u)n2 if @ € II and n = 7,,

2.7.2
( ) where h = h,, is the function defined in (2.1).

We first prove (2.7.1). If I{(ny) = O then n, € H and it follows that
Y, = [BNVneV] = [BNnaV] = ng; thus yn,Yn, = Yn M2 = Yn,n,, Since
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[Bt N VniVln, = [Bt N VninaV] for all ¢t € W. Observe now that if we
can prove (2.7.1) for n; = 7, with a € II then we will be finished; for
in general we may write ny = hrire...7; with h € H, r; € S for each 1
and ! = l{n2), and then induction on ! will give v,, = Yhp¥i Yip - - - ¥y and
YrniYna = Yy YR Yy - - - Yiy = Ynyhtr...rm = Ynin, @S required.

Thus we turn to the proof of (2.7.1) in the case where n, = 7 with
r =171, € S and n; = n € N with {(n7) = I(n) + 1. First observe
that v+ = [B N V7#V] — [Br N V7V] (by (2.6)'), and from (2.3) we have
[BNViV] =32, cu# k(u)u. Moreover, by a slight extension of Lemma 2.4
of [3], [Br N VrV] = [U,r] = [*V,]. Hence

(2.78)  vnyr = > (—D)'O([BiNVaV]=[BtraVaV]) (D> k(w)u—[Uar]).
(tr)>1() weU#

Now writing B, = HU,, we have BtB, = Bt since l(tr,) > I(t). Hence
(BtnVaV]( D k(wu) = > [BtNVnVk(u)u]
ueU# ueU¥

= > [BtNnVnVurif(g~'(v))] (by (2.3))

veVF#

= [Bt N VnV#VH#]

since the sets VnV7rv are disjoint for distinct v. Hence we have

(2.7.4) (Bt NVaV]( D k(wu) = [BtNVniV] — [Bt N VeV

weU#

Similarly,

[Bt N VnV][U,]r

> Bt VaVylr
u€U,

= Z [Btr N VnVur]
wu€U,

= > [Btr N VnVrv]
vEV,
[Btr N VRV 7#V,].
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Thus
(2.7.5) [Bt N VnV][U,]r = [Btr N VnrV].

The next term arising in the expansion of (2.7.3) is

Il

[Btr N VaVv]( Z or fgTH(v))) Z [Btro N VaVolrf(g™ (v))

veVH# veVv#
= > [BtrnVaV]rf(g~'(v))
vEVa#
(2.7.6) = [Btr N VaV]r[VH#].
The last term is
(2.7.7) (Btr N VaV][U.#] = [Btr N VaV]r[V,].

Adding the right hand sides of (2.7.4)—(2.7.7) with appropriate signs gives
[Bt N VnrV] — [Btr N VnrV], and substituting into (2.7.3) completes the
proof of (2.7.1).

To complete the proof of Theorem (2.7) we now have to prove the
formula (2.7.2). For this, we have

~v? = [BNVFVE —[BNV#V][BrNnV+V]—[BrOnViV]|[BNV#V]+[BrnV¢V]?,
and we proceed to compute the four terms on the right.

(BNVAV]? = [BNVAV,] D k(uw)u

ueUF
= > [BNV#Vak(uw)u]
weUZ
= > [BNViVaf(wigw)]  (by (2.1))
ueU#
= Z [BNV#V,7v] (since g is a bijection from U¥ to V.#)
veVH#
= > [BnVi¥]+ > [BNViv'iv]
veVH v veVH#
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=(ga — )72+ > #2[BNVuyv]

ueU#*
vEV‘?’e

=(ga — DF* + > #2[BNVh(u)f(u)ig(u)p] — > #2[BNVu]
ueU#* weUF¥
vev‘;
=(ga — D)F* + 72 D> R(u)[BNV#V] = #2[UF]
ucU¥
(2.7.8) =(ga — 1)F* + > k(uw)[BNViV] -2 [U¥] (by (2.3) (ii)).
uEU.:‘e

Next we have

(2.7.9) [BOAV#VI[BrnViV]l= > k(wulUdf] = > k(uw)[Ud?

ueUZ weU¥
and
[BrnViV][BNVAV] = [FVa] > f(u)ig(u)
u #
(2.7.10) = [fVa][fi/Ua;],
while finally
(2.7.11) [BrNnV#V)? = [#V,][F V).

Now add the terms (2.7.8)—(2.7.11) with appropriate signs, obtaining

2 =qar? + > k(w)vs
ueU¥
= qar® + nivr
in the notation of (2.3.2). But 4; trivially commutes with 72 and with 2. It

follows (since v; is invertible in QG) that v; commutes with 7;. Hence again
using (2.3) (ii), we have

vE = qaviz + i Z Yh(u)i2,
ueU¥

which is (2.7.2). This completes the proof of Theorem (2.7). u]
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The map ¢ of (2.7) is not an embedding in the sense of (1.3). This
follows easily from the next proposition, which deals with the effect of left
multiplication by v, on the module [U]ZG.

(2.8) PROPOSITION Let a be a simple root and r = r,. Then left multipli-
cation by «; is the endomorphism 33 c;# Tiu) — Ty of [U)ZG.

Proof. We have

(U1 = (D k(uu — [Usr])[U) = D k(w)[U] — [UrU]

uweU¥# ueU#

= (D Ti — TH)[U]

uEU,}"e

Since left multiplication obviously commutes with the ZG action on [U]ZG,
the result follows. ]

(2.8)) COROLLARY The endomorphism T; of [U|ZG is given by left multi-
plication by 37, cy# k(u) — v+ € T.

The results of this section may be summarized in

(2.9) THEOREM Let E = Endzg|[U]ZG where U is a maximal unipotent
subgroup of the finite algebraic group G. (For a more precise definition of G
see the beginning of this section.) Then
(i) There is a map u: E — ZG satisfying Ty, > v, (for h € H) and
T7 v 1n+ — v (for 7 = r, € S, with n,. and ~; as defined in (2.3.2)
and (2.6) respectively), such that p is an embedding of E in ZG in the
sense of (1.3) (that is, T' € E is given by left multiplication by u(T)),
and u(E) =T, the Z-linear span of the elements v, (n € N).
(ii) There is an (involutory) automorphism « of E defined by o(Th) = T}
for h € H and a(T}) = Zueuf Tr(u)y — T3 forr =7, € S.

Proof. (i) By Proposition (2.8) we see that the elements v, and v, induce
endomorphisms of [U]ZG by left multiplication, and since these elements
generate I the same holds for all v € T'. Thus there is a map A:T" — E such
that A(y) is left multiplication by ~. It follows from (2.8) and (2.8)' that
Ty, T € E are respectively given by left multiplication by pu(Th), u(T3) € T
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as defined in the statement. Now since the 7} and the T} generate E, it
follows that every element of E is realized by left multiplication by some
element of I'; that is, A is surjective. Since I' and E both have Z-rank
|IV| it follows that A is injective too, whence p(T) = A~}(T) defines our
embedding pu.

(i) The map ¢: T, — vn is an isomorphism E — I' (Theorem (2.7)) and
the automorphism « is simply ¢~1u. It is trivially an involution. o

REMARK. Notice that in the proof of (2.9) (i) we have only used the fact
that ' is a subalgebra of ZG. This is the thrust of Theorem (2.7).

§3 Connection with Steinberg’s representation

Maintaining the notation of §2, let B = HU and write St = > cy €w[Bw]
where €,, = (—1)!(®). The elements { (St)u | u € U } are linearly independent
since the coefficient of wouy in >, oy Au(St)u is Ay, €w, (where wqo is the
longest element of W). Moreover, Steinberg’s method (see Theorem 1 of [8])
may be applied to show

(3.1) PrROPOSITION The set {(St)u | w € U} is a Z-basis for the right
ZG-module (St)ZG.

We shall begin by proving

(3.2) LEMMA Let V = w5 'Uw, as in §2. Then the right ZG-module
[V1ZG ®z (St)ZG is cyclic, generated by [V] ® St.

Proof. Consider the submodule M generated by [V] ® St. Applying wo we
obtain €4,[V]wo ® St, and since for u € U we have [V]weu = [V]wo we may
apply elements of U and obtain that [V]w, ® (St)ZG € M (by (3.1)). The
result now follows trivially. O

(3.2)" COROLLARY There is a ZG-isomorphism ZG — [V]ZG ®z (St)ZG
defined by 1 — [V] ® St.

Proof. Since ZG is free 1 — [V] ® St defines a map. It is surjective by
(3.2), and an isomorphism since the two modules have the same Z-rank and
are Z-free. ]
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Now Endzg ZG = {Ag | B € ZG }, where A\g(€) = B¢ for € € ZG, and
B +— Ap is an isomorphism ZG — Endzg ZG. Hence from (3.2)' we deduce

(3.3) There is an isomorphism ZG — Endzg([V]ZG ®z (St)ZG) given by
B — v(B), where v(B3): ([V] ® (St))¢ — ([V] ® (St))B¢ for all &, B € ZG.

Let E' = Endzg[V]ZG. This has Z-basis {7}, | n € N}, where
T!([V]) = [VnV] for each n € N. Since wo[V] = [Ulwo there is an iso-
morphism w: [V]ZG — [U])ZG given by w(z) = wez for all z € [V]ZG, and
therefore

(3.4) There is an isomorphism &: E — E' given by
G(¢) = w w (¢ € Endzg(U)ZG)

where (as above) w is left multiplication by .

A simple calculation shows that
(3.4.1) &(Tn) = Tt’bo_lnwo.

Now there is a natural embedding £’ — Endzg([V]Zg ®z (St)ZG) given by
6 +— 0 ® id(sy)zg- So by (3.3) there is an algebra monomorphism E' — ZG
such that 6 — [, where 6 ® id(syzg = v(8). Pulling back via & gives the
following statement.

(3.5) THEOREM  We maintain the above notation. Then
(i) We have T} ® id(syyza = v(7+); that is,
(Ti[V]® St)¢ = ([V]® St)7:€
for €e ZG,a €Il andr =r, € S.
(ii) The map T}, — <, defines an isomorphism E' = Endzg[V]ZG — T
which pulls back via & (see (3.4)) to the isomorphism n: E — I", where
N(Th) = Yoniie-

Proof. (i) It suffices to show that ([V] ® St)v; = [V#V] ® St. Now

(3.5.1) ((V1®@St)yr = > ([VI®@St)k(u)u — > ([V] ® St)ur.

ueUf uelU,
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Using (2.1)we have

(3.5.2) ST (VIestk(uu = > [V]ig(w) ® (St)u.
weU# weU¥
The second term on the right side of (3.5.1) is
(3.5.3) —([VIF®@St) + > [V]ur @ (St)ur.
ueUH

Now to compute (St)ur for u € U,, take w € W with I[(wr) > (w).
Then BwB, = Bw, and so [Bw] = [X][B.] for some transversal X. Thus

([Bw] — [Bwr])ur = [X|([Bar] — [Ba))ur
= [X]([Bar] = [Bar f(u)rg(w)r])
= X)Barl1 — o)
= [X]([Bar] = [Ba]))(1 — g(w)")
= ((Bw] — [Bur])(g(uw) — 1).
Therefore
(3.5.4) (St)ur = (St)(g(u)" — 1).
Thus, using Lemma (2.4), we obtain
SO [Viwr @ (S)(g(u)* —1) = S [VIig(u) ® (St)(u — 1).
weU# ueU#
Hence the expression (3.5.3) becomes
—([VIF®@St)— > [VIFg(w) @St + > [VIFg(u) @ (St)u
ueU¥ ueUZ
(3.5.5) =—[ViV]I®@St+ > [VIfg(u) ® (St)u.
ueU¥
Now substitute into (3.5.1) using (3.5.2), obtaining
([V]®Styr = > [V]rg(u) ® (St)u + [ViV] @St — > [V]Fg(u) @ (St)u
weU# ueU#
= [V#*V]® St
= (T! ® id)([V] ® St)
which completes the proof of (i).
(ii) Since T}, = v(h) = v(v1) (for h € H) and E’' is generated by the Ty,
together with the T} for r € S, the result follows from (i) and the discussion
immediately preceding (3.5) (and Theorem (2.7)). a
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(3.6) COROLLARY The algebra E has another automorphism, namely, the
map (3 defined by B(Ty) = Tw,-)—lnlbo. Moreover, if the transversal {w |w € W}
is chosen so that w = wyw2 whenever w = wywy with l(w) = (w1) + I(w2)
then (3 is involutory.

Proof. The automorphism 3 is given by 8 = ¢~ 'n where ¢ is the isomor-
phism E — T of (2.7). The involutory nature of 3 follows from the fact
that the stated assumptions on the w imply that w2 is in the centre of N.

This is proved as follows. Let r € S and write 7' = worwy ' € S. Then
wo = w'r’ = rw’ where w' = rwpy has length I(wy) — 1. By assumption
wo = W't = rw’, whence wo (7)1 = (#) 1w and wy g = 7. By symme-

try wg '#wo = 7, and hence w3 commutes with 7. Since 2 lies in H (which

is abelian) it also commutes with all elements of H, and hence with all ele-
ments of NV, since IV is generated by H and the elements 7 for r € S. ]

REMARK. The algebra I' € ZG appears in yet a third way, since another
computation (different from the one above) shows that in the left ZG-module
ZGV] ® ZG(St) = ZG([V] ® St) = ZG we have

(3.7) v+([V] ® St) = [VFV] ® St.

§4 Connection with principal series

The principal series of G is realized by the module [B]ZG&, which is a sub-
module of [U]ZG and is fixed by each of the endomorphisms in E (since
T,.[B] = [UnrU][H] = [BnB]); moreover, each endomorphism in the algebra
E = Endzg[B]ZG is the restriction of an endomorphism in E. Thus

(4.1) There is an epimorphism p: E — E given by p(Tyn) = T, = T"I[B]ZG‘
Clearly T, = T, if and only if # = n’ € W, and E has Z-basis consisting of

{Tw | w € W}, where T, = T, for any n € N such that 7 = w.

For any integer a and any Z-module M denote by M, the Z[a~!]-module
M Rz Z[a_l].
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(4.2) THEOREM (i) The map 7: Ty, — |H|™' 3, cy ThTn defines a mono-
morphjsm ElHl — ElHl

(ii) For w € W let v, = |H| [H]vy,, where n is any element of N such
that 7 = w. Then vy = |H|™' 3 ,cw €w[Bt N DwD), where D = HV,
and vy = hy in the notation of [3], (1.8).

(iii) The map (¢ ® id)r: E\gy — Ty is the isomorphism of [3], Theo-
rem (1.7).

(iv) The map (p®id)r: E\pg| — ZG\y) is an embedding in the sense of (1.3),
and coincides with the embedding of (1.11') of [3].

(v) The involution T, + T, of [3] is realized as the restriction of a ® id

(see (2.7) above) to 7(E).

All the above statements are straightforward consequences of the results
of §2 above.

This puts the results of [3] into a natural setting, and shows why the
stipulation that one should be able to divide by |H| in the case of Ind§(1) is
a natural one. It also makes explicit that the obstruction to carrying out the
embeddings of [3] in arbitrary characteristic are cohomological (cf. Tits [9]).

§5 Concluding remarks

(5.1) In §4 of [3] certain almost-idempotents ey € E ®z Z(|H|™!) were
constructed (for each J C II), which, over a field k of characteristic p (where
plqg), were used to give an algorithmic decomposition of Ind§(1) into inde-
composables, each of which has irreducible socle. We hope in a later work
to produce idempotents e ;(A) € E ®z k, one for each character \: H — k*,
which will play an analogous role for the representation Indg(l). Since the
socle of this representation is the direct sum of all the irreducible representa-
tions of G, each occurring with multiplicity one, this would be a significant
construction.

(5.2) The sets Bt N VnV in the overlying algebraic group G are lo-
cally closed in GG, and one might ask whether our multiplication formulae for
the alternating sums of their “characteristic functions” reflect some geomet-
ric facts concerning composition of sheaves on “Schubert-like varieties”, in
analogy with the case (cf. [7]) of the ordinary Hecke algebra (cf. [4]).

(5.3) The indecomposable summands of Indg§()\) (or Ind&(1)) in char-
acteristic 'p can be constructed homologically from coefficient systems on the
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Tits building (see [5] and [6]). A knowledge of the e y(\) ((5.1) above) would

assist in the analysis of these direct summands.
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