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METRIC THEOREMS ON UNIFORM DISTRIBUTION AND APPROXIMATION THEORY

by
Harald NIEDERREITER and Robert F. TICHY

A sequence (En), n=1,2,..., of points in [0,1)k is called uniformly
distributed (u.d.)if

lim N7 card {1<nsN: x €J} = vol(J)
N>

for all subintervals J of [0,1)k. A sequence (Xn) of numbers in [0,1)
is called completely uniformly distributed (c.u.d.) if for all k 2 1
the sequence of points X = (Xn'xn+1""’xn+k-1)’n=1’2""' is u.d.,
and a sequence (xn) of real numbers is called c.u.d. mod 1 if the
sequence ({xn}) of fractional parts is c.u.d.

Franklin [3] proved that the sequence (xn) is c.u.d. mod 1 for al-
most all x>1 (in the sense of Lebesgue measure). Knuth [4] defined a
sequence &h) in [0,1) to be random if, for every sequence (bn) of dis-
tinct positive integers obtained by an effective algorithm,the sequence
(xbn) is c.u.d. and raised the problem of whether ({x"}) satisfies
this definition of randomness for almost all x>1. This problem was re-
cently settled in the affirmative by the following result.

THEOREM 1 (Niederreiter and Tichy [7]). - If (an) ignany sequence
of distinct positive integers, then the seguence (x ) is c.u.d.

mod 1 for almost all x > 1.

The following lemmas are the key ingredients in the proof.

LEMMA 1 (Davenport, Erdds and LeVeque [2]). - Let (un) be a sequence
of Lebesgue-measurable functions on the interval [a,b] and put
e 4 N 2 2nit
I(N) = | g 1 e(u,(x))[%dx, where e(t) = e .
- a n=1
If I(N)/N converges, then
N=1
1 N <
lim & ¥ e(u (x)) = O for almost all x €[a,b].
N->w n=1
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LEMMA 2 (van der Corput [8]). - Let the function u on [a,b] have a

continuous and monotone first derivative that satisfies |u'(x) |2L>0

for all x € [a,b]. Then

1
<

1A

b
|/ e(u(x))dx|
a

LEMMA 3. - If P is a monic polynomial of degree d > 1, then for the

supremum norm || Pl on [a,b] we have

() 1Plle > 2' ?%(b-a)d.

Lemma 3 is a standard result in approximation theory (see [6,p.39]).
The lower bound (1) is in fact best possible, as it is attained by the
normalized Chebyshev palynomial on [a,b] of degree d. The question of
whether the integer exponents in Theorem 1 can be replaced by real
exponents leads to another problem in approximation theory, namely to
establish a lower bound for |[P|e when

A s=1 A
(2) P(x) =x °+ ) c.x?
j=1 )

is a monic Mintz polynomial with real coefficients c. and real

2
bound should not depend on the Cy- For [a,b] = [0,1] this is a

exponents Aj satisfying O ¢ A1 < Anp< ee. < As’ s » 2. The lower

classical problem considered by Miintz and Szész. By applying the
transformation x - bx, intervals [0,b] can also be handled. For
[a,b] with a > O we cannot use the transformation trick since

P(a + (b - a)x) is not necessarily a Miintz polynomial. We now have
the following result. We are grateful to Prof. J. Korevaar for

providing the important reference [5].

LEMMA 4. - For any monic Miintz polynomial P given by (2) and any

interval [a,b] with O < a < b we have
A s-1 A= A

S s Jj
[Pl = C_a M 57 '
S 3=1 Aj A (1/1)
where 1 = % log g and the constant Cs > O depends only on s.
Proof.- We first assume that i, = O. By a result in [5] there exists
a sequence (ypy), n =0,1,..., with Yp ” O and
Y. = 1 such that 0 cos (y_z)is entire and
n n
n=0 n=0
(3) m |cos(ynuﬂ < C e_vﬁ_ for all u z O,
n=0
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where C is an absolute constant. Then the complex function

s=1 o
F(z) = T (z = iir.) T cos(ynrz)
=1 J" n=o
. ) . ) oo (t+e) |z ]|
is entire and of exponential type T, i.e. |F(z)]| = 0. (e )

for all € > O, and the restriction of F to R is in L?(R). By the

Paley-Wiener theorem (see [1,p.103]) we have

F -izt
F(z) = [ f(t)e dt
=T
for some f € L° [-1,t]. With o = % log (ab) we get
-ioz tho -izt log b -izt
G(z): = e F(z) = [ f(t-g)e dt = |  g(t)e dt
=T1+0 log a

with g € L? [log a, log bl]. By Fourier inversion we obtain

(4) g(t) = %? f G(u)eltu du for t€l[log a, log bl.
Put h(x) = x—1g(log x) for x € [a,b]. Then with x = et,
b . log b ALt
(5) [ x h(x)dax = | g(t)e 3 dt = G(ir,) for 1 < j < s.
a log a ]
For P in (2) we use (5) and G(ikj) =0 for 1 ¢ J ¢« s - 1 to get
b Ag b b
(6) | [/ x"n(x)ax| = |/ P(x)h(x)dx| s [[Plle S |h(x)|dx.
a a a
Then by (4), (5) and (6),
oax 1 ” Ty
(7) Jetir)d | s Pl i T _i |G(u) [du = — HPHGD_iIG(u)ldu.
Now
oA oA s=1 e
) _ S, _ s a
|G(1>\SJ| = e IF(irg) | = e AL (Ag xj)—ﬂ- cosh (v TAJ)
j=1 n=0
A, s=1 o _ s=-1 ® =2y _TA
(8) =b 5 M (O -2 T o1 +e 28y spls () me S
=1 I n=0 =1 I n=0
A s—1
= a S m ()\s - )\J)
j=1
Using (3) we get
© © s=1
[1G(w) du ¢ 2c [ 1 (u+a9e V'au
- o J=1
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2 © s=1 Nea C s=1

=T_éj21(¥+Aj)e dV<T_S,jz1(%+Aj)’
and together with (7) and (8) the result for X1 = O follows. In the
general case the lemma follows from
A A=A s=1 A=A
el > a ' fx® 1+,z1cjx3 " - O
j=

Using HOlder's inequality in (6), the method above yields for the
LP—norm (1 < p < «)

A .\ 1/g s=1 A=A
A =i =re v BN v v s vl
3 (a3 - pTH D g AT T
where p—1 + q—1 = 1. For the L1-norm we get
” AS+1 s=1 AS - AL
P, = C_ta m — .
1 s 5=1 Aj A1+(1/T)

THEOREM 2.- If vy#0 and (6 ) is any sequence of reals with inf 6 > =00

and 12% \ém—,n|:>0 then the sequence (YX n) is c.u.d. mod 1 for

— m _—

almost all x> 1.

Proof. We take y = 1 to simplify the writing. We indicate the changes

that are necessary in the proof of Theorem 1 (see [7]) to obtain

Theorem 2. Dropping finitely many initial terms, if necessary, we

can assume that all 6n 2 1. As in [7] it suffices to show that if
the lattice point h = (ho, ’hk-1) # 0 and 1 < a < B are fixed, then
with 8 1 N kf1 6n+j 5
I(N) = | | N ) el ) hjx )
a n=1 j=0

o

the series z I(N)/N converges. We take N 3z 3. The cases (i) and (ii)
N=1
in [7]require no changes, if we note that the number of zeros of a

Mintz polynomial in [a,B] can be bounded by [6,p.49, Hilfssatz].

In case (iii) the function R_(x) in [7, equ. (2.12)] is now a Mintz

polynomial with As =d ¢ (log N)O(s) < log N, A1 =0, 2 < s 5 k, and
Ay - Xj| > 6 :o=inf [6 - s | for i # 3
m#n
Instead of the choice ¢ = (log N)_2d in [7] we take & = (log N)—Zs_1)-d.
For a subinterval [a,b] of [«a,B8] with ERS(x)\ < € for all x €[a,b]
we have then by Lemma 4,
A os=1 A=A
s S J s-1 1,1-s
e » C_a jz1 TR 2 c.s (g + ) ’
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hence

1 2 .2
Tz Cé §(log N)“ - Ag ® C(h,8) (log NY” for N » N_(h,s).

From the definition of t it follows that

log g s C4(h,9) (log N) 72 for N » N (h,8)
and so
b - a s [exp(C,(h,s) (log N2 - 11 8
< Clh,6,8) (log N) ™% for N » N, (h,s).
Therefore, the Lebesgue measure of V = {x E[a,B]:iRs(x)[ < elis

O((log N)_2).If W is the closure of the complement of V in [a,B] ,
for x € W we have

2 - o(s)
lRS(x)I 2 (log N)—A(S_1) d > (log N)

—2(log N) for N > NZ(E) ’

then

and so the argument following (2.13) in [7] can be applied. This yields

I(N) = O((log N)-z), and the proof is complete. Ij
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