Asterisque

F. ALMGREN
Basic techniques of geometric measure theory

Astérisque, tome 154-155 (1987), p. 267-306
<http://www.numdam.org/item?id=AST_1987__154-155__267_0>

© Société mathématique de France, 1987, tous droits réservés.

L’acces aux archives de la collection « Astérisque » (http://smf4.emath.fr/
Publications/Asterisque/) implique I’accord avec les conditions générales d’uti-
lisation (http://www.numdam.org/conditions). Toute utilisation commerciale ou
impression systématique est constitutive d’une infraction pénale. Toute copie
ou impression de ce fichier doit contenir la présente mention de copyright.

NuMbDAM
Article numérisé dans le cadre du programme
Numérisation de documents anciens mathématiques
http://www.numdam.org/


http://www.numdam.org/item?id=AST_1987__154-155__267_0
http://smf4.emath.fr/Publications/Asterisque/
http://smf4.emath.fr/Publications/Asterisque/
http://www.numdam.org/conditions
http://www.numdam.org/
http://www.numdam.org/

EXPOSE n® XIV

F. ALMGREN

§1. EXAMPLES, CURRENTS AND FLAT CHAINS AND BASIC PROPERTIES, DEFORMATION THEOREMS
AND THEIR CONSEQUENCES.

(1) Suppose one wishes to find a two-dimensional surface of least area among all
surfaces having a unit circle injm3 as boundary. It seems universally agreed that the
unit disk having that circle as boundary is the unique solution surface. If we did
not know the answer beforehand (as will be the case in general), then an appropriate
way to find the surface of least area would be to choose a sequence Sl . 82 . S3 yeee
of surfaces having successively smaller areas approaching the least possible value

of such areas and then '"take the limit" of the sequence of surfaces in hopes that

the limit would be the desired minimal surface. The "disk with spines" illustrated
in Figure | is a good approximation in area to the unit disk if the spines are all

of very small diameter and hence of very small area. If the Si should be chosen to
have a sufficiently large number of uniformly distribued slender spines, then there
will be a great many points p €'R3 (possibly all of‘m3) for which there exist piE Si
for each 1 such that lim P, =P - If the surfaces S.l are regarded as measure
theoretic surfaces (currents, flat chains mod v , varifolds) then the limit does not

"see'" these extraneous points and is, as desired, the unit disk.

(2) Figure 2 illustrates a simple closed unknotted curve C of finite length for
which any oriented least area surface spanning C must have infinite topological
type. The oriented least area surface (integral current) is a regular minimal sub-

manifold with boundary except at the one limit point.
(3) Figure 3 illustrates two special soap-film-like mathematical minimal surfaces

S and T (which are, also realizable as physical soap films). As sets 9S 1is a re-

tract of S and 3T 1is a deformation retract of T . Boundaries for such surfaces
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F. ALMGREN

Figure 1. A disk with spines

Figure 2. C is a simple closed unknotted curve of finite length.
The distinct values of areas of regular minimal surfaces S with

39S = C contains a closed interval.
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BASIC TECHNIQUES OF GEOMETRIC MEASURE THEORY

Figure 3A. 3S is a retract of S
(J.F. Adams).

ce t enecmame = --?.-"

Figure 3B. 3T is a deformation retract of T

(J.F. Adams).
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(integral varifolds) are defined as the support of the singular part of the associa-

ted first variation distributions.

. . . n . c e .
(4) Holomorphic varieties in ¢ are examples of oriented absolutely area minimizing
(locally integral) currents. In particular, singularities in oriented area minimi-

zing surfaces can be of real codimension two in the surfaces.

(5) Nontrivial cobordism is an obstruction to both regularity and real analytic
geometric structure in area minimizing surfaces. If, for example, EPZ is smoothly
embedded in S" can+1 , then the 5-dimensional least area intugral current T having
boundary such EPZ must be singular (since EPZ doesn't bound any manifold). Fur-
thermore, sptT cannot even be a real analytic variety near its singularities ;
otherwise, resolution of such singularities would give a manifold with CP boun-

dary.

1.2 Roles of geometric measure theory. Modern geometric measure theory is useful in
a number of different ways. It, for example, provides quite general techniques for
studying measure and integration on singular k -dimensional surfaces in n -dimen-
sional spaces. Additionally, it provides a framework in which mathematical questions
involving complicated or unknown geometric configurations can be naturally formula-

ted and studied.

1.3 Some terminology and assumptions in these notes.

(1) B™(p,r) [U™(p,r)] denotes the closed [open] ball inR™ with center p and

radius r . The integer B(n) is the Besicovitch-Federer number in dimension n

related to multiplicity of covering by closed balls ink"™ in the Besicovitch-

Federer covering theorems.
(2) L™ denotes n -dimensional Lebesgue measure in R and
a(n) = L"B"0,1).

k . . . .
(3) H denotes k -dimensional Hausdorff measure 1nan(0 < k< n). It is a regular

Borel measure defined on all subsets of]Rn with H" = "

. For reasonable k-dimen-
. n k . . . .
sional subsets of R~ , H gives the "right" value for k -dimensional subsets
n k. . . . .
of R*, H gives the "right'" value for k -dimensional area ; it, of course, does

assign a k -dimensional area to unreasonable sets as well.

(4) Two indispensable formulas in geometric measure theory are the Hausdorff area

formula (a generalized unoriented change of variables formula) and the coarea
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formula (a curvilinear form of Fubini's theorem). We here also call attention to the

striking structure theorem for sets of finite Hausdorff measure which until recently

was essential in rectifiable current compactness proofs (it is not used in the proof

sketched in these lecture notes).

(5) u(r),T(y):Rn sR" for r ER, y eR" are specified by requiring
u(r)(x) = rx (homothety)
and

t(y)(x) = x + y (translation)
berRn.

(6) As special terminology convenient for our purposes we let CRm x {0}}
R® x ”" ~>]l%n and {{0} an”:l R™ xR™ SRT denote the obvious orthogonal projec—

tions. Also we define f m g : A > B x C by setting
(f wg)(a) = (f(a),g(a))
whenever f : A > B , g : A > C

1.4 Measure theoretic surfaces. Mathematical surfaces have to be something ! In geo-
metric measure theory surfaces are usually measures (or perhaps "k-vector valued
measures'').One of the biggest hurdles for new workers in the theory seems to be that

of learning to think of surfaces as really being measures.

The basic ingredients of measure theoretic surfaces are :

S —— a k-dimensional rectifiable set in R” (more carefully defined below) ;
+ . o . .
6 : S >R -- an almost everywhere defined positive density function ;
€ : S > (unit simple k-vectors in R" "tangent" to S) -- an orientation function.

Out of such ingredients one assembles

Hh_s -~ surface measure on S , i.e. for A cr" , (HK;S)(A) = Hk(SﬂAk

t(S,8,£)-— an oriented surface with density.

IMPORTANT. Any two surfaces which are Hk-almost equal are identified as the same

surface.
An oriented surface with density is typically identified as a current,

e.g. t(5,0,&) : (differential k- forms ¢ on r" having compact support) - R

o~ <E®,0(x)>  8(x)dH % .
XES
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Associated with such a current T = t(S,0,£) are the following :

. . no_,. . n
(i) the variation measure || T{ over R" which assigns to U < IR the number

* k
i) = f 6 dH ™ .
snu
(ii) the set of T ,

set(T) = the set of points in R" at which the k- dimensional density of || Tl at x ,

o5 ,x) = 1im I TUBY(x, 1) /a (k) ¥
rv0

is positive (which is Hk—almost equal to S).
(iii) the size of T ,

5(T) = HN(set(T)).

(iv) the mass of T ,

M(T) = [ TIRY)

(v) the restriction of T to W,
TL W= t(SNW,0]|SNW,£]|SNW)

associated with any Hkqneasurable subset W of n{n .

The collection of such currents t(S,6,£) forms a real vectorspace : the
scalar multiple r.t(S,6,£) equals t(S,|r|6,sign(r)g) while the current sum
t(S,0,£) + t(S',0',£') equals t(S",0",g") for appropriate S",0",£" (due to cancel-

lations of 6 and 6'¢" , (S U S') ~ S" can have positive Hk—measure
P

1.5 Examples and spaces of measure theoretic surfaces. General measure theoretic

surfaces are constructed from more elementary ones. Examples and general spaces

include the following.
(1) [Pl = t({p},1,+1) is the O-dimensional point mass current.
2)  Mpyspys---5p I = t(a,1, (pmpIA --.A (pk—pk_l)/|(p1—p0)/\ A(pk‘Pk_l)[)

is the oriented k -dimensional simplex with vertices Pys e eaPy here

A:gpt[po,,,_,pk]] is the convex hull of Pgs v sPy (spt denotes support). The boundary
of Hpo,...,pkﬂ is the(k-1) dimensional current

alpgys - +->p I = zj(—l)J [[po,...,pj_l,pj+1,...,pk]] .

According to Stokes's theorem,
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< 3 [[PO,---st]] y U > =< [[Po""’pk]] , dy >

for each smooth differential (k-1) form y on Rn . Also, if f :B{n »Bkn 1s a diffeo-

morphism then under the induced mapping f# of currents,

f# Hpo""’pkllz t(s"’g)

where S = f(A) and £ is the obvious orientation function. A short calculation shows

that

3) Tk(Rn) denotes the k dimensional polyhedral chains in r" ;3 it is the real
vectorspace (of currents) generated by the oriented k -dimensional simplexes. In

particular, for each P € Pk(Rn) one can write

P= ¥ r(i) Hpo(i),...,pk(i)ﬂ (finite sum r(j) €R)
i

so that the associated simplexes {Ai}i intersect pairwise in dimensions at most
k-1.

One notes

k
5(P) = T H (),
i

M) =z e

1

and sets
3P = ¥ r(i) aHpO,...,ka (the boundary of P)
i
and
f#_P = f r(l)f# [[Poy-"’pk]]
for each diffeomorphism f :R” SR™ . If the {r(i)}i are restricted to be integers

one obtains the abelian group [Pk(Rn) of k- dimensional integral polyhedral chains.

For v €{2,3,4,...} the quotient
n n._ v, n
w, (R)/v mw, R = w, ®")

gives the abelian group of k—dimensional polyhedral chains mod v ; a polyhedral

chain mod v written

T (s(i) mod v) [[p.s-+-,p, 1
: 0 k
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has size
Z(Hk(Ai) i z(1) € vz}
and mass
T |z(i) mod v|Hk(Ai)
i
with

lz(i) modv[ = inf{|z| : z€ Zwith z - z(i) € vZ}.

(4) SkGRn) denotes the k -dimensional size bounded rectifiable currents inR" defi-

ned by calling t(S,0,&) a size bounded rectifiable current if and only if for each
¢ > O there is a polyhedral chain P and a (continuously differentiable) diffeo-

n

morphism £ : R >R"™ such that

(:M+ S)(t(syeag) - f#P) < E .

The sets S which appear in such expressions are called (Hk,k) rectifiable and

Hk—measurable subsets of R"

(5) TkGRn) denotes the k —dimensional integer multiplicity rectifiable currents
consisting of those size bounded rectifiable currents t(S,6,&) for which 6 is almost

everywhere positive integer valued.

(6) SkGRn), EkGRn) denote those members of Sk(IP), Ikﬁnn) whose boundaries belong

to Sk_l(ﬁp), Ik_lGRn) respectively. Such currents are called size bounded real

currents and integral currents, respectively.

CAUTION. This terminology does not agree with that of Federer's treatise.

By definition we say that T € SkGRn) has boundary W € Sk_lﬁRn) if and
only if for each ¢ > O there is a k- dimensional polyhedral chain P and a conti-

nuously differentiable diffeomorphism f : R" >R"” such that
(M+ 8)(T - £4£)< € and (M+ 8)(W - £3P)< ¢ .

A corresponding definition holds for the integral currents. It follows that

303 = 0 .
(8) We set

n, _ n . .
sk,OGR ) = SkGR ) N {T : sptT is compact}

Also, for each B < A C]Rn we set

n
8k,O(A,B) = Sk’O(IR ) N {T : sptT c A, spt3T € B} .
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Similar definitions apply for integral currents.

(8) Sometimes it is useful to consider more general "locally size bounded recti-
fiable" currents T € Sk lochn) which are only locally of finite mass and size.

3
Related terminology has the obvious meanings. An especially useful example is the

current
l§1=t@nJ,eA“.Ae)
1 n

n

which is a member of nn (R).

,loc

1.6 Remark . Certainly, to date, rectifiable currents with integer coefficients
have been of more interest and importance than those with general real number
coefficients. In these lectures and notes we will explicity discuss primarily the
real currents, however. Such currents have generally not been discussed elsewhere.
Additionally, our constructions and theorems about real currents apply virtually
whithout change to integral currents and to flat chains mod v ; the main difference
is that for these later two types of surfaces it is frequently possible to neglect

the size of currents since it is always dominated by mass.

1.7 Basic properties and terminology of real chains.

(1) The mass function M is a norm which the size function § is not. Sometimes,
for convenience, we abbreviate M%= M + § and N§ = M% +M§ 09

The associated functions

M,$,M8 : S, (B xS (B > & ,ns: $ ®) «8 ®) R MT,T') =M(T-T'), etc.
K k k k .

are metrics. sk(mp) [Sk(EP)] is complete with respect to M§ convergence [with

respect to IN§ -convergence] (obvious from the definitions).
(2) Two other basic norms are

F : SkﬁRn) —>1R+ (Whitney's flat norm)

F(T) = inf{M(X) + M(Y) : X € Sk(BP) and Y € § (Rn) with T = X +3Y} for

T € sk(m“), and

k+l1

€ : 8 ®)nT: 3T = 0} > R

G(S) = inf{M(Y) : Y € 8, (R") with 3Y = §}

k+1
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for each S € sk(mp) with 3S = 0 ; I do not know if either infimum is attained.

Other indispensable functions are

€3 : Sk(Rn) n{T : 3T = 0} »Ei+ (not a norm),

i

inf{MB(Y) : Y € §  (R") with 3Y = T}

G (T) k+1

for T € Sk(Ep) with 9T = O , and the associated metric

e ;s &) x § ®) 0{(T,T) : 3(T - T') = 0} SR,

%% (T,T') =428 (T - T') ;

see the compactness Theorem 3.1 below.

CAUTION. For O # T € sk(]R“) with 9T = O the function R - sk(]R“) seending t € R

to tT € Sk(Pn) is not &% continuous ; however, see the homotopy Theorem 1.16 below.

(3) For each B A N r®

n
® $_ (A,B)

k=0 K0

is a chain complex with boundary operator 3 (e.g.3°3 = O) and associated homology

groups
n
Hy(A,B:IR) = @ H (A,B5F) ;
k=0

see the homology Corollary 1.15 below.

(4) Each Lipschitz map f :R"™ >R™ induces a natural chain mapping

n m
£, ebk Sk’OOR )~ GBk Sk,O(IR)

of degree O (e.g. f#oa = 3of#). The construction of such f# is largely a direct
application of the Hausdorff area formula mentioned above ; commutation with 3

seems easiest proved with the factorization

£) : RP > R x ’R" > R©

({0} x ﬂ“}h o (

1 nm
R
As a direct consequence of the formula definition one estimates for T € SkGRn)

that
M(E,T) < Lip(D)" M(D), 5(£,1) < Lip(6)* s (1),

and f#T = g#T whenever g : =" > ®" is Lipschitz with fIset(T) = g|set(T). More
detailed estimates on‘M(f#V) and $(f#V) follow from the area formula.
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(5) For T = t(S,6,&) € Sk(FP) and Lipschitz f R +]Rp(p < n) one uses the coarea

formula to construct for LP almost every y € ¥ the slice of T by f aty,

T,Ey > o= e(s N E{y),00,80) €8 (R

Olf_]{y} and &' is the naturally defined orientation function. In par-—
P
L

here '

ticular, for -almost every y € 7 ,

3<T,f,y > = -nP < oT,f,y > .
Detailed estimates on M(< T,f,y > and ¥(< T,f,y >) follow from the coarea
formula.

(6) Associated with each T = £(5,0,5) € $, (K") and each T' = t(8',0",5') € sp(m@)
is the Cartesian product

[ k+p [ [ ' - n+m
Tx T =t({(x,y) : o “WUTNTN, (x,y)) > 0},(8.8"),(ExE ))&f2k+p(m )

where (6 . 8')(x,y) = 0(x).8'(y) and (& x £")(x,y) = £(x) x £'(y).

CAUTION. The Cartesian product of some sets of measure zero can have infinite mea-

sure in the obvious dimensions.

We check

5(T x T') = (3T) x T' + (-1)¥T » 31

(7) Whenever f , g : K" >K" and h : [0,1] *R™ >R™  are Lipschitz with f = h(0,.)

and g = h(l,.) one has the homotopy formula for currents

- f = N
g7 = £,T = dh, (L 0,1TxT) + h,([ 0,17 x a7)
for each T € Sk 0(Rn). In case m = n and h(t,x) = tx for each t, x then
[ pT T = hy([[ 0,0 T)

denotes the oriented cone over T with vertex p . If k > O then

(M pll=xT) =T - [[p]] ®3T .

In particular, ukcm“;m = 0 for each k = 1,2,...,n .

(8) A basic tool in controlling the geometry of currents is the following
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CONSTANCY THEOREM. Suppose P 1is a k- dimensional affine subspace of Rn with

constant orientation function Egr U cP 1is relatively open and pathwise connected,

and T € Sk(mg) with spt(3T) N U = 0 . Then

TLU= r.t(Pn U,l,go)

for some r € R .

Special applications of this constancy theorem occur in association with central

projections within cubes.

©
a
0]
=]
ot
I
[
—
xS
=
o
.
o
<]
o
[
]
=]
7]
<
.
ot
=
e
o]
[¢]
c
o
I
2]
wn
c
o
o
]
»
]
=~
I

and 0 < ¢ < 1/2. We define

o(p) : K~ {p} » 3K,
O(p,ﬁ) : K "’K’
T(P,E) : [0’1]>< K

¥
~

by setting

= 10,11" K", p € [1/4,3/4]"cK

o(p)(x) = q € 3K if and only if q = p + t(x-p) for some t = 1,

{ o(p)(x) if |x—p] > ¢
o@ ) Ap s T - plee @ - p) i [x - p|< e,

(p,e)(t,x) = (1 - t)p + to(p,e)(x) for each t, x .
If k <mand T = t(S,6,£) € $k(K),then one confirms the existence of

G(p)#T = 1im€+00(P,€\#T €8, (K) [€8 GK) if k <],
o(p)#aT = limewo(p,e)#aT € sk_l(aK),
r(p)#([IO,I]]xT) = 1im“0r(p,e)#([[ 0,1]x T) € $k+1(K),

() (L 0,17 x 3T) = lim_ ;t(p,e),( [[0,1] x 3T) € $, (K)
(with all limits in the M3 metric) with

aa(p)#T = o(p)#aT

and
o(P),T = T = 31(p),(L0,1TxT) + 1(p),([0O,1Mx 3T)
provided
@ lx-p| % a®x + lxp| F dimx < =
xCset (T)NInt (K) x€Int (K)
(if k < m)
or
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Ok(HkLset(T),p) € {0,1} and 6 is approximately continuous at p (if k = m), and

®) ]x—p|1_dek~lx + |x—p}l_k difoTll x < e
x€set (3T)NInt (K) x€Int (K)

For a general Radon measure py over K ,one checks

J n | !x—pl_kdux aL™p
p€[1/4,3/4]" x€Int(K)
= f f |x—prk dme dux<: T u(Int(K))
X€Int(K)  pe[1/4,3/41"

in case k < m ; here I' is a readily estimatable constant depending only on m . For

k = m,one has

e Tn ) 0 M set(1),p)dl5p = HX[see(D) n mt)],

k AY
JpEset(T)ﬂInt(K) 8(p)dL p = II'TI (Int(K)).

One uses the area formula to check that the integrals (or densities) in
(a) and @)dmﬂn%em$®(w#ﬂ,msPNPM(HOJ)HXTH ,amnm[ﬂpM(HOJDXBD]-
One concludes finally the existence of a constant F] g < for which the following
b

holds.
1.9 Basic central projection estimates. Corresponding to each T € §, (K), there is
p € Int(K) such that c(p)#T s 0487, r(p)#(ﬂ 0,17]xT), T(p)#(ﬂ 0,111x3T) all

exist with
o(p)#T € Sk(aK) if k <m,

U(p)#T € $k(K) and o(p)#aT € Sk_l(BK) if k = m,
30 (p),T = o (p) 4T

(so that,for k = m ,the Constancy Theorem is applicable to o(p)#T),

Mo (p),T) < T JHT), Blo(p),D) < T S,

M(ao(p)#T) <M (3T), $(Bc(p)#T) < F1.9 8(3T),

o(p) ([0, MxT) €8 (K) if k <m,

r(p)#(ﬁ 0,1]1xT) = 0 if k = m,

(P 0,11 x 3T) € $, (K),

M (t(P) (L 0,1 x D) <1} MT),5(r(p),([[0,1Tx 1) < T g8(D),
M (1(p), ([ 0,11 x6T)) <1y (MGT),

$(t(p), ([ 0,17 x3T)) < Ty g8GT).
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If 0O <r <1 and
L= u(r)X ,

then maps of the form
u(r) o o(p,e) o u(l/r) and w()o w(p,e) o (Ip X u(1/r))

are used to define central projections in L in the obvious way. Corresponding

estimates result, e.g. for T € Sk(L) s

MG () yoo (p) you(1/7),T) < Iy oMM

8 (u(r) got(p) o (1 x u(1/0)) (L0, 1x 1)) < Ty ¢ ¥ 5(T) ;

R

note the factor r .

complexes.
(1) We denote by K(0) the collection of closed unit n -dimensionalcubes in R"
associated with the integer lattice. In particular, K€ K(0) if and only if there

are z 22 € Z with

12
K = r(z],...,zn) [o,11% .
For N € Z we set

KO = w2k : K € K0))

The members of K(N) are said to be standard cubes of level N .

(2) By an admissible family of cubes,one means a subset F of U NK(N) for which

the following three conditions hold.
(2.1) XK, L € F with K # L implies Int(K) n Int(L) = 0 .
(2.2) K, L € Fwith KN L # 0O implies |level(K) - level(L)| <1 .

(2.3) K€ F implies 3K < U{L : K# L € F}.

The empty family is admissible. Any nonempty admissible family is infinite. The
union of the members of an admissible family is open.

Whenever F is an admissible family of cubes and K € F,one sets
nbs(K) = FN {L : L NK#®}

orrespondaing to eac open subset o) one erines
3) c di h op b U of B defi
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WF (U) (Whitney family)

to consist of those cubes K € UNK(N) for which the following two conditions hold.

(3.1) dist (&K ~U) > n 21 Tevel®)

1-level(L) for that unique L € K(level(K) - 1)

(3.2) dist(L,R" ~U) < n 2
with Kc L .

WF(U) is an admissible family of cubes with UWF(U) =TU .

(4) Associated with each admissible family F of cubes is the cubical complex of F

CX(F)

consisting of all cubes K for which the following two conditions hold.

(4.1) K 1is a cubical face (of some dimension) of some n -dimensional cube in

(4.2) In case dim(K) > O,then level(K) = level(L) whenever L 1is a face of some

n ~dimensional cube in F with dim(K) = dim(L) and Int(K) N Int(L) # @ .

Additionally, for each k € {0,1,...,n} we set
CXk(F) = CX(F) n {K : dim(K) = k }.

1.11 Iterated central projections of currents associated with admissible families

of cubes. Suppose F is an admissible family of cubes and T € SkGRn) (UF need not

contain sptT and, in many important applications, will not). Suppose also that

Kl’ KZ’ K3,... is a listing of the members of F . The central projection technique
described in 1.8, 1.9 is a local construction which is readly adapted to produce
a sequence of currents T = T(n-1,0), T(n-1,1), T(n-1,2), T(n-1,3), ... such that

for each k =1, 2, 3, ...
T(n=1,10L (R™K,) = T(n=1,k=1)k R'~K)

and T(n-1,k)LK is the centrally projected image of T(n-1, k-1)K onto 3K with
center of projection in Int(K) chosen to provide appropriate mass and size estima-
tes in accordance with 1.9 . The existence of T(n-1) = &EgT(n~l,k) (with limit
in the N§ metric) is easily checked (the "admissibility" of F gives the necessary

local finiteness conditions). WithinUF sptT(n-1) lies on UCXn— (F) . A similar

1
sequential application of the central projection technique to the(n-Iydimensional
cubes in CXn—l(F) produces a current T(n-2) which, within UF , lies on UCXn—Z(F)'
Continuing in this manner one ultimately obtains a current T(k-1) which, within

VF , lies on UCXk(F) and whose boundary 9dT(k-1), withinUF , lies on UCX, . (F).

k-1
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The results of this procedure combined with the various estimates of 1.8, 1.9, and

1.7(8) (the Constancy Theorem) are summarized in the following theorem.

1.12 General deformation theorem. There is a constant T with the following

properties. Corresponding to each admissible family F of n- dimensional cubes in
B and each T € $k(EP) there exist P, W € $k<lp) and Q € $k+l(EP) with the follo-

wing properties :
(HP-T= 3Q+W 3

2 PL ®~UF) =T L® ~UF)

>

(3) spt(P) N UF < UCXk(F) and spt(3P) NU FcuUCX F)

k-1
(4) for each K € CXk(F),
PL K=ty k)

for some constant density 6 and some constant orientation EO H

0
(5) for each L € CXk_l(F),

3P L L = t(L,w )

oo

for some constant density w

..

o and some constant orientation o

(6) Q= QL UF and W =W L UF,

(7) whenever Kl, K2, K3,... € F then

[ < . .
M(P UiKi) T 12 M(T L U1 nbs(Kl))

1.

< . .
$(P L UiKi) S(TL Ul nbs(Kl)),

Uiz

< ( . .
§(oP L UiKi) FI.IZILBT L U1 nbs(Kl)),

Lot < . H
g (3P diKi) T 2 §(3T L Ui nbs(Kl)) 5

1.1

one can, of course, have UF = UiKi .3

8 MQ <27V

Iy MDD, 8@ <27 s,
N N )
MW) <IT, |, MGT), ) <r, |, 80T ;

here N = inf{level(K) : K € F}.

1.13 COROLLARY (Isoperimetric inequality). There is a constant Tl 13 < with the
following property. Corresponding to each T € Sk(RP) with 3T = O there is

n, .
Q € Sk+1(R ) with
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(1) »sQ=71T,

@) 5@ <1, ,8m &P

(3) MQ) < 1, 4 MD g (7) (KFD/k

Proof. We let N € Z so that

2—k(N+]) < Fl b §(T) < 2—kN

Z-kN for each K € CXk(F), uses

0, W= 0 there, and sets Q above

and apply 1.12 with F = K(N). One notes Hk(K)

conclusions (3), (4), (8) of 1.12 to conclude P
(k+1)/k
1.12

equal to -Q there and T = 2r

1.13

1.14 COROLLARY (Cubical approximation theorem). Corresponding to each T € $k(Rn)

and each O < ¢ < | there exist (a cubical polyhedral chain) P € Pk(EP), WE Sk(Rp),

and Q€ $k+l(ﬂp) such that
(1) P-V = 3Q+W.
(2) M(P) < Fl.lZM(T)’ §(P) < F1.12$(T),
(3) MGP)ST | |,MGT), $GP) <T, 80O,

(4) M8 (Q)< e,ME(W) < ¢.
Proof . Take F = K(N) for large N in 1.12. m

REMARK. Note in 1.14(2) that the estimate on M(P) is independent of M(3T) in con-

trast with 4.2.9(2) of Federer's treatise.

1.15 COROLLARY (Homology groups). Suppose A and B are compact Lipschitz neigh-

borhood retracts in R (i.e., there are open neighborhoods U of A and V of B

and Lipschitz retractions U> A and V> B) with Bc A . Then the homology groups

H,(A,B: R) defined in 1.7(3) are naturally isomorphic with the usual singular

homology groups of the pair (A,B) with coefficients in R.

Proof. Each singular chain is homologous to a Lipschitz chain in (A,B) and each

member of Sk O(A,B) is homologous to a cubical chain in (U,V).m®
b

1.16 THEOREM (Homotopy groups). Suppose A is a compact Lipschitz neighborhood

retract in R and i, kefo,l,...,n} with j + k<n . If

SZk O(A) = $k 0(A) N{T : 3T = 0} is topologized as the inductive limit of its M§

bounded subsets with the &% metric topology, then
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g (Slk(A);O) = Hj+k(A;R):

here % refers to homotopy in dimension j

(2) If SZk(A) is topologized as the inductive limit of its M$ bounded subsets

with the &-metric topology, then Szk(A) is homotopically trivial.

Froof. In establishing (l),one argues as in the integer coefficient case using the
isoperimetric inequalities of 1.13. In (2) scalar multiplication by t € [0,1] gene-

rates a homotopy between various mappings and the O-map. ®

1.17 THEOREM (Isoperimetric inequality for cycles with small projections). There

is a constant " < » with the following property. Suppose T € Sk(Rn) with

.17
9T = 0,0 < A <», and

Lk[ﬂ (setT)] < A

for each orthogonal projection R" +E{k having as kernel an (n-k)-dimensional

coordinate subspace of R™ . Then there is Q€ Sk+1(IP) with
(1) Q=7T,
1/k
@ M@ <1, umtE
/k

1
(3) Q) < r1_17$(T)x

Proof. One initially applies 1.12 or 1.14 with F = K(M) for sufficiently large M
to obtain a cubical polyhedral cycle P with G8(T,P) very small and

Lk[ m(setP)] < 2\ for each coordinate plane orthogonal projection 7 : Rr" > Rk

as above. One then chooses N € Z so that ZkN is considerably larger than 2x (but
still within a preassigned bounded factor of 2)) and applies the following adapta-
tion of the deformation construction used in 1.12. We fix F = K(N) and require
that the centers of projection (in 1.8, 1.9, 1.11, 1.12) be the exact centers of
the cubes in question. One applies the total deformation ¢ to T(X)#P ; here

X G‘Rn , in particular, is carefully chosen with respect to the various w(sptP)
projected sets so that at the stage of the deformation construction at which one
projects within k- dimensional cubes K , one can guarantee that the support of the
current being projected there does not meet the center of K . One concludes
0#(T(X)#P) = 0 and hence T(X)#P = 3Q with M¥Q) comparable to %l/k]%KP). The

theorem follows readily. =
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§2. LIPSCHITZ MULTIPLE VALUED FUNCTIONS AND APPROXIMATIONS OF CURRENTS.

2.1 Multiple valued functions. We frequently wish to regard the "graph" or the

image of a function R" +IPO(RP) as a multiply sheeted m -dimensional surface with
possible branching, folds, or other singular behavior. It is with this geometric
image in mind that we refer to WO(IP)—valued functions as '"multiple valued functions'.

Central to the usefulness of such multiple valued functions is the fact
that general m -dimensional surfaces in]]Rm+n with complicated topological or singu-
larity structure can indeed be represented by (or strongly approximated by) the
graphs or images of such functions with R" as fixed simple domain. Functional ana-
lygic techniques then become abplicable in ways novel to geometric prohlems for

obtaining estimates, generating comparison surfaces, etc.

2.2 Examples.

(A) Suppose 0 < g < » and O < 6 < n/2 is defined by requiring 1 + 2¢ = 2(1 +e)cos®

We set

B = [coss, sine)] +[[(cose, ~sin)] - 2 [[(-1,0)] €mp, (&)
P = [[(0,0), (cosf, sing)T + [[(0,0), (cos®, -sing)]] - 2([[(-1,0), (0,0)]]€IIPXGR2)-

Then 3P = B,3(P) = 3, M(P) = 4, and
5(P) + eM(P) = 3 + 4c = inf(§(Q) + M@ : Q € I,(K) with aQ = B}.
For ¢ = 1, G§(B) = M&P) = 7 .

(B) Suppose N€{1,2,3,...}, Pys Pys---5Py are distinct points inR" , and q;5

Qps+-+5Qy are distinct points inR" with

a = inf |p. - p.| and b = sup |p. - q.[
4 i j n i i

We note that any path in R" connecting distinct points among the collection
{pl,...,pN,ql,..-,qN} other than a path connecting P; to q; for some 1 must

have length (hence size) at least a-2b .

Suppose also o s Ty Tl""’TNE R with 3 o, = I Ty and
i

ERRREL : 1

_ _ n
P= 1o [[pi]] > Q=1 T, lq; I € P (R).
1 1
(B.1) If gg(P,Q) < a - 2b then o; = 71, for each i and W=13 ¢ [[p-l,qi]] is
i i
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the unique member of $1(FP) with 8W = Q - P and M8(W) = G5 (P,Q).

(B.2) Corresponding to each T € PO(EP) with 8(T) < N, < P-T, 1 > = 0 , and
€% (P,T) < a/2 there exist v Yy € R” with |pi - Vi' < a/2 for each 1 so that

T= 3% Oi[[vl]] .

EEER

(C) Suppose f : R~ PO(Eg) is defined by setting

[[(x,xl/z)]] - [I(x,-xl/2

0 if x< 0.

£ (x) )1 if x>0

1]

Then

1/2
yl

65 (F(x),f(y) < 4 [x - (1 + |x - yD17?

for each x , y € R, e.g. f 1is locally &% -Holder continuous with exponent 1/2 .

We set

O S BN IR PV YA b

/2

) €, . (RY).

1,1loc

For each x € R ,

f(x) =< £

1.
#E ,{R X{O}}h,x >

(the slice of f.E1 by {R X{O}}h at x).

#
. i 2 2 . 2 .
(D) We identify R" =C, R =C and define f : C »IPO @") by setting

£(z) = o{l(z,w)] : wo = 2}

for each z € C . Then f 1is locally &%-Lipschitz and f#E2 € [2 1ocCR4) is the
’
algebraic variety w2 = z3 regarded as a locally integral current. If T =
B(E%_ U2(O,l)) € [1(R2) (an oriented circle), then f#F will be a single oriented

. . . . 2 3 . . .
curve in R lying in the variety w = 2z~ which curve projects to cover T twice.

A basic combinatorial estimate related to the G%-topology on PO(Eﬁ) is

the following.

2.3 PROPOSITION. Corresponding to each

N M
B= 1s(3) @I~ » r@ Mp@Ier @Y
j=1 i=1
with 5% s(j) = ¥ r(i) there exist
T i -
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(a) K€ {1,2,...,34 + 3N - 3} (note the a priori bound here),

() a(l),...,a(®),b(1),...,b(K) €R"

(c) positive numbers t(l),...,t(K) < r(l) + ... + r(N) (note the a priori bound here),

@ P = 7t Malo, b(k) T e, (B

such tth
(1) m™mP) + 8¢P) = G8(®) ,

(2) spt(P) lies within the convex hull of spt(B) and contains no closed loops.

2.4 Extension of multiple valued mappings_in [0,1] . Suppose one has P , Q EPO(]Rn)

with < P - Q,1 > = 0 and (only as a convenient simplifying assumption for the ex-

position here) sptP N sptQ = @ . Suppose also that

=
]
™M=

e(1) flai), b €® (K

i=1

with oW = Q - P and M%(W) = ¢$(P,Q). We will indicate how to construct a G%

Lipschitz function

F=f(D) + .+ £®)  [0,1] > B®R™

with £(0) = P and f(1)
possibilities occurs. We set w(k) = [a(k) + b(k)]/2 .

Q . The definition of f(k) depends on which of several

(1) if a(k), b(k) € sptP then

t(k) [[(1-2s)a(k) + 2sw(k) ] -t(k) [[(1 - 2s)b(k) + 2sw(k)] for 0 < s < 1/2

£(k) (s)

=0 for 1/2< s <1

(ii) if a(k) € sptP , b(k) € sptQ, then

f(k)(s) = t(k) [[(1 - s)a(k) + sb(k)]] for 0 < s < 1

(1ii) if a(k) € sptP , b(k) ¢ sptP U sptQ ,then

f(k) (s) t(k) [[(1 - 2s)a(k) + 2sb(k)]] for 0 < s < 1/2

L}

0 for 1/2 < s <1 .

(iv) if a(k), b(k) € sptP U sptQ, then

0 ifo<s<1/2

t(k) [[(2-2s)b(k) + (2s ~Dw(k)] - t(k) [(2 - 2s)a(k) +
2s -Dw(k)]l if 1/2<s<1

with corresponding definitions holding for other possibilities. One checks

f(k) (s)
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§(£(s)) < 2K, M(£(5)) < 25 t(k) ,

B8 (£(s), £(})) < 4|s - t] €8 (P,Q)
for each s, t € [0,1].

2.5 Extension of multiple valued mappings in admissible families of cubes. Suppose

F is an admissible family of cubes in R" and

£, UCKy(F) > PO(EP> N {P:§(P) < N, MP) <M, < P,1 > = L, sptP = B"(0O,R)}

(L, M, N, R fixed) is given and is G¥-Lipschitz. The extension procedure in 2.4

adapts readily to give a G§-Lipschitz function

£ 1 UCX (F) > R (R

Corresponding to each k € {2,3,...,m} and each K € CXk(F),we let
TR, 1), e, TR,y (K) € B

denote the pathwise connected components of

Clos(R™ N U{spt(f(x)) : x €L € CX, (F) with L = 3K})

and choose q(K,i) € T(K,i) for i = I,...,y(K).
Assuming inductively that fk—l UCXk—l(F) +IPO(EP) has been defined we
set
v (K)
fk((l-t)center(K) +tx) = % T(-q(K,i))#°u(t)oT(Q(K,i))#[fk_l(X)LF(K,i)]
i=1

for each K € CXk(F), each t €[0,1], and each x € 3K. One checks that f = fm is
©% Lipschitz with §(f(x)) < I2N - 6, M(f(x)) < M(I2N - 6), and

e (f(x), £(y)) <T, o |x = v Lippe (£)) (1 + MN

for each x, y €UF; here T is a constant depending only on m and n .

2.5
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2.6 THEOREM (Extension of Lipschitz multiple valued functions). Corresponding to

each subset A of EF and each g$-Lipschitz function

£: A +po(]R“)n {P:g(P) <N, MP) <M, <P,1 >=1L, sptP = B"(0,R)}

(L, M, N, R fixed) there is a §-Lipschitz function

g R —>lP0(1Rn)

such that g|A = £, §(g(x)) < 12N - 6, M(g(x)) < M(I2N - 6), < g(x),1>=1 ,
spt(g(x)) < B (0,R), and

G5 (g(x),8(y)) < T, g[x - y[Lip,(£) (1 +MN

for each x, y € IF 5 here Ty 6 is a constant depending only on m and n .

Proof. Assuming A 1is closed we set F = WF(lgnvA) (1.10(3)) and choose gy *
UCXO(F) -*EO(EP) subject to the requirement that for each x € UCXO(F), go(x) = f(z)

for some z € A with |x - z| = dist(x,A).
2.7 REMARK. In case N = | the procedure outlined in 2.4, 2.5, 2.6 will give
$(g(x)) =1 for each x so that 2.6 is a weak form of Kirszbraun's theorem for

single-valued functions, i.e. without the best constant.

2.8 How to map rectifiable currents by Lipschitz multiple valued functions. Suppose

£: R —>IPO(]Rn) n {P: §(P) <N,M(P) <M, < P,1 > =L, sptPc B"(0,R)}

(L, M, N, R fixed) is G3-Lipschitz. We will define

. +n
@ GV =)y 5, (®") -5 (B

and

_ n . m n
Fo = HOLRT, o (W g 10D 5, G0 5, )

To do this we fix Borel sets Av =K'n {x : 8(f(x)) = 0} for v = 0,1,...,N

(each A, is relatively open inR™ o (A 1...UAN». For v € {l,...,N} and p€ A
v

v+f
we use statement (B.2) in example (B) in 2.2 together with Kirszbraun's theorem to
conclude the existence of EFERERELM € R (with L = Op *eeet o !olj +oouto | < M)
v
together with an open neighborhood U of p in K" and Lipschitz functions

BpocetrBy ¢ U > R such that
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0 < inf{]gi(x) - gj(x)lzi # j, x € U}

and

f(x) =3 ci[[gi(x)ﬂ for each x € U N Av .
i

For T € Sk(Ep) we set T, =TL Av and define

v

(I1 _TJeef),T =3 (I'1 7 wf),T
E@ # v RrM #v

where each ([[1 m]]xlf)#Tv is characterized by the requirement
R

n
[(I1 m]]wf)#’l.‘\)]l_u xR =1 Oi(lU 2 gi)#(Tv)
R 1
whenever p, U, Opseess0 s gl,...,gv are as above.
2.9 THEOREM (Properties of multiple valued mappings). Suppose

£: R —>|PO(]Rn) N{P:8() <N, M®) <M, <P,l >=1L, sptP « B*(0,R)}

(L, M, N, R fixed) is G¥-Lipschitz with constant X . Then

m m
) (M1 _Nwf),: ® s &) > & s @&
B # =0 K k=0 ¥

and

m m m n
f,: & §$ R) > & § (R)
#og=0 K k=0 K

are chain mappings of degree O ; in particular, they are linear and commute with

the boundary operator 3 .

(2) For each T € Sk(]Rm),

SL(L 1, T wD),1] < NandH 2

R

B(T) ,

M1 Dw 0,1 <uan®um

R

8 (£,T) < N A 5 (1), M(E,T) < M A Ty

Proof . The main thing toestablish here is the relationship

([[l]Rm]]Xf)# o 3T = 3 o ([I I]Rm]] Nf)#’f .
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One verifies the obvious behavior of ([[ 1 n 7 x f)#o 8y for g either a diffeomor-

phism of RW or an isometric injection of Rk into R* . One recalls 1.5(4) and is able
to reduce the problem to the case in which T = E"L XK for a convex polyhedron K © R
One recalls the terminology of 2.8 and approximates A N K and A N 3K strongly

(with respect to (™ and Hn_l) on the inside by compacz sets Cv an Dv respectively
and applies the construction used in the Lipschitz extension theorem to extend

£ g(CV U Dv) to g : R > EO(RP). For points near p € Cv U Dv it is a property of
our construction that g = z 71[[gi(.)D , in which case local commutation with 3 if
immediate. For p ¢ g(Cv UlDV), near p, g is a sum of affine mappings of polyhedra
(with an obvious meaning) in which case local commutation with 3 is readily checked.

The asserted commutivity follows since 3 is continuous with respect to IN§ convergence.

2.10 How to construct a @{§-Lipschitz multiple valued function approximation to a

rectifiable cycle with error of small projected area. We suppose O < p < o and 6

m+n m+n . . : .
R >R is orthogonal such that for each increasing function X

{1,2,...,n} > {1,2,...,m+n} there is a linear function g(\) : R > R with
lg(W)Il < y such that

1, m+n

graph[g(W)] =68 (R "N {x : op. .

xx(l) = L., = xk(n)=
m+n .
We also suppose T € $m(R ) with 3T = 0 and O < N < o .

The construction.

(&) We set 1 = (K x (O}yye 0 LR
(B) We let A denote the set of points a € K" for which

ME[TL 7 'B™0,r)] < N a(m)r™

for each 0 < r < o .

(C) We set B = B ~ A so that, in particular, for each b € B there is 0 < r(b)< o
with

MS[T L v 'BY(0,r(0)] > N o(m)r®)™ .

B is clearly open, and one uses the Besicovitch-Federer covering theorem to infer

. € B with B c uBm(b.l,r(b.l)) and
i

the existence of bl’ b2’ b3,

R(m) > card{i : z € Bm(bi,r(bi)) for each z € 7 ;

hence
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L") <z L7 (b ,r ()
1

N

I a(m) r(b.l)m
1

<N 'y omETL n—le(bi,r(bi))]

i
N B (m)MS(T).

N

For each b € B we fix a(b) € A with |b - a(b)l = dist(b,A). Hence, for
each b € B and each 0 < r < o .
B"(b,r) < B"(a(b),r + [b - a(®)]) ,
MS[T L 7 'B™(b,r)] < Nam) (r+ |b-a®™.

(D) We set F = WF(ﬂ_lB) (the admissible Whitney family of cubes as in 1.10(3)) and
also, for each k € {1,2,3,...}, let

F(k) = FNK: level(K) < k} U K(k) N {K:Int(K) N Int(L) =) for each L€ F with
level (L) < k}

so that each F(k) is an admissible family of cubes with minimum cube level equal
to k .
For each k € {1,2,3,...} and each z € R" we set

level(k,z) = sup{level(K): K € F(k) with z € (K)} .

A straightforward computation shows the existence of a constant I' < «» depending

only on m and n with the following properties :

(D.1) for each k € {1,2,3,...} and each a € A,
U{nbs(K): K € F(k) with a € 1(K)} < 'B"(a,r 27 1¢Ve1(a)y (1 10(2));

(D.2) for each k € {1,2,3,...} and each b € B ,

U{nbs(K): K € F(k) with b € n(K)}Cn—le(a(b), r 2-1eve1(k,b))
These estimates are the geometric foundation of our construction.

(E) We let

W, W(D, W2), W), e, €8 @)

be the currents which result from applying the deformations of 1.12 to T and the
admissible families F , F(1), F(2), F(3),... respectively.

One checks the existence of a constant Fz 10 <° depending only on m
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and n with the following properties

(E.1) for each z, w € ' and each k , the slice

F(k)(z) = < W(k), T,z > € wO(Rm+“>

exists with B (f(z)) < , M(f(z)) <

To0 M To.0 M

a cycle), and

2.m/2

G8 (£() (2),£ () (W) < Ty o N+ )7z - w] 5

(E.2) W(k) = f(k)#Em for each k ;
(E.3) for each z , w € T , the G8-limit

f(z) = lim f (k) (z)

ko

exists and equals the slice < W,m,z > with 8(f(z)) < F2 10 N, M(f(z)) <

< f(z),l >=0,

ES(£(2),E() < T, o N(I + W2, -yl
(E.4) W= f#Em ;
(E.5) m[set(T - f#Em)] cB.
As a particular case in (E.l) one uses 1.12 and estimates for b €B that

2—m[1eve1(k,b)]

< B(W(k) L U{K: K € F(k) with b € 7(K) and W(k) L K # @})
< Pl 12$(T L U{nbs{K):K € F(k) with b € m(K) and W(k) L K # 0})
< rl ]2$(T L ﬂ-le(a(b), r 2—1eve1(k,b)))
: -level (k,b). m
<rT 2Nam)(F2 !

1.1

so that
card{J: J € CXm(F(k) with b € 7(J) and W(k) L Int(J) # @}

< N(T, oa(mr™) .

1.12

2.11 THEOREM (Lipschitz multiple valued approximations of rectifiable cycles with

error of small projected areas). Suppose 1 < u < = and 6 , 6(l),

card{J: J € CXm(F(k)) with b € m(J) and W(k) L Int(J) # @}

2.

10

, < f(z),1 > =0 (since W(k) is

N

’

9(2),...,9(v):ﬁim+n SR ape orthogonal mappings with the property that for each

k € {l,...,v} and for each increasing function x» : {l,...,n} > {l,...,m + n} there

is a linear function g(k,)) :R™ > B with llg(k, )l < u such that
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graphlg(k,1)] = [0 (Koo ] ' [R™™ n {x: 5y T T %y O

(for any given 6(1),...,6(v) this will hold for suitable u and 6).

Suppose also T € SmCRm+n) with 8T = 0 and 0 < N < » ,

Then there is a function

£ R > |P0(1Rm+“)

. + .
together with an (error)current W € $mCRm n) with 3W = 0 and open subset U of
m+n

R with the following properties:
) T=f#Em+w;
(2) M3(£,E™) < (T, ,,)"MB(T) and M§(W) < (T, ,,)"ME(T) ;
# 2.11 — 2.11
(3) set(W) =« U and
m m -1
L[ (R x{O}}hoe(k)U] <N T, llm;(T);
(4) for each x , y € R" .
BCE(x)) < T, 1 vu™ , MEGO) ST, v " N, < £G),1> =0 .
Cs (£ (x),f(y)) < Ty 11V pm N|x-y| .
In the above PZ 11 is a constant depending only on m and n .
Proof . It is clearly sufficient to consider the case 6 =1 . We will construct
R
f=f(1) + £(2) + ... + f£(v) : Rm > POCRm+n) where each f(k) is obtained by suitably

adapting the approximation construction of 2.10. Representative steps are the follo-

wing.

(a) B(l) < R , £(1) are obtained by the procedure of 2.10 with 6 , B, T, £, F
there corresponding to 6(1), B(l1), T, £(1), F(1) here. We then write

T = f(l)#Em + [T - f(l)#Em] = f(l)#Em + W(l).

(b) B(2) cﬁRm, f(2) are obtained essentially by the procedure of 2.10 with 6 , B ,
T, £, F there corresponding to 6(2), b(2), W(l), £(2),

F(2) = WE([ R xm}}hoeun"B(l) N IE" xm}}hoea)]"B(zn

here (see the comments below about relevant cube sizes in the Whitney family). We
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then write

o f(Z)#Em + W(2).

m . m m, _

T = f(l)#E + t(Z)#E + [W(l) f(2)#E ] = f(l)#E

(c) In general, B(k) < T , f(k) are obtained essentially by the procedure of 2.10
with 0, B, T, f, F there corresponding to 6(k), B(k), W(k-1), f(k),

1

Flo = Wr (' x (013,20 (1)]17'B() nee. LR x {0}}qae(k)]“s<k>>

here, and one writes

m

T = f(l)#Em Fo+ EOLET + [W(k-1) - f(k)#Em] = f(l)#Em T f(k)#Em + W(K).

Finally, of course, £ = f(1) + ... + f(v), W=T - £ E" , and

#

-1
u= o [ x (0} }ye01 B (k)

The geometric foundation of the construction described lies in inclusions analogous
to those of 2.10(D.2) which do not hold in the present context without modification.
To see what is true we write (in a symbolic way) o(k)#w(k—l) as the deformed image
of W(k-1) by a singular map o(k) :R mn B@+n consisting of an iteration of cen-
tral projections within cubes in CX(F) (in particular, W(0) = T and f(k)#Em =

O(k)#w(k—l)). We note

W(l) = 0(1)#T (with centers of projection determined only by T),

- - o(1),T] .
w(2) 0 (2) (1) 0(2),[T - 0(1),T]
One checks that UCXm(F(I))ﬂUCXmF(Z)) c UCXm(F(Z)) and one concludes by inspection
of our construction of o(2) that 0(2)#00(1)#T = 0(1)#T and that the choices of
centers of projection determining o(2) depend solely on T (not on o(l)#T). We
require the same choices of centers in constructing o(2) as in constructing o(l)

where this is possible. Hence

W(2) = 0(2)#T - o(l)#T

and W(2) will be nonzero on J € CXm(F(Z)) only when 0(2)#T and o(l)#T do not
agree on J . An inspection of the combinatorial structure of the Whitney families

F(1) and F(2) shows that the obvious reformulation of (D.2) holds provided we

-level(k,b), -LEVEL(k,b),,

replace " T 2 there by "2r 2 where
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LEVEL(k,b) = sup{level(J): J € CX (F(2)) with b € (R x {03}00(2)3  and

0(2)#T LJ# c(l)#T LJ}.

Such a reformulated estimate is readily checked to be adequate for the remainder of

the construction provided the constants are adjusted appropriately.

Similar estimates hold for o(3),W(2), o(4),W(3),... and the construction
# #

proceeds as described above.

2.12 A computational scheme for minimal surfaces based on multiple valued functions.

B. Super has used multiple-valued function representations in his computations of
surfaces of least area. For a given boundary he randomly generates an initial orien-—
ted surface (with orientation cancellations generating higher topological types)

and then runs an area minimization routine vertex by vertex (generating and elimina-
ting triangles as necessary). This and other important applications of multiple -

valued function theory are indicated in the references.
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§ 3. COMPACTNESS THEOREMS FOR RECTIFIABLE CURRENTS.

The main purpose of this third section is to sketch a proof of the following

theorem.

3.1 THEOREM (Compactness theorem for size bounded real currents). Suppose

€es _®™
m

T, T
,0

10 Too T3, v ) with sup m$(Ti) <e and g sptTi bounded.

1 1

Then there exists a subsequence 1i(l), i(2), i(3), ... _gf 1, 2, 3, ... and

TEES (m9+“) such that O = lim[F(T,T. ) .
m, 0 s . 1

J—ND

(6D
Furthermore,

M(T) < lim inf M(Ti(j)), §(T) < lim inf $(Ti(j))’
i j

M(3T) < lim inf MGT; ), D < lim inf §(T; ;).
j j

REMARK. This theorem and its integral current and flat chain mod v analogues
(which can be proved by virtually the same method) give basic existence theorems
for solutions to parametric variational problems in the context of geometric

measure theory.
The proof of the theorem requires several preliminary results.

3.2. Families of orthogonal projections.

(1) We say that orthogonal projections Tys Mgs sor 5 Tyt m@+n »ij are m-spanning
if and only if there is € > 0 such that

e <z L' ..0([0,11" x 0)]
i

for each orthogonal map O : Rm+n - Rm+n.
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(2) We denote by A(m+n,m) the set of all increasing maps

{1,2,...,m} > {1,2,...,m*n} and to each AEA(m+n,m) associate the orthogonal projection
m+n m s m+n . .
7(A) : R - R sending x € R to (xk(l)’ cee Xk(m)) € R™. The projections

{n(A)}A are m-spanning. Clearly, cardA(m+n,m) = (m;n) = BC.

(3) We set

Ny = (1 gy 2 jemin

and

N3.2 =1+ NO[BC - 1].

One checks that whenever F 1is an admissible family of cubes and K € F then

NO> card{J: JEF and JNL # @ for some L € F A.f LﬂK’iQJ

(4) We now choose and fix orthogonal mappings

m+n m+n

99> w(l) =1 seee,w(N, .) ¢ R +R

m+n 3.2

and a number 1 < By < which satisfy the following conditions.

(4.1) Whenever A(l), ..., A(BC) € A(m+n,m) with (A(i))i = A(m+n,m) the
family {Tr(k(i.))ouo(i)}.1 is m-spanning ; such a condition is realized by

requiring w(l), ..., w(BC) all to be very close to 1 -
R

(4.2.) For each sequence A(l), ..., A(BC) € A(m+n,m) and each increasing

sequence i(l1), ..., i(BC) € {1, ..., the orthogonal projections

N, L}
3.2
{Jmk(j))ow(i(j))}j are m-spanning ; to realize such a sequence one selects the

{w(i)}i sequentially inferring from the real analyticity of degeneracy conditions

that almost all "next choices" are suitable.

(4.3) Corresponding to each u, A € A(m+n,m) and each i€ {1, ...\N, .}
. . +n 2.m/2 3,2
there is a linear function g : T >’ with [l gll< (1 +yu")

that

lRm =m (‘J)ow(i)oeog

and

+n

Im(g) = B ° N {x: X = 0 for each j € A{1,...,m}}
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3.3. THEOREM (Deforming out parts of currents having small projected areas).

+ .
Suppose O < e < 1, N € {1,2,3,...1, and V, WE Sm(Rm n) with 3(V + W) = O.

Suppose also

Hm(setV UsetW) < Fl e_l 2_mN
and
LLn(0)eu(i)setu] < 1, e 27™
for each A € A(m+n,m) and each 1i € (I,...,N3 2). Then there is an admissible

family F of (m+n)-dimensional cubes and a suitable choice of centers of projec-

tions among members of CXm(F) U... UCXm+n(F) such that the following estimates

hold with V, € Sm(Ep+n) denoting the deformed image of V + W in accordance

with 1.12.

(1) v, - (V+W =23Q for some Q€ § (mp+n) with setQ c UF and

m+1

-N
ME(Q) < 2 I‘3.3 ME(V + W).

m+n

@) vy @ ~ur) =ve @ ~u).

(3) ME(V,L UF)<T 3 ME(VL UF).

3
(4) UF 1is the union of Borel subsets A[A(1), ..., A(BC);i(1),...,i(BC)]

corresponding to each sequence A(l), ..., A(BC) € A(m+n,m) and each increasing
sequence 1i(l1), ..., i(BC) € {1, .

..,N3,2} such that

L r (A(3)) ow (1 (3))ALA(D) oo A(BC)51(1),. .., (BC)]]

< E-Hm(setv UsetW)

+ g " T3 3 Sup{Lm[n(A)ow(i)setW]: A € A(m+n,m)

and i € {1, .. 1}

N3

for each j =1, ..., BC.

In the above, T are constants depending only on m and n.

1> Tos T3 3
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Proof . The main device of the proof is careful construction of F. To do this we

say that K € k(M) 1is manageable if the following two criteria are met :

(a) Hm[(setV U setW) N K] < uy Z_mM (suitable fixed ul) and also
(b) there do not exist A(1), ..., A(BC) € A(m+n,m) and increasing 1i(l),
..., i(BC) € {1, ...,N3 2} such that

-mM

L"I1O(3)) o0 (i (3)) (seth 0 K)] > &) 2

for each j € {1, ...,BC} (suitable fixed el).

F cU k(v) is that admissible family of cubes K characterized by the requirements
v

(i) Int(X) N Int(L) =@ for each L EFNU k(k).

k<level (K)
(ii) one or both of the following conditions hold : either there is LEFNk(level(K)-1)
with KN L#@ or there is L € k(level(k) + 1) with L <K

such that L is not manageable.

The main point of these conditions is the following. If K € F is manageable
and L € k(level(K) + 1) with L < K is not manageable by failure only of

criterion (b) above then the following will hold.

(A) there will exist A(l), ..., A(BC) € A(m+n,m) and increasing i(1), ...,
i(BC) € {1, ...,N } such that
3,2
L (A (3))ew(1(3)) (setW N L)]
is relatively large compared to 2-m1eve1(K). We then place K and relevant
nearby smaller cubes in A[X(1), ...,X(BC);i(1),...,i(BC)] and use our

estimate to guarantee that the 7 (A(j))ow(i(j)) projections of A[A(1), ...,
A(BC)3i(l),...,i(BC)] are dominated by the corresponding projections of W.

(B) Since K 1is manageable we estimate

BC - 1> card{i: L"[r () ow(i)(setl N K)] > ¢ g mlevel (K)

for some A € A(m+n,m)} .

by virtue of our choice of N3 , We conclude the existence of at least one
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i .. hat
i € {1, . ,N3’2} such tha

-ml 1(J
L™[r (D ow(ig) (st 0 )] < ¢ 27mHeveltD)
for each A € A(m+n,m) whenever J € F and there is H € F with JNH# §
and H N K # @. This condition together with criterion (a) above are sufficient
to guarantee that the size and mass of V, mnear K can be dominated by the size
and mass of V only near K; the details of the argument are a straightforward

extension of the methods discussed in the proof of 1.17.

Proof of theorem 3.1. For m = O the theorem is left to the reader. For m > 1

+
we reduce the theorem to the case Ti € sm(mW n)

with BTi = 0 for each i by

an inductive argument. In particular, if

0 = lim gW, aTi) and 0 = lim (B(T*,T.l - [[oll X aTi)
i i

then
T =T, - [[0]] X w.

We henceforth assume Ti € $mGRm+n) with Z)T.1 =0 for each 1 and will show the

existence of a subsequence i(1), i(2), i(3), ... of 1, 2, 3, ... and T € $mGRm+n)

with

0 = lim &(T,T. (not G8).

-y)
i
i J
The remainder of the proof is in four parts.
Part 1. We note 3.2.(4.3) and will apply Theorem 2.11 in a straightforway way with

the orthogonal projections 0, 0(1), ... 0(v) there replaced by the orthogonal
projections @O, {1 ow(i): A € A(m+n,m) i € {1, ...,N3 2}} . In so doing we

check the existence of a fixed constant T such that for each i, v € {1, 2,

3, ...} we can find
+
g (MR SR ®E™™, W (v) € mm(]Rm+“) with 30, = 0, U, (v) c K™'"
for which, in particular, for each i and v ,

@ 1, = gi<v)#E“’ U O
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(b) wi(v) = wi(v)L, Ui(v) and
Lm[ﬂ(X)ow(j)Ui(V)] <T 27V for each A and j;

(c) for each x, y €]Rm, S(gi(x)(x) <T 2v’ M(gi(l)(x))<r Zv, <gi(v)(x),l > =0,
and

(@) B8 (g, (v) , E) +Ms(W; (V) <T.

One uses Cantor's diagonal process in inferring for each v the existence of a

subsequence i(l), i(2), 1(3), ... and g(v): r™ %IPO(IP+H) with

(e) 0= lim sup {B(g (V) (1), () (W () + x € R" } (not G3).

J—)OO

One uses 2.3 in verifying for each x,y € R" that

Y

() e3(gM &) ,g(W)(y)) ST 2 |x-yl.

One then uses (e), (f) above and an adaptation of 1.7(7) and 2.6 to construct a

§$-Lipschitz homotopy between g(v) and gi(j)(v) for large j (possibly with
large Lipschitz constant locally being balanced by small densities—in the integer
coefficient or integer mod v case this situation will not occur) in order to
conclude

g m m

(g) 0= ]:1m G(g(\))u:E > gi(J)(\))#E )-

J—)OO

Part 2. For each i and v, (a) and (b) of part 1 imply

gi(\))#Em - gi(\)+1)#Em = -0, (V) * W (v+D)

with
(a) LMTr()ew(R)set (g (VY E™ = g, (W), RM] < (3/2) T 27
for each A and k ; for each v we set

c(v) = set(g(vZHEm - g(v+])#Em).
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Since
m+
g(v)#Em - g(\)+l)#Em €s ® )

(essential to know at this point) and

0 = lim G(g(v)#Em - g(v+1)#Em, gi(j)(\))#Em - gi(j)(\)+1)Em)
J->00

one is able to infer from (a) that

V' for each A and k.

b) ("It Wewk)C(W)] < (3/2) T 27

We then set

V(v) = g(\))#Em L.ﬂ{[R?+n ~C)l: u=v, vtl, ...}

and check that
() V() = v+ L B~ cv)].

In view of part 1(d) and 1.7(1) we conclude the existence of V € sm(m9+n) (not

necessarily in sm(m”+“) or having boundary O at this point) with

(d 0 =1lim  ME(V - V(V));

V0
this will be the T of the conclusion of our theorem once we show V € $mGRm+n)
with 9T = 0 and with lim G(V,Vi) = 0 . We note initially that
j—)co

(&) V(W) = VL MIE"™~c@)l: p=v, vil, ...}

Part 3. We choose suitable € = e(v) and N = N(v) and apply Theorem 3.3. with
V, W there replaced by V(v) and g(\))H:Em L viCc(u): u = v, v+1, ...} respectively

to obtain V,(v) € ‘h(EP+n) with 3V,(v) = 0 and
AV[X(I),...,A(BC);i(l),...,i(BC)]}A ; » etc. so that, in particular,
’

() 0=1lim 5 (V,(v), g(v),EM.
V>0
(b) 0 = lim Lm[n(x(j))ow(i(j))Av[x(l),...;1(1),...]],

V>0

For each j, A, i.

303



F. ALMGREN

(¢) MB(V, (VL U AV[A(I),..h;i(l),...])
A, i

< 1“3.314$(V(\)) L >\Ui A\)[A(l),...;i(l),_,,])

< F3-§M$(V L AUi Av[A(l),...;i(l),...])

(recall part 2(e)).
In view of condition 3.2.(4.1) we conclude from (c) (since V 1is fixed) that
(d) 0 = lim ME (V, (V)L U Av[x(l),...;i(]),...]),

Voo A,1

(e) 0 = lim ME(V - V, (v)),

V>0

(5 ves ®™ with v = o.
Part 4. In order to estimate G(V,Vi(j)) we write

BV, V; (5y) SEE, V) + GV, (), gOLED
+ G(g(v)*Em, gi(j)(v)#Em) + G(gi(j)(v)#Em, Vi)

The first summand is estimated with part 3(e) and 1.13. The second summand is
estimated by part 3(a). The third summand is estimated by part 1(g). The final
summand is estimated by part 1(a)(b)(d) and 1.17 ; note here that the estimate

is independent of 1i(j). In showing G(V,Vi(j))is small for large j one first fixes
large v to make the first, second, and fourth summands small and then chooses
large j to make the third summand small. We have, as noted above, T =V for

the conclusion of our theorem. ®
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