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SOLUTIONS IN GEVREY SPACES OF PARTIAL DIFFERENTIAL

EQUATIONS WITH CONSTANT COEFFICIENTS

by L. CATTABRIGA (University of Bologna)

§1. INTRODUCTION

In this paper we give a sufficient condition for the existence of a solution
u in a given Gevrey space Fd(Rn),d a rational number > 1, n > 2 , to a linear
partial differential equation with constant coefficients P(D)u = £ , when
f e Fd(Rn) . The result which we state here and the method for its proof may be
viewed as an extension of results and methods contained in previous papers by E. De
Giorgi and the author [71, [81, [5]1, [6], [31, [4] concerning the case d =1 .
For this case see also [1]1, [141, [15].
By Fd(Rn), d > 0 we denote the set of all C® complex valued functions f in
Rn such that for every compact set K C Rn there exists a constant c¢(K) , which

depends on £ , such that

sup |Daf(x)l S.C(K)lal+1

ralol+ , o€z ,
XEK
where ' is the Euler gamma function. Here D , or Dx , stands for (Dl""'Dn)’
o 01 Q.

; : n
Dj =-1i 3/8xj, j=1,...,n, D =D <D laf = a

+...+ 0_ . We shall also
1 n

1
use Dt ’ Dy when the derivatives are to be considered with respect to the

variables t or y respectively.

Here is our main result.
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L. CATTABRIGA

1.1 Theorem.i) Let P(D) be a linear differential operator with constant

coefficients and let d > 1 be a given rational number. Suppose that there exists

a finite number of vectors N7 € R"\ {0} , 3=1,...,2, such that

a) for every j =1,...,%

g£er®, ter, |[£-<€ N> N >k, P(E+itN)) = 0 imply either

t > - c1 |£— <g,NJ> lel/p or t < - 02|£|1/d , for some constants
k>1, p>4d, c1 > 0, c2 >0 ;
b) there exist positive constants Yj’ j=1,...,24 such that
n 2
R\ {0} = () &,
=1 7

where Aj = {y € R ly] < Y5 <y, N>}, 3 =1,....0 .

Then P() IA®™Y = rd&M

1.2 Remarks.

The condition in a) on the roots of the polynomial P(£+itNJ) is in
particular satisfied if the polynomial Q(n',nn),n' = (”1""'”n-1) , obtained
from P by a change of orthogonal coordinates which sends nn over NJ , is

(;)-hypoelliptic of exponent 1/d in the sense of E.A. Gorin [10], for every

Conditions a) and b) are obviously satisfied by every d'-~hypoelliptic
polynomial P , with 1 < d' < d and by every polynomial P , p-hyperbolic
in the sense of E. Larsson [16] with respect to a vector N € Rn\ {0} (and

hence with respect to every vector in some open convex cone containing N ),

All polynomials considered by T. Shirota [18], which may be called hybrids

2
between hyperbolic and d'-hypoelliptic polynomials ) also satisfy conditions

i)
p=1,...,n .
ii)
when d < p <o .
iii)
1)

2)

When d =1 see [4], Theorem 4.6.

For the case o =1 see J. Fehrman [9].
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SOLUTIONS IN GEVREY SPACES

a) and b) of Theorem 1.1, when 1 <d' <d4.

iv) The conclusion of Theorem 1.1 is obviously true for all polynomials which may
be written as a product of polynomials of the types considered in ii) and iii).
In particular this is the case for every homogeneous polynomial in two

variables and any d > 1 .

§2. PROOF OF THEOREM 1.1.

The proof of Theorem 1.1 is based on a representation formula for any
fe Fd(Rn) and on the construction of a particular solution of the equation

P(D)v = G, , where G

1 1 is a kernel, depending on a parameter, connected with the

representation of any f € Fd(Rn) .

Let d =r/s,r,s relatively prime positive natural numbers, and let ;.3 1

be a natural number such that R I 1

28 o . Put
n n ) _
S r n n
Q@J)=(;;%)4~ggrﬁ LE€R", TR

+
and let E be the distribution on R " defined by

— +m - -—
(2.1)  <E,¢> = (2n)““*“’J av I T g, nag ar L ¢ € TR
n+n
0 R

’

where

n+n
R

s = «F €0 =J e BT L byax at

is the Fourier transform of ¢ . It can be easily proved that

E€c R\ {(0,0)} ) and that
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o0 —_
(2.1')  E(x,t) = J E(x,t;Vadv , (x,t) € R\ {(0,0)} ,

where

(2.2)  E(x,t;V) =¢327?é o (EXP (R (E, D) (x,0)

It turns out that E is a fundamental solution to the semi-elliptic operator
Q(Dx,Dt) and that for every Vv > 0,E(x,t;Vv) 1is a radial function with respect to
X € R” and with respect to t € R" , i.e. its values depend only on the values of

|x| and |t|

The following representation theorem holds.

2.1. Theorem.3) Let f € Fd(Rn), d =r/s, r,s relatively prime positive natural
numbers, and let ¢ Dbe a given positive non increasing function on R . Then
< . ®© .n + L. . . oo
there exists a function g€ C (R X R ) and a positive, non increasing C
function Y on R such that
e n
(2.3) f(x) = J dy J G(x-y,0) g(y,0)doc , xE€R B
n

R 0
n + 2 2
supp g C {(y,0) € R" x R'; v(|y|) <o <2yu(|y|D} .

+e 2
(2.4) J lgty,0)|ao < o(ly|% ,
0

where G(x,0) = E(x,t) , for |t| =0 >0, and E(x,t) is given by (2.1), (2.1")
with n > 2max(r,s)

Let now V > 0 and let

Y
o

G, (x,0) = J E(x,t;V)||dT , x€rY 0>0,
o t

3) When d =1 see [7].
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SOLUTIONS IN GEVREY SPACES

and

400
G, (x,0) =J E(x,t;\))‘ av , xeRrR, 0>0.
v, t]=0

It is easily seen that there exists a positive constant c¢ such that

c|o¢|+1

(2.5) |D2G2(x,0)[ < I(lal/2s +1) , xeR", 020, a g, .

As a consequence, the following propositions hold.

2.2.Proposition. Let the notation be as in Theorem 2.1 and let ¢ satisfy the

condition: J n ¢(1y|2)dy < ® . Then the function
R

400
fz(x) = J dy J G2(x-y,0)g(y,0)d0 , X € rR"
" o
is in ri/Zs(Rn) and hence in the space Yd(Rn) of all C® functions on R"

such that for every compact set K C R" and every € > 0

sup £—‘,_10t|1"(d|0L|+1)_1 suplDaf(x)l < e
aezl X€EK

iti ®© n + 1, n +
2.3. Proposition. Let d =r/s >1 and let g€ C (R XR)NL (R XR ) be

+
such that supp g C {(y,0) € R" x R ;i O 2_x(yn)} , where X 1is a continuous
positive function on R . Then the function

+

h(x) =J ayj G, (x-y,0)g(y,0)do , x € R,
n

is in Fd(Rn) .
Recalling that Yd(Rn) C Fd(Rn) and that P(D)Yd(Rn) = Yd(Rn) for every

P(D) on R" and every 4d 2_14), from Proposition 2.2 it follows that Theorem 1.1

4) See B. Malgrange [17] for 4 = 1, F. Tréves [20] and G. Bjdrck [2] for 4 > 1 .
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will be proved if we find a solution u, € Id(Rn) to the equation P(D)u = f1 '

o0
when fl(x) = f(x) - fz(x) = J dy J Gl(x-y,o)g(y,o)dc , X € Rn, and g 1is as in
n
0

the representation formula (2.3) for f , when ¢ satisfies the condition of
Proposition 2.2.

To this end we shall use the following theorems.

m

2.4. Theorem. Let P(D) = Z: a.(®')p’, D' = (D,,...,D_.) , be a linear
—_— = j n 1 n-1

differential operator with constant coefficients and let d = r/s > 1, n > 2r,
0<v <1.
o

Assume that there exist constants k > 1, p > d, c1 > 0, c2 > o such that

€, e R xe, e >k, P(E,N) =0 imply

l£'|1/p 1/d )

(2.6) either Im A > - cy or Im X < - c2(l£'| + |ReAl)

Then for every o > 0 there exists a solution H(-,0) € Cm(Rn) to the equation

P(D)v = Gl(x,o) such that for every a € Z:
y o Wty n
o 2s 2r
|D(:H(x,0)l 5c|°‘|+1ec'le galel rd|a|+1) - J v
0

2sp 2sp-2r
. exp [}c" v—l/(2r-1)[02r/(2r—1)_2%1+|xﬂ|)2sp—1 v(25p—1)(2r—1)]:]dv

for any x € rR" , and

ol +1 " |x]

|DiH(x,O)| <c r(ala)+1)

n

~ . )
+ 1 , where c¢,c',c",c are positive
2r

for any x € R" with X < §, § < -

constants independent of x,0,0 and U is a non negative number such that, as a

)

consequence of (2.6),5

3) See Remark 4.2.
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SOLUTIONS IN GEVREY SPACES

m
jgo lag &1 2 egler ™, fgr] > ket

for some positive constant ¢y -

2.5. Theorem. Let P(D) satisfy the assumptions of Theorem 2.4 and let

o0
h(x) = J dy J Gl(x—y,o)g(y,o)do , X € rR" ,
n

+
where g € Cw(Rn X R') and

i) supp g C {(y,0) € R® x R+; Yy 2c, 0 Z'X(yn)} » ¢, @ constant, ¥ a

positive continuous function on R ;

“+0
ii) J exp(c'|y|)dy J lg(y,0)|d0 < o , where c' 1is the same constant as in the
n

estimates of the function H in Theorem 2.4. With this function H put

+o0
u(x) =J dyJ H(x-y,0)gly,0)doc , x € R"
n

Then u € Pd(Rn) and P(D)u =h .

2.6. Proof of Theorem 1.1. Let {Xj} ,J=0,...,4 bea C partition of unity

subordinate to the covering {Ao'Al"°”A2} of R" , where Ao is an open ball
centered at the origin of Rn and Aj, j=1,...,2 , are the open cones in

condition b). We have

2

%

+o0

£,00) = Z J dyJ 6, (x-7,0) ¥;(¥) 9(y,0)do = Z by,
=0 r® 0 =0

where g is the function in the representation formula (2.3) for f , when ¢

1
is chosen so that J nec |y|¢(|y|2)dy < o , c¢' the same constant as in Theorem
R

2.4. Application of Theorem 2.5, after a rotation of coordinates which sends the

vector (0,...,0,1) over NJ and a translation when j = 0 , yields a solution in
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Td(Rn) to each equation P(D)u = hj’ j =0,...,2£, and hence a solution

u, € Fd(Rn) of the equation P(D)u = £

1 According to the remark after

1
Proposition 2.3 this completes the proof of the theorem.
The proofs of Theorem 2.1 and Proposition 2.3 are given in.§3. Proposition 2.2 is

obvious. Theorems 2.4 is proved in 8§4. Theorem 2.5 is an easy consequence of

Theoxrem 2.4.

§3. PROOF OF THEOREM 2,1 AND PROPOSITION 2.3

For the proof of Theorem 2.1 we need some auxiliary lemmas. The following
lemma contains some properties of the distribution (2.1).

=
3.1. Lemma. The distribution E on R defined by (2.1) is a fundamental

solution of the differential operator

r

n n
2 s 2 —
Q(D,D)=(§ D_ ) +(§ D )" , n/2s + n/2r > 1
xt =Y h=i th

+
E is a C_ function on R™ ™\ {(0,0)} and a radial function of x € rR™\ {0} ,

for every t € rR® , and of t € rR™\ {0} , for every x € rR" .

Furthermore the following estimates hold

(3.1) IDiDEE(x,ul ic|a|+|81+1f(|0t|q/s+|l3|q/r+1)
(|x|25/q+|t|2r/q)q(1—(n+|a|)/25—(n+|8|)/2r)
for any (a,B) € Z; X zi_, (x,t) € Rn+n\ {(0,0)} , where c 1is a positive
n

constant and q = max(r,s) ;

lo|

(3.2) |DZ E(x,t)| < ¢ +1(t,K)F([oc}r/s+1) , XEK , 0€E z; , t e ™\ {0} ,

136



SOLUTIONS IN GEVREY SPACES

n
where c¢(t,K) 1is a positive constant dependent on the compact set K CR ,

continuous in t and growing to infinity as |t| >0 ;

la]+1

(3.3) DY Ex,0) | < e ) T(la|+1) , t €™, x e R"\ {0} ,

where c(x) 1is a positive constant continuously dependent on x and growing to

infinity as |x| -+ 0 . Finally
2% o? E(x,6) €1l (Rn+H)
X t ! loc

when |a|/2s + |B]/2r < 1

Proof. From (2.2) it follows that for Vv > 0, E(x,t;V) € Coo(Rn X Rn) and that

- -1 2s
Di DE E(x,t;V) = v-(n+|a|)/25 - (n+|B|)/2ré;Zy€ (gae—|£| )(v—1/2sx)

1

.y; (TBe’IT

2r
| y /2Ty,

g -1 O._.—l
where (;; (respectivelygjfg ) denotes the inverse of the Fourier transfor-
€ T

mation with respect to x (with respect to t ). Since, as it is easy to see,

(3.4) Re<i<£j+inj>2)s 2 61%/2 - 5_Inl?®, €m e r" x &
j=1

(3.4") Re(}f:(T +ieh)2>r > |t|%/2 - b [6]%F, (1,0) € R* x B®
= h r

: n n n n
for certain constants-» br’bs > 1, we have for (x,t) € R xR , (a,B) € Z+ X Z+

(3.5 |p DE E(x,t;V) | 5_c|a|+|8|+1r(|a|/2s+1)r(|6]/2r+1)v'(“+|“|)/25'(“+|B|)/2”

- exp [_c,(v-uzslxl)zs/(zs-n _ c,,(v-1/2r't|)2r/(2r-1)]

where c,c',c" are positive constants independent of x,t,v,a,R .
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The condition that n/2s + n/2r > 1 implies that

400 —
<E,$> = J av J E(x,t;V)d(x,t)dxdt , ¢ € c:(R‘”“) .
0 Rn+ﬁ

W
Thus from (3.5) it follows that in Rn n \ {(0,0)} , E is the function
+00

E(x,t) = J E(x,t;Vv)dv
0

Moreover

+00
(3.6) p> DB E(x,t) =J DQDBE(x,t;v)d\) , (x,t) # (0,0)
X t 0 X t

=
and if K is a compact set contained in RPN {(0,0)}

B
t

o] +[8]+1

(3.7) |D§: p° E(x,t)| < c(K) I(|a]a/s+|8la/x+1) , (x,£) € K

where c¢(K) depends only on K and q = max(r,s)

It is also easy to see that for any A > 0 and (x,t) # (0,0)

% o8 E(x,t) = A2 (@tlaD/s=(ne[BD/z o B 1/ -1/,
X t x 't
Hence inequality (3.1) follows choosing A = (lxl2s/q + |t|2r/q)q/2 and applying
(3.7) with K = {7507, (0 € 2V (0,00}

The remaining estimates of the lemma are also easily derived from (3.5) and (3.6).

®© N+
Finally since for every ¢ € Co(Rn n)

—(nem) [*° -vQ(E,T)
<Q(D_,D,)E,$> = (2m) 0 J av [ T VRET
x t oy

n+n

0 R

Q(&,T) ¢ (-E,-1T)dEdT =

’

— 4w
= —(om~ (o) J 4 (J TVRED T r, naganav = ¢(0,0)

dv
0 Rn+n

E is a fundamental solution of Q(Dx,Dt) .
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— 0 +_
3.2. Lemma. Let n > 2r and let w €C (Rn n) satisfy the condition

sup J_EQ(DX,Dt)w(x,t)I + Z (|Dgw(x,t)| + IDEw(x,t) |)]dt <+
n

x€ERM R al<2s
|8 <2x
Then
n+n
wix,t) = J _E(x-y,t-2)Q(D_,D )w(y,z)dydz , (x,t) €R
Rn+n Y

Proof. Choose Y € Cw(R) such that y(u) =1 for u<0 and vy(u) =0 for

-

u > , and for p > 1 put

25,1/29_5) 0 x,8) . (x,t) € R® x R , q = max(r,s) .

W (x,t) = Y% + |t]

. © n+n, )
Since w_€ CO(R ) , from Lemma 3.1 it follows that

(3.8) w (x,t) = J E(x—y,t-z)Q(Dy,Dz)w (y,z)dydz = 11 + I

2 ’
'y125+|z|2gi(p+1)2q

where

11 = E(x-y,t-z)Qw(y,z)dydz ,
2s 2r 2q
ly|“"+|2| <o
12 = J E(x-y,t-z) [&Qw+wQY + }E: c(a,a*)Dngg*y +
2q 2s 2r 2q |a]+|o*|=2s
p <]y 2| T <o) kA0
*
+ Z c(g,8%pPup? Y]dy dz
|8 +|g*|=2r £
B,B*#£0

The condition assumed on the function w and the estimate (3.1) imply that if

2r/q)1/2

+ |t| then
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q(2-n/s-n/r) Z Q
‘Izi < cp , e . jow| + |a|<25(|DYw| + |Dgw|)]dydzi
o %y |5+ [z T |g)<ar
< C,pq(2—n/s—n/r)(pﬂ)nq/s
for some positive constants c,c' . Since n > 2r and w(x,t) = wp(x,t) when

2r) 1/2q

o> (|x|25 + |t the conclusion of the lemma follows from (3.8) letting

p->+oo.

The following lemma is a straightforward application of a result proved by G. Ta-

lenti [19]6) and of the hypoellipticity of the operator Q(DX,Dt) considered in

Lemma 3.1.

3.3. Lemma. Let f € I‘d(Rn) ,d=1r/s >0, and let Q(DX,Dt) be the operator

. . . n n -
considered in Lemma 3.1. Then there exists an open set A CR x R containing

the set {(x,t) € R" x Rn;t; = 0} and a function u € c”(a) such that

1]
o

Q(Dx'Dt)u in A

u(x,t',0) = £*(x,t') , (x,t') € R® x R

Di_p(x,t',O) =0, (it erR xR 521,201,

n

where f*(x,t') = £(x) for (x,t) € R" x K1, €' = (£,...,t ) .

Moreover u(x,t) € I‘d(Rn) for every t € Rn .

We can now prove Theorem 2.1. Let A and u be as in Lemma 3.3 where we assume

n > 29 , 9 = max(r,s) . Let A(S§),§ > O , be the distance of the set

{x,0)e B x &% |x|2 <6, t =0} from (a . Put

A = {(x,0) € R® x R%; |x]|?

<8, |t] <adx®/2x) .

and

6) See Theorems III and V.
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U(S) = max {|Dau|,|DEu|; o] < 2s-1, |B]<2r-1}
a(9) *

o
Let Y € C (R) be a positive non increasing function such that

2s
(3.9) V(s) + E |w(h)(6)| < min {[¢(6)J2,A(6)/4r,l:p+6+u(6)1'4},6 >0 ,
h=1

where ¢ is the given positive non increasing function and p is a number > 1

to be fixed later. Put

w0y (e 2 2x[%) for xo) e Ua@
wix,t) = §>0

0 for (x,t) € Rn+E \ UA(G) '
§>0

where Yy is a c¢” function on R such that 0 <vy(1) <1, y(1) =0 when T > 4

and y(t) =1 when T <1 . Since suppY(|t|2qf2(}x|2)) c Uaw ¢,
§>0

0 n n Cad
w EC (Rn X Rn) . Moreover for every (x,t) E R X R and some positive

constant c¢

lew v | < e ul]x[2y7 23 (x|

~

cU(lxlz)U}_lal(|x‘2) v o) <28 -1,

A

IDaw(x,t)I
X

|DtB:w(x,t)| cU(|x|2)¢’|B|(}x|2) . |8l £2r -1,

|A

whence it follows, with another constant c¢ ,

2w(|x|2)
(3.10) J lowix, ey [at = | ™ tar |ow(x,wn |dw < e u(]x]He™ 2% (|x]|D
" 11)(|x|2) |w!=1
2 (x|
J _‘_D?{w(x,t) |at = ! J fD?{w(x,wT)|dw < c u(]x] Z)wh'-|a| (!x|2) ,
n 0 lw] =1
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o] <28 -1,

J |t ] < e ullx 29 1Bl (%)) L 18] < or - 1
59

These estimates together with (3.9) and the assumption n > 2q prove that w

satisfies the condition of Lemma 3.2. Thus for every x € Rn

f(x) = u(x,0) =w(x,0) = J E(x-y,-2z)Q(D_,D )w(y,z)dydz
_ y' Tz
Rn+n

Since E(x,t) is a radial function of t , Theorem 2.1 is proved by letting

g(y,0) = J Q(D ,D )w(y,z)dz, 0 >0
yv' Tz
z|=0

Estimate (2.4) follows immediately from (3.9) and (3.10), with a suitable choice of

the number p .

To prove Proposition 2.3 we note that, as a consequence of (2.5), the

estimates (3.1), (3.2), (3.3) can also be used for the function Gl(x,o)
Moreover if x 1is in a compact subset K C Rn and R > o 1is such that
K C{x € Rn; Ixn| < R} , then DiGl(x—y,o) can be estimated by means of (3.3) when
Iyn| > 2R and by means of (3.2) when |yn| < 2R . 1In fact in this case

(y,0) € suppg implies that 0 1is greater than a positive constant. Since

d > 1 , these remarks prove the proposition.

§4. PROOF OF THEOREM 2.4

The proof of Theorem 2.4 is obtained in some steps, each of them stated below

as a lemma.

4.1. Lemma. Assume that P(D) = S a.(D')Di satisfies the conditions of Theorem
j=0

142,
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2.4 and choose k such that 2“102k1/d - clkl/p >1 . Let A(E),[E'] >k , be a
continuous function such that

-1 1 -1 1/d4 1
.1 N\E+2e, e 3] <2 c, el /a . c,le'] =

and for |£'| > k,v € 10,v,1 consider the function wl(E',xn;V) defined by

1

w (€ x ) = (2m” explix A-v(|£'[* 0% %1/pE ", 0a) , x_€ R

Imi=A (")
Then
1 (Y% 2
. - . S
i) P(E',Dn)wl(g',xniv) = (2m) J exp(lann—V|£| )dgn ,
- 00

ii) there exists k* > k and positive constants c,c',co independent of

E',x ,V,2 € Z_, such that if lgr] > x*

m
% 241 -1 2 1
@.2)  pw (&',x v | < M (j§=0|aj(5')|) exp(-v|£|*/ave |x_| €] "/)

. v—(m+2+1)/2sr((m+2)/25+1)exp(c'lxn|)

for every xn € R,

m
3 2+1 -1 2
(4.3) |Djw, €1,x_wy| < T ('E laj € ) exp (-v[E"| /4)

i=0

. v-(m+2+1)/2s 1/(2s-1)

T ((m+0) /25+1) exp (= (x-°/c V) /2)exple'|x |) +

|—(m+JL)d 1/d

2
+ Ix T'((m+L)d+1) exp (- (3/8) sczlxn||€'| /2)

is chosen so that 0 < ¢, < 6-%

< i =
for every xn 0 , where if d 1 c2 P

Proof. First note that from (4.1) and from the assumption on the roots of the

equation P(§£',)\) = 0 when IE'I >k , it follows that P(§',A) =0, |&'] >k,
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implies |ImA —/\ (E')| > 1 . The assertion in i) is an immediate consequence of
the Cauchy's theorem applied to the entire function of A : exp[ixnk-v(|€'|2+A2)s]
and of the inequality (3.4).

To prove ii) we shall use the following

s n-1 . A
Proposition. For every € > 0 and every &' € R there exists a finite number

< m of closed disjoint discs Ch(E') contained in € and with radius < € such
that all the roots of the equation in A P(£',\) = 0 are contained in E!Ch(g')
-m+1

and have a distance > 4 € from the boundary SCh(E') of each discs.

Moreover if )\EC\UCh(E') then
h

m
(4.4) B, 0] > ce) ™ E::laj<€')l L ere R,
j=0

where c(€) 1is a positive constant which depends only on m and € and grows to

infinity as € > 0 .

Let

@.5) ¢ > 3.2%571,

where bS is the constant in (3.4). For any X € R, §' € Rn-1 and V€ ]O,VOJ

there exists § € R such that |6| < m€ and the straight line in €

1/(25—1)+

FO(E',xn;v) =)A€ C; Im\ = (xn/cov) S

does not contain interior points

of the discs Ch(E') . Denote by Hl(g',xn;v) the set of the h's such that

1/(2s-1)

ch(g') is contained in the strip IA € ¢; A\NE") < Imh < (xn/cov) +6

Since exp[ixnk—v(li'|2+A2)SJ/P(€',A) is a holomorphic function of A in

c\U Ch(E') we have for any £ € Z,

h
2
|

(4.6) DX, (E',x ) = (2mt J 2 explix A-v([E' |22 %1/pE" ,Mar +
nl n T n

[e]

+ (2n)"1zz: J 2* explix A-v (g 1202 S1/p " ) ar = I+ zz: I
heHy) 3¢, (£') n neH,
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In view of (3.4), (4.4), (4.5) and choosing € = (4111)-1 we obtain the estimates

m
@)l < ™ Ja @0 T Y 25yl |72 T (e /2641)
§=0

1/(25-1)/2:|

. exp(|xn|)exp[—(xis/cov) T € R, |E'| >k,

, 1/2s,p/(p-1)

and when X >0, [E [ > (4c1c0 ) , h € H1

m
(4.8) IIhl 5_cm+l+1(§E:|aj(€')l)_lv_(m+2)/2sexp(-V|€'[25/4)F((m+2)/2$+1)

=0

1
exp(c'|xn])exp(clxn|£'| /p)

Let now X < 0 . When ‘C2|E'|1/d 1/(25—1)+5 < - c1|€,|1/p then H

< (xn/cov) 1

is empty. Otherwise for h € H1 the following estimates hold:

1/(25—1)+ 1/d

when (xn/cov) § < - c2|E'|

m
@.9) 1| 5,cm+£+1(zz:|aj(£')|)_1exp(—v|E'|25/4)T((m+2)d+1)lxnl—(m+2)d )

j=0

. exp(-(3/8)25c2|xn||E'f1/d

/2)
for |£-| S (C01/2s c

0 < c2 < co_l/2 if 4 = 17) , and also

2)d/(d—1) if 4> 1 and c, chosen so that

m
@9 | < Cm+z+1(zz:laj(£')|)_1V_(m+2)/zsexp(—v|€'|25/2)F((m+2)/2s+1)
§=0

- exp(c'|xn|) for |g'| >k ;

1/(2s-1), 1/p

when (xn/cov)

$ Z--01|€'|

7 Note that if 4 =1, then r =s =1 and b, =1 .
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m
(4.10) |1h| 5_cm+2+l(§::|aj(€')l)_iv—(m+2)/2sexp(—vl€'|2s/4)F((m+Z)/25+1)
i=0

1/(2s-1)

. 2s
- explc ]xnl) . e)':p(—(xn /co\)) ),

for |E']| > (4clcé/2s)p/(p—1)

é/2s)o/(p—1) , (o V2s c2)d/(d-l)
[o]

Letting k* = max|k,(4clc if 4 >1 and
k* = maxlk,(4c1cé/2)p/(p_1)l if d=1, (4.2) and (4.3) follow from (4.6) in view

of (4.7), (4.8), (4.9') and (4.7), (4.9), (4.10) respectively.

4.2. Remark. Note that the condition (2.6) on the roots of the equation

m
P(§',A\) =0 when |E'| >k implies that zzjlaj(g')l #0 when [E'| >k . Thus,
j=0
by a lemma of L. Hérmander [11] applied to the polynomial i[aj(i') |2 , there
o

exist Y > 0 and c3 > 0 such that

m
(4.11) j{:|aj(E')| 2.c3l«5'|_u el >k o+t
o

-1
4.3. Progsition.s) Let § be the ball with center at the origin of " and

-1
radius one and let V be the linear space of the polynomial in c” of degree

0 -
<M - m . Then there exists a C map & : (v\{0}) x c” ! - € , homogeneous of

degree zero with respect to a € V\ {0} such that supp®C(v\ {0}) x @ ,

9 19)

1, <I>(a;ei z) =0(a;z) , 0 €ER, z €C

J ®(a;z)du(z)
n-1

and

A

Zn 1la(a) O] < clatz)| , a€v\{0}, z € supp? (a;-)

a€z+

8) see [13], pp. 101-102.

2 Note that these properties imply that J n_1F(z) ® (a;z)du(z) = F(o) for every
[

entire function F and every a € V\ {0} .
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. n-1
where ¢ 1is a positive constant and du the Lebesque measure in €

10)

From this proposition and from a lemma by L. Hoérmander it follows immediately

4.4. Proposition. Assume that the polynomial P(D',Dn) = S aj(D')Di has order
j=0

1

< M and denote by a_ ', C' € Cn—l , the polynomial 2z - am(C'+Z), z€eo .

c
r
Then if ¢ 1is a function with the properties indicated in Proposition 4.3, there

exist two constants Cy >0, cg > 1 such that for every '€ cn-l

z € suppd)(am ,i*) , and every root A € € of the equation P(Z'+z,)A) = 0

24

|am(C'+z) | > C

M-m+1

I < eg et ]y 1.

Arguing as in the proof of Lemma 4.1 and with the aid of Proposition 4.4 we can

prove

4.5. Lemma. Let the notation be as in Proposition 4.4 and let

~1
w2(5'+z,xn;v) = (211‘)_1 J exp[ixnk - v(SE: (£j+zj)2+A2)S]/P(E'+z,k)dk ,

j=1
y | M-m+1
ImA=—c5(1+|g B]
£' € Rn-l, z € supp ¢ (am,g';.)' xn€ R, VE ]O,\)OJ . Then
-1 te Sif 2 .2 s
i) P(g-+z,Dn)w2 = (2m) j_‘:xpflxngn—v(j=1 (£j+zj) +gn) ]dgn

ii) there exist positive constants c,c',cé > g independent of E',xn,v,2€ zZ,

such that

£+1c4v—£/2s

]Diw2(£'+z,xn;v)| <c exp(-v]E'|25/4)F(£/2s+1)exp(c'|xn|) .

V-1/2s 1/(25—1)/2) +

2s, ,
eXP(—(Xn /cov)

+ eXp[c5|Xn|(1+|€'|M-m+1 N céVC§S(1+|E'|)25(M_m+1)]

10) See [12] Lemma A.3.
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for every xn€ R ,

|D§w2(E'+z,xn;v)| 5_c2+1c4v_(2+1)/2sexp(—vl£'|2S/4)F(2/25+1)exp(|xn|)

1/(2s-1) 2s (M-m+1)

2 2
. exp(—(xns/cév) /2)exp(cévc55(1+|€'|) )

when x_ < O .
n

From Lemma 4.1, the inequality (4.11) and Lemma 4.5 we obtain easily
m .
4.6. Lemma. Assume that P(D) = Z a,(D')D]E'1 has order < M and satisfies the
j=o0 ’
L. -2s * l/d
conditions of Theorem 2.4. Let v, = exp (-8 02(k +1) ) and for

x€ R, v € 10,V 1 let

v(xiV) = <2n)'(“'1’| J X E w (E',x_;VIAE" +

[g'|>(825|10gv|/c2)d

+ J ag' Jei<xl'€'+2>w (&'+z,x_;V) ® (a ,iz)du(z) ,
n-1 2 n m,E
|£'|5_<825|1ogv|/c2)d ¢

where the notation are the same as in Lemma 4.1 and Lemma 4.5.

o n
Then v is a C function of x in R and

-1
i) P(D)v =;;27é (exp(—vlilzs)(x)

ii) there exist positive constants c,c',c",cé and h > 0 independent of

x,V,0 € Zz such that

lo]+1 - (|a]+mn+u) /2s

|Div(x;v)| <c exp(c'|x|)F(|a|/25+1)v

2sp/(25p-1)v-1/(259-1)

d)M—m+1:|

. exp[16(cllxnl) +c"|xn|(1+|1ogv|

n
for every x € R,

148



for every

DaV(X;V) <c
X

. exp[-(xis/cév
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la|+1 (|a|+m+n+u) /25

exp(c'|x|)F([a|/2$+1)v-

x|
)1/(25-1)/23+’xn|-(|al+m+n+“'”dr(|a|d+1)v n

x € R" with x <0

——1 —
Recalling that ¢?¢ - (exp(—v|T|2r))(t) is a radial function of t & rR™\ {0} '

Theorem 2.4 follows from Lemma 4.6 if we let

[e] /_;1
H(x,0) = J VXV (exp (-v] 7| %F)) (1) @, x€R, 0>0
0

[t|=0

! 2r . i -
and note that.;/¢ T (exp(—v|T| )(t) verifies, as in (3.5), the estimate

-1 _
|¢%¢% (exp(—V|T|2r))(t)| <c v_n/zrexp[—c'(v

-1/2r 2):/(2r-1):I

It]

for suitable positive constants c¢ and c'
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