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SOLUTIONS IN GEVREY SPACES O F PARTIA L DIFFERENTIA L 

EQUATIONS WIT H CONSTAN T COEFFICIENT S 

by L. CATTABRIGA (University of Bologna) 

§1. INTRODUCTION 

In this paper we give a sufficient condition for the existence of a solution 

u i n a given Gevrey space r ^(Rn),d a  rational number > _ 1, n >_ 2 , to a linear 

partial differential equation with constant coefficients P(D) u = f , when 

f G r ^(Rn) . Th e result which we state here and the method for its proof may be 

viewed as an extension of results and methods contained in previous papers by E. De 

Giorgi and the author [7] , [81 , [53 , [61 , [31 , [4 1 concerning the case d  = 1  . 

For this case see also [11 , [141 , [151 . 

By T d(Rn), d > 0 w e denote the set of all C° ° complex valued functions f  i n 

R n suc h that for every compact set K  C Rn ther e exists a constant c(K ) , which 

depends on f  , such that 

sup |D af(x)| < c(K) l a l + 1 r (d|a|+l) , a e Z + , 
xGK 

where V i s the Euler gamma function. Her e D  , or D

x /  stands for (D^,...,D n), 

a al an .  . D. = - i 8/8x., j = l,...,n , D =  D„ D  ,  a  =  a« +...+ a .  We shall also j j 1  n  1 1  l  n 

use D t , whe n the derivatives are to be considered with respect to the 

variables t  o r y  respectively . 

Here is our main result. 
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L. CATT ABRIGA 

1.1 Theorem. 1) Let P(D) be a linear differential operator with constant 

coefficients and let d  >_ 1 b e a given rational number. Suppos e that there exists 

a finite number of vectors Nj E Rn \ {0} , j = 1 ,...,£, suc h that 

a) for every j  = 1  ,...,£ 

£ E Rn, t E R, |£ - ,N ]> N"' | > k, P^+itN1 1) = 0 impl y either 

t >. - c |£ - <£,N >̂ |  1 / / p o r t £ - c2|^|
1^ d ,  for some constants 

k > 1, p > d, cx > 0, c2 > 0 ; 

b) there exist positive constants y_. , j = 1 ,...,£ suc h that 

R n\ {0 } = (J A . 
j=l 3 

where A . =  { y 6 Rn; |y | < Y j < Y,N : ,>} , j  =  1  ,...,£ . 

Then P(D ) T d(R n) = T d(R n) . 

1.2 Remarks . 

i) Th e condition in a) on the roots of the polynomial P(^+itN" 1) i s in 

particular satisfied if the polynomial Q  (n 1 ,rin) ,r|' =  (r| ^ , . . . #n j ) t obtained 

from P  by a change of orthogonal coordinates which sends n n ove r N" ' , is 

(p)-hypoelliptic of exponent 1 /d in the sense of E.A. Gorin C10D , for every 

p = l,...,n . 

ii) Condition s a) and b) are obviously satisfied by every d'-hypoellipti c 

polynomial P  , with 1  <_ d1 <_ d an d by every polynomial P  , p -hyperbolic 

in the sense of E. Larsson [16 ] with respect to a vector N  E Rn \ {0} (and 

hence with respect to every vector in some open convex cone containing N  ), 

when d  < p <_ °° . 

iii) All polynomials considered by T. Shirota C18] , which may be called hybrids 

2) 
between hyperbolic and d'-hypoelliptic polynomials als o satisfy conditions 

^ Whe n d  = 1  se e [43 , Theorem 4.6 . 
2) 

For the case a  =  1  se e J. Fehrman [ 9 ]. 
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SOLUTIONS IN GEVREY SPACES 

a) and b) of Theorem 1.1, when 1  <. d' <_ d . 

iv) Th e conclusion of Theorem 1.1 is obviously true for all polynomials which may 

be written as a product of polynomials of the types considered in ii) and iii). 

In particular this is the case for every homogeneous polynomial in two 

variables and any d  >_ 1 . 

§2. PROOF OF THEOREM 1.1. 

The proof of Theorem 1.1 is based on a representation formula for any 

f E r ^(Rn) an d on the construction of a particular solution of the equation 

P(D)v = ,  where i s a kernel, depending on a parameter, connected with the 

representation of any f  E r ^(Rn) . 

Let d  = r/s,r,s relativel y prime positive natural numbers, and let n  >_ 1 

be a natural number such that —- + >  1 . Put 
2s 2 r 
n 

n Q(£,T) = ( ] T d ) s +  (T T V , Ç  E R n ,  T E R 
j=l 3 h= l 

and let E  b e the distribution on R n + n define d by 

(2.1) <E,<{» = (27T)" ( N + N ) I  d v 
-oo 

о 

_ e-vQ(Ç,T) ; (-ç,-T)dç d T ,  <f)EC~(Rn+n) , 
n+n 
R 

where 

* ( Ç , T ) =  ,T) = -i(<x,£>+<t,T>) . . _e ^  (() (x,t)dx dt 
n+n 
R 

is the Fourier transform of (J > . I t can be easily proved that 

E E C°°(Rn+n\ {(0,0)} ) and that 
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L. CATT ABRIGA 

(2.1') E(x,t ) = E(x,t;V)d V , (x,t ) G R
+00 

о j0 

n + n \ {(0,0) } , 

where 

(2.2) E(x,t ;V) =JS (* t ) (exp(-VQ(?,T)) (x,t) 

It turns out that E  i s a fundamental solution to the semi-elliptic operator 

Q(D^,D^) and that for every V  > 0,E(x,t;v) is a radial function with respect to 

x E RR an d with respect to t  E R1 , i.e. its values depend only on the values of 

|x| and |t | . 

The following representation theorem holds. 

2.1. Theorem.  ̂Le t f  E r ^(R n), d = r/s, r,s relativel y prime positive natural 

numbers, and let (f ) be a given positive non increasing function on R . Then 
0 0 . n +  0 0 

there exists a function g  E C (R x R ) and a positive, non increasing C 

function ]\ ) on R suc h that 

(2.3) f(x ) =| d y J G(x-y,a) g(y,a)da ,  x E Rn , 
R n 

supp g C i(y,a) £ R N x R +

 ; \¡){\y\ ) £ a <_ 2\p ( I y I )  } , 

(2.4) 
+00 

о 
|g(y,c) |da <  < | > ( | y r ) 

where G(x,a ) = E(x,t) , for |t | = O > 0 , and E(x,t) i s given by (2.1), (2.1') 

with n  > 2max(r,s) . 

Let now V >  0 and let 
o 

V 
> I 

dV ,  x E Rn, a > 0 , 
G1(x,a) = I E(x,t;V) 

t =a 

3 ) Whe n d  = 1 see ill. 
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SOLUTIONS IN GE VRE Y SPACES 

and 

G2(x,Q) = 
,+00 

v0 
E(x,t;V) dV ,  x E R , O > 0 

It|=a 

It is easily seen that there exists a positive constant c  suc h that 

"a|+lr 2.5) |D"G (x,a) I < c | a | r (|a|/2s +1) , x G Rn, a >_ 0, a G z* 

As a consequence, the following propositions hold. 

2.2. Proposition. Le t the notation be as in Theorem 2.1 and let (j) satisfy the 

condition: > ( I y I ) dy < 0 0 . Then the function 

f2(x) 

Rn 

R n 0 

G2(x-y,a)g(y,a)da , x G R dy f 
-M» 

is in r 1 / / 2 s(R n) an d hence in the space y d(Rn) of all C 0 0 functions on Rn 

such that for every compact set K C RR an d every e  > 0 

sup e  ! a'r(d|a|+l) 1 sup|ü af(x)| < 
a G Z1 xGK 

2.3. Proposition. Le t d  = r/s > 1 and let g G C°°(RN x R +) n L1 ( R R x R +) be 

such that sup p g C { (y,0) G R N x R +

; Q  >_ x ( Y N ) } , where X  is a continuous 

positive function on R  . Then the function 

h(x) = dy G x (x-y,Q)g(y,Q)da , x G R 

4- oo 

О Rn 

is in I (R ) . 

Recalling that y d(Rn) C Td(Rn) an d that P(D)y d(Rn) = yd(Rn) fo r every 

n 4) P(D) on R an d every d  >_ 1 ,  from Proposition 2.2 it follows that Theorem 1.1 

4) See B. Malgrange C17] for d = 1, F. Treves [20] and G. Björck [2] for d > 1 
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will be proved if we find a solution û  6 Td(Rn) to the equation P(D)u = f̂  , 
г-н» 

when f^x) = f (x) - f2(x) = dy Gx (x-y,a)g(y,a)da , x G Rn , and g is as 
R+ 0 

the representation formula (2.3) for f , when (f ) satisfies the condition of 
Proposition 2.2. 
To this end we shall use the following theorems. 

m 
2.4. Theorem. Let P(D) = ^ a.(D')DJ, D' = (D1#...,D , be a linear 

j=0 
in >(D) = a.(D')DJ, D' = (D.,...,D .) ^ j n 1 n-1 

differential operator with constant coefficients and let d=r/s>^l, n > 2r, 
0 <  v < 1 . о 
Assume that there exist constants к > 1, p > d, ĉ  > 0, c2 > о such that 
<?\A) 6 Rn 1 x <c,|£- | > k, P(£',A) = 0 imply 

(2.6) either Im A > - Cj|£' |1/p or Im A < - c2 ( |£'| + |ReA|)1/d . 

oo n 
Then for every o > 0 there exists a solution H(-,a) G C (R ) to the equation 
P(D)v = (x,a) such that for every a G Z^ 

v _  m+n+y _ JL 
| DJ(X , O ) | < cl«l+1ec'|x| a-d|a| r(d|a|+1) . j ° v 

for any x G Rn , and 

|D«H(x,a)| <  clal+1ec'lxl r(d|a|+l) 

for any x G Rn with xn < , ̂  < ~ "̂r~ + 1 ' where c,c',c",c are positive 
constants independent of x,a,a and y  is a non negative number such that, as a 

consequence of (2.6), 5) 

5̂  See Remark 4.2. 

 

. exp |D«H(x,a)| < clal+1ec'lxl r(d|a|+l) 
2sp 
2SD-1 

2sn-2r 
(2sp-l) (2r-l);] dv 134 



SOLUTIONS IN GEVREY SPACES 

Ë h<ç,) i -сз1с' гу ' > k+1 
j=0 3 

for some positive constant c ^ . 

2.5. Theorem. Le t P(D ) satisf y the assumptions of Theorem 2.4 and let 

f+oo 
h(x) dy J Gl 

Rn 0 

(x-y,cr)g(y,a)da , x G Rn , 

00 n + where g  G C ( R x  R ) and 

i) sup p g C  {(y,a) G R N x R +; y > c , a > _ Y ( y ) } , c a  constant, Y  a 
n o  /x n o 

positive continuous function on R  ; 

i .+oo 
exp(c* |y|)dy |g(y ,a)|da < 00 / where c ' i s the same constant as in the 

r" 0 

estimates of the function H  i n Theorem 2.4. Wit h this function H  pu t 

r+00 

ii) 

Г Г"1 
u(x) = dy н(х-у,а) g(y,a)da , x G Rn 

Then u  G Td(Rn) an d P(D) u = h . 

2.6. Proof of Theorem 1.1. Le t (Xj } , j = 0/— /£ b e a C° ° partition of unity 

subordinate to the covering { A ,A<;...,Aj o f R n , where A  i s an open ball 
o 1  J 6 o 

centered at the origin of R n an d A^ , j = 1, , £ , are the open cones in 

condition b). W e have 

^ ̂  f f+OO JL 
£ Ax) = 2^ d y G  (x-y,a) x^(y) g<y»o)da = T] h. (x) , 

j-oJn J  j= 0 3 

where g  i s the function in the representation formula (2.3 ) fo r f  , when (f > 

is chosen so that [  e°lyl(|)(|y|2)dy<oo, c ' th e same constant as in Theorem 

2.4. Applicatio n of Theorem 2.5, after a rotation of coordinates which sends the 

vector (0,...,0,1 ) ove r an d a translation when j  = 0 , yields a solution i 
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T d(R n) to each equation P(D)u = h_., j = 0,....., l , and hence a solution 

û  E r ^(Rn) of the equation P(D)u = f̂  . According to the remark after 

Proposition 2.3 this completes the proof of the theorem. 

The proofs of Theorem 2.1 and Proposition 2.3 are given in*§3. Propositio n 2.2 is 

obvious. Theorem s 2.4 is proved in §4. Theorem 2.5 is an easy consequence of 

Theorem 2.4. 

§3. PROOF OF THEOREM 2.1 AND PROPOSITION 2.3 

For the proof of Theorem 2.1 we need some auxiliary lemmas. Th e following 

lemma contains some properties of the distribution (2.1). 

3.1. Lemma. Th e distribution E  o n R n + n define d by (2.1) is a fundamental 

solution of the differential operator 

n n " 
Q(D ,D ) = (Y[ D2 ) S + (J2 D2 th)r )r , n/2s + n/2r > 1 . 

X *  i= l Xj h= l 

E i s a C  functio n on R n + n \ {(0,0)} an d a radial function of x  E R1 \ {0} 

for every t  E Rn ,  and of t  E Rn \ {0} , for every x  E Rn . 

Furthermore the following estimates hold 

(3.1) |D^E(x / t)| < c
| a | + l 3l + 1r ( |a|q/s + |3|q/r +l) 

(|x|2s/q+|t|2r/q)q(l-(n+|a|)/2s-(n+|3|)/2r) 

for any (a ,3) E Z+ x  Zl+ , (x,t ) E RR + n \ {(0,0)} , where c  i s a positive 
n n 

constant and q  = max(r,s) ; 

(3.2) |D a E(x,t) I < c'a'+1(t,K)r(|a|r/s+l) , x E K , a E Z + , t E R R \ {0} , 
x n 
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SOLUTIONS IN GEVREY SPACES 

where c(t,K ) i s a positive constant dependent on the compact set K C RR / 

continuous in t and growing to infinity as |t | -> 0 ; 

(3.3) |D £ E(x,t) | < Jal + 1(x) r ( |a |+l) ,  t G RN , x G RN \ {0} , 

where c(x ) is a positive constant continuously dependent on x and growing to 

infinity as |x | •> 0 . Finally 

<2 8 „, _  1 .  n+n, D x Dt E(x,t) G Ll Q c(R ) 

when |a|/2 s + |3 |/2r < 1 . 

Proof. Fro m (2.2) it follows that for V > 0, E(x,t;V) G C°°(Rn x Rn) an d that 

D^E(x,t;V) .v-(n+H)/2s- <n+|e|)/2rjr-^aeH£|2S

)(v-l/2sx)H£|2S

)(v-l/2sl/2sx)H£|k l/2sx). 

<n+|e|)/2rjr-^aeH£|2S

)(v-l/2sx) 

where ^  (respectivel y ^  ) denotes the inverse of the Fourier transfor-

mation with respect to x (wit h respect to t ). Since , as it is easy to see, 

(3.4) Re (^(£.+in.)2)S > U1 2 s/2 - b |n|2S , (?,n> G RR x R

n 

j=l 3 3  s 

(3.4') R e ( ^ (Th+i9h)
2)r > |x|2r/2 - br|9|

2 r , (T,6) G Rn x Rn , 
h=l 

for certain constants* b^,bs >. 1 , we have for (x,t ) G R
n x Rn f (a,B ) G / x 

(3.5) |D^E(x,t;V) | < clal + l B l + 1 r ( | a|/2s + l ) r ( | S|/2r + l ) v - ( n + l a l ) / 2 S - ( " + l 6 l ) / 2 r -

• exp^c-CV-^lxl)2 3^ 2 3- 1' -c-(v- 1 / 2 r|t|) 2 r / ( 2 r- 1 )] 

where c,c',c " ar e positive constants independent of x,t,V,a, B • 
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The condition that n/2 s + n/2r > 1 implies that 

<E,<|» = dv 
0 0 n+n 

E(x,t;V)<|>(x,t)dxdt , (f) E C (R ) 
n+ñ 

Thus from (3.5) it follows that in Rn n \ {(0,0)} ,  E  is the function 

E(x,t) = E(x,t;V)d V . 
J0 

Moreover 

(3.6) D 01 E(x,t ) = D aD^E(x,t;V)dV , (x,t) ¿ (0,0) x t  J Q x  t 

-OO 

0 

,4-00 

0 

+00 

0 

and if K is a compact set contained in R \  {(0,0)} 

(3.7) |D " E(x,t) | < c(K)l al +l 3l + 1r(|a|q/s+|6|q/r+l) , (x,t)EK 

where c(K ) depends only on K and q = max(r,s) . 

It is also easy to see that for any X  > 0 and (x,t )  ̂(0,0) 

D« £ E(x.t ) = X2-(n+|a|)/s-(n+|6|)/r D« DB E ( X-l/s -1/ r T) 
X t  X  t 

Hence inequality (3.1) follows choosing X  = (|x|2S//q + 1 1 1 2 r / / q) q / / 2 an d applying 

(3.7) with K  = J( X" 1 / Sx , X" 1 / rt) , (x,t) E Rn + n\ {(0,0)} | . 

The remaining estimates of the lemma are also easily derived from (3.5) and (3.6). 

oo n+n 
Finally since for every E  Cq(R ) 

<Q(DX,DT)E,(})> =  (2TT) •(n+n) dv I e ^Q ( ^ ' T ) Q ( £ , T ) ^(-£,-r)d£dT = 
.+00 

О 

-VQ(Ç,T) 
e _ 

J n-4-n 

ф (-£,-T)d£dT)dv = ф(0,0) , 

E i s a fundamental solution of Q(° x'
D

t) 
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3.2. Lemma. Le t n > 2r and let w G C°°(Rn+n) satisf y the condition 

sup f  [JQ( D ,D )w(x,t) | + (|D aw(x,t)| + |D?w(x,t) |)ldt < +0 0 
xGRnJ_nL X t |a|<2 s X fc  J 

|3|<2r 

Then 

w(x,t) = E(x-y,t-z)Q(D ,D )w(y,z)dydz , (x,t) G R n + n 

— y  Z n+n 2 

R 

Proof. Choos e y  G C (R) suc h that y(u ) = 1 for u <_ 0 an d y(u) =0 for 

u >_ 1 , and for p  > 1 put 

w (x ft) = y((|x|
2s + |t|2r)1/2q-p)w(x,t) , (x,t) G Rn x Rn , q = max(r,s), 

00 n+n 
Since w  G C (R )  , from Lemma 3.1 it follows that 

P o 

(3.8) w  (x,t) = E(x-y,t-z)Q(D y,D )w (y,z)dydz = I + I , 

| I | 2 S

+ | Z |
2 R < ( P + D

2 Q ' 

where 

I = E(x-y,t-z)Qw(y,z)dy dz , 
1 J 1 2s 1 « 2r 2q |y| +|z| <p 

I = [ E(x-y,t-z) fyOw+wQy + c(a,a*)DawDa*y + 

K i y i 2 s

+ i z i 2 r < ( p +i,
2- H ; i ç i = 2 s 

+ X T c(3,3*)DßwDB*y1dydz] dy dz. 
Ißl+Iß*l=2r Z Z  J |3|+|3*|=2r 
B, B*#0 

The condition assumed on the function w  and the estimate (3.1) imply that if 

P > 2( | x | 2 s / « + l t | 2 r / V / 2 the n 
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11,I < c p 4 ( 2 - n / r ) 

P <|У| +|z| <(p+ D 

n / s - |Qw| + |a|<2s 
|3|<2r 

(|DJW| + |D̂ w| ) dy dz j< 

¿c,pq(2-n/s-n/r)(p+1)nq/s 

for some positive constants c,c ' . Sinc e n  > 2r an d w(x,t ) = w (x,t) when 
P 

p > (|x|̂ S + | t | ^ r ) ^ ^ ,  the conclusion of the lemma follows from (3.8) letting 

P +  oo . 

The following lemma is a straightforward application of a result proved by G. Ta-

lenti [19]^ and of the hypoellipticity of the operator Q(D^,D^) considered in 

Lemma 3.1. 

3.3. Lemma. Le t f  G Td(Rn) / d = r/s > 0 , and let Q  (D^D )̂ b e the operator 

considered in Lemma 3.1. The n there exists an open set A  C Rn x Rn containin g 

the set {(x,t ) G Rn x RR;t— = 0} an d a function u  G C°°(A) suc h that 

Q (D ,D ) u = 0 i n A x t 

u(x,t',0) = f*(x,f) , (x,f ) G Rn x Rn _ 1 

D̂ _U(x,t',0) = 0 , (x,t' ) G Rn x Rn - 1, j = l,...,2r-l , 
n 

where f*(x,t' ) = f(x) fo r (x,t' ) G Rn x Rn 1 ,  t' = (t,...,t_ )  , 
1 n- 1 

Moreover u(x,t ) G Td(Rn) fo r every t  G Rn . 

We can now prove Theorem 2.1. Le t A  an d u  b e as in Lemma 3.3 where we assume 

n > 2q , q = max(r,s) . Le t A (6),6 > 0 , be the distance of the set 

{(x,t)G Rn x Rn

; | x|
2 < 6, t = 0} fro m ( JA . Put 

A(6) = {(x,t) G Rn x Rn ; | x|
2 < 6, |t| < A(|x|2)/2r} . 

and 

6) 
See Theorems III and V. 
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U(<5) = max {|D°U|, |D^U| ; |a | <.2 S-1, |&|<.2r -l} 
A(ô)

 X 

Let I| J G C (R) b e a positive non increasing function such that 

2s 
(3.9) iMô) +Y1 | * ( h ) ( ô ) | <  min {C(j)(ô):2,A(ô)/4r,Cp+ô+U(ô)]

 4 } , ô >0 , 
h=l 

where (J ) is the given positive non increasing function and p  i s a number > _ 1 

to be fixed later. Pu t 

w(x,t) 

' u(xft)Y(|t|2i|, 2(|x|2)) fo r (x ,t) G UA(ô) 
6>0 

o fo r (x ,t) e Rn + n \ UA( 6 ) , 
ô>0 

where y  i s a C  functio n on R  suc h that 0  <_ y(x) <_ 1, yd) = 0 whe n T  >_ 4 

and y(T ) =1 whe n T  <_ 1 . Since supp y (111 2if2 (| x| 2)) C  I^J A(6) C  A, 
6>0 

0 0 n  I T n  T T w £ C (R x  R ) . Moreover for every (x,t ) G R x  R an d some positive 

constant c 

|Q(Dx,Dt)w(x,t) | < c U(|x|
2)ip"2q(|x|2) , 

|D%(x,t) | < c U(|x|2)ijf la l (|x|2) , | a |<2s-l , 

|D̂ w(x,t) | < c U(|x| 2)i|;"l 3l (|x|2) , |3 | <  2r - 1 , 

whence it follows, with another constant c  , 

(3.10) 
2iM|x| ) 

|Qw(x,t) |dt = ïï-1 т dT 

Н|х| 2) 
|Qw(x,o)T) |da) < C U(|x|2)i|,n~2q(|x|2) , 

0)1=1 Rn 

2î (|x|2) 

ID w(x,t) |dt = 
n _ 1 f  iD^wtx^xJldu < c U(|x|2)^n"lal (|x|

2) 

R" о |ш|=1 
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a <  2s - 1 , 

_[(D̂ w(x,t)| < с и(|х|2)1|Л|3|(|х|2) , | 3 | < 2 r - l 
n 
R 

These estimates together with (3.9) and the assumption n  > 2q prov e that w 

satisfies the condition of Lemma 3.2. Thus for every x G R R 

f (x) = u(x,0) = w(x,0) = E(x-y,-z)Q(D ,D )w(y,z)dydz . 
J „хТГ У  z 

R n + n 

Since E(x,t ) i s a radial function of t  , Theorem 2.1 is proved by letting 

g(y,a) = Q(D , D )w(y,z)dz, a > о . 
J | z | = a y z 

Estimate (2.4) follows immediately from (3.9) and (3.10), with a suitable choice of 

the number p  . 

To prove Proposition 2.3 we note that, as a consequence of (2.5), the 

estimates (3.1), (3.2), (3.3) can also be used for the function (x ,a) . 

Moreover if x  i s in a compact subset К С R R an d R  > о is such that 

К С {x G Rn; |x̂ | <_ R} , then D̂ Ĝ  (x-y,a) can be estimated by means of (3.3) when 

|yn| > 2R an d by means of (3.2) when |ŷ | <_ 2R . In fact in this case 

(y,a) G supp g implies that о is greater than a positive constant. Sinc e 

d > 1 , these remarks prove the proposition. 

§4. PROOF OF THEOREM 2.4 

The proof of Theorem 2.4 is obtained in some steps, each of them stated below 

as a lemma. 

4.1. Lemma. Assume that P(D ) = </_a.(D')D
:3 satisfie s the conditions of Theorem 

j=0 
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2.4 and choose k  suc h that 2~ 1c 2k
1 / d - c1k

1 / P > 1 . Let A(£'),|£'| > k , be 

continuous function such that 

(4.D iA«e ,»+2 - 1 c 2U ' i 1 / d l < 2- 1 c 2 | e , l 1 / d - c j c - l 1 7 * 3 - ! 

and for |£' | > k,V G D0,voD conside r the function w^C^'rX^jV ) define d by 

w1 (Ç ',x ;V) = (27T) 1 

1 n expCix À-v{|Ç' I 2+X2) S]/P ' ,X)dX , x GR n 1 n 
ImX=A(Ç') 

Then 

i) P(Ç\D )w. (Ç',x ;V) = (2TT)"1 

n i n {+ oo exp(ixn^n-v|^|
2s)d^n , 

— oo 

ii) ther e exists k * >_ k an d positive constants c,c',c q independen t of 

?',x ,V,£ G Z ,  such that if I  £'I > k* n +  1 1 

(4.2) |D ^ l ( e',x n;V)| < ĉ

-(m+£+l)/2sr r((m+£)/2s+l)exp(c'|x |) 

^ f | a (5M|)-W(-v|C'| 2 S/4 +c 1|x n||5'|
1 / P) ' 

j=0 

+

for every x G  R , 

(4.3) |D*W (Ç',x ;V)| < c m + £ + 1(£]|a (Ç • ) |) ^xp (-V | Ç ' | 2s/4) 
i=0 3 

J v" ( m + £ + 1 ) / 2 s T { (m+A) / 2s+l ) exp (- (x2s/coV)
 1/(2s""1)/2)exp(c'|xn|) + 

" ( m + £ ) d r ( (m+A) d+1 ) exp (- (3/8) 2 S c 2 | Xr | | Ç • |
 V d/2) | + x 

1 n 

_1 
for every xn < 0 , where if d  = 1 c2is chose n so that 0  < c2 < 6 2 

Proof. Firs t note that from (4.1) and from the assumption on the roots of the 

equation P(?',A ) = 0 whe n |E-|> k , it follows that P(£',A ) = 0 , |?'| > k , 
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implies |lm A - A (E) | > _ 1 • The assertion in i) is an immediate consequence of 

the Cauchy's theorem applied to the entire function of A  : expCix^A-vC||2+A2)S] 

and of the inequality (3.4). 

To prove ii) we shall use the following 

Proposition. Fo r every £  > 0 an d every £  Rn * ther e exists a finite number 

<_m o f closed disjoint discs C  (£') containe d in C  an d with radius £  suc h 
h 

that all the roots of the equation in A  P(£',A ) = 0 ar e contained in U c (?' ) 
h h 

and have a distance _ > 4 £  fro m the boundary 8 C (£') o f each discs. 
h Moreover if A  £c \  {J C (£' ) the n 

h h 

IN 
(4.4) |P(?',A ) | > c(e)_1|Xrm ^Ja.(5') | , ?' € Rn_1 , 

j=0 3 

where c(£ ) i s a positive constant which depends only on m  an d £  an d grows to 

infinity as £  0  . 

Let 

2s-l 
(4.5) c  >  3.2 b 

o s 

where b  i s the constant in (3.4). Fo r any x  £ R, £• £ R1 1 an d v £ DO ,v ] s n o 

there exists 6  £ R suc h that |6 | <_ m£ an d the straight line in C 

T (E ',x ;V) = I A 6 C; ImA = (x /c v)*^2s + 6 1 doe s not contain interior points o n  I  n o J 

of the discs C  (£') . Denote by H.(£1, x ;V) th e set of the h' s such that h I n 

C (£•) i s contained in the strip I  A € C;A(?') < ImA < (x /c V)^(2s~1)+6 . h [  n  o  J 

Since expCix̂ A-V(| £ 1|2+A2)SD/P(£',A) i s a holomorphic function of A  i n 

C \ U C h (£1) w e have for any £  C Z+ 
h 

(4.6) Dnwi(5,'V'V ) = (27T)~1 A £ expCixnA-v(|̂ '|2+A2)S]/P(C ,A)dA + 
^o 

+ (2t\)~1JZ f  ^  expti x X-v (IC • |2+A2)s3/P(£\A)dA = I +  ]T[ 1 . 
h€H1J3ch(̂ ') n  0  hCH j 
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In view of (3.4), (4.4), (4.5) and choosing £  = (4m) 1 w e obtain the estimates 

m 
(4.7) | i | < ^ ^ ( X l h - t O D ' V ^ ^ ^ e x p t - V L C ' L ^ j r t d n + J D ^ s + l ) • 

1=0 3 

• exp(|x |)expC-(x̂ S/c V)1/(2s_1)/2] ,  x  € R, > k , 

and when x n > o , [ E ' ] > (4clCy 2 s ) P / ( P - 1 ) , hen1 

(4.8) | l | < cmU+^^|a.(^M |)-V(m+£)/2sexp(-vU'|2S/4)r((m+£)/2s+l) 
n j= 0 3 

exp(c'|xn|)exp(c1xn|̂ '|1/p) . 

Let now x n < 0 . When -c2|£'|1/ d < (xn/cQV)17(2s"1}+6 < - o±|̂ '|1/p the n H 

is empty. Otherwis e for h  £ th e following estimates hold: 

, ,  l/(2s-l ) x  ̂ | R I 1/d when ( x /c V ) + 6 < - cn \V\ n o ~  2 1 1 

m 
"^ 'U la . t eMl i^expt -v l e - l^RCDN+lDd+Dlx |-(m+*) d 

j=0 1 1 n 

• exp(-(3/8)2sc2|xN||C'|1/d/2) 

(4.9) I I  < c"'̂ T1( 
H 1=0 

for [E'] > (cQ1/2 s c2)d/(d'1) i f d  > 1 an d c 2 chose n so that 

0 < c <  c ~1/2 i f d  = 17) , and also 2 o 

(4.9 • ) 1 1 J < cm+U1 ( £ j a ( Ç • )  I ) - V (m+l)  /2sexp (-V | Ç - | 2s/2) F ( <m+*) /2s+l ) 
1=0 3 

• exp(c'|xj ) for |Ç"I > k ; 

when (x /c V)1/(2s_1)+6 > -c,|Ç'|1/p n o — 1 

7) 
Note that if d  = 1 , then r  = s = 1 an d ^  =  1 
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(4.10) |i J <  cm + £ + ^ Z j a . ( £ M | ) " V ( m + ^ ^ 4c1cJ/2S)P/(P-1)4c1cJ/2S)P/(P-1) /2S+1) . 
h i= 0 3 

, , I I  \ /  / 2s . ,l /(2s-l)N • exp(c1 Ix )  • exp(-(x / c V ) )  , n n o 

for[E'[> (4c 1cJ/2S)P/(P-1) . 

Letting k * = maxjk/(4c1cj/2s)p/(p-1) ,  ( c 1/2s cQ) d /̂  > | i f d  > 1 and 

k* = maxjk,(4C1CQ/2)P/(P_1)| i f d  = 1 , (4.2) and (4.3) follow from (4.6) in view 

of (4.7), (4.8), (4.9') and (4.7), (4.9), (4.10) respectively. 

4.2. Remark. Not e that the condition (2.6) on the roots of the equation 
m 

P(£',A) = o whe n >  k implie s that X j a i ( £ ' H ^  0 whe n l̂ ' l > k • Thus' 
5=0 3 

t \ 2 by a lemma of L. Hormander [11 1 applied to the polynomial / \  a.(£1)| ,  there 
i=0 3 

exist ] i >_ 0 an d c ^ > 0 suc h that 

(4.11) /Ja.(€') | > c \V\ U , \V\ > k + 1 
j=0 3 

4.3. Proposition.^ Le t Q b e the ball with center at the origin of <c n * and 

radius one and let V  b e the linear space of the polynomial in C R * o f degree 

<_ M - m . The n there exists a C  ma p $  : (V \ {0}) x cn * € , homogeneous of 

degree zero with respect to a£ V \ {0} suc h that sup p $ C (V \ {o}) x ft , 

$(a;z)dy(z) = 1 ,  <*>(a;eiez ) = <£>(a;z) , G £ R , z € <Cn_1 
V " 1 (9) 

and 

Y~ , |a(a) (0) | <. c|a(z) | , a £ V \ {0} , z £ supp $ (a; •) 
a£ z+ 

9) 

8) See [ 1 3 ] , pp . 101-102 . 

9) 
Note that these properties imply that 
entire function F  an d every a  £ V \ {0} 

,F(z) $ (a;z)dy(z) = F(o) fo r every _n-1 
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where c  i s a positive constant and d y th e Lebesque measure in C n * . 

From this proposition and from a lemma by L. Hormander*̂  it follows immediately 

4.4. Proposition. Assum e that the polynomial P(D', D ) = £ a.(D')D̂  ha s order 
j=o :  n 

<_ M and denote by a  € CR 1 , the polynomial z-> a (Ç'+z), z £ Cn 1 . mrc, m 

Then if $ is a function with the properties indicated in Proposition 4.3, there 

exist two constants c ^ > 0, ĉ  > 1 such that for every Ç1 £ cn * 

z £ supp $ (a „.;•) / and everv root À C t o f the equation P(Ç'+z,A) = 0 

|affi(Ç'+z)| > c4 , 

|x| < c5d+U'|)M-m+1-i . 

Arguing as in the proof of Lemma 4.1 and with the aid of Proposition 4.4 we can 

prove 

4.5. Lemma. Le t the notation be as in Proposition 4.4 and let 

w (£'+z,x ;V ) = (2TT) 1 expCix X - v(/_ (Ç.+z . ) 2+X2) S]/P (Ç • +z, X) dX , [ix X - vi) 
n £ t 3 

ImX=-c5(l+|Ç'|)M-m+1 

£• € Rn z  € supp$ (a x  £ R, v£ ]0,V ] . Then m, t, n o 

i) P (S'+z,D )w_ = (2ТГ) n 2 

ii) ther e exist positive constants c,c',c ' > c independen t of £', x , V , £ £ 7L 
o o  c  n  + 

such that 

ID^w2 (Ç • +z,xn;v) I  < cX'+1c4v",!'/2sexp (-V 2s/4 ) T (£/2s+l ) exp (c ' | xn | ) • 

• Iv^^expt-tx^/c 'v)1/ '23-1'^) + I n  o 

+ expCc5|xn|(l + |Ç'|M-m+1 + C<;vc52s(l + |çM)2S(M"m+1):) 

10) See C12II Lemma A.3. 

.+ oo 
expLix £ -V( n̂ n 

n+1 

j=l 
(Ç +z > ̂ n)

S3dC n 

— 00 
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for every xn E R , 

!DnW2(̂ '+Z'Xn;V) I - c£+lc4v~(£+1)/2SexP(-vU' |2S/4)r(V2s+l)exp(|xE 

, , 2s , . . l/(2s-l) /ox ,  ,2s,., \rt , x2s(M-m+l)x • exp(-(xn /c^V) '/2)exp(c¿vc5 ) 

when x < 0 . n 

From Lemma 4.1, the inequality (4.11) and Lemma 4.5 we obtain easily 
m 

4.6. Lemma. Assum e that P(D ) = / a . (D'iD"1 has order < M and satisfies the 
— — U 3 n 
conditions of Theorem 2.4. Let Vq = exp(-8 2Sc2(k*+l)^d) an d for 

x £ Rn, V € ]0,V ] let o 

v(x;V) = (2TT)"(n_1) J J e±<x'^'> Wi(Ç-,Xn;V)dÇ' + 

|Ç'|X82s|logv|/c2)d 

+ j dÇ1 jei<X,'Ç'+Z>w2(Ç'+Z,Xn;V ) $ (am(S,;Z)dy(z)j , 

|Ç'|<<82s|logv|/c9)d cn_1 

where the notation are the same as in Lemma 4.1 and Lemma 4.5. 
oo n 

Then v  is a C functio n of x in R an d 

i) P(D)v = F-1 E(exp(-v|£|2s) (x) 

ii) there exist positive constants c,c',c",c ^ an d h >_ 0 independen t of 

x,V,a € Zn+ such that 

/ „X I  ̂lal+ 1 /  i I  h r / | j / o ^. -(|a|+m+n+y)/2s |Dxv(x;V) I <_ c 1 1 exp(c' |x| )T( |a|/2s+L)V 1 1 

r<r, .  K2sp/(2sp -L) -L /(2sp-L) ,, | I  ., I  .d.M-m +1-. 
• expCl6(c1|xn|) M  K  V  +cM|xn| (1+1logv| ) ] 

for every x  £ R , 
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|D°v(x;V)| < clal+1jexP(cMx|)r(|a|/2s+l)V-(lal+m+n+lJ)/2s • 

• expC-(x28/CV)1/(28-1,/23 + |x r(lal +m+n+y-1)dr(|a|d+l)v'Xn' 

for every x  £ R1 with x  <  0 . 

Recalling that F-1^ (exp(-V|T|2r))(t) i s a radial function of t £ Rn\ (o> , 

Theorem 2. 4 follows from Lemma 4. 6 if we let 

V 
r o e -1 

H(x,a) = v(x-,V)J/£ (exp(-v|T| r))(t) 
J n L 

dV , x e Rn, a > 0 
t =0 

and note that F-1 ̂ ̂(exp(-v|x| )(t) verifies, as in (3.5), the estimate 

I , , I i2rx w . I  ̂-n /2r r  t / -l/2r. 1 . 2r/(2r-l)_ F-1(exp(-v|T| ))(t)| < c V expC-c '(v |t| ) ] 

for suitable positive constants c  and c1 . 
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