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THE PARAMETRIC PROBLEM OF CAPILLARITY: THE CASE OF TWO AND THREE FLUIDS

by U. MASSARI (Universitd Ferrara)

I shall speak about the existence of equilibrium configurations in a container
filled by two or three non-miscible, homogeneous fluids subjected to surface
tension and gravitational energy.

If we denote by QC]Rn a bounded open set with Lipschitz-continuous boundary

and by E, , E subsets of ! occupied by two non-miscible fluids with given

1 2

densities p and p, , we can write the global ener of the configuration in
1 2 £Ad

the following way:

‘r.'(lé:1 ,Ez) = Y, meas _, (BE1 n 6E2 nQ) + Blmeasn_1 (Z)E1 nagQ) + Bzmeasn_1 (E)E2 naQ) +

2
+g X DJ’xtb (x)dx .
i=1 i Qn Ej
We use the (n-1)-dimensional measure introduced by E. De Giorgi in 1954

(see [3]). More precisely, if E is a measurable subset of { , we define the

perimeter of E in Q as:
meas (BENQ) = |D¢ I = sup(| divg(x)dx; g€c1(§l, IRn) R [g|_<_1
n-1 Q E Q 0

We observe that the perimeter of E is the total variation on § of the
vector valued measure D¢E = (D1¢E,02¢E,...,Dn¢E) where Di¢E i=1,2,...,n are
the derivatives of the characteristic function of E in the distributional sense.

It is well-known that, if fﬂlD(bEl <+ , then there exists the trace of ¢E

on the Lipschitz-continuous surface 9.
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Using the perimeter and the trace of E , recalling that E2 = Q-—El , the

global energy can be written in the form:
= - - Q) + H_(Q
E(E)/E)) Y12J Iogg |+ (B Bz’J g dH _, +9(py pz)J Xpbp Gx +Hy ) (30) +gp,H, ()
Q 1 N 1 Q 1
Then, the problem is reduced to minimize the functional:

(1) F(E) =YJ | o |+BJ ¢ dH__ +ng x ¢ (x)dx
Q E 30 E n-1 0 n'E

in the class H of all subsets of { having prescribed volume V€ (O.Hn(ﬂ))-
We observe the following:
a) if Y>0 , ¥ has a finite lower bound;

b) if Y>0 , from the inequality

1
JQID%I 25 [F(E) + |B|Hn_1(39) +g|p|IQ|xn|dx] ,
if {Eh} is a minimizing sequence, we have:

[D$_ | < cost .
JQ By

From a well-known compactness theorem, there exists a subsequence of {Eh}
converging in LI(Q) to a set E.

c) if Y2‘|B| , the functional F is lower semicontinuous with respect to Ll(Q)—
convergence.

Then we can state the following

Theorem 1. If v>|B| (y>0) , the functional F has a minimum E <in the
class H.

The regularity results of De Giorgi and M. Miranda can be applied to study
the smoothness of OE and we obtain that there exists an open subset of
ENQ: 3*ENQ that is an analytic manifold of dimension n-1 and moreover
H_((3E-3"E)NQ) =0 V s>n-8. (see [31).

Let us consider now a container § filled by three fluids: (El’Ez’E3) = E.
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THE PARAMETRIC PROBLEM OF CAPILLARITY

If we denote by

|z = measn_l(BEiﬂanﬂQ) i,3=1,2,3; i 3

ijl

the surface energy of the six interfaces, can be written as:

3
E(m) = E(E /B, B3) = vy,[T),] 74512 5] 75512551 +iEIBiJ39¢EidHn—1

Now, if we suppose BEi (i =1,2,3) Lipschitz continuous and

Hn_l(aEln BEzn 9E;) = 0 , we have:

oo | =
L’z Eil

Mw

Iz, |
3= I
JAL
and then we can write:

3 3
E(E) = X Y.J Do, |+ = B.J ¢ an
i=1 Yo By 4oy g By

where:
_Y12% Y137 s
Y1 2
You Y, =Y
2) Y = Y23TM2 N3

2 2

Y13+ Y37y,
Y3 - 2

Therefore the global energy of the configuration is given by:

3
3) F(E) = Z(Y.J D +B.J ¢_, AH +gp.Jx¢> (x)dx) .
=g\ 1 Q‘ Eil i 10 E; n-1 i Q n'E;

We have now to minimize the functional 3) in the class

3
EQ) EinEj =@ if3i H (E) =v,, >=: v, =H (@

K= (= (El,E
i=1

2’73
It is easy to see that ¥ has a finite lower bound if and only if
4) Yi+Yj >0 i,j =1,2,3 i # j
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In fact, if Yi> 0 Vi=1,2,3, we have
3

F(E) > 121 yiJQimEi] -c

where
3

o= ifl(|8ilﬂn_1(39) +g|pi|JQ|xn|dx) :

On the other hand, if ylgo , one has:
3 3
o o[ fong 1+ [ 1oty 1)+ = v 1oty 1-e = 2 aryaup] Ingg |-

and then

inf F(E) > -c¢
K

From the last two inequalities, if Yi-ij >0 i,3 =1,2,3 i + j , we obtain:
< i =
IQ|D¢E1| <cF(E)+e, Vi=1,2,3

and then one gets the compactness property we use to prove the existence of a
minimum.

We note that 2) implies

Yi+Yj = 2Yij ij =1,2,3

Physically, condition 4) means that the surface energies of the i-3j interfaces
are non negative and the fluids do not mix up.

It is easy to see that the conditions

v, 20 i=1,2,3

5)

Joi,3=1,2,3 1%

Y1+sz|Bi—BJ

are necessary for the lower semicontinuity of the functional F. If they are
sufficient it isn't clear yet.

We can prove the following:
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Proposition A. If §! has the interior sphere condition, yigo ’ Yi+Yj>0 and

Yi+yjz IBi- Bj| , then ¥ is lower semicontinuous.

Proposition B. If we denote the Lipschitz constant of 32 by L and yizo ,
>

Yy +Yj o,

2 .
6) Yty >Vi+L lei-sj| i, 5 =1,2,3 ;
then F is lower semicontinuous.

Proposition C. Let us suppose 81_2_825_63. If

7 P
) Yy2By-8

then F is lower semicontinuous.

Outline of the proof.
A. We recall that interior sphere condition means that 3 p>0 and V x€Q a ball
of radius p with x€BpCQ. If  has the interior sphere condition, then

Ve>0 and Y ECSQ , the following inequality holds:

8) J(de__f_J |D¢|+cj¢dx
a0 B n-1 2 E QeE

where Qe = {x€Q, dist(x,9R) <€} and c is a constant depending on n,p,€ and

Q. (see [4]). Now, if we suppose 615825_83 , from 8) we have:

3 3
FE) - FE" = Zy.U | Do |-J|m>“)+ ngJx @ -wbgdx+
i=t g By g B/ 4o Hg BBy TEy

3 3
T I CO N - (R I B R ) B
i=1 HaVEy TEy/ mlTq0E -, By e-Q, By

+
I Mw
—

<

[
—

3
|poy |+ igp.J x (¢ -4 )dX+ I |B,-B IJ [pp_ | +
Bi' jop g oVUEp gM j=1,3 1 2 o, Ey

v 2 (18-, -v)| 1ol -v,] oo lee T 18,-81[ Iy -0 lax .
s=t,3v 32 g ey 2lg TUEY U gy 2o TRy UE)
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Now it is sufficient to prove

h
9) limsup| X <|B.—B I—Y.)J |D¢ |-—YJ |D¢ h|)=limsqu(E ) <0
h <j—1,3 29 Q E;’ 2n€ Ey h

when El'.l + E, in Ll(Q).

J J
In fact, if 9) is true, we have:
3

lim sup{F (E) - F(Eh) } <z

vy 1oag 1+ x ly-s,l[ Ioe, [0
h =1 Vo Py 303 Flg Ry

j=1 € €>0
Inequality 9) is trivial if Yj3|8j-82| j =1,3. On the other hand, if

Yy < |61 -32| , we obtain

h
o < (1, -8, v, (| 190l | 1000l )+ (83-8, -1, 19l = v, ] 90l -
121QEE2 o 323QEE3 2QEE

= <B2_Bl - -Yz)JQ Do nl +(B3-81-Y1 -Y3)J Do nl<o .
e 2 Q. ®3
Proposition B can be proved arguing in the same way. We now use the inequality

J ¢ a8 _<_'\/1+sz | oo |+cJ _dx
n-1 E E
P! 2, o

in the place of 8).

Finally, if 7) holds, using the identity

JI¥1‘D¢E| =PE) = fQ‘D¢EI4-JaQ¢EdHn-1

we can write the functional F in the form

3 3 3
F(E) =Y J Do |+ = (B.-BIP(E) + I (y.—(e.-s ))J Do |+ = gp J x_¢_ dx
1 Q E1 =2 3j 1 j j=2 3j 3 1 Q Ej i=1 i Qn Ei
and all the functionals on the right side are lower semicontinuous.
The conditions Yigo i=1,2,3 imply that

Yip¥ Y137 Y320

Y1 ¥¥337 Y4320
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Yi3*¥37 Y2 20 -
Physically these conditions are necessary to have an equilibrium configuration.

In fact if Y12-+Y13-Y23< 0 the liquid E, will spread on E and equilibrium

1 2

becomes impossiblé.
The same regularity results can be applied and we obtain that B*EI,B*EZ,B*E3
are analytic (n-1)-dimensional manifolds in every ball B intersecting only two

of the three sets EI'EZ'E Moreover HS((BEi-B*Ei) AB) =0 Vi=1,2,3,

3°

s>n-8.
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