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ON INVARIANT MEASURES ON THE SPACE

OF BILATERAL SEQUENCES

Jan Kwiatkowski

+ o

Let S = {1,2,...,s} , X = 1_ S . Denote by B the ¢algebra
generated by the cylinder sets and by T the shift transformation on

n
X. For n > 1 , we put Xn = ? S . An element B = (i1,i2,...,in)e Xn
is called a block. We shall identify B with the cylinder

(x e X ; x_= 1, X = dpseee, X 40 = 1n}. Let us denote M(X) the

set of all T-invariant measures on J} . For given u ¢ M(X) we define

o

W, on Xn as un(B) = u(B). The measure W, may be considered as a

point of the space RS in this sense that the coordinates of vy
are indexed by the blocks B , and B-th coordinate of . is equal
w, (B)

Denote by Kn the set of all vectors of the form
<un(B)> BeX , when u runs over all invariant measures on X .
The set Kn nmay be described by the following conditions

S S
121 u, (iC) = 121 up(€) , CeX 4 (m>1)
) wy(B) = 1 , () 20 .
BeX
n
n

In this way Kn is polygon in RS . It is easy to see that

dim k_ = 8" (s-1)
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Now, we define a mapping fn N > Kn as follows

n+1

s
(fn un+1)(B) = 121 “n+1(1B) ,
for B e Xn and Hpe1 € Kn+1 We obtain the sequence of the polygons
K and the sequence of the mapping £
! £ £ T
K1 < K2 < K3 < ceees

lim Kn
The set M(X) may be identified with <

My first aim is to describe the extremal points of the polygons
Kn . In order to do this we use a graph Yn defined as follows : the
vertices of Yn are the blocks C of the length n-1 , and two
blocks C1 = (11’12""’1n-1) , C2 = (31,32,...,Jn_1) are joined by
oriented edge iff (iz,..ln_1) = (J1...Jn_2) . If S ={0,1} and

n = 4 then we have

We remark that the edges of Yn one can identify with the blocks

1

of the length n . Let y = {B,,B,,...,By} (1§1§Sn_ ) be a closed

path in Yn such that vy does not contain any loop. Define Py € Kn:
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[N SEY RN
-

P (B) =
Y ’ B*’Y

Theorem 1.

The vector w_ e Kn is an extremal point of Kn iff Wy = PY

for some closed path y not having any loop.

Now, I would like to describe extremal points of Kn that may
be used in a decomposition of Bernoulli measures. We say that two

blocks B,B € X are ¢-equivalent iff B = (it it+1"_ 1n11"'1t-1)

n
for some 1 <t <n , where B = (i1 iz...in). It is easy to verify
that ¢ 1is an equivalence relation and therefore ¢ induce a parti-
tion on disjoint subsets of Xn . Let ‘;1 be the set of all classes
of X . If yef , v (B,By,...,By} , then 1/n and vy isa
closed path not having any loop.

Take a Bernoulli measure u given by a probability vector

q = (q1,q2,...,q5). Then we have

nyom, g > =
Hp T nz;;;;;;:;n 4 4z --- s yeX n1,...,n 1y . pY 4

S
YELH

Where NysMy,ee e, is non-negative integers, X(n1,...,ns)
is the set of all blocks B of the length n with the frequency
of symbols (n1,n2,...,ns), and 1Y is the length of

Note that if vy ¢ ﬁh. then vy ¢ X(n1,n2,...,ns) since the rela-
tion ¢ does not change of the numbers of symbols.

Let Ln be the convex hull spanned by the extremal points

DY, ¥ eJZn . Now, we shall describe all invariant measures u satis-

fying conditions Wy € L for n = 1,2,.
n
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s
Let Ts = {(x1,xz,...,xs) ; 121 xi=1 . o}. Let us consider
a probability Borel measure 1 on Ts . The measure u allows to

define a measure u e M(X) as follows

n n
= 1 s — _
(*) u(B) = 4 Xg e X 7 U@AX) , X = (XXy,ea,x ) e T,
S

where B is a block with frequency of symbols (n1,n2,...,ns) .

Theorem 2.
Let u e M(X) . Then Wy € L ,n=1,2,..., 1iff there exists

a Borel probability measure u on T such that u has the form (%)

We shall write u = ¢ (W)

Consider the dynamical system Z(u) = (X,v(un),T).

Put H(x1,x2,...,xs) = -121 Xy log X5 (x1,...,xs) € Ts . Then
we have *JmH = <o0,logs) = IS . Let ¢ = H-1(e), where ¢ 1is the
partition of Is on points. Therefore the measure . determines the
measure v oOn I5 and a conditional measures i; , a e Is. Let

mn(a) be the type of wa that is {mn(a)} is a sequence of measu-

rable functions on Ig such that n£1 mn(a) <1, mn+1(a) < mn(a) ,
mn(a) >0 for n=1,2,... and for a.e. a e Is.
We obtain a pair e(v,{mn(a)}aels) = o(n)

Theorem 3.

Given two Borel probability meausres 31 , EZ on TS . The

dynamical systems 2(31) , Z(Ez) are isomorphic iff 0(?1) = @(32)
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