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3CLE RESULTS ON EXPANDING LAPPINGS

K. KRZYZEWSKI

In this note we give some theorems concerning smooth
invariant measures for expanding mappings. They complete the
results from [3] and [-4] .

The following notation and terminology will be used:

I - a compact, connected c™ -mnanifold,
-1l - a C® -Riemannian metric on I ,
:B - the family of all Borel subsets of WU,
rn +~ — the space of all normalized ¢¥-measures on I

(r =0,1,00. c0 ,00 ) with CT-topology

(r =0,1,... 00 ), )

E. - the space of all expanding Cr-mappings of I
(r =1,2,,..00,0) with C'-topology (r = 1,2,...00),
i.e. all Cr-mappings @ : 4 — M for which
there exist a>0 and b > 1 such that
Ioe™(a)ll = at*lloll  for o€ 1) and
n € N, 2)

M - a fixed element of .mrd (r =100 ,0) ,

J¥ - the positive ¢ '-function on 1 such thatif @)

is injective, then A(Q(4)) = S'Jtedp, ,where

, A
Ae(B (Cezx),

12:2) 1 » = @ , then one assumes that M and (-l are

of clags C%®
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Up - the mapping of IL{u ) into itself such that
Up (£)(x) = D, £Z)(JRE))T for xel
ze ™ (x)
(e 5),
V‘% - the mapping of L(M ) into itself such that

Vfé(f):n”U‘en(f 1nJe") (neN, Qes,),

Ck(m,ﬁ) - the space of all real cX-functions on I

(k = 0,1,000),

- “k - the norm on Ck(Il.i,R) s
Ck'q(l‘.i,[R) - the space of all real Ck-functions on Ii whose
k-th derivatives satisfy a Holder condition

with exponent « (k =0,1,..., o € 10,1] ),

(]
Il ”rm( - the semi-norm on Ck’q(l's;,lR ) defined by means
1

of the Holder constant of k-th derivatives,

Il - "k,u - the norm max( [l |l, (|- ”:‘q) on ¢, R)

In the sequel T = 2,..., X € ]0,1] and in Theorem 1
r=2,000 00, , The first part of Theorem 1 and the second

one for r = 2 is from [3] and LS] .

Theorem 1,

i) TFor each ¥ € E. there exists a unique @ -invariant
measure A—L,,.ee mrr_i

ii) If r # w , then the mapping E_ 3¢ >, € J)}'}ﬂ_’l
is continuous.

The first author s proof of Theorem 1 (r # &) was based

4 4
on the Banach s theorem on contraction, the Rademacher s
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theorem on differentiability of Lipschitz functions and the
following

Proposition, Suppose that h is a real Ck-function
(k = C,1,...) from an open subset A of R° such that D“h
is Lipschitz, Let H be a continuous mapping from A to the

space of (k+1)-linear functionals on R® such that Dk+1h =H

K+ ang o5t = mH,

almost everywhere, Then h is of class

We now outline this proof for r = 2, One first shows that
there exists a function gg € C°*'(M,R) such that the measure
W € ')’no with the density g, 1is ® -invariant

(see b) below), The function 8 satisfies the equation

1) Ugp(g) = &
Therefore DgQ (which exists s -almost everywhere by the

Rademacher s theorem) satisfies the equation

2) Ag(f) =1f

obtained by differentiating both sides of 1) and replacing g
and Dg by g and f respectively. Using the Banach ‘s
theorem on contraction one proves that 2) has a unique solution
in the space of continuous sections of Tx(M) as well as in
the space of essentially bounded ones, This and Proposition
imply that g, € C'(i,R). It is easy to see that in view of
b) the above reagsoning also gives ii), This method can also
be used for r >2 but is complicated in technical respect.

Let us remark that the above method can be used in proof of
the stable manifold theorem for hyperbolic sets.,

In the second author s proof one first shows the following
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Theorem 2, For each L e Er and each < there exist
a neighbourhood Y of @ in E., numbers &> 0 and
q € Jlo,1L such that for Y€Y and neN
1%, < & .
In the above theorem for @ € E, and n€ N U de-
notes the operator of L(w ) into itself such that fl?e (f) =

=U _(f) - g ff di , where gp € CF"2™(M,R) is the densi-
ipn ® A e

ty of the @ -invariant normalized measure Mg With
respect to A I-J?e also acts in IP(w) (p = 1),
c*-2%(u,R) and in C*"T(M,R), if in addition gy€ C77'(I,R;.

The norms J|-||._, ; and || -]|,_; eare equivalent in
?

™ V(u,R) anda c™~V(M,R) is closed in ©F~227(11,R). Therefore
Theorem 2 implies Theorem 1 i) (r #w ) and the following

Corollary 1. For each Qe Er there exist a neighbour-
nood Y of € in E, and numbers S> o0, q & Jo,1[
such that for We Y and n €N

"6{}1'"1'-1 = gqn *

It is easy to see that the mapping E_ 2@ —> U%(1)
€ Cr"1(M,R) is continuous., Therefore Corollary 1 gives
Theorem 1 ii).

We now outline the proof of Theorem 2., One first shows

a) Por each ) € E, and each o< there exist a
neighbourhood v of ¥ in Eg’ numbers ¢ € ]0,1[,
L >0 such that for LPeY and n € N
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3) ” Uq)n”o é L 4
) n o .
4) |l Uq,n(f)llms L(a® Mellgy + Nll,)
for £ e ¢®r* (1,R).

From a) it follows

b) For each ¢ € E, there exists a unique @ -invariant
measure My € mo . The mapping E2 2 —> u,‘_eé /)/}/}o
is continuous,

For the proof of b) let us remark that in view of a) the

set '{Hrfe(ﬂs ney 18 relatively compact in Cc(1,R), where

n -1
U
k0o ©

Kk Therefore there exists a sequence

k
(Hé’ﬁ)) convergent in C(M,R) to a function g .

The measure ) such that g':; =gl has the required

properties, The uniqueness of L, follows from [2] « In
the proof of the second part of b) one uses relative compactness
in C(li,R) of the set -{gq, }WEY and the uniqueness of
M 9 where \/ is from a).
We now show

c) PFor each @ e E2

sup | TG ()], = o.
Il <1

Tor the proof let us remark that the dynamical system
(1, 'U"‘E’Le) is exact [2] . Hence ﬁ?e (f) =—> 0 for
L

f € L(i ). This and relative compactness in C(l,R) of the set
=n 0,5, . =
{8 ()} Loy for £eC®™ULR) imply that Ui (f) —> o.

To complete the proof it is sufficient to use a).
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From a) - ¢) it follows Theorem 2 for r = 2, To show this
let Q9590 o< Q< s < 1 be such that there exists
T € N that

5) 312" +1q, < q, -
Then, in view of c) one may assume that

6) sup T, < q
£l <1

for i = n,2n, Now let us remark that the mapping E, 3 p
—> Uy € (™ (m,R),C(M,R)) is continuous, Therefore in
view of b) and 6) we may assume that for WeY and i =1,

2n

7)  sup I3 @ ll, < q
Ny, o 1

and in view of a) and b) — that for yeY
- o
8) sup W), <3 .
el &1
Now let V€Y ana | £l < 1. Then a), 5), 7) and 8)
imply
—of
9) “qu (f) ”0.0( é q2 .
Notice that there exist a neighbourhood Y, of € in
E, and c>0 suchthat for Y€V, T, < .

From this and 9) it follows Theorem 2 for r = 2, Further the
proof goes by induction on r for all < , In the inductive

step the proof is based on
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d) For each Q€& E, and each < there exist a neigh-
bourhood Y of “e in Er’ numbers L > 0, q € ]O,1[

and § € N such that for $E€Y ana re€ ¢*2X(u,R)
s, < el +oledes .

Now, suppose that Theorem 2 is true for the number r-1, where
r > 2, Then using the induction hypothesis and d) one shows
that there exist a neighbourhood Y1 of Le in Er and
number L, > O such that for Ve V1 , NEN and
£ e ™23 (u,R)
10, looa @20 . + 1yl ll, -

ni r-2,% r-2,0 1 r-2
Further reasoning is similar to that for r = 2,

Theorem 2 also implies

Corollary 2. For each le € E_, there exists a neighbour-

2

hood Y of © in B, such that for £ € C(K,R)

(r e Lp(,w), where p € [1,+o0[ ) the sequence ('ﬁﬁ; (£))

is convergent in C(l,R) (IP(w)) to O uniformly in qj€v .
Corollary 3, For each g e E2 and each <{ there exist

a neighbourhood Y of Le in E2 and numbers S > o,

q € ]O,1[ such that for LPG\/ and n€ N

sup sup fgoq-’ndpu - | fan c!p_ <& .
el &1 el gy ’Ng Mf ){3 o

Corollary 4, For each @& E, there exist a neighbourhood
Y of Le in B, and numbers &> 0, q € ]O,1[ such
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that for We€Y , nen anda ae B

|JW(P24)) = my@)] < Sd"wa) .

We now outline the proof of Theorem 1 for r = w . For
this purpose let us remark that T: " —=> N isa C®-
universal covering of M, where m = dim M [9] « Then there

exists a C“-diffeomorphism le of ®* such that f]To‘Q =
Lo,

We may assume that

10) | o2 (eI’ > blal’

for © € R®, where b>1 and |l+||° 4is the 1ifting of
[« ]] to R Let M be the group of the deck transformat-
ions of the covering qar ., Then 3 —> ‘-.eobh:".e-i is a
homomorphism of P onto a subgroup ["1 of r' o Let ]_'2
be a set such that its intersection with each right coset of
I"1 in r| is a one-point set, Then Card r'2 is equal to the
multiplicity of ¥ . If G(R%,R) is the set of all | -in-
variant f € C(R",R), then C(M,R)D f —> f = foiT & C(F",R)

is a bijection, Therefore
11) Ug (£) = Ug (£)
defines the operator of é(E{In,R) into itself, It turns out

that for n €N

12) (ﬁ(‘e )n( 1) = Z Tl- (D(e-i)°xt,°{e.i° ;%o...o@.%xi 4

(eIl b=t
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where D':?,"“ is defined in the similar way as UlP, . In
the definition ome replaces AL by the C% -measure i on
®® such that 9T transforms locally 4 on M . Then

Corollary 2 and 11) imply
13) ((I:h'e)n(1)) is uniformly convergent to &g .

Using 10) one shows that there exist open sets G,,G, C ('")2

=¢®, G, C G, such that yely, @1 ana J@ restrict-

1 2
ed to G2 n R? 3) have the complex analytic extensions fx,g
and h to G, respectively, Lioreover, (G, N R*) = 1

and for each ieN, if 81,... Xi € 5 s then for zGG1

fb,c (g(fx;__i (...g(fx4 (2))))) is well-defined and belongs to
G2. Moreover, one shows that (Fn) is uniformly bounded in

G,, where for z € G,

n
R (z) = Z U h(fye (8(fyiy (oenrlfy,(2)))))) .
(xi,... w)e];':’ i=4
This 12), 13) and the Montel theorem for complex analytic
functions give the required result.
It turns out that Theorem 1 i) is false for r = 1, In fact
the following theorem is true,
Theorem 3, The set of all @ & E, for which there exists
a © -invariant Y € /)/n,e s 18 of the first category in E1.
For the proof let ©® € E, and let Yy € /)/f}o be @ _in-
variant. Then Ugn (%_rl) = %ﬁ for n € N, Therefore there

exists kX &€ N such that

3 )
We identify R®® with R® Xx {oY} .
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-1

1) k¥ < U‘en(1)$k for n €N .,

Then,for each k &€ N the set Ak of all @ e E‘1 for
which 14) is satisfied, is closed, Moreover, by a perturbation

n .
N -l
of L € A, in a neighbourhood of 1!=/1 @™ (x,), where x|

is a fixed point of M and n is sufficiently large, one
shows that A, 1is also a boundary set., This proves the theorem,

It is easy to see that in the above theorem one may replace
‘mo by the set of all normalized measures Y  absolutely

continuous with respect to a  and such that g'1$ %—}i < €

M -almost everywhere for a certain number € > O,

The following theorem says that in Corollary 2 in the case
of the space Lp(,u/) one cannot replace conver-
gence in Lp(,bL) by M -almost everywhere convergence,

Theorem 4, Let @ €E, and p € [1,+co[ . Then the set
of all f € IP(w) for which m-almost everywhere

L 'Uten(f)l < +00

is of the first category in Lp(/.b).

For the proof one may assume that u =My . Then, let GCl
be a non-empty connected open set with sufficiently small dia-
meter and let k be a natural number, Then there exists a
component G, of (©7F(G) such that (6, ) < N g (6),

where N is the multiplicity of ¢ . From this it follows

that
k 1

. p “PYy =
IIS?’II)ILP(‘L)Q . }.L(e('{xel\u : rs11;11)|Uten(f)(x),>N (;»@(G)) 5) = 1.
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This and the Banach s principle [1] give the required result.

Wle now pass on to some results concerning convergence to
invariant smooth measure for expanding mapping in which the
rate is linear. For this purpose let for Qe Er and n € N

\—/g be the operator of L(w ) into itself such that
-1 n
(£) = V2(£) - gphp | £ a

where h, is the entropy of the dynamical system (12, g, € ).

c™-2:¥(1,R) and

Cr'1(I.'i,lI{). T™en the following theorem is true,

Vz also acts in ILP(w) (p > 1),

Theorem 5, For each @ & E, and each o there exist
a neighbourhood Y of ¥ in Er and number &> 0 such
that for WeEY and nenw

Vol < =5 .

For the proof let us remark that

15) hy = jln':)tv Ay for Ve E,,
i

16) the mapping E.3 Y — hy € R 1is continuous.

T2,

Moreover, for ¢ & E, fec (M,R) and n €N

Vi) = o1 U§ (£) +ng W (e)

where ‘7\?) (£) = an(f(ln'Jq’n - nhy )). Therefore in view

of 16) and Theorem 2, it is sufficient to prove
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17) there exist a neighbourhood Y of LB in Er and

number ¢ > O such that for WG:Y and néE€ N

"\=/\p ” ¢ -

r-2,

For this purpose let us remark thatel:n addition m € N, then

Vi (£) = V@ (£)) + [ au Sy 4a(ey (T - ny)) +

M i=1
m-1
+ Ty (V) + &y % ( Sfln‘:WokPl au - hy gfd,u,) .
+ M i
This, 15), 16), Theorem 1 ii), Theorem 2 and Corollary 3 imply
the existence of a neighbourhood Y of ¥ in E,, numbers
$> 0 and q € Jo,iL  such that for ¥Y€Y and n,men

® Tyl &SI I

It is easy to see that 18) gives 17). This completes the proof.

It can be shown that the rate of convergence in Theorem 5
is the best possible, lioreover it turns out that for a fixed
‘-P e Er the rate of convergence in this theorem is the best
possible unless . , My and the measure with maximal entropy
for Y are equal,

Corollaries 1-4 and Theorem 4 have their counterparts in
the case of the sequence (\‘7{:2 ) and (Vr:e ) respectively,

We end this note by stating the following theorem whose

proof is rather long.
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Theorem 6, For each ¢ € E and each < there exist

2
numbers S)O and q € JO,1[ such that for n € N

sup xegx(tgn) f£(x) ,det(D‘en(x))"1 - }f d/“'e’€ 640,
Iell, & /

The complete proofs will be contained in [6] ’ [7] and [8].
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