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0. Introduction. 

The purpose of this paper is to study the topological entropy 
of semigroups of continuous commuting maps (c.c.m.) acting on a com
pact Hausdorff space. The semigroups considered are those isomorphic 
to or IR̂  or factors of these where d is a positive integer. 
Because of this isomorphism we shall speak sometimes of d-dimensional 
semigroups or d-dimensional semiflows. If the maps are homeomorphisms, 
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E. EBERLEIN 

i.e. if the semigroups are groups, the statements become sometimes 
sharper. Therefore results on groups of transformations isomorphic 
to %^ or lRd or a factor of one of these are stated as well. 

Measure-theoretic entropy of groups of invertible measure-pre
serving transformations acting on a Lebesgue space was investigated 
by several authors (Conze ( 5 ] , Fo'llmer [8], Katznelson-Weiss [ l 3 J , 

Pickel-Stepin [l8~l , Thouvenot [ 20] ) . We refer to their work in sec
tions 4, 5 and 6. 

In [2l] ,[24] and [27] the fundamental variational principle for 
actions is treated. Topological entropy is a special case of the 

notion of pressure discussed there. 

Section 1 contains basic definitions and properties. It is of 
particular interest to know if and how the entropy of subsemigroups 
is related to that of the semigroup itself. Some answers to this 
question are given in section 2. Furthermore a first product theorem 
is proved there. In section 3 we state a number of results that are 
well-known theorems in the case d=l , i.e. in the theory of topolo
gical entropy of a single continuous map. Being familiar with sec
tions 1 and 2 it is an exercise to translate the original proofs from 
the one-dimensional case to higher dimensions. Therefore almost all 
proofs are omitted. The only exception is Theorem (3.10) stating that 
the entropy of a semigroup equals the entropy of its restriction to 
the nonwandering set. Since the combinatorial part of Bowen's proof 
in dimension 1 (see ) becomes somewhat different in higher dimen
sions the interested reader will find a full proof in an appendix at 
the end of the paper. Section 4 is devoted to an extension of the 
notion of sequence entropy. In section 5 semigroups isomorphic to 
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TOPOLOGICAL ENTROPY OF SEMIGROUPS 

TR̂  or a factor of it, i.e. d-dimensional semiflows, are considered. 

The first part of section 6 consists of the computation of the entro

py of a d-dimensional shiftflow S = {S-f-̂ teiR̂  operating on a space 

LA(TRd) of [o,l]-valued functions which satisfy a Lipschitz condi

tion. The one-dimensional version of this space appears in Jacobs 

[ l 2 ] , Eberlein [ 7 ] and Denker-Eberlein [ 6] . We will use this flow in 

the second part of section 6 where we make an excursion to d-dimen

sional flows of measure-preserving transformations acting on a 

Lebesgue space (ft, o£,m) . 

Using a d-dimensional Rokhlin theorem due to Lind [ l 7 ] we state 

an existence theorem for generators (of the a-algebra with rather 

regular orbit properties. Via these generators we get the following 

result: Every d-dimensional flow of measure-preserving transforma

tions acting on a non-atomic Lebesgue space can be considered - up to 

an isomorphism - as a d-dimensional flow of homeomorphisms operating 

on a compact metric space. More precisely the flow of homeomorphisms 

is a subflow of the shiftflow considered at the beginning of this 

section. 

I would like to thank L. Goodwyn and P. Walters for some useful 

remarks and M. Misiurewicz for an improvement in section 2 . 

1. Definitions and basic properties. 

Let X be a compact Hausdorff space. Given an open cover A 

of X we denote by N((2) tne cardinality of a minimal subcover of 

Ct . H(£?) = log N(#) is called the entropy of (X . log is taken 

to the base 2. For two covers & , £ we write 

ftss Í = {A f iBA (¿01, B 6^ } . 

% is called finer than OL , in symbols Ot < X , iff every set of 

X is contained in a set of OL . For basic properties of the 
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E. EBERLEIN 

functions N and H with respect to "vM and "<c 11 see [l]. 

In particular H is subadditive in the sense H( Ol v % )<H(ft)+H(£) 

denotes the d-dimensional lattice with its group 

structure, 22̂  the subset of elements having all coordinates non-

negative. p stands for arbitrary subsets of 7L with finite car

dinality which is denoted by |p| . p stands for n-dimensional 

rectangles. In particular given 1 = (1^,...,1^)6 Ed we denote by 

p̂ĵ  the n-dimensional rectangle 

{k = (k , . . . ,k . ) e £d|0 < k. < l . (l<i<d) } . 

Given 1 and p it is clear that 1 + P means (l+k|k€ p} 

We write 1 if min 1 . -*«> . 
Ki<d 1 

Let ({K (l<i<d) be continuous commuting maps (c.c.m.) of X 

into itself then $ = <c|> ,̂ . . . ,denotes the abelian semigroup 

generated by 4̂  (l<i<d) under composition. There is a natural 

homomorphism X of % + onto <J> given by 

1 Xl la 
X : 1 = (I.,...,!.) -* $ : = (f)„ 0...0 (j)-, 

Thus ^ is isomorphic to &^ or a factor of it. If the trans

formations (j) i (l<i<d) are homeomorphisms then <$> = <<p^ .-•/<!> ¿2 

is an abelian group isomorphic to Zd or a factor of it. 

Now fix for the rest of this chapter a semigroup c|>=<cf)/...y(() ^> 

acting on X . Given a finite subset p c%+ and an open cover Ct 

of X we write 

a-p = 
k e p 

o-kA 

1.1. Lemma. 

Let Ol be an open cover, (ln) a sequence in , ln 00 , 

then for any n-dimensional rectangle p, and e > 0 we have for n 
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TOPOLOGICAL ENTROPY OF SEMIGROUPS 

sufficiently large 

I P1n|"1H( «P n> 1 |pir1H(«fpi) + E 

Proof. 

Cover p by translates k + P1 of p and use subadditivi-

ty of H . 

1.2. Proposition. 

For any open cover Oi of X and any sequence (ln) in 2^ 

such that in -> oo 

lira |p I"1 H( tfp ) 
n ->oo 1 11 1 exists and is independent of the sequence (1 ) 

Proof. 

Let (ln) , (ïn) be two sequences then by ( 1 . 1 ) for any m 

limlp I"1 H(flfp )• < |P I"1 H («p > . 
n+°° 1 1 1 1 

If m goes to infinity we get 

lim|p J 1 H(«p ) < lim |p I 1 H(^p ) 
n->°° 1 1 m+°° 1 1 

Symmetry in (ln) , (ln) yields existence and equality of the limits. 

1.3. Definition. 

h(<|>,a) := lim |p J " 1 H( 01 p ) 
n+™ ln 1 

is called the entropy of Ol with respect to the semigroup 4? . 

Using subadditivity of H we get for any n 

| P r 1 H ( f l p ) < H ( ^ ) . . n . n 

Thus h(4>, Ol) is a value in the interval [o,H((52)] , 
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If (j) is a group of homeomorphisms and we take a different 
system of generators for <t> , say <j>d , then this corresponds 
to applying an automorphism A of 71^ . A transforms n-dimensional 
rectangles P n into parallelotopes and we see immediately using 
the same argument as in (1.1) that h(<j>, OL) does not depend on the 
generators for the group <J> . It is clear that OL < % implies 
h(<f>, Ol) 1 M*, 1 ) 

There is another way to compute h{$,(%) which will turn out 
to be useful. It is not necessary that the coordinates in (in) go 
simultaneously to infinity. Consider for some d _< d the subsemi-
group $ = <<j> , . . . ,<j>£> . Denote $c = <*g+/j_ t. . . ,<t>d> • Let (ln) be 

a sequence in , ln+ 00 , and ke2^d"d^ . Consider for 
apk 

le Pj 
(oc)-1A 

п(ф, ¿?pk) lim n->oo |p1n|-1 H1 
e Pxn r x a p k ) -

1.4. Proposition. 

For every sequence <km> in Z+(d-d) km-oo r we have 

hU.Qt) = lim Ip^ml"1 h($,#Plm) 
m->°° 

Proof. 

First observe that for anv fixed km 

|Pkmf1 h($, (Hp m; 
k 

lim 
n->oo 

P(in,km: 
- l 

H (1Ep 
1n 

o-1 Apkm 

1.1. implies that for any pair (in,km) 

h(<|>, Ol) < 
P(ln,km) 

- 1 H(«p m ) 
(ln,km) 

22 



TOPOLOGICAL ENTROPY OF SEMIGROUPS 

Both relations together yield 

Me}), 01) < lim 
n-> 

ckm 
-1 п(Ф, 0[рk m ) 

To get the reverse inequality we note that again by (1.1) for 
every 1 

h($, Olp ) 
km < p1n 

. -1 H 
1 6 p n 

»_1 ftp J 

Thus for any pair (ln,km) £'2^ 

I P r 1 M * , tfp j 
k k 

< Pdn,kffi) 
, -1 H ( 

1 6 P r, 
ln 

o-1 Ap 
k»> 

If (1 ,k ) -+ oo we get 
lim 
n̂ oo V 

-1 M*, Olp ) 
km 

< h((|),a) 

1.5. Definition. 
h(0) = sup {h ((J), 01 ) I 6? open cover} is called topological 

entropy of § . 
Let = <^,...,^d> be another semigroup acting on a compact 

Hausdorff space Y . {Yr\p) is called a homomorphic image of (X,<j)) 
iff there is a continuous surjective map S :: X Y such that 
yo$^_ = ĵ_0 jf (l<i<d) . It is clear that under these conditions 
h(<}>, y ^"($)) = h(Tjj,ft) for every open cover Ol of Y . This implies 

1.6. Property. 
If (Y,ip) is a homomorphic image of (X,(j)) then h(ty) £ h(4)) . 
(Y,\p) is isomorphic to (X,^) , in symbols ( Y , I | J ) — ( X , ( ( ) ) , 

iff the map y above is a homeomorphism. 

1.7. Property. 
(X,(j)) ~ (Y,̂ ) implies h(<|>) = h(i|>) . 
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A sequence ( Ol^) of open covers of X is refining iff 

1) flL < OL.« and 
2) for every open cover X there exists on Oi such that jb< 0. . 

The following property is an immediate consequence of the monotoni-
city of the function h (<(>,•) and simplifies the computation of h(cj)). 

1.8. Property. 
If ( #n) is a refining sequence of open covers then 

h((f>) = lim h(4>, A) 
n̂ oo 

An open cover is called a one-sided (topological) generator for c|> 
iff for every collection (A,̂  ) 1 ̂ d of elements of Ol 

1 GZ d + 

o-1 Ail consists of at most one point. In case <J> is a group. 

CZ is called a (topological) generator . for <f> iff the same holds 
with Zd instead of 2^ . 

Rewriting Lemma 2.1., 2.3. and 2.5. in [14] in our situation 
of semigroups and groups of transformations yields the following 
result 

1.9. Theorem. 

If Oi is a one-sided generator or in case of * being a 

group a generator then 

h(4>) = h(<f>,#) . 

The problem of existence of generators is solved by Keynes and 
Robertson [14]. There is a one-sided generator iff <j> is positively 
expansive and in the group-case, there is a generator iff <f> is ex
pansive. 

24 



TOPOLOGICAL ENTROPY OF SEMIGROUPS 

1.10. Example. 
Let E be a finite set, |E|=N.X = {x|x: % E } endowed 

with the product topology is a compact metric space. The shiftgroup 
S = (S-ĵ) 1 e ̂ d given by 

(S (x)) (k) = x(k+l) (k,16 ZQ) 
is a group of homeomorphisms isomorphic to % . Consider 
[e]Q = {x|x(0) = e} , then 0lQ = {[e]Q | e€E } is a generator for 
S . Thus h(S) = h(S, CtQ) . An easy computation shows h(S,$)=log N 
which implies 

h(S) = h(S, 0Lo) = H( 0lo) = log N . 

Exactly the same holds if we consider X = {x|x : '2+ -> E} together 
with the corresponding semigroup (S^)^€^d on it. 

1.11 Example. 
Let Y be a compact Hausdorff space and a homeomorphism 

of Y onto itself. Consider X = {x|x : 7^ -> Y] with the produc-
topology and the shiftgroup S = (S^)^^ zd acting on it. Define 
a homeomorphism (j> of X onto itself by 

<f>̂  (x) (k) = y (x(k) ) (k 62Zd) 

The elements of S commute with cj>̂  . We claim the group <j>1 =<S,<j)̂ > 

satisfies 
hid)') = h (if) . 

To see this define the projection TTq : X -> Y by T T Q ( X ) = x(0). 
If °£ is an open cover of Y then TTQ * (X) covers X . Consider 
for a q e r the covering 

X = q 
q-l 
j=o h3 tv'1! 

then 
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H ( £ ) = H - -1 q-1 
3=0 

г"3 Я) = H q-1 
j=o 

г"3 Я ) 

Observe that h(S, Jf ) = H ( ̂  ) 

Therefore 
h (y, % ) = lim 

q-*oo 
-1 
q H ( * q ) lim 

q->oo 
-1 
q h(S, Xq, = h ф', n^X 

where the last equality follows by 1.4. 

Taking the sup over all 06 we get 
h( tf) < h(4)') . 

Given any open cover UL of X then by the definition of the 
product topology there is a n-dimensional rectangle p in 2^ and 
an open cover of Y such that 

a 
k € p 

, 
= h 

n^X 

This implies 
h(cj)\ Oi) 1 h(<j>', 

k e p 

, 
= h 

n^X = h (j) 1 , 7 T - 1 o£ Y ' O h(y, 

and we get h(c|)') <_ h(cf>) 

2. Subsemigroups. 

In this section we study subsemigroups <j> = <<|) ,...,4) > 
of a fixed semigroup <|> = ,. . . ,<b^> of c.c.m. . The vectors 

(1 < i _< q) are assumed to be linearly independent, i.e 
they cannot be written in the form 

ki^ q 
i=l 

k1!1 

for positive integers k and k1 . 
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TOPOLOGICAL ENTROPY OF SEMIGROUPS 

Define the following equivalence relation on 4> : <J> ^ $ iff 
there exist $ ,<f> <E <|> such that <j> o <(> = $ o $ . The factorspace 
with respect to ~ is again a semigroup. 

We consider first the case of finite index. Let 

l1 ld ^ (j) = < (j) , • . . r <p > 11€ Zd , 1 < i < d) 

be a subsemigroup of finite index p and ZP its inverse image 
under the natural homomorphism X . We choose a complete system of 
representatives in the factorsemigroup •Z^/Z^ , say • QP , by taking 
out of each equivalence class the element lying in the d-dimensional 
parallelotope P(l ,...,1 ) spanned by the vectors 1 ,...,1 
(In the case of elements on the boundary of P(l ,...,1 ) take the 
smaller ones). 

Define comp (ZP) = ZP + Qp and comp(P(f>) = A(comp(Zp)) . 
comp(^) is a semigroup which in general does not have generators. 
We note that it is a priori not clear how to define the entropy of 
the semigroup comp(p<f)) . But since we have chosen d-dimensional 
rectangles p̂ n with ln 00 for the semigroup § itself it seems 
natural to take d-dimensional parallelotopes PncZ + with boundaries 
parallel to those of P(l^,...,ld) and which cover comp(ZP) as 
n -> 00 . Then the same argument as in (1.2) shows that h (comp (P(j)) ) 

is independent of the sequence pR and equals h((f)) . 

2.1. Theorem, 

If p I1 ld (J) — < <J> /.../()) > (1i EZd+) is a subsemigroup with finite 

index p then 
h(p(()) = p h(<|>) 

Proof. 
Since h(<|>) = h (comp (P())) ) it is enough to consider the case 
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p. Pi /cL for p± > 0 (1 < i £ d) . 

Define 1 (p) =p± > 0 and let Pi(p) ke the corresponding 
d-dimensional rectangle. Then 

К fro I = E-' "Pr f = P 

For any open cover ^ of X we write 
ЯР = 1 € P, , , 1 P 

г 1 я 

Given any e > 0 , k€Z+ we get with the Same argument as in (1.1) 
for sufficiently large n on one side 

IP .n l "1 Hl16 Pxn r 1 ^ ) < (pIpJ)"1 Htl£P, (P<M_1#P) + e 

which implies 
p h(4>, Ol) < h(pcf>, #p) 

and on the other side 

IP .nr^ H( 1 G PjU ft)'1 tfp) < p | p k r 1 H( 16 Pk cf)"1 ft) + e 

which implies 
h(pcf>, #p) < p h(4>, ft) . 

So we have equality. 
Taking the supremum over all open covers Q. we obtain 

p h(c))) < h(Pcj)) . But given any open cover ^ we conclude 

h(pc|), 1 ) < h(pc(), XP) = p h(*J) 

Taking again the supremum over all open covers yields the reverse 
inequality. 

Now we turn to subsemigroups <|> = <c() ,...,<(> > 

(l1^ "2d (1 < i < q) ) with infinite index, i.e. q < d . It is not 
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hard to show directly that h(c|)) < h(cf)) . It should be emphasized 
that h($) of course means the entropy of the g-dimensional semi-
group 4> . We prove a stronger result. 

2.2. Theorem 
Let (J> = <<J> ,...,(() > (l1e2_|_ (1 _< i _< q) ) 2?e a subsemigroup 
with infinite index then h((J)) > 0 implies 

Proof. 
Consider first the particular case <t> = <<j>̂, . . ./(J)g> for some 

q < d . Remember $c means the semigroup <(bq+i' • • • ' • *f (k™) 
is a sequence in Z_̂ d q̂  such that km •+ 00 and ^ an open cover 
of X then writing 

ftp ra = к e Pkiti ac)~ka 

we get by 1.4. 

h(cj),#) = lim |p,m|" h($,Z?p,m) 
m-̂°° 

Since h ((())> 0 we can find a cover CI such that h > 0. 
Now | P^l 00 as m -> 00 and therefore h , ̂ p^m) is an unboun
ded sequence. We conclude h($) = 00 . 

In the general case <j) = <(f> ,...,((> > we choose vectors 
lq+1,...,ld in -z^ such that l1,...,lq,lq+1,...,ld are linearly 
independent vectors. Then 

(|) = <(() ,...,(}) > 

has finite index, say p , in <j> and by 2.1 h(cj)) = p h(c()) . 

h((J>) > 0 implies therefore h((J)) > 0 . But with respect to <J> the 
subsemigroup % has just the form required at the beginning. 

2.3. Corollary 
If h((f>i)<«> for some ie {l,. . . ,d} (d̂ 2) then h(cj)) = 0 . 
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Warning, 
h(cj)) = 0 does not imply h($) < oo or even h($) = 0 for 

subsemigroups $ of infinite index. See (2.5) for a counterexample. 

Now we prove a first product theorem. Let = , . . . ,<$>̂> be 
a semigroup acting on X and = <ty^ ,. . . ,\p^t> be another one 
acting on Y . Given 1 €JZd , k£Zd we define the map (j)1 x ipk of 
X x Y into itself by 

j)1 x lpk) (X,y) = (^x^S) ((x,y) e X x Y) . 

Denote by (j> ® IJJ the semigroup consisting of the family of 
maps {c))1 x il^ll^z^ , k€Zd } • <t> ® ¥ can be written in a different 
way. Namely if Ix and IY are the identity maps on X and Y 

respectively then 

4) 0 ̂  = <(|)1 x lY, . . . #(j)d x Iyf'lx x ̂ ,.../Ix x ^d|> . 

2.4. Theorem. 
h (<j> ® ijj) = 0 . 

Proof. 
Given an open cover t of X x Y there exist open covers Ol 

of X and % of Y such that Z < Ol*t> (see [l] p. 312). Take 
sequences (ln) in Zd , ln -> « , (kn) in , kn •+ °° . Then 

h(d> » < h(<b ® to, 6c x ) 

= lim 
n+°° pdn.kn) I" H 

1 6 pxn 
к б Ркп 

к б Ркп 
к б Ркп 

< lim 
n->oo 

pknl"1(lplnl 1 HI 1 € p1n * $)) + 
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h lim |p.n| (|pvn| 
n--°° 

H( k£ pkn 
k£ pkn 

In both limits the first factor converges to 0 whereas the 
second expression converges to the finite values h((j>,#) resp. 
h(i\),X) . Therefore 

h((j) ® ) = 0 . 
Since *C was arbitrary we get 

h(4> <S> \p) = 0 . 

2.5. Corollary. 
h((J>) = 0 does not imply that there is an i € {l,...,d} for 

which h((j>i) < 00 (of course d >_ 2) . 

Proof. 
Let X , Y be compact Hausdorff spaces and y : X •> X , 

^ : Y Y be continuous maps both having infinite entropy. Consider 
the productsemigroup 

* = <(-^x Iy) , (Ix x *)> on X x y . 

2.4. implies h(c|>) = 0 . On the other hand the producttheorem in [9] 
(Theorem 2) (see also (3.7) later) yields 

h ( ^ x 1 ) = h (y) =a> and 
h(Ixx ij, ) = h(*) = «> . 

3. General theorems. 

The following three statements are well-known results in the 
case of a single continuous mapping y of a compact Hausdorff space 
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X into itself [ 1 ] . Their generalization to semigroups 
§~ <$s± i • • • '§ £ °f continuous commuting mappings of X into itself 
is straightforward. 

3 . 1 . Proposition. 
Let \,*2 be closed subsets of X such that X = \ u x2 and 

rx.ex. (x.a.jesj, i=i,2) . 

Then 
h((f>) = max ihi1^) ,h(2<j>) } 

where denote the restrictions of 4> to Xi (i=l,2) 

3.2. Corollary. 
Let X^ be a closed subset of X such that 

Ф х1еХ1 (х4е xlfle в ° ) 

then 
h(a4>) < h(<|>) . 

3.3. Proposition. 
Let ^ be an equivalence relation on X compatible with cj) in 

the sense x~y implies cĵ X/̂ cf̂ y (l_<i<d) . Define a semigroup 
(jT = <4>̂ , . . . r%tf> on x/~ by $\TT = TTCJ)^ (l£i£d) where TT is the 
projection of X onto X/^ . Then 

h (40 < h(cj)) 
Given a directed set 37 let ^x±^±eJ be a family of compact 

Hausdorff spaces on each of which acting a semigroup 
1(j)= <1(j)̂ , . . . , 1(f><̂> °f continuous commuting transformations such that 
for j > k (X, , is a homomorphic image of (X., (j>) under a map 

and the are consistent. 
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Define 

X = {x = ( x . ) . ^ E 
iEJ 

..X.|Xjk(xj) = xk for j,k£.7,j^k} . 

X is compact with the topology that is induced by the product 

topology. Define a semigroup (J) of continuous commuting maps of X 

into itself by 

(<|)1(x))i = (i(j))1(xi) (x€X,ieJ ,1622+) 

(X,4>) is called the inverse limit of (X^, 1$) ̂  ̂  j 

3.4. Theorem. 

h(ò) < sup hf1^) and if the mavs >r7~. are sur.neotive then 
ieJ 

h(ò) = lim hC1^) . 
iej 

The proof is analogous to [9] , Theorem 4 . 

Now we turn to a particular inverse limit. Let <j) be a semi

group acting on X . Consider the directed set Zd where 1 >_ k iff 

1 - k£Zd . Let (X*,cJ)*) be the inverse limit of (X1, 1$) 1£ ̂ d 

where (X^1^) = (X,cj>) for all 16 and the *lk(l^k) are given 

by (J) . The reason for this construction is, that (J> is a group 

of homeomorphisms. 

Define X = (1 , (j1(X) and denote by % the restriction of 

of cj) to X . The semigroup cj> consists of surjective maps of X 

onto X . Similar to proposition 5 in L9J one proves. 

3.5. Property. 

h(40 = h(cf)) . 

Since ( (X) *, (<j>) *) = (X*,cj)*) we get combining the second part 

of (3.4) with (3,5) 
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3.6. Property. 

h(cj)*) = h(<|>) . 

The following product theorem is essentially due to Goodwyn [9] 

in the case of a single map <f . 

3.7. Theorem. 

Let X and Y be compact Hausdorff spaces and cf) =<<^ , . . . , <j>̂ > 

and =<^,...,^d> semigroups of c.c.m. of X respectively Y 

tnto itself. Define the product semigroup 

(J) X ̂  = «(, X ij, . . , <|> X ̂  > 0/ X X Y 

into itself by 

(<J>, x * )(x,y) = (c^x^.y) (x,y)6XxY 

Then 

h((|) x = h(<|>) + h(i|0 . 

The proof runs analogously to [ 9] . (3.7) has the following 

generalization. See [9] , Theorem 3 for a proof. 

3.8. Theorem, 

Let ( (J))!,̂  K £ < 2 o.n arbitrary family of semigroups 

k _ k k 
* - < <J>/|_ / • • • * <|>D> 

acting on compact Hausdorff spaces ^k^k^K vesVe otive ly. 

Define X = k'̂ K xk endowed with the product topology and 

4 : x + x ¿2/ (<j>(x))k = k<Mxk) (xex, keK) 

then 

h((j)) = keK h(%) 

For the rest of this section we assume X to be compact metric. 
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A group <|> = < < | > ^ o f commuting homeomorphisms acting on X 
is called an expansive group iff there is an e > 0 such that given 
x,y£X either x = y or there is a l€Sd and di ($1x,<b1y)> e 
If (J) is only a semigroup of continuous commuting maps then <J> is 
called a positively expansive semigroup iff the same holds with 
1 • In both cases e is called an expansive constant. 

Note that <J> is an expansive group if one of the ((k is ex
pansive in the usual sense of expansiveness for homeomorphisms. An 
analogous observation can be made in the semigroup case. 

Let 1 = ( l . ,...,L ) ezJ be given. We write 

Fixf^ , . . . ,<J>d ) : = 
d 
i=l 

Fix((j>ii) 

where Fix(f) means the set of fixed points of a mapping f . Then 
the following result can be proved using the ideas of Proposition 
(2.8) [2]. 

3.9. Theorem. 
If <J> is an expansive group of commuting homeomorphisms or a 
positively expansive semigroup of continuous commuting maps 

acting on a compact metric space X then 

h(4>) > "Mm 
n+oo 

e J"1 lo9 Fix 
d 

144 
ln 

..,(J)d 

where (1 ) is any sequence in Z+ such that ln + » . 

Note that for the d-dimensional shift (Example (1.10)) indeed 

h(<f)) = lim P J 1 log ln 
Fix 

1n1 
(o1 

i 2 
o 
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A point xGX is called a wandering point of the semigroup 

4> = <<t>̂ ,. . . i (j>d> iff there is a neighbourhood U of x such that 

U 
l e z d M o ] 

(ĵ U = 0 ; 

otherwise x is called nonwandering. The set Œ = fi(4>) of nonwan-

dering points is closed and invariant (cj)1̂  c 0. for l e ^ J ) . 

Note that the wandering points of 4> are wandering points of C(K 

for every i €{!,...,d} . Therefore 

П(Ф) 
,d. 
i=l 

fi(4>. ) 

The following theorem states that as far as entropy is concerned 
the only interesting part of X is the nonwandering set 0, . 

3.10. Theorem. 

Let <\> = <cf)̂  , . . . , cf>d> Z?e a semigroup of continuous commuting 
maps of a compact metric space X into itself. If Q, denotes 

the set of nonwandering points of 4> then 

h(4>) = ti (<J> I tt) 

where <\>\tl is t/ze restriction of <p to 0. . 

Proof. see the appendix. 

Two semigroups 4> =<^ / . . . , 4>d> and = <\jj<1 , . . . ,̂ d> acting on 
compact metric spaces X and Y respectively are ^-conjugate iff 
there is a homeomorphism if of ft(4>) onto such that 

y o = \ J ^ ° y (l<_i<_d) . 

3.11. Corollary. 
If cf) and ^ are Q-conjugate then 
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h((j)) = hty) . 

3 . 1 2 . Corollary. 

If tì(<t>) is a finite set then 

hU) = 0 . 

4. Sequence entropy. 

Let X be a compact Hausdorff space and cf) = <<f>̂  , . . . , <j>d> a 

semigroup of c.c.m. of X into itself. Throughout this section A 

will always denote a subset of %^ and L = {ln} a sequence in 

such that ln 00 . We write A(l) = Anp^ and define for any 

open cover Ol of X 

hAfL<*,#) = lim 
n->oo 

|A(in) f1 H j 6A(in: 
6A(in: 

hA,L(*} = SUP {hA,L(*'a)I 01 open cover} 

is called the topological sequence entropy (t. s. e.) of <j> with 

respect to A and L . Define 

d(A,L) = lim 
n+°° 

|Adn) l^lpjnl 

and denote for k > 0 PK = {l£fcd| | 1± | <k (l<i<d) } . 

A subset A of Zd is said to have bounded gaps iff there exists 

a k > 0 such that 

A + pk = 
1 £ A 

(l+p,)DZ^ . 

d(A,L) is a finite value for any subset A with bounded gaps. 

4.1. Lemma 

If d(A,L) is finite then 

hA/L(4>, fl) < d(A,L) h(cj), U ) . 
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Proof. 

hA,L(*' ») = lim 
n->oo 

AU») f V j i P - п Г 1 H j 6 A(in) ф"3 OL) 

< d (A,L) lim 
n->°° 

P J"1 H(ûrPln) = d(A,L) h(4>,Ct) 

4.2. Theorem. 

Let (j) = <c|>̂ , . . . , (j)̂ > 2?g a semigroup of c.c.m. 0/ X into 

itself and Acsj a subset having bounded gaps then 

hA,L(4)) = d(A'L) h<*> ' 

Proof. 

Choose k > 0 such that A + p^'Z+ and r g%+ such that 

r + (A + ?2k)C Sd then 

d(A,L) h (<(>>«) = d(A,L) h(cj> ,(t>""r #) = 

= lim 
n̂-00 

A(ln)| 1 H 1 £ r+p ф_1#) < 

< lim 
n->oo 

lAd11)!"1 H le r+A(ln)+p ^01) = 

= hA,L(*'] GD2k / ( < T r ^ ) ) 

Taking the supremum over all open covers $ we get 
d(A,L) h(<f>) < h ((f.) 

The reverse inequality is clear by 4.1. 

Whereas h(<f>) does not depend on the sequence L = {ln} used 
in its definition, theorem (4.2) shows that h^ L W in general 
depends on L since there are simple examples for subsets 
for which d(A,L) depends on L.. 
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Furthermore we note, that theorem (4.2) partially covers theo
rem (2.1) since a subsemigroup p<j) = <̂ l,...,(j)̂ cl> (p.6Z+) of 
finite index p corresponds to a subset A with bounded gaps such 
that d(A,L) = p for any L and hA L(4>) = h(Pc|)) . 

Measure-theoretic sequence entropy (m.s.e.) *is defined in a 
similar way as t.s.e.. Let (ft, <2>,m) be a probability measure space 
and 4) = <0^,...,^d> a semigroup of measurepreserving transformations 
of ft onto itself. If Ol - {a^ , ,. . . } is an at most countable 
partition of ft into measurable sets then 

Hm<0> = 
00 
i=l m(ai) log m(ai) 

is called the entropy of OL . For any Ct such that Hm(#) < 00 
we define 

hA.L.m(«'#> = lim n+°° 
lAd")!"1 Hm(ke A(ln) <t>~k#) 

V l , * 1 ^ " SUP {hA,L,m{*'a) I ̂ Partition, H^fl) < »} 

is called the m.s.e. of 4> with respect to A and L . The follo
wing result is an extension of Goodwyn's theorem ([10], [ll]) , The 
proof follows that of Misiurewicz [24]. 

4.3. Theorem. 
Let X be a compact Hausdorff space and <j> = <$^r • • • a 

semigroup of c.c.m. of X into itself. Then for any ^^-inva

riant (l_ii_£cO normalized Borelmeasure m on X 

hA,L,m<*> * hA,L(*> ' 

Proof. 
Let Ol = {a^,. . . ,ag} be a Borel partition then for any e > 0 

there exist compact sets b.c a. (l<i<s) such that 
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m( 
s 
i=l 

^aiN bi^ * < e and 

Pm<W,c50) = H m ( № 0 ) + Hm( 2 \ai <<L 

s 
where #Q = (b^b^ ,. . . ,bg } with bQ = X % \ J b± and P M ( ^ , ^ Q ) 

is the metric on the space of partitions as defined in [19] , 6.1 
^ - fb ub.,...^ u b } is an open cover of X and we get 

Hm(k£ A(ln) ф t> ) < log N 'kk A(ln Ф í0) < 

< log N(kéA(ln) (j)"k f) + |A(ln) I log 2. 

Therefore hA,Lm<*' ̂ o> ± hA,L<^> + log 2. Now using the fact that 

|hA,L,m(*'«> " hA,L,m«" V < Pm< a , xo ) 

which can be shown as in [l9] ,8.6., we get 

hAfL,m»» i hA,L(^ + log 2 + 1 . 

If (fin, <S$n,mn) denotes the n-fold product measure space with 
components (fi , X ,m) and ncf) = <n<l>̂ ' • ' • R̂ )d> t*ie Productsemi9rouP 
on it, i.e. 

V = Ф.х.-.х ф. : fin + fin , 

then a direct computation shows h„ T n(nd)) = n h — _ ((t)) . Later c A,L,m r A,L,m T 
(4.7) we shall state that the same formula holds for the t.s.e. of 
the productsemigroup of a semigroup of c.c.m. . Therefore 

n hA,L,m(*> £ n hA,I>> + log 2 + 1 
Dividing by n and letting n oo we obtain the result. 

40 



TOPOLOGICAL ENTROPY OF SEMIGROUPS 

d n For any subset AC2+ and any sequence L = {l } such that 
ln -> oo we define the quantity 

K (A.L) = lim 
k->°° f 1 im n+oo 

lAd11)!"1 |A(ln)-fpk| } 

where ^k = {162+ | 0 < 1^ < k (l£i<d) } . Note that the expression 
in brackets is always greater or equal than 1 and K(A,L) itself is 
the limit of an increasing sequence and can be infinite. 

4.4. Proposition. 
Let <f> = <(J)/1,. . . , be a semigroup of measure-preserving 

transformations on a Lebesgue measure space (ft, i?,m) then 

hA,L,m<*> > 

K(A,L) hm(<j)) 
0 
oo 

if K(A,L) < «>, 0 < hm(<j)) < oo 

if hm((f)) = 0 
if h ((f)) = 00 or 

0 < h (4>)< 00 , K(A,L) = oo . 

Proof. 
Let (X be a partition such that H ( Oi ) < <» and write 

Ak = l£pk cf) 1 Oi . Then 

к т. „ < Ф , an = lim 
n+oo 

| A (ln) | _1 Km 1 €A(ln) + pk d)"1 Ob 

> lim 
n-°° 

A(ln) | 1\A(l>pk| hm($, 01) 

where the last inequality follows from the fact (proof analogous 
[26] Lemma 2) that for any finite subset S c ^ J and any partition 
Ol such that H ( d) < 00 

Hm< i e s ф_1#) > |S| hm(cf), 6?) 
Therefore 

hA,L,mW > lin 
k->oo 

hA.I..m(*'^k) 
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> lim K->oo 
lim |A(in)|^|A(in)+Pkl hm(^^) 

= K (A,L) h (*, 01) if K(A,L) is finite. 
Taking the supremum over all Ol we get the result. 

Combining (4.3) with (4.4) we obtain 

4.5. Corollary. 
Let X be a compact Hausdorff space and <t> = <(b^, . . . , 4)̂> 

a semigroup of c.c.m. on it then 

Vi.**) i 

K(A,L) h(*) 
0 
oo 

if K (A,L) < 00 , 0 < h(<M < 00 
if h(*) = 0 
if h(<f>) = 00 or 

0 < h((J)) < « , K(A,L) = °° . 

There is another approach to t.s.e. that was first given by 
Bowen ([3], see also [22]) . Let X , <|> and A be as before and OL 

an open cover of X . A set ECX is (Ayp̂ y d) -separated (with 
respect to <j>) iff for any x,y eE, x^y there is a keA(l) such that 
<J)kxeU£ Ol implies 4>ky^U .If KCX is compact then we write 
s(A,P1, fl,K) for the largest cardinality of a (A, p-yOl )-separated 
set in K . Given a sequence L = {ln} in ^d , ln-> <» write 

s (A,L, tt,K) = lim 
n->°° 

|A(ln) I"1 log s(A/Pln,^K) 
and 

V L ( * , K ) = sup {s(A,L, Gt ,K) I OL open cover} 

A set FCX (A/P 2, 0t ) -spans a set K (with respect to iff 
for any xGK there is a yeF such that given keA(l) there is 
a U 6 Ol with <j>kx, (j)kyeU . For any compact set K^x we write 
r(A,P, , d ,K) for the smallest cardinality of any set which 
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(A, p,, Oi)-spans K and 

r(A,L, #,K) = lim 
n+°° 

Ad11)!"1 lQg r(A,p1n/ftfK> . 

It is easy to see that taking the supremum over all open covers we 
get the same quantity as above, i.e. 

hA L((J),K) = sup {r (A,L, IX ,K) | Oi open cover] 

Rewriting the proof of Proposition 2.3 in [22] in our situation 
yields 

hA.L<4"X) = V T W • 

If A is the full set Zd we shall omit the A in the notation. In 
this case the right side is nothing but h(cf>) . In other words 
hL(cj),X) does not depend on L . This can be shown directly too. 
We state 

4.6. Proposition. 
For any compact, invariant (i.e. <|> KCK(16*Z+)) subset K of 

X hL(((),K) does not depend on L . 

In the following sections we shall use Bowen1s definition of 
topological entropy. X will always be metrizable with metric dl . 
In this case it is convenient to consider covers of e-balls. We 
shall say a set ECX is (p-̂ e:) -separated iff for distinct x,y<£ E 
there is a kep^ such that dl (<|> x,<|> y)> e and a set 
FCX (p^,e) -spans a set KCX iff for each x£K there is a y£F 
such that dl (<J) x,$ y) _< e for all k € p1 . 

Finally we state a result on the t.s.e. of a productsemigroup. 
The proof is analogous to Proposition 2.4 [22]. 
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4.7. Proposition. 
Let X be a compact Hausdorff space, $ = <§^,...,§^> a 

semigroup of c.c.m. on X then the productsemigroup 

(j) x (j) = < ^ x 4>1,...,*d x 4>d> satisfies 

hA,L(* X *> = 2 hA,L(^ 

5. Semiflows of dimension d 
Let (X,dl ) be a compact metric space. The set of continuous 

mappings of X into itself is a semigroup under composition. A 
family $ = (̂ t̂ telR̂  contained in this set is called a continuous  
semiflow of dimension d (or continuous d-dimensional semiflow) iff 
the mapping t + <j>t is a semigroup homomorphism and the mapping 
(x,t) -* <j>tx of the product space X x TR̂  into X is continuous. 
d> = (d)4_) +. ̂  TOcl is called a continuous flow of dimension d iff the 

"C t c IK ————. — 
same holds with TRD instead of 

For any r €1R we define (r) ie Bd by 

lr'i'j -
r i = j 
0 i ? j 

cj) can be considered to be generated by the one-dimensional semi-
flows ty1 = (4>r)r<=TR (Ifild) where <f>̂  := <|> (r) 

Given t = (t ,...,td)€TR^ we consider now the discrete subsemi-
groups 

<Ф(4- ) Ф > 

5.1. Theorem. 
Let § = (<|it)t Rd be a continuous semiflow of dimension d 

then for any t = (t̂  , . . . , t̂ ) 6 IR+ 
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(ЧЧ ^d'd 
d 
.i i i=l fci h(<*d)1 *(Dd>) 

Xf <j> = ((J) ) d is a continuous flow then the same holds t t £ IR 
for all t £ IRd wit/z | ti | instead of on the right side 

5 . 2 . Remark. 
If t± = 0 for some i and h(<<j>(/̂  , . . . ,4> (1 j >) = 00 then the 

product on the right side is understood to be 0 since the left 
side is 0 in this case. 

By means of (5.1) it makes sense to define the entropy of <j) 
as follows. 

5.3. Definition. 
Let <J> = (()).). c«d be a continuous semiflow of dimension d t tt |K+ 

then 
h(<f>) := h(<(f)^ (1) ^ ' * 

Proof of 5 . 1 . 

We shall abbreviate % v /•••,d)/+. x > 
r̂l;l ird;d 

Then given s = (s^...^^) and t = (t^,...,^) in lRd such that 

s.,t. ? 0 for all l<i<d 
we shall prove 

h ( S ) < ( TT t . ) ( TT SH ) " ^ h(s<j>) 
i=l 1 i=l 

This implies the result. 
Given e > 0 we can choose 6 > 0 such that 

dl (<j> (x) , <)>u(y))< e for all ueQg : = 
d 

i=l 
[ > s ] 

whenever dl (x,y) < 6 
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Let 1 = (1^,. . . "2+ be given and E be a set of minimal 
cardinality that (p1,6)-spans X with respect to s$. 
Then E (pk,e)-spans X with respect to % for all 
k = (k , . . . ,k -.) € such that 

i t [O^t kj c ft [Cs.l. ] 
i=l i=l 

Therefore if L^= (kn) is the sequence in 22̂  defined by k*? = n 
(l<i<d) and L1 = (ln) the sequence defined by 1*? = [t±si"1n| + 1 
we get 

r (p n,e,X) < r (p n,6,X) . 

This implies 

r (Lk,e,X) < lim 
n̂oc 

-d 
n 

d 
i=l 

([tisi'1n] + 1) rs (L1,6 ,X) 
4> 

< 
d 
i=l 

+ 
d 
i=l 

s.) 1 h (Scj),x) 
1 LA 

For z + 0 we get the desired inequality. 

5.4. Remark. 
For flows there is a more general formulation of (5.1). <j> can 

be considered as real vector space with base <f> . . ,...,cj), * 
1 m d 

Any real d-dimensional matrix M maps the basevectors on vectors 
M^(l) ^ (l£i£d) . If <t>M denotes the discrete subgroup of 0 

i 
generated by these, i.e. 

*M :=<M(*(1) ) ,.. .,M(*(1) )> ther 

h(*M) = |det M| M<*(1) f.'..,*(1)̂ >) • 

Knowing (5.1) the proof of this equation runs as in [5] 
Theorem (6.1) . 
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6. An example and an embedding theorem. 

Given a real number A > 0 we consider the following space of 

real-valued functions on TRd : 

LA(TRd) = (h : TRd -¿"[0,1] | h (s1,...,sd) - h(t^,...,td)| < 

< A m^y 

к Kd 
Is. - t. for al] ( S 1 S d (t ,...,td)e TR} • 

Let Q, = [-k,k]d denote the cube whose sides have -length 2k 
then 

dJ (h,g) 
oo 
k=1 

2-k+i sup 
seQ, 

|h(s) - g(s) 

defines a metric such that (L (TR ) , dl ) is a compact metric space. 
The d-dimensional shift flow S = (st)t6TRd is 9iven by 

(Sth) (s) = h(s+t) (s,teK , h€LA(lRd)). 

S is a d-dimensional flow of homeomorphisms generated by the flows 
S1 = (S,.N ) , r ro (Ki<d) where (t) . e lRd is defined by 

((t),). = t i=j 
o î j . 

6.1. Theorem. 
H(S) == M < S < D , S ( l ) / ) - " • 

Proof. 
We consider first the case d = 2. Given integers k,m _> 1 we 

shall define a set (j of ( P K ' 2 mA)-separated functions in LAClR2) 
where pk =[ 0,k[ c Z+ . 

Divide the interval [o,k[ into n = 2m*k intervals 
^Ii^l<i<n °^ e<3ual length 2 m . Consider the system F of piece-
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wise linear, continuous functions f on [o,kQ s.t. f(0)=l-21 mA 

for some l((Xl<[2m *A ) and s.t. f has constant derivative 
+A or -A on each 1^ . ([a] denotes the largest integer smaller 
or equal than a ) . Clearly 

|F| = {[2ln"1A"1] + 1) 2n . 

Given f eF we define a function hf on 1R in the following 
way 

hr(x,y) = 
f (0) (x,y)6 ] - °°, 0 ] x TR 

. f(x) (x,y)e C O/kC x 1R 
1 f (k) (x,y)e [_ k,ooQ X TR 

Define for (x,y)e c-2-m, 2-m]2 the two "disturb-functions" 

6+(x,y) = A(2_m - |x| )2m|y| 

6"(x,y) = A( |x| - 2"m)2m|y| 

We say f £F has a pike at the point i • 2~m (l<_i<n-l) iff f 
has derivative +A on 1^ and -A on (positive pike) or 
-A on 1^ and +A on (negative pike) . Then the number of 
pikes of any f € F is between 0 and n-1. 

Let f eF with pikes at 1^2 m,...,it2 m be given. For any 
ijij € (l,...,t} and any i e(l, . . .,n-l} we shall define a new 
function hf((i.,i)) by "disturbing" hf inside the square 

Sgdj,!) =[ (ij-l)2-m,(ij+l)2-m]n"(i-l)2"m,(i+l)2-m]. 

If the pike at i.•2 m is a positive one put 

h ((i.,i)) (x,y) = 
h4r((i,-l).2"m,y) + 6+(x-i..2-m,y-i.2-m 

(x,y)e Sg(ij,i) 
hf(x,y) elsewhere 
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if it is a negative pike use 6 in this definition. In an analogous 
way we can disturb h^ simultaneously on k squares (k < t(n-l)) 
to get functions h^((i. ,i.),..., (i. ,i, )) . If two of the k 

f 3<L 1 Dk k 
squares overlap, i.e. if we consider neighbours 

, . 0-m . ̂-mx (i*2 ,i-2 ) and (i..2-m,(i+l) 2_m) 

then let the disturbed function have constant value h^((ij-l)2 m,y) 
on the overlapping part. The result of this procedure (including 
the case of 0 disturbances) is a family of functions £ . such that 

l£fl -
t (n-i; 
3=0 

X (n-l) , 
3 

= 2t(n"1) 

If we take all h£ s.t. f(0)=f(0) and f has t pikes we get a fami
ly of functions ¥ j- (t) and 

l ̂  f(t)| = 2-2t(n"1) (n;a) 
Considering all h£ s.t. f(0)=f(0) the procedure yields a family of 
functions 

n-l 
t=0 

r f ( t ) s.t. 

n-l 
t=0 

tf(t)| = 2(2n-1+l)n-1 . 

Finally summing over all f e F we get a family of functions tf and 

i n = [2m-1A-1 ] + 1 2(2n_1 + l)n"a . 

We want to estimate the number of functions in that have 
values outside the interval [o,l] . 

Let 1 ^ , 1 ^ be integers, 1 < 1^ and define 

F(l ,1 ) = {f 6F|f (0) = 1^ 21_"mA, f (k) = 12- 21"mA} , 

i.e. F(1 ,1 ) are those functions in F that have in 
-1 

= n2 + d2 - 1̂ ) intervals 1 ^ derivative +A. Set n2 = n - n^. 
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Clearly |F(1„,10)| = ) = ) . Those functions of F(l ,1 ) i \L z 1 n^ 2. 
that have derivative +A in 1^ can have at most 2n2 pikes 
(call this family F+ (1^,12)) and those f ̂ Fd^,^) with deriva
tive -A in I- have at most 2n?-l pikes (call this family 
F"(I1,I2)) • 

Disturbing functions hf(fe F+(1^,1^)) by the procedure giver 
above yields a family ^ + (1^,1^) s.t. 

1 Г о , ' Ь > 1 = 
2n-

t=l 
2t(n-l) -t • 

9 

n~-l 
•t-li 2 

= 
n2 
j=l 

2 
2j-(n-1) n1=1 

j 
n-1 
j-l + 

n2-1 

D=0 
2 
;2j+D (n-i) n4-i 

j 
n9-l 

D 

< o 1 n2-1 
1 
2 f22(n-l)+1)n2-1 (22(n-l)+2n-l) 

Here we used the following inequality 

n1-1 

j 
< 

n1-1 
1-1 
2 

<(n1-1) " I^l"1 (0< j^n^-1) 

Disturbing functions hf(f€F (l^,^)') yields a family £ (l^,!^ 

s.t. 

\f (1. ,1, 

2n,-l 

t=l 

2t(n-l) 
n1-1 

t-1 
2 

-2-1 

t' 
2 

<2nl 1(n.-l) 
1 
9 

„2 (n-1 n-1 
1̂  2 (2n a+l) 

If tU^l^) : = í + (l, t "(1, ,1,) we get 

I ^ V V I < 
nl_1 2 1 (n1-1) 

1 
2 (22(n-l)+1 ,n2"' (2n_1+l 

2 
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Define F(l) = {f6 F I f(0) < 1.21-mA, f(k) > 1-24 mA} 

then 

|F(1) 1 = 
11<1 

Fd, ,12) = 
n- 2 

j=l hi1 
!F( i l f i2) I 

V 1 V 1 

l2 - l4=j 

-1 -1 -1 Remember n^ = n.2 + (l^l^) = n-2 +j and n2 = n-n^ = n-2 -j . 

Disturbing functions hf(f eF,) we get a family of functions 

ìT(D s.t. 

|^(D|< 

~-l n. 2 

j=l 
j 

2n- 2 n-2"1+5-l 
1/2 

22(n-l)+1)n-2"-l-j-l 

.(2n-1+l)2 < - 1 
(n-2 l) 

1 
2 2n'2"1-1(22(n-1)+l)n'2~1-1(2n-1+l)2 

oo 

j=l 
j((22(n_1)+l)-12)j) 

= n 22n-2 x+2 J f92(n-l)+,,n.2-1 (2n-1+l)2 • (22(n-1)-l)-2 

In the last equality we used the formula 

oo 

j=l 
jx-3 = x(l-x)"2 for I x| < 1 . 

Let F(l) = IféF I f(0) < l-2a"mA 
max 

m a v 
r e [ 0 ,k[ 

f ( r ) > 1-21 mA} 

One easily sees that |F (1)1 < 21F(1)I . 
max 

Define 

Fr0 {f 6F|f(0)6 [0,1], f(r)£ [0,1] for some r e Q o , k Q } 

then 

IFTo,al I 1 2IF 1 4îF<i>l 
-1 max 

for 1 =L2m_1A"13 
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If C £Q i^denotes tne family of functions got by disturbing 
h^(f£Fr -, ) one can show using the inequality above 

L ' J. 

l i г о . п 11 4 I t <L2 I л 

Now consider GL = $ nLA(]R2) = cN C j - 1 then 

1 ^ 1 = 1 ^ I" 1^0,1] I > ( [ 2 M " L A _ 1 J + 1 ) 2 ( 2 ^ ^ " -

- n 22 <n+5)2 (22 (n-D+1)n-2 • (2n-1+l)2(22(n-1)-l)-2 

> (2n"1+l)n-1 [([2m-VVl)2-r 2 2(n+5)2 (2n-l + 1)3. 

. (22(n-l)_ir2] 

= : (2n"1+l)n~1 c(n) 

It is clear by the construction of \ that = ^ (k,m) is 
a (pk,2 mA)-separated set in LA( K2) . Therefore 

h(S) > lim lim k 2 log I 0l\ 
n»oo k->oo 

Now log |y | ̂  log (2n"1+l)n""1 + log c(n). c (n) > 1 for n 
sufficiently large since |~2m + 1 > 1 and the second product 
in c(n) converges to 0 . Therefore log c(n) is a non-negative 
value for n large. 

Remember n = 2m» k . We get 

log (2n 1+l)n 1 = (2mk-l) log (I2™**!) > (2mk-l)2 

This implies lim k 2log 
k̂ oo 

0j\ > 22m and finally 

h(S) ^ lim 22m = oo . 
ITB-oo 

For d > 2 we proceed by induction in the following way. Take the 
family £ from the case d-1 as the new F , construct functions 
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in the same way, i.e. h^ does not depend on the last coordinate 
and then disturb hf using the given procedure. 

Now we consider d-dimensional flows on measure spaces. Let 
(ft,«£,m) be a Lebesgue measure space, non-atomic and of total measure 
one and y> an invertible measure-preserving transformation of ft 
onto itself. (For details on these notions see for example p.9J) . 

The set of these transformations forms a group imp (ft,X™) under 
composition. A d-dimensional measure-preserving flow (dim d m.p.flow) 
on (ft,o£,m) is a family of transformations (J) = (^t € TRd 
contained in imp (ft,«6,m) such that the mapping t •+ from 1R 
into imp(ft,$,m) is a group homomorphism and the mapping 
(u),t) -> (j)t(ji) of the product measure space ft x jRd into ft is mea
surable . 

Given two dim d m.p. flows <$> and on measure spaces (ft,iT,m) 
and (ftl,$,,m') respectively we say they are isomorphic iff there 
exists a bijection ^ : ftQ ft'Q where ^0'^'0 are measurable sub-
sets of ft resp. ft' having measure one such that y and y are 
measurable, y>m = m1 and ^o^t = (t e JR ) . 

For certain purposes (see e.g. [6]) one is interested to embed 
a dim d m.p. flow of arbitrary (measure-theoretic) entropy isomor-
phicly in a compact metric space with a flow of homeomorphisms 
operating on it. (Measure-theoretic) entropy is an isomorphism in
variant. Therefore by theorem (4.3) a candidate for such an embedding 
procedure has to have infinite topological entropy. (6.1) says that 
the shiftflow on L (IR ) is such a candidate. We outline in the fol
lowing how the embedding is done. 

A dim d m.p. flow (J) is called aperiodic iff there is a set of 
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measure 0 N e l such that if oj £ N and t ̂  O, then ^ uj 
For semiopen d-dimensional rectangles Q c 1Rd and sets we 
consider cf) B : = [J <\> B . <bnB is called disjoint if the sets 
4>tB (t 6 Q) are disjoint. We recall the following theorem due to 
D. Lind. 

Theorem [17] . 
Let <$> be an aperiodic d-dimensional measure-preserving flow 

on a non-atomic Lebesgue measure space (ft,<£ ,m) of total 

measure one,Then for any rectangle Q c Rd and £ > 0 > there 
is a set F6^S such that 4>qF is disjoint^ measurable and 

iti(<J)qF) > 1-e . Furthermore on ty^F the measure m is the 

completed product of a measure on F with Lebesgue measure 

on Q • 

Let oo € B c ft then we put 
l(B,o)) = sup min | I. | 

Q £R(u>) Ki<d 
where R(oj) is the family of all rectangles Q = I^x...xi c [Rd 
(i^ intervals) such that 0 £ Q and <j>Q0) c B . 

1 (B) = inf l(B,co) is the minimal length of a "time-interval" the 
flow (j) stays inside B after having entered the set B . 

Given a vector t° = (t̂  , . . . , t^) e IRd we write <t^,...,t^> 

for the discrete subgroup of R generated by the vectors 
(0, ...,t±f ...,0) , i.e. 

<t1#. . . ,td>={t e TRd| t = (k1t1,. .. ,kdtd) for (ka,.. . ,kd)€ Ed} . 

6.2. Definition. 
A partition TT of ft into measurable sets is called a 
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generator of finite type for the dim d m.p. flow <J> iff 

1) there exists a t € ÏR such that 
t6<t4y. ..td> 

$ TT = Z a. e 

2) l (B ) > o (Be TT) 

3) For any rectangle Q CTR and a.e. w e Q <|>QU) n B ^ 0 

for at most a finite number of sets B 6 TT . 

Now we observe that Lind1 s theorem above yields just the d-di

mensional version of the representation of <\> that is the starting 

point for our iterative construction of a generator of finite type 

in [7] . The construction itself can be generalized to higher dimen

sions with some obvious modifications. We get 

6.3. Theorem. 

For any aperiodic d-dimensional measure-preserving flow on a 

non-atomic Lebesgue space (tt, £,m) there exists a countable 

generator of finite type. 

6.4. Remark. 

Actually we get more. Given any t° = (t^ ,. . . , t̂ ) 6 TRd such 

that each t^ ̂  0 there exists a generator of finite type correspon

ding to the subgroup <t.,...,t,> . 

i.e. 
t e < t 1 , . . . , t d > 

(J)^TT = a.e. 

Once we have the existence of a generator with very regular orbit 

properties we get 

6.5. Theorem. 

Every d-dimensional measure-preserving flow on a non-atomic 
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Lebesgue measure space is isomorphic to a d-dimensional flow 

of homeomorphisms operating on a compact metric space. 

Proof. 
Take as compact metric space the space L (|R ) with the d-

dimensional shiftflow S on it and modify our embedding construc
tion in [7] , Satz (3.1), to d dimensions. 

There is probably an easier way to get theorem (6.5). In the 
1-dimensional case U. Krengel f16J studied a type of generator with 
similar orbit-properties whose existence can be seen in a more 
elementary way. After [7] was written he pointed out to me that the 
embedding construction works as well with this type of generator. It 
should be not too hard to prove a d-dimensional version of this 
generator theorem. Also I thank U. Krengel for sending me an embed
ding construction for the periodic part of the flow. Such a construc
tion was not explicitly given in [ 7 ]. 

Appendix. 

Here we give a full proof of Theorem 3.10., compare [2] , p. 25: 

Let X be a finite open cover of ft having diameter less 
than £ for some e > 0 . We will construct a finite open cover 
&z of X having diameter less than 3 e with the property 

h((j), £ ) < h(<j>|n, Oi ) + z . 
z — e 

This implies using (1.8) 

Ь(ф) = lim Мф, í ) < lim Ь(ф|п, Oi ) = Ь(ф|п) 
e-0 e-0 
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The reverse inequality is true by (3.2) . 

We proceed with the construction of £ . Let 

OL - ( A , . . . ,A } and c = N 
- & P ln 

Ф"1 Ol ) 

where ln = (n,...,n)e 
Choose N Targe enough such that 

|P J 1 log cN < h(<f>|ß, ae) + e 

and a > o such that dl (<\> x,<J> y) < e for all 1G p N whenever 
x,ye X and dl (x,y) < .a. Let 

U = (y<5x|dj (y,fi) < a} and B. = {y eu|a (y,Aj) < e} (1<j<s) 

Let E = ( (i,), | i, 6 {l,...,s}} be a set of arrays such that 

(i 1)1 E P 1N 
<t> A, (i 1)1 E P 1N EE} 

is a minimal snbnnvpr of 

IEP 1N 
P 1QLe , i.e. I E| = cN 

For every wandering point x let Nx be an open neighbourhood 
of x having diameter less than 3e and such that 

N X 
le 7La {0} 

^Nx = 0 

Choose a finite subcover { N , . . . ,N } for X^U and put 

\ = {h B s ' Nx ' • • • ' V / 

Let n > 2t' . In order to obtain a suitable upper bound for 
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N( 
1 EP 1 N 

O -1 L E we define a subcover of 
1 é P 

ln 

O-1 L E 

Let x£X be an arbitrary point. We shall define (C^) ̂  ̂  

ln 

with C1 6 such that x e 

1 EP 1 n 

O-1 C1 First observe that for 

1,1' e p , 1^1', <J> x and $ x cannot occur in the same N .For suppose 

^ 1x and c()1 x were both contained in the same N , then 
i 

1 (i-i1) l1 l-l1 
4)Xx €<(, u 1 ; ((f)1 x) C^1 1 Nx 

This would imply <j> N 0 N ^ 0 contradicting the choice of 

N . Consequently we get 6U except for at most t1 values 

11 = < ^ ^ P . n (1< i< t ' ) Let I1 lfc be the different 

values among 1^,... 1̂  

We can assume 

11 -.2 ,t 

Define 1° = -1 , = n and 

p± = {1 = ( l a , . . . , l d ) e p l̂ '1 < \ < lj} (l<i<t+l) 

Then if l^Pj_ for some i we have ^ x e U . We put 

i i ,i-1 A then 
t+1 

i=l 
r. = n - t . 
1 

ri and n can be written in a unique way ri = p±N + qi and 

n = pN + q such that 0 < q^,q < N . 

Now we fill the rectangle p± with disjoint cubes having 

equal volume N 
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Let 
Q1 (m1 , . . . ,md) = (1* + 1 + m1N,m2N/. . . ,mdN) + p_̂N 

where 0 i < pi , 0 £ m̂. < p (2<j<d) 

Note that there are p.̂ p (d-1) such cubes. Since for 

1 = (1^ + 1 + m>1N,m2N, . . . ,mdN) (j)1x eu 

we can choose a point _ x e ft such that ^ J (m ,...,m ) 

dl (y(m md) ' *lx)< « 

By the choice of a we get for all 1 e p N 

dl (* ^ md) ' * x) < e . 

Suppose 

^(m1,...,md) 1 E1 N ф-1А 
х1 

for some 1 P N 
then 

4>1+1xeBi for all 1 e p N 

We define for these 1 ci+i := Bi • To complete the definition of 

the subcover of 1 6 v 
-1 LE we let for all 

16p „ 
ln <L< i<_ t+1 CK m. < p . — 1 l 

Q1(m^ ,...,md) 

(Xm.. < p(2< j<d) 

C1be an arbitrary Bi containing <j>̂"x . This construction yields 
the followinq inequality 

N( 
16 p 

ln 

o 1 LE 
) < 

t+1 
i=l "N 

M-1 
. (s+f)ïï(n) 
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where TT (n) = t (dN + l)n d-1. Therefore 

h (<j), ̂  ) < lim n~d 
n->oo 

t+1 

i=l 
PiP(d-1) 'log cN + 7T(n) log (s+f)) 

: lim n~d 
n->oo 

t+1 
i=l 

r±N"1(nN"1)d *) log cN 

= lim 
n>oo 

n" N~d(n-t) log cN = 

= N"d log cN < h(<|>|fi, #£) + e . 

Remark. 
We do not formulate explicitly an analogue to Lemma 2 . 1 [ 2] . 

But it is clear that a d-dimensional version of this lemma together 
with its proof is implicitly given by the proof above. 
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