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0. Introduction.

The purpose of this paper is to study the topological entropy
of semigroups of continuous commuting maps (c.c.m.) acting on a com-
pact Hausdorff space. The semigroups considered are those isomorphic

f or Rf or factors of these where d 1is a positive integer.

to Z
Because of this isomorphism we shall speak sometimes of d-dimensional

semigroups or d-dimensional semiflows. If the maps are homeomorphisms,
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E. EBERLEIN

i.e. if the semigroups are groups, the statements become sometimes
sharper. Therefore results on groups of transformations isomorphic

to %d or iRd or a factor of one of these are stated as well.

Measure-theoretic entropy of groups of invertible measure-pre-
serving transformations acting on a Lebesgue space was investigated
by several authors (Conze [5], F8llmer [81, Katznelson-Weiss [13],
Pickel-Stepin [18], Thouvenot [20]). We refer to their work in sec-

tions 4, 5 and 6.

In [21],[24] and [27] the fundamental variational principle for
%E actions is treated. Topological entropy is a special case of the

notion of pressure discussed there.

Section 1 contains basic definitions and properties. It is of
particular interest to know if and how the entropy of subsemigroups
is related to that of the serigroup itself. Some answers to this
question are given in section 2. Furthermore a first product theorem
is proved there. In section 3 we state a number of results that are
well-known theorems in the case d=1 , i.e. in the theory of toéolo-
gical entropy of a single continuous map. Being familiar with sec-
tions 1 and 2 it is an exercise to translate the original proofs from
the one-dimensional case to higher dimensions. Therefore almost all
proofs are omitted. The only exception is Theorem (3.10) stating that
the entropy of a semigroup equals the entropy of its restriction to
the nonwandering set. Since the combinatorial part of Bowen's proof
in dimension 1 (see [2]) becomes somewhat different in higher dimen-
sions the interested reader will find a full proof in an appendix at
the end of the paper. Section 4 is devoted to an extension of the

notion of sequence entropy. In section 5 semigroups isomorphic to
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TOPOLOGICAL ENTROPY OF SEMIGROUPS

d
+

The first part of section 6 consists of the computation of the entro-

R or a factor of it, i.e. d-dimensional semiflows, are considered.

py of a d-dimensional shiftflow S = d operating on a space

Speer
LA(Rd) of [0,1]—valued functions which satisfy a Lipschitz condi-
tion. The one-dimensional version of this space appears in Jacobs
[12], Eberlein [7] and Denker-EberleinI:G]. We will use this flow in
the second part of section 6 where we make an excursion to d-dimen-
sional flows of measure-preserving transformations acting on a
Lebesgue space (Q, £,m).

Using a d-dimensional Rokhlin theorem due to Lind [17] we state
an existence theorem for generators (of the g-algebra I) with rather
regular orbit properties. Via these generators we get the following
result: Every d-dimensional flow of measure-preserving transforma-
tions acting on a non-atomic Lebesgue space can be considered - up to
an isomorphism - as a d-dimensional flow of homeomorphisms operating
on a compact metric space. More precisely the flow of homeomorphisms
is a subflow of the shiftflow considered at the beginning of this
section.

I would like to thank L. Goodwyn and P. Walters for some useful

remarks and M. Misiurewicz for an improvement in section 2.

1. Definitions and basic properties.

Let X be a compact Hausdorff space. Given an open cover a
of X we denote by N( (@) the cardinality of a minimal subcover of

. H(®A) = log N(QA) is called the entropy of (I . 1log is taken

to the base 2. For two covers Cz,af we write
Av I - {AnBlAeQ,BeI} )
i is called finer than , in symbols a < :f , iff every set of

Jﬁ is contained in a set of a . For basic properties of the
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E. EBERLEIN

functions N and H with respect to "v" and "< " see [1].

In particular H is subadditive in the sense H( Ol v JJ )<H(W+E (D).

Zd denotes the d-dimensional lattice with its group

structure, Zf the subset of elements having all coordinates non-

negative. P stands for arbitrary subsets of Zd with finite car-
dinality which is denoted by |®| . p stands for n-dimensional
rectangles. In particular given 1 = (11,...,1d)€ Zd we denote by

oy the n-dimensional rectangle
- d .
{k = (kgseeerkg) €250 < ky < 1, (1282a)) .
Given 1 and P it is clear that 1 + 5 means {1+k|k€ 5} .
We write 1 -+« if min 1, -« .
1<i<d
Let ¢, (1<i<d) be continuous commuting maps (c.c.m.) of X

into itself then ¢ = <¢1""’¢d> denotes the abelian semigroup
generated by ¢i (1<i<d) under composition. There is a natural

homomorphism A of Zf onto ¢ given by

1 1
Ail= (Qgseeaily > ol ¢ = ¢,110...o ¢dd .

Thus ¢ 1s isomorphic to zf or a factor of it. If the trans-
formations 5 (iiiid) are homeomorphisms then ¢ = <¢1,...,¢d>
is an abelian group isomorphic to Zd or a factor of it.

Now fix for the rest of this chapter a semigroup ¢=<¢1,...,¢d>

acting on X . Given a finite subset B czd and an open cover &

+

asp = v¢'k01

kep

of X we write

1.1. Lemma.
. n
Let lZ be an open cover, (ln) a sequence in Zf , 17 > o,

then for any n-dimensional rectangle < and € > 0 we have for n
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TOPOLOGICAL ENTROPY OF SEMIGROUPS

sufficiently large

- -1
ol (e ) < Loy Tl + e

Proof.

Cover P n by translates k + Py of ol and use subadditivi-
1

ty of H .

1,2. Proposition.

For any open cover (I of X and any sequence (1™  in Zi

such that 1n >

linm [o |7 H(A0 )
n o 1 1 n
exists and is independent of the sequence (1) .

Proof.

Let (1M ’ (I™) be two sequences then by (1.1) for any m
— -1 -1
Iimlp _ |77 H(Ae ) <o, |77 H(Ap _)
naee 1D 0 jm i

If m goes to infinity we get

ﬁRM_M—IH(QDn)j,hmlpqﬁ_lﬂ(aoﬂg

n>e 1 1 m>®° 1 1

Symmetry in (1n) ’ (in) yields existence and equality of the limits.

1.3. Definition.

. -1
h(¢p,A):= lim |p H(Xp )
n->o | 1n, ln

is called the entropy of O with respect to the semigroup ¢

Using subadditivity of H we get for any n

e |
ln

Thus h(¢, JI) is a value in the interval [O,H((Z)] .

(Ao L) < HUD .
1
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E. EBERLEIN

If ¢ 1is a group of homreomorphisms and we take a different

system of generators for ¢ , say %l,...,$d , then this corresponds

to applying an automorphism A of Zd . A transforms n-dimensional

rectangles ©p n into parallelotopes and we see imrmediately using
1
the same argument as in (1.1) that h(¢, I) does not depend on the

generators for the group ¢ . It is clear that a <;Z implies

h(¢, @) < h(d,d) .

There is another way to compute h(¢, ) which will turn out

n

to be useful. It is not necessary that the coordinates in (1) go

A
simultaneously to infinity. Consider for some d < d the subsemi-
N AC n
group ¢ = <¢1,...,¢a> . Denote ¢~ = <PQpqr-errbg> - Let (1) be

(a-4)
+

a sequence in Zf ' 1" , and k€Z

V ¢S " ta

lEpk

Consider for

ka =

hib, o) = 1im |o
n-e 1

1.4. Proposition.

For every sequence (k™) in z, '

hi$, A) = lim ]pkml'1 h(3, Ap,m) .

m+>o

Proof.

First observe that for any fixed k™

-1 A . -1
| pym| hip, Xp ) = lim |p | H( )
ke el — (ln'km) lep \n m
. n  m
1.1. implies that for any pair (1 ,k)
nGe, ) < lp o ITHEMe )
(17,k7) (17°,k7)
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TOPOLOGICAL ENTROPY OF SEMIGROUPS

Both relations together yield
. -1 A
he, 0 < im |p |77 h(e, o ) -
m>o k k
To get the reverse inequality we note that again by (1.1) for

n
every 1

hd, Qo ) < lo_|7" HC Vo ")
k 1 1€ pyn k™
Thus for any pair (ln,km)E’Zf
-1 A -1 \/ N=1
le |77 h(o, Ao ) < |p | H( 1o
k™ ™ T atx™ l1€op Sk
ln
If (17,kM » » we get
Py -1 8
]il_lig lpkm | h(o, Ao m) < h(¢,A)

1.5. Definition.

h(¢) = sup {h(¢, A)| X open cover} 1is called topological

entropy of ¢ .

Let vy = <w1,...,wd> be another semigroup acting on a compact

Hausdorff space Y . (Y,y) is called a homomorphic image of (X,¢)

iff there is a continuous surjective map )f : X > Y such that
Joby = ¥yo¥ (1<i<d) . It is clear that under these conditions

h(¢,f_1(01)) = h(y, ) for every open cover (X of Y . This implies

1.6. Property.

If (Y,y) 4is a homomorphic image of (X,¢) then h(y) < h(¢) .
(Y,¥) 1is isomorphic to (X,¢) , in symbols (Y,¥) = (X,¢) ,

iff the map f above is a homeomorphism.

1.7. Property.

(X,¢) ~ (Y,y) implies h(¢) = h(y) .
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A sequence ( mn) of open covers of X is refining iff

1) Mn < an+’1 and

2) for every open cover z there exists on Q’n such that ,f<ah .

The following property is an immediate consequence of the monotoni-

city of the function h(¢,*) and simplifies the computation of h(¢).

1.8. Property.

If Q;) is a refining sequence of open covers then

h(¢) = 1lim h(s, an) .
n>o

An open cover is called a one-sided (topological) generator for ¢

iff for every collection (Ai of elements of (I

1 ezd
(} ¢-1§. consists of at most one point. In case ¢ 1is a group,
d i
lez 1
+
A is called a(fopological) generator . for ¢ 1iff the same holds

with Zd instead of Zf .

Rewriting Lemma 2.1., 2.3. and 2.5. in [14] in our situation
of semigroups and groups of transformations yields the following

result

1.9. Theorem.

If a i8 a one-sided generator or in case of ¢  being a
group a generator then

h(¢) = h,d) .

The problem of existence of generators is solved by Keynes and
Robertson [14]. There is a one-sided generator iff ¢ is positively
expansive and in the group-case, there is a generator iff ¢ is ex-

pansive.
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TOPOLOGICAL ENTROPY OF SEMIGROUPS

1.10. Example.

Let E be a finite set, [E|=N . X = {x]x: 'Zd + E} endowed

with the product topology is a compact metric space. The shiftgroup

S = (Sl) d given by

lez
(5,(x)) (k) = x(k+1) (k,1¢€2%

is a group of homeomorphisms isomorphic to Zd . Consider

[e]o = {x|x(0) = e} , then CZD = {[e]o | e€E } is a generator for

S . Thus h(s)

1

h(s, ao) . An easy computation shows h(S,L%)=log N

which implies

h(s) = h(s, ) = H(A,) = log N .

Exactly the same holds if we consider X {x]x : %f » E} together

d on it.

with the corresponding semigroup (E )
1'1€ Z+

1.11 Example.

Let Y Dbe a compact Hausdorff space and & a homeomorphism

{x]|x : Zd > Y} with the product

of Y onto itself. Consider X
topology and the shiftgroup S = (Sl)16 Zd acting on it. Define

a homeomorphism 64 of X onto itself by
6,0 (K) = 9x(k)  (kezd) .

The elements of S commute with b, - We claim the group ¢'=<S,¢17
satisfies

h(¢"') = h(bﬂ) .
To see this define the projection Ty ¢ X > Y by no(x) = x(0).

1f & is an open cover of Y then no_i(i) covers X . Consider

for a qeZ, the covering

q-1 .
_ -J -1
tﬁq—j\=/o 07 (g I)

then
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VAR F I I v
H(Lg) = Hing GV y77 ) H(j\z/oj’ z) .

Observe that h(s, Iq) = H(fq) .

Therefore

hip, %) = lim q_lli(iq) = lim g~ *

g> g

= ' -1
h(s, £y = h(¢', n~L)

where the last equality follows by 1.4.

Taking the sup over all L we get
h(f) < h(e") .
Given any open cover (I of X then by the definition of the
product topology there is a n-dimensional rectangle o in Zd and

an open cover L of ¥ such that

A< \/ S-k(nglj)

kep
This implies

h(¢', &) < h(e', \/ st L)) = neer 1t ) = nig, )
kéep

and we get h(¢') < h(j") .

2. Subsemigroups.

1 q
In this section we study subsemigroups ¢ = <¢l P ,¢l >
of a fixed semigroup ¢ = <¢'1""'¢d> of c.c.m. . The vectors

d
+

ll

€7 (1 < i < q) are assumed to be linearly independent, i.e.

they cannot be written in the form
: [«
k1l = 1 kM1t

i=1

i#3

for positive integers k and k* .
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TOPOLOGICAL ENTROPY OF SEMIGROUPS

1
Define the following equivalence relation on ¢ : ¢1/V ¢l iff
. k k' ~ 1 k_ 1' k'
there exist ¢ ,¢ € ¢ such that ¢o¢ = ¢ °¢ . The factorspace
with respect to ~ is again a semigroup.

We consider first the case of finite index. Let

11 d

Py = <ot ,oii,0t > (1tez? , 1 <1< a

d
+ = =
be a subsemigroup of finite index p and zP  its inverse image
under the natural homomorphism A . We choose a complete system of
representatives in the factorsemigroup 'ZE/ZP , say .Qp , by taKing
out of each equivalence class the element lying in the d-dimensional

parallelotope P(li,...,ld) spanned by the vectors 11,...,1d

d) take the

(In the case of elements on the boundary of P(li,...,l
smaller ones).

Define comp (zP) = zP + QP ana comp(p¢) = A(comp(zp)) .
comp(p¢) is a semigroup which in general does not have generators.
We note that it is a priori not clear how to define the entropy of
the semigroup comp(p¢) . But since we have chosen d-dimensional

n

rectangles n with 1 =+ « for the semigroup ¢ itself it seems

°1
natural to take d-dimensional parallelotopes pn(:zf with boundaries
parallel to those of P(li,...,ld) and which cover comp(Zp) as
n > @ ., Then the same argument as in (1.2) shows that h(comp(p¢))

is independent of the sequence p, and equals h(¢) .

2.1. Theorem.

o, o 1t 19, i d .
Ff 5o =<¢" seeerd” > (1 €Z,) is a subsemigroup with finite

index p then
h(P¢) = p h(e) .
Proof.

Since hi(¢) = h(comp(p¢)) it is enough to consider the case

27



E. EBERLEIN

Py = <bpseeesdg > for p; >0 (4 21i<d)

Define 1l(p) = (Pi""’pd) and let pl(p) be the corresponding

d-dimensional rectangle. Then

Ipl(p)l = p’.l.‘.'pd =P .

For any open cover A of X we write

arP - ‘\/ o~la .
1€ p
1(p)

d

Given any € > O ,]<EZ+ we get with the same argument as in (1.1)

for sufficiently large n on one side

lonl™? H(lypln o7t < (ple, 71 H(l\e/pk (Po)~L APy + ¢

which implies
p h(¢, X) < n®Py, AP)

and on the other side

4 ..V P, -1 D 4 Voo
lojnl H o 9 a®y < ple,| Hygp, ¢ o) + e

which implies
h(Po, @%) < p h(s, M) .
So we have equality.
Taking the supremum over all open covers A we obtain

p h(¢) < h(p¢) . But given any open cover z we conclude
nPy, L) < n(Py, ZP) =pnes, L) .

Taking again the supremum over all open covers yields the reverse

inequality.
A ]_"l lq
Now we turn to subsemigroups ¢ = <¢= ,...,0" >
(1i€ Zd (1 <i<q)) with infinite index, i.e. g < d . It is not

+
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hard to show directly that h(¢) < h($) . It should be emphasized

that h(@) of course means the entropy of the g-dimensional semi-

group $ . We prove a stronger result.

2.2. Theorem.
A 11 19 i .4
Let ¢ = <¢~ ,eee,0" > (1 eE+ (1 < i <4q)) be a subsemigroup

with infinite index then h(¢) > O <implies h(@) = o

Proof.

A
Consider first the particular case ¢ = <¢1""’¢q> for some

(o] m

g < d . Remember $ means the semigroup <¢q+1""’¢d> . If (k)

is a sequence in Zid_q) such that k™ + » and & an open cover

of X then writing
Ao m = \/ 3% 7k

we get by 1.4.

n|"1 nes, Ao, m) .

h(¢, A) = lim |pk
m->o

Since h(¢) > O we can find a cover ( such that h(¢,q) > O.
Now |pkm| +~ o as m > o and therefore h($,£ypkm) is an unboun-

ded sequence. We conclude h($) = @

N\ ]_1 lq
In the general case ¢ = <¢~ ,...,¢~ > we choose vectors

d

lq+1,...,ld in Z, such that l,l,...,lq,lq"'i,...,ld are linearly

independent vectors. Then
$'= <¢11,...,¢ld>
has finite index, say p , in ¢ and by 2.1 h(g) = p h(¢) .
h(¢) > O implies therefore h(g) > 0 . But with respect to § the

subsemigroup $ has just the form required at the beginning.

2.3. Corollary

If h(¢i)<°° for some ie{1,...,d}(d22) then h(¢) =0 .
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Warning.
h(p) = O does not imply h(@) < o or even h($) = 0 for

subsemigroups § of infinite index. See (2.5) for a counterexample.

Now we prove a first product theorem. Let ¢ = <¢1"“'¢d> be
a semigroup acting on X and vy = <w1,...,wd.> be another one
d a'

acting on Y . Given 1.ez+ ’ ke;z+ we define the map ¢l X wk of

X x Y into itself by
Wl x %) 9 = 61,05y (x,y) ex x ¥)

Denote by ¢ ® ¥y the semigroup consisting of the family of
maps {¢l X ¢kllezf ,lcezf'} . ¢ ® ¥ can be written in a different
way. Namely if IX and IY are the identity maps on X and Y
respectively then

¢ ® U = <hy X Iypeuesdg X IyyTy X YppeeeyIy X P> o

2.4. Theorem,

h(p ® y) = 0 .

Proof.
Given an open cover E of X x Y there exist open covers a
of X and & of ¥ such that € < Ax& (see [1] p. 312). Take

d n a' n

sequences (ln) in Z+ , 17 > o, (kn) in % + k" » « . Then

hip @ v,€) <h(p ey, Ax L)

s 4\ -1 V ok
_Ilrz;glp(ln,kn)\ H(1€p1n¢ Q* kEpknw I)

Lin [pn| ™ (Jon| ™! H(l\‘E/Ol“ PR/ AP
n->c

A
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+ iig |plnl_1(|pknl_’l H(kig;kn w—k.f))
In both limits the first factor converges to O whereas the
second expression converges to the finite values h(¢,{q) resp.
h(np,f) . Therefore
hio @y, ) =0 .

Since f was arbitrary we get

h(¢ ® ¥) =0 .

2.5. Corollary.

h(¢) = O does not imply that there is an i€ {4,...,d} for

which h(¢i) < o (of course d > 2) .

Proof.
Let X , Y be compact Hausdorff spaces and Y : X > X,
Yy : Y > Y Dbe continuous maps both having infinite entropy. Consider

the productsemigroup
¢ = <(yxIy) , (Iy x $)> on X X ¥ .

2.4. implies h(¢) = O . On the other hand the producttheorem in [9]

(Theorem 2) (see also (3.7) later) yields

h(y x IY) h(y) = o and

h(¥) .

1]
8

h(Igx ¥ )

3. General theorems.

The following three statements are well-known results in the

case of a single continuous mapping 7 of a compact Hausdorff space
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X into itself [1] . Their generalization to semigroups
6= <pgrecerbg> of continuous commuting mappings of X into itself

is straightforward.

3.14. Proposition.

Let X&’XZ be closed subsets of X such that X = X/lUX2 and
1 d .
¢7x; X, (x;€Xy,1€2,, i=1,2)
Then
- 1 2
h(¢) = max {h(7¢),h(“9)}
where l¢ denote the restrictions of ¢ to X (i=1,2) .

i

3.2. Corollary.

Let X,l be a closed subset of X such that

1 d
¢ x,lex,1 (x,le X‘L'le Z+)

then

nle) < ney .

3.3. Proposition.

Let ~ be an equivalence relation on X compatible with ¢ in
the sense x~y implies ¢ixlv¢iy (1<i<d) . Define a semigroup
% = <$&""’$d> on X/~ by $in = m¢; (1<i<d) where m is the
projection of X onto X/ . Then
h(3) < h(e) -
)

Given a directed set J let (X be a family of compact

i'ieJ

Hausdorff spaces on each of which acting a semigroup
o= <i¢1,...,i¢d> of continuous commuting transformations such that
for j > k (Xk,k¢) is a homomorphic image of (Xj,3¢) under a map

A and the X are consistent.

jk
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Define
X = {x=(x), 5 €11 XDy (xg) = % for 3,keT, >k}
ieJg
X 1is compact with the topology that is induced by the product
topology. Define a semigroup ¢ of continuous commuting maps of X
into itself by

Glao; = Foleg)  xex,1e7 ,1e2d) .

. . s i .
(X,¢) 1is called the inverse limit of (Xi, ¢)ie~7

3.4. Theorem.

h(¢) < sup h(i¢) and 1f the maps
ie7

Xij are surjective then

h(¢) = lim h(i¢) .
ieJg

The proof is analogous to [9], Theorem 1 .

Now we turn to a particular inverse limit. Let ¢ be a semi-

group acting on X . Consider the directed set Zf where 1 > k iff
d

* % . L. 1
1 -ke€z_ . Let (X', ) Dbe the inverse limit of (Xl, ¢)le Zf
1
where (Xl, $) = (X,¢) for all 1e£zf and the Alk(lik) are given

by ‘¢l-k. The reason for this construction is, that ¢* is a group
of homeomorphisms.

Define X = f} a ¢1(X) and denote by $ the restriction of
lez
“+

of ¢ to X . The semigroup $ consists of surjective maps of X

onto X . Similar to proposition 5 in [9] one proves.

3.5. Property.

h(3) = h(¢) .
. g A * ¥ Lo
Since ((X)",(¢) ) = (X ,¢ ) we get combining the second part

of (3.4) with (3.5)
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3.6. Property.

*
h(¢") = h(¢) .
The following product theorem is essentially due to Goodwyn [9]

in the case of a single map ¥ .

3.7. Theorem.

Let X and Y be compact Hausdorff spaces and ¢ =<¢1""'¢d>

and Y =<w4,...,wd> semigroups of c.c.m. of X respectively Y
into itself. Define the productsemigroup
b X Y= <dy X Ygeeesbg X Vg of X x¥Y
into itself by
(03 x ;) (x,¥) = (03%,¥;y) (x,y) € XxY .
Then

h(¢ x ¥) = h(¢) + h(¥) .

The proof runs analogously to [9] . (3.7) has the following

generalization. See [9], Theorem 3 for a proof.

3.8. Theorem.

Let (k¢)kﬂiK be an arbitrary family of semigroups

kK _ k k
¢ = < ¢1l"'l ¢d>

acting on compact Hausdorff spaces (xk)kéiK respectively.

Define X = ;E?% Xk endowed with the product topology and
6t X > X by (p(x)), = "plx) (x€X, kKEK)

then

K
h(g) = 2=h 5p) .

For the rest of this section we assume X to be compact metric.
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A group ¢ = <¢1,...,¢d> of commuting homeomorphisms acting on X

is called an expansive group iff there is an € > O such that given

X,y€X either x =y or there is a 1ezd and d (¢lx,¢ly)> € .
If ¢ 1is only a semigroup of continuous commuting maps then ¢ is

called a positively expansive semigroup iff the same holds with

1 EZE . In both cases € 1is called an expansive constant.

Note that ¢ is an expansive group if one of the ¢i is ex-
pansive in the usual sense of expansiveness for homeomorphisms. An

analogous observation can be made in the semigroup case.

Let 1 =(1 ,...,ld)e-zg be given. We write
1 1 d 1
Pix(eytreeni0gh) 2= () Fix(0;)
=1

where Fix(f) means the set of fixed points of a mapping £ . Then

the following result can be proved using the ideas of Proposition

(2.8) [2].

3.9. Theorem.
If ¢ <s an expansive group of commuting homeomorphisms or a
positively expansive semigroup of continuous commuting maps

acting on a compact metric space X then

n n

J— 11 ld
h(¢) > lim |p log | Fix (0" reverty ) |

N>

1nI

where (17) <4s any sequence in ZE such that 1" + o |

Note that for the d-dimensional shift (Example (1.10)) indeed
17 17

. -1 .

h(¢) = 1lim |pln] log | Fix (¢11,...,¢dd)| .
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A point x¢€X 1is called a wandering point of the semigroup

¢ = <¢1""’¢d> iff there is a neighbourhood U of x such that

UAU ¢1U=¢;

1€z N\ {0}
otherwise x 1is called nonwandering. The set £ = Q(¢) of nonwan-
dering points is closed and invariant (¢lQ ¢ Q for l.e%f)
Note that the wandering points of ¢ are wandering points of ¢i
for every ie€{1,...,d} . Therefore

2() > U 2o -

d
i=1

The following theorem states that as far as entropy is concerned

the only interesting part of X is the nonwandering set § .

3.10. Theorem.

Let ¢ = <¢1,...,¢d> be a semigroup of continuous commuting
maps of a compact metric space X into Ztself. If Q denotes

the set of nonwandering points of ¢ then
h(¢) = h(¢|Q) ,

where ¢|Q <s the restriction of ¢ to Q

Proof. see the appendix.

Two semigroups ¢ =<hqreerrdg> and ¢y = <¢1,...,wd> acting on
compact metric spaces X and Y respectively are {Q-conjugate iff
there is a homeomorphism y of Q(¢) onto Q(Yy such that

jpo(bi = Yo (1<i<d) .

3.11. Corollary.

If ¢ and ¢ are Q-conjugate then
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h(o) h(y)

3.142. Corollary.

If (¢) is a finite set then

h(¢) =0

4. Sequence entropy.

Let X be a compact Hausdorff space and ¢ = <¢1,...,¢d> a
semigroup of c.c.m. of X 1into itself. Throughout this section A

will always denote a subset of Zf and L = {1} a sequence in

Zd such that 17 + ®© . We write A(l) = Anpl and define for any

+

open cover d of X

T -1 -]
hy (&, ) = lim [a(") | H(jYA(ln) I/ S

n->o

h = sup {hA L((1>,0[)| Ol open cover}

A,L(q))

is called the topological sequence entropy(t.s.e.) of ¢ with

respect to A and L . Define

aa,L) = lim [Aa(™ |7V oynl

n->w
and denote for k > 0 7, = {1e2%| |1;|<k (1<iza)}
A subset A of zf is said to have bounded gaps iff there exists
a k > 0 such that
A + Bk = 1¢a (1+5k)sz .
d(A,L) 1is a finite value for any subset A with bounded gaps.

4.1. Lemma

If d(A,L) is finite then

hA,L(dhﬁ) < d(A,L) h(é,U)
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Proof.

_ ny -1 -1 -3
ba,ptor @) = Lim [2a% e (1 fe o170 BG Sy any 0700

I A

d(a,1) lim |oln|‘1 H((Qpn) = d(a,1) h(s, Q) .

n->o
4.2. Theorem.

Let ¢ = <¢‘l""’¢d> be a semigroup of c.c.m. of X into

itself and AC%E a subset having bounded gaps then
hA,L(¢) = d(A,L) h(¢) .

Proof.

Choose k > O such that A +‘kazf and rezf such that

r+ (A+75,)C2% then
d(aA,L) h(¢,a) = d(A,L) h(¢,6 *A) =

_ o ny -1 V -1
= ii-g'A(l)l H(1€r+pln¢ a) =<

—— n, -1 -1
lim |A(17)] H(le\r/-i-A(ln)+52k¢ a)

n->o

A

l, -r
Pa,Lltr1ép, ¢ an .

Taking the supremum over all open covers A we get
d(a,L) h(e) < hy 1 (4)

The reverse inequality is clear by 4.1.

Whereas h(¢) does not depend on the sequence L = (1™} used
in its definition, theorem (4.2) shows that hA L(¢) in general
’
depends on L since there are simple examples for subsets Aizf

for which d(A,L) depends on L..

38



TOPOLOGICAL ENTROPY OF SEMIGROUPS

Furthermore we note, that theorem (4.2) partially covers theo-
rem (2.41) since a subsemigroup p¢ = <¢§1,...,¢gd> (p; €Z,) of
finite index p corresponds to a subset A with bounded gaps such

that d(A,L) = p for any L and h,  (¢) = h(Py) .
r

Measure-theoretic sequence entropy (m.s.e.) tis defined in a

similar way as t.s.e.. Let (Q,(I,m) be a probability measure space
and ¢ = <¢1,...,¢d> a semigroup of measurepreserving transformations

of  onto itself. 1f (I = {ai,a } is an at most countable

AR
partition of @ into measurable sets then
Hm(él) = iéi m(ai) log m(ai)
is called the entropy of @& . For any ( such that Hm(a) < ™
we define
_ n, -1 VvV -k
hp,p,m(¢r ) = lim [a(17) | HoGedam ¢ O -

n-)oo

ha,n,m(¢) = sup {hA,L,m(tt,Q) | & partition, H (&) < =}

is called the m.s.e. of ¢ with respect to A and L . The follo-
wing result is an extension of Goodwyn's theorem ([10], [11]) . The

proof follows that of Misiurewicz [24].

4.3. Theorem.
Let X be a compact Hausdorff space and ¢ = <¢1""¢d> a
semigroup of c.c.m. of X <into itself. Then for any ¢i—inva-

riant (1<i<d) normalized Borelmeasure m on X
hA,L,m(¢) < hA,L(¢) .

Proof.
Let A = {ai,...,as} be a Borel partition then for any € > O

there exist compact sets bic a; (1<i<s) such that
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S
m(J:Q (ai\-bi)) < ¢ and
(A, ) = H (AL ) + 8 (LX) <2

s
where b = {b_,by,...,b } with b_ = xxi\=j)1 b, and o (A, %)
is the metric on the space of partitions as defined in [19] , 6.1 .

f= {bOL;bq,...,bou bs} is an open cover of X and we get
-k ~k
Hplega®) ¢ £o) < log N(k\e/A(ln) 07 ) <

Therefore hA,gm(¢’ IO) < hy (9, €) + log 2. Now using the fact that

4, @) - h 0, L) < opt A L)

Ih A,L,m

A,L,m

which can be shown as in [19] ,8.6., we get

a,L,m@) < hy (@) + log2+1.

If (Qn,;ﬁn,mn) denotes the n-fold product measure space with
components (&, 3 ,m) and n¢ = <n¢1,...n¢d> the productsemigroup

on it, i.e.

, n., _
then a direct computation shows hA,L,mn( $) =n hA,L,m(¢) . Later

(4.7) we shall state that the same formula holds for the t.s.e. of

the productsemigroup of a semigroup of c.c.m. . Therefore

n hA,L,m(¢) <n hA,L(¢) + log 2 + 1 .

Dividing by n and letting n > « we obtain the result.
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For any subset A(:Zf and any sequence L = {1} such that

1" » ©» we define the quantity

K(a,L) = lim {1im [2(1™) |77 [a(™+3,] )

k>0 n->o

d

where 3k = {lez]

| 0<1; <k (12i<d)} . Note that the expression
in brackets is always greater or equal than 1 and K(A,L) itself is

the limit of an increasing sequence and can be infinite.

4.4. Proposition.

Let ¢ = <¢1,...,¢d> be a semigroup of measure-preserving
transformations on a Lebesgue measure space (&, Z,m) then

K(a,L) hy(¢) if K(B,L) <=, O < h (§) < =

hp 1 m(®) 2¢O if h (¢) =0
© if hm(¢) = o or
0 < h (¢)< ® , K(A,L) == .
Proof.

Let (¥ be a partition such that H( 1) < » and write

ax = 1\e/~ 6"l . Then

By 1m0, 2% = Tin [aa™| ™

n->oo

-1
Hp(y €a(1™+3, )

> lim (2™ | THaaMe, | b (6, @)
n->

where the last inequality follows from the fact (proof analogous

[26] Lemma 2) that for any finite subset S<:Z3 and any partition

O such that Hm(a) <
Hm(l\e/s ot > Is| nyte, I .
Therefore

) k
h lim hAIlew,a )

k>

A,L,m(¢) 2
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v

1im lim 2™ |7 aa™+5, | b4, a)

k> n->o

K(A,L) h (¢, &) if K(A,L) is finite.

Taking the supremum over all A we get the result.
Combining (4.3) with (4.4) we obtain

4.5. Corollary.

Let X be a compact Hausdorff space and ¢ = <¢’1"" ,¢d>

a semigroup of c.c.m. on it then

K(A,L) h(9) if K(A,L) < * , O < h(¢) <~

hA’L(CP) =¢ 0 if h(9) =0
© if h(9) = » or
0 <h(g)< >, K(A,L) = = .

There is another approach to t.s.e. that was first given by

Bowen ([3], see also [22]) . Let X ,¢ and A be as before and a

an open cover of X . A set ECX is (A,g_l, a)—separated (with

respect to ¢) iff for any x,y€E, x#y there is a ke€A(l) such that
¢kx eve a implies ¢ky¢U . If KCX 1is compact then we write
s(A,Dl, A ,K) for the largest cardinality of a (A,pl,a)—separated

set in K . Given a sequence L = {ln} in ‘Zf ' 1" write

5(A,L, A,K) = 1in [2a(1™|7? 1og s (2,010, a,K)
n>o
and
h, L(<1>,K) = sup {s(a,L, @,K)]| Q open cover} .
’

A set FCX (A,0,,@)-spans a set K (with respect to ¢) iff
for any x €K there is a yeF such that given k€A(l) there is
a vell with ¢kx, ¢kyeU . For any compact set KcX we write

r(A,pl, R ,K) for the smallest cardinality of any set which
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(A,pl,a)—spans K and

T(a,L, 4,5 = lin | 21" |7 log r(a,eyn, X,K) .

n-o
It is easy to see that taking the supremum over all open covers we

get the same quantity as above, i.e.
h, [ (¢,K) = sup {¥(A,L, A,K)| QA open cover}
’

Rewriting the proof of Proposition 2.3 in [22] in our situation
yields

hy 1 (6,X) = hy L (6) .

If A is the full set Zf we shall omit the A in the notation. In
this case the right side is nothing but h(¢) . In other words
hL(¢,X) does not depend on L . This can be shown directly too.

We state

4.6. Proposition.

For any compact, invariant (i.e. ¢1K<:K(le Zf)) subset K of

X hL(¢,K) does not depend on L .

In the following sections we shall use Bowen's definition of
topological entropy. X will always be metrizable with metric d .
In this case it is convenient to consider covers of e-balls. We
shall say a set E(CX is (pl,e)-separated iff for distinct x,y€E
there is a k.ep1 such that d (¢kx,¢ky)> € and a set
FCX (pl,e)-spans a set KCX 1iff for each x &K there is a ye¢F

such that dl (¢kx,¢ky) < e for all k €pq -

Finally we state a result on the t.s.e. of a productsemigroup.

The proof is analogous to Proposition 2.4 [22].
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4.7. Proposition.

Let X be a compact Hausdorff space, ¢ = <hprecerdg> @

semigroup of c.c.m. on X then the productsemigroup
o x ¢ = <¢1 x ¢1""'¢d X ¢4> satisfies
hy (6 ¥ ¢) =2 hy 1 (9)

5. Semiflows of dimension d

Let (X,d ) be a compact metric space. The set of continuous

mappings of X into itself is a semigroup under composition. A

family ¢ = (¢t)t.eRd contained in this set is called a continuous
+

semiflow of dimension d (or continuous d-dimensional semiflow) iff

the mapping t - b is a semigroup homomorphism and the mapping

(x,t) -~ LIRS of the product space X « RE into X 1is continuous.

o = (¢t)te‘Rd is called a continuous flow of dimension d iff the

same holds with Rd instead of ‘Ri .
For any r €R we define (r)ie \Rd by
r i=3
((r)y)s =
13 0 i# 3 .

¢ can be considered to be generated by the one-dimensional semi-

flows ¢i = (¢i)re"R+ (1<i<d) where ¢i 1= ¢(r)i

Given t = (ti,...,td)e‘Rf we consider now the discrete subsemi-

groups
<¢(t1)1""'¢(td)d .
5.1. Theorem.
Let ¢ = (¢t)te(Rf be a continuous semiflow of dimension 4
then for any t = (t1""'td)6 Rf
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i

h(<h ey e ) T I Ry ) )

If ¢ = (¢t)teIRd i8 a continuous flow then the same holds

or all teIRd with |t,| instead of t, on the right side.
i i

5.2. Remark.

If ti = 0 for some i and h(<¢(1)1,...,¢(1)ﬂ>) = » then the
product on the right side is understood to be O since the left

side is O in this case.

By means of (5.1) it makes sense to define the entropy of ¢

as follows.

5.3. Definition.

Let ¢ = be a continuous semiflow of dimension d

(¢.) d
t tE'R+
then

h(¢) := h(<¢(1)’l,...,¢(1)d> ) .

Proof of 5.1.

We shall abbreviate t¢ =<¢(t cerh (e

re >
1)1 aa

. . d
Then given s = (sl,...,s and t = (ti""’td) in R, such that

d)

Si'ti # 0O for all 1§iid
we shall prove

d d
n%) < CTT €0 C T sp™ ndp) .

i=1 i=1
This implies the result.
Given € > O we can choose § > O such that
d
d (¢,(x) ,¢,(y))< e for all ueQ  := JD_ [o,sy

whenever dl (x,y)< § .
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Let 1 = (11""’1d)€ Zf be given and E be a set of minimal
cardinality that (pl,G%spans X with respect to S¢.
Then E (pk,e)-spans X with respect to t¢ for all

K= (Kkyyeen kg€ z¢ such that

17
d d
iT]'=1 [o,t.k;] C i];[l [0,s;1; ]

Therefore if Lk=(kn) is the sequence in Zf defined by k? =n
1

(1<i<d) and Ly = (1")  the sequence defined by l? = tisi_ n| +1
we get
rt¢(pkn'€'x) < rg (pln,cs,x) .
This implies
= — a4 -1 =
rt¢(Lk,€,X) < iig n ;D; ([tisi n] + 1) rs¢(Ll,é,X)
d d
<(TTep ¢ TTsp™ e Goux)
i=1 i=1 1
For e » O we get the desired inequality.
5.4. Remark.
For flows there is a more general formulation of(5.1). ¢ can
be considered as real vector space with base ¢(1)1,...,¢(1)d

Any real d-dimensional matrix M maps the basevectors on vectors

denotes the discrete subgroup of ¢

M (9 ) (1£i<d) . If ¢

(1) M
generated by these, i.e.
o i=<M(¢ Yyeee M(O )> then
M (’J.),1 (1)d
h(¢.) = |det M| h(<¢ yeeesd >)
M 1), 1) 4

Knowing (5.1) the proof of this equation runs as in [5]

Theorem (6.1)
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6. An example and an embedding theorem.

Given a real number A > O we consider the following space of

real-valued functions on 'Rd

tP@Y = th 2 B2 T0,1] |lh(sy vy = hlty,...,tp)] <
_ d
< A 122§d lsi ti[ for all (51""'Sd) , (t reeerty) € R}

Let Qk = [—k,k]d denote the cube whose sides have -length 2k ,

then
T -k+
d (h,9) = § 27 sup |n(s) - g(9)]
k=1 seQ
k
defines a metric such that (LA(Rd), dl) 1is a compact metric space.
The d-dimensional shift flow S = (St)te'Rd is given by

(S,h) (s) = h(s+t) (s,teR?, heltP®Y).

S 1is a d-dimensional flow of homeomorphisms generated by the flows

st = (s, ) (1<i<d) where (t).e R is defined by

(t)i te R i
t i=j
((£);), =
o o i#j .
6.1. Theorem.
h(S) = h( <S 7eeesS >) = o
(1), (1) 4

Proof.
We consider first the case d = 2. Given integers k,m > 1 we

shall define a set 9 of (pk,z—mA)-separated functions in LA(RZ)

where pp =[ O,k[zc Zf .
Divide the interval [O,k[ into n = 2m°k intervals
of equal length 2™™ . Consider the system F of piece-

Tidgcien
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wise linear, continuous functions £ on [O,k[ s.t. f(O)=l-21_mA

for some l(Q§l5[2m_1A_1]) and s.t. f has constant derivative
+A or -A on each I - ([a] denotes the largest integer smaller

or equal than a ) . Clearly

Pl = ([2™1a™] +1) 27

Given feF we define a function hf on mz in the following

way
£ (0) (x,y)e |- =,0]x R
he(x,y) =4 £(x) x,y)e[ o, k[ x®
£ (k) (x,y)e[ k[ xR
Define for (x,y)e [-2-m, 2—m]2 the two "disturb-functions"
+ -m m
§T(x,y) = A(2 - x| )27yl
§7(x,y) = AC x| - 272" y|,

We say feF has a pike at the point i'2—m(iiiin—1) iff f

has derivative +A on Ii and -A on Ii+1 (positive pike) or

-A on Ii and +A on Ii+1 (negative pike). Then the number of

pikes of any f€F is between O and n-1.

Let feF with pikes at 4,2 ",...,i, 2" "

2 £ be given. For any

ij,je {1,...,t} and any ie{1,...,n-1} we shall define a new

function hf((ij,i)) by "disturbing" hf inside the square

SENES! = (ij—1)2'm,(ij+1)2“m} % [(i-1)27", (i+1)27™ ].
If the pike at ij'z_m is a positive one put
hf((ij—’l)-z-m,y) + 6+(x—ij.2_m,y-i-2_m
hf((ij’l)) (le) = (x,y)e Sq(lj,i)
hf(x,y) elsewhere ,
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if it is a negative pike use ¢ in this definition. In an analogous
way we can disturb hf simultaneously on k squares (k.i t(n-1))

to get functions hf((ijq’ii)""’(ijk’ik)) . If two of the k

squares overlap, i.e. if we consider neighbours

m

m —m)

(ij-z' ,ie2 and (ij-2_m,(i+1) 2 M

then let the disturbed function have constant value hf((ij—1)2_m,y)

on the overlapping part. The result of this procedure (including
the case of O disturbances) is a family of functions ﬁﬂf such that
t (n-1)
= t(n-1), _ ,t(n-1)
Eel = 2 0T =2
3=0
If we take all h% s.t. F(O)=f(0) and ¥ has t pikes we get a fami-
ly of functions gpf(t) and
_ 5,ot(n=1) n-1
| & s (0)] = 2-2 (G B
Considering all hg s.t. E(O)=f(0) the procedure yields a family of

functions

n-1
(t) s.t.
LotE

n-1 _ _
13 o) = 20yt
£=0

Finally summing over all fé&F we get a family of functions é’ and

121 = 2" a1+ 1y 202 4 Pt

We want to estimate the number of functions in f’ that have
values outside the interval [0,1] .

Let 1,,1 be integers, 1, < 1 and define

172 1 2

_ _ ,»,1-m _ . 51-m
F(l,,1,) = {£€F|£(0) = 1,#2° "3, f(k) = 1,2

;20 Ay,

i.e. F(lq,lz) are those functions in F that have in

n, = n2 1 + (1, - 1

1 intervals Ii derivative +A. Set n2 =n - n,.

1)
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_ my _ (n .
Clearly |F(11,12)| = (ni) (nz) . Those functions of F(li’lz)
that have derivative +A in I,l can have at most 2n2 pikes

(call this family F+(11,12)) and those f€F(l,,1,) with deriva-

tive =-A in I,l have at most 2n2—1 pikes (call this family

Fo(1,,1,)) .

Disturbing functions hf(fe F+(11,12)) by the procedure given

above yields a family ¢ *(1,,1,) s.t.

2n
2 n,-1 n,-1
) = S 2t 2

t )(t-l )
t=1 (7] =7

n . n,-1 .
2je(n-1) n,-1 n,-1 2 (2j+1) (n-1) n, -1 n, -1
=y 2 A A N D I (0P
S=1 j j 5o J 3
ny -1 "% e, P2t a(men)ne1
<2 (n,-1) (220740 (2207 0T

1

Here we used the following inequality

n, -1 n,-1 - % n, -1

(1)< [n:ll-'lJ)<(n,l—‘l) (0<j<n,-1) -
3 2

Disturbing functions hf(fe F_(11,12)) yields a family g’_(Li,lz)

s.t.

2n,-1 n, -1 n,-1
- _ t (n-1)
iy =2 2 ‘[3:1) (‘—jE )
t=1 > | 2
1 n,-1 -
<2n1—1(n1_1)- 7 (22(n-1)+ 1)2 (2n 1+1)
1e £(1,,1,) = £¥a,ayv g_(lqu;z) we get
Ny~ =3 21y, P2t a2
1fa il <2t e Y )2 @
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Define F(1) = {£€F | £(0) < 1-21™™a, £(x) > 1-277"a}
then -1
n-2
|F (1) |= > | F(1,,1)| = > > |F(1,,1)] .
1772 — 1772
1,<1 j=1 1,<1
1— 1—
1,51 171
171=3
Remember n, = n 2_1 + (1,-1,) = n-2_1+j and n, = n-n, = n-2—1-j
1 ‘ 2 1 2 1

Disturbing functions hf(feaFl) we get a family of functions

ép(l) s.t.
.2

n
1€ )< L, 92

-1 1

-1 . - P
ne2 +J-1(n'2_1+i'1) 7(22(n-1)+1)n2 j-1

N>

- -1 -1
w287 142 < (n'2_1) one2 —1(22(n—1)+1)n-2 -1(2n-1+1)2

1 3220 41y 7153,
Jj=

1
-5 -1,.-1 -1

- n 22n-2 +2 (22(n 1)+1)n~2 (20 1+1)2 ,(22(n 1)_1)—2
In the last equality we used the formula

2

§o9xd = x(-07? for x| <1 .
j=1
Let F(l) = {feF | £(0) < 1-2'™a, max f(r) > 1-2'™™

max re[ o,k[

A} .

A

One easily sees that |F (1)]| < 2|F(1)] .
max -
Define
Flo,1]” {feF|£(0) € [0,1], £(r) € [0,14] for some re[ 0O,k[ }
then

-1,-1
IPro,1]! < 2|£ax(1)| < alr(1)| for 1 =[2"ta™17.
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If KEO 11denotes the family of functions got by disturbing
’

hf(féFEOAl) one can show using the inequality above
1€ 0,07l 4 1€
Now consider 7 = meLA(]RZ) = 2,\ g[o,’l] then
|g| =1¢- lép[o,ﬂ | > 2™y 4 2P legnT?

=Y

1

-5 - -1
- n 2,(n¥5)2 (22(n-1)+1)n-2 (2n—1+1)2(22(n—‘1)_ -2

1)
1
— - — — - -5 -1 -—
(2" 1+,l)n 1 [(Lzm 11—\ 1] +1) 2-n 2 ,(n+5)2 (2" 1+1)3.

(221 4)=2

= : (20710l c(n) .
It is clear by the construction of {7 that g = g(k,m) is
a (pk,z-mA)—separated set in LA( IR2) . Therefore
h(s) > lim 1im k 2 log g1 .
T Mo koo
Now 1log |g| > log (M1 log c(n). c(n) >1 for n
sufficiently large since [2m_1A_1] + 1> 1 and the second product
in c¢(n) converges to O . Therefore 1log c(n) is a non-negative

value for n large.

m

Remember n = 2.k . We get

m
log (2" 141)"7t = (2Pk-1) 10g (22 K41) > @2™k-1)2 .

This implies 1lim k “log |y| > 2°™ and finally
—>00
h(s) = lim 2%2™ = o .

m->oco
For d > 2 we proceed by induction in the following way. Take the

family é’ from the case d-1 as the new F , construct functions

52



TOPOLOGICAL ENTROPY OF SEMIGROUPS

h in the same way, i.e. hf does not depend on the last coordinate

f

and then disturb h using the given procedure.

£
Now we consider d-dimensional flows on measure spaces. Let

(Q,L,m) be a Lebesgue measure space, non-atomic and of total measure

one and Y an invertible measure-preserving transformation of Q

onto itself. (For details on these notions see for example p9}).

The set of these transformations forms a group imp (Q,lﬁm) under

composition. A d-dimensional measure-preserving flow (dim d m.p.flow)

on (9,d,m) is a family of transformations ¢ = (¢t)t€‘Rd
contained in imp (Q,&8,m) such that the mapping t = ¢t from Rd
into imp(Q,ﬁ,m) is a group homomorphism and the mapping

d

(w,t) ~ bpw of the product measure space { X R into f is mea-

surable.

Given two dim d m.p. flows ¢ and ¢ on measure spaces (f,4,m)
and (Q',%',m') respectively we say they are isomorphic iff there

exists a bijection Yy Q- Q' where @

Q' -
° ° oril'y are measurable sub

sets of Q resp. Q' having measure one such that ¥ and j_1 are

measurable, j)m =m' and >o°¢t = wtoy (tEIRd)

For certain purposes (see e.g. [6]) one is interested to embed
a dim d m.p. flow of arbitrary (measure-theoretic) entropy isomor-
phicly in a compact metric space with a flow of homeomorphisms
operating on it. (Measure-theoretic) entropy is an isomorphism in-
variant. Therefore by theorem (4.3) a candidate for such an embedding
procedure has to have infinite topological entropy. (6.1) says that
the shiftflow on LA(Rd) is such a candidate. We outline in the fol-

lowing how the embedding is done.

A dim d m.p. flow ¢ is called aperiodic iff there is a set of
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measure O NGI such that if wqﬁN and t # O, then cptw AW .

For semiopen d-dimensional rectangles QCRd and sets B€$ we

consider ¢QB : = U cst . ¢QB is called disjoint if the sets
teQ
¢tB (t €Q) are disjoint. We recall the following theorem due to

D. Lind.

Theorem [17].

Let ¢ be an aperiodic d-dimensional measure-preserving flow
on a non-atomic Lebesgue measure space (Q,uﬁ ,m) of total
measure one.Then for any rectangle QC_Rd and € > O , there
is a set FE€D such that ¢QF 18 disjoint, measurable and
m(¢QF) > 1-e . Furthermore on ¢QF the measure m 1is the
completed product of a measure on F with Lebesgue measure

on Q .

Let w €BCQ then we put
1(B,w) = sup min |I,|

Q ER(w) 1<i<d

where R(w) is the family of all rectangles Q = I,lX...XIdC er

(Ii intervals) such that 0€Q and ¢Qw cB .

1(B) = inf 1(B,w) is the minimal length of a "time-interval" the
WEB
flow ¢ stays inside B after having entered the set B .
Given a vector to = (t’l""’td)e IRd we write <t1""’td>

for the discrete subgroup of IRd generated by the vectors

(O,...,ti,...,O) , 1i.e.

_ d d
<t,l,...,td>—{t€1R |t (kytyreeerkgty) for (ky,e..rkyl€ Z }o.

6.2. Definition.

A partition 7 of @ 1into measurable sets is called a
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generator of finite type for the dim d m.p. flow ¢ iff

1) there exists a toe Rd such that ¢tn =-Z a.e
te<t ""td>

2) 1(B) > O (BE€m)

3) For any rectangle chRd and a.e. we N ¢Qw/\B # @

for at most a finite number of sets B€T .

Now we observe that Lind's theorem above yields just the d-di-
mensional version of the representation of ¢ that is the starting
point for our iterative construction of a generator of finite type
in [7] . The construction itself can be generalized to higher dimen-

sions with some obvious modifications. We get

6.3. Theorem.
For any aperiodic d-dimensional measure-preserving flow on a
non-atomic Lebesgue space H?,I,HO there exists a countable

generator of finite type.

6.4. Remark.
Actually we get more. Given any tO = (t,l,...,td)e'TRd such
that each ty # O there exists a generator of finite type correspon-

ding to the subgroup <t1"“’td ’

i.e. \/ ¢tﬂ = I a.e. .

t 6<t1,...,td>

Once we have the existence of a generator with very regular orbit

properties we get

6.5. Theorem.

Every d-dimensional measure-preserving flow on a non-atomic
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Lebesgue measure space is isomorphic to a d-dimensional flow

of homeomorphisms operating on a compact metric space.

Proof.
Take as compact metric space the space LA(Rd) with the d-
dimensional shiftflow S on it and modify our embedding construc-

tion in [7] , Satz (3.1), to d dimensions.

There is probably an easier way to get theoremr (6.5). In the
1-dimensional case U. Krengel [16] studied a type of generator with
similar orbit-properties whose existence can be seen in a more
elementary way. After [7] was written he pointed out to me that the
embedding construction works as well with this type of generator. It
should be not too hard to prove a d-dimensional version of this
generator theorem. Also I thank U. Krengel for sending me an embed-
ding construction for the periodic part of the flow. Such a construc-

tion was not explicitly given in[-7].

Appendix.

Here we give a full proof of Theorem 3.10., compare [2], p. 25:

Let aé be a finite open cover of ( having diameter less
than € for some € > O . We will construct a finite open cover

zs of X having diameter less than 3¢ with the property
heo, ) < h(sla, @) + e .
This implies using (1.8)
h(4) = lim h(¢, L) < lim h(¢|q, a) =nhilo)

>0 e>0
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The reverse inequality is true by (3.2)

where 1" = (n,...,n)e %f.

Choose N 'large enough such that

-1
}OlNI log ¢y < h(¢|®, d%) + €

and @ > O such that d (¢lx,¢ly) < e for all 1le€p N whenever
1

x,ye¢ X and d (x,y) < a. Let

U= {yexld (y,2 < a} and By = {yeuld (y,25) < e} (1<3<s)
Let E = {(il)le 0 Iil €{1,...,s}} Dbe a set of arrays such that
lN
{ ¢'1Ai [ ¢ €E }
1€p 1 PN
N 1
1
is a minimal subcover of
V o to,, i.eEl =y .
lep N
1

For every wandering point x let N be an open neighbourhood

of x having diameter less than 3¢ and such that

1
Nen Ud\ N =8
le z {o}
Choose a finite subcover { N_ ,...,N } for XNU and put
*1 e
5 =1(B,,...,B_, N N
€ ,1’ 4 sl X/l, ’ xt'} .
Let n = 2t' . In order to obtain a suitable upper bound for
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N ( \/ ¢_l j ) we define a subcover of \/ 971 A
1 € 1€p0 €
Ep n
1 n

Let xé€X be an arbitrary point. We shall define (Cl)le 0

10
with C1 (S l; such that x € /\ ¢-1Cl . First observe that for
l€p
s

]
1,1'¢ 0.n’ 1#1°', ¢lx and ¢lx cannot occur in the same N_ .For suppose
1 i

|
¢lx and ¢l X were both contained in the same Nx , then
i

plxes IID (T et ln
1

- ]
This would imply ¢l 1 Nx n N, # @ contradicting the choice of
i i

NX . Consequently we get ¢1x €U except for at most t' values
i

L L T (A<ict') . Let 1},...,1% be the different
d 1n - 1 1
]
values among l},...lf .
We can assume
17 <12 <.l <1

. o _ _ t+1 _

Define 11 = -1, l,l n and

i-1

i i .
Py = {1 = (11,...,ld)e plnll,‘l < l’l < l'.l.} (1_<_lit+1) .

Then if 1€p, for some i we have ¢lx €U . We put

i i1 t¥l
r; =17 - 17 ° -1 then 1 r;=n-t
i=1
r; and n can be written in a unique way 1r; = p;N + a; and

n = pN + g such that O < q;.d <N .
Now we fill the Yectangle Py with disjoint cubes having

equal volume Nd .

58



TOPOLOGICAL ENTROPY OF SEMIGROUPS

Let

i i
Q (mi,...,md) = (l,l + 1 + qu,mzN,...,mdN) + plN

where O f,m1 < p; + O j_mj <p (2<3<d) .
(d-1) :
Note that there are p;p such cubes. Since for
1= (li +1 + mN N m.N) 1x €U
= NNy ¢
we can choose a point yl € 0 such that
(m, , -rmd)
i 1
dl ” X) <
(y(mi,...,md) P 9TXI<

By the choice of o we get for all 1l€p N
1

1.1 1+1
dl X .
(¢ y(m,l,...,md) v 0 ) <e
Suppose
y?m m) € 1e ¢~ 1a for some (i,) e E
vl PN iy Vlep y
1
then 3
o lxeB, for all 1lep
i, lN

We define for these 1 CT+1 := B, . To complete the definition of

the subcover of \/ ¢_l'$€ we let for all

lep
1
i
lep N\ > = Q7 (my e e amy)
1 A< i< t+1 xXm, < p.
- = -1 i
Oimj < p(2<j<d)

C1 be an arbitrary Bi containing ¢lx . This construction yields

the following inequality
(a-1)
_ t+1 p.p
se Vo g sy < TT ot (sren) T
l1€op i=1
1n
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where m(n) = t(dN + ’l)nd_1 . Therefore
— _ t+1 _
h(¢, L) < 1im n~ @ () p.p(d 1)log c, + T(n) log (s+t'))
e - . & i N

n-o i=
— t+1 _ _ _

< lim n d ) r;N (1) a1,y log cy
n->o i=1

= 1lim n-lN-d(n-t) log ¢y =
n->o

=N ¢ log cy < hiela, QE) + e .

Remark.

We do not formulate explicitly an analogue to Lemma 2.1[ 2] .
But it is clear that a d-dimensional version of this lemma together

with its proof is implicitly given by the proof above.
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