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DIFFERENTIAL OPERATORS ON THE FLAG VARIETIES
by J. L. BRYLINSKI

Lecture given at the Conference on "Young tableaux and Schur functors
in Algebra and Geometry", held at Torun (Poland) (27 August-3 September

1280) .

Let G be a connected semi-simple algebraic group over a field k of
characteristic 0. Let X be the flag variety of G, also called the variety of
Borel subgroups of G. It is well known that X is a projective variety over klthat
G operates on X on the left, in such a way that X = G, x for any x € X, and that
the stabilizer of x € X is a Borel subgroup. We let 2)( be the sheaf of algebraic
differential operators of finite order on X (a sheaf for the Zariski topology). In
this paper, we determine the algebra structure of F(X,DX) , the algebra cf global
differential operators on X.

It is easy to convince oneself that this algebra should be expressed in
terms of the Lie algebra ‘? of G. Indeed, if G‘1 - G is an isogeny, then G1 and G
have isomorphic flag varieties. Viewing q as the Lie algebra of right-invariant
vector fields on G, one defines a Lie algebra homomorphism g«&f‘(x,ﬁx) , whence
an algebra homomorphism U(g)—q)rl"(x,g() , where U(? is the enveloping algebra.
Let Z be the center of U(?, J=2 N U(g).% . One first shows that ¢(J) = O.
In other words : every global differential on X, invariant under G, is of order O.
Therefore, defining I = U(a). J and R = U(%)/I, one gets an algebra morphism :
¢ : R - P(X,ﬂx).

Theorem : ® is an isomorphism; ¢ is also G-equivariant. Note that G acts on R

via the adjoint action.

The method of the proof is to use the action of F(X,%x) on local cohomo-

logy groups H;' (X,O;() or le /2 (X,O)’() , together with the descripticn of these groups
1/%4
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as U(? -modules given by Kempf [11], [12), in case Z, Zl' Z2 are Schubert varieties

in X. One then applies results of Duflo and of Conze-Berline on Verma modules.

It would be very difficult to compute directly I‘(X,bx). The method of
filtering QX in such a wav that the quotients are of rank one only lead to a

despairing mess. Let me now hazard the following

Conjecture : Hl(x,ﬂx) =0 for i > O.

[ After this was written, I learnt that Beilinson and Bernstein had a
different proof that ¢ is an isomorphism. They also showed that Hi(x,m) = 0 for
i > 0, and any 2X-module M which is a quasi-coherent 0;(-module. This plays an
important part in their solution to the Kazhdan-Lusztig conjecture, which they
found independently, in the sametime as we devised our proof. Also, I learnt from
Repée Elkik-Latour that a few vears ago, she proved the vanishing of higher
cohomology of symmetric powers of the tangent bundle to X, which in particular

. . i i i
implies H (X,%x(m)) =0 for i > 0 and therefore H' (X,Bx) = Llim Hl(x,%((m)) = 0.]
m

One may generalize the theorem as follows. For £ an invertible sheaf
on X, we consider the sheaf of algebra x®%x @‘fhl.This may be called the sheaf
of algebra of differential operators on X£ . Then a morphism analogous to ¢ is
shown to be an isomorphism.

One should point out that the morphism ¢ plays an important part in the
nroof of the Kazdhan-Lusztig conjecture, found by Kashiwara and myself [1,101-
However, in this proof, we do not need the fact that ¢ is an isomorphism. As a
conclusion to this lecture, I give a conjectural generalization of the main
theorem of [4] where @;( is remlaced by an invertible sheaf, and attempt to describe
an action of the Weyl group (k = €¢) on the K-groups of the following categories :

- the derived category of the cohomology of bounded complexes of U(g) -modules,
with a given infinitesimal character, the cohomology spaces of which belong to the
category g;:riv of [3]1 , [4]

- the derived categorv of the category of bounded complexes of sheaves, whose
cohomology sheaves are constructible.

It would be desirable to make W act on the derived categories themselves,
but this does not seempossible,as theexample G = L (2) shows. Perhaps one would hope
to make a suitable covering # of W act.

I would like to thank Michel Demazure for several interesting ideas on
how to understand Kempf's article [11] and Michel Duflo for a very useful phone
conversation (he suggested the use of a theorem of Nicole Conze in order to prove
that @ is surjective). Also, I benefited from a conversation with Fedor Bogomolov

and Pierre Deligne.



DIFFERENTIAL OPERATORS

§ 1. Collection of facts on enveloping algebras and Verma modules

For any Lie algebra (-, we denote by U(Q) its enveloping algebra. Any
Lie algebra homomorphism from Q to an associative algebra B uniquely extends to an
algebra homomorphism from U(@) to B. It follows that one may identify @Q-modules
and U(Q)-modules.

Recall the Poincaré-Birkhoff-Witt theorem (in short P-B-W). Let S be a

totally ordered set, (Xu)a €s a basis for a Lie algebra over a field k. Then the
elements X .X . ... .X where n is any integer o, < a.<...<o , form a basis of
1 ocz an 1 2 n

U@). This has the following consequence : if al and 42 are sub Lie-algebras of G
such that @ = a’l @ A, one has : U@ = U@) A U(dE) (isomorphism of (U(ﬂl),
U(d,z))—bimodules) .Similarly, if b is a Lie subalgebra of & , U(4) is free, as a
left or right U(})-module.

Specialize these considerations to the case of a semi-simple Lie algebra
g over a field k of characteristic O. Choose a Borel subalgebra b , a Cartan
subalgebra t. One has the usual decomposition : b =t ®n+. Also one can choose
a nilpotent subalgebra n  such that ‘%= n e I_j =n &t @ n+. From P-B-W, one
has a decomposition : U(ta) =Uu(t) @ (n—.U(g) + U(%O .n+) , which gives a projection
D : U(%) - U(t).

Now let P € t* be half the sum of positive roots (= eigenvalues of the
adjoint action of t on n+) . Let W be the Weyl group. W operates on U(t) as follows.
First U(t) = S(t) is the algebra of regular functions on t* . So to define the
action of W on U(t), it suffices to make W act on the affine space t* . There is
a natural linear action of W on t* . One just conjugates this action by the transla-
tion of vector +p , so that - p is the common fixed point of all elements of W.
This "twisted" action is denoted by (w,A) - wxA. With these preparations, one can

state the :

Harish-Chandra's theorem : Let Z(@ be the center of U(@ then p induces an
algebra homomorphism from Z(g) to U(t)w, the algebra of invariants of W operating on

u(t).

Corollary : If & = dimk(t) B Z@%’) is isomorphic to a polynomial algebra in £

variables over k.

Let 0 : U(g) - End(V) be a representation of U((?) in a k-vector space
V. Then p is said to have infinitesimal character ¥(¥ a homomorphism

Z(?) - k)if one has :

p(z).v = x(z).v for all z € Z(g), v € V.
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Rema:k that characters of Z(?) correspond bijectively to orbits of W operating
on t (by the action explained above).

Now fix a character A of t. Extend A to a character on h, O on n+,
which is still called A . Then extend X : b___,_ k to a ring homomorphism :
A : UH) » k. Then M)‘ = U(g) ®U(h) k,)\
U(%) -module, which is called the Verma module with highest weight A. Since

(U(k) operating on ky via A ) is a left

U(?) = y(n7) R u(h), it follows that MA is free of rank one as a U(n”)-module,
with generator 1 ® 1)\; M>\ has the following properties

1) for any u € M, , dimk(U(b).u) <

A

2) one can write a direct sum decomposition :

M = @, (MA)U , dim(MA)u < + e
uEt
U<
where (M>\)u is a U(t) submodule on which U(t) operates through the character u
Here | < )\ means that A-u = L n .o, o € N.
o € R,

3) M)‘ has inifinitesimal character corresponding to A . One defines the

character of M to be the formal sum

A

ch(M)) = I dim (MA)u &

A U(g) -module M is called t-diagonalizable if one can write a decomposition

M= & ,.‘Ml‘l such as in 2). One has the following lemma, which will be used later.
neEt
Lemma 1 : Let M a U((g) submodule of M)\, such that ch(M) = ch (Mll) . Then M is

isomorphic to M}J .

The homomorphisms from MU to M, are known. We will only need the

A
following

First theorem of Verma : If HomU( (Mu'MX) # O, then H € W=x A . If further-
more A is antidominant, then U = ? . In that case, M)\ is an irreductible
U(l? -module.

I must define what is the condition for A to be antidominant. For any

simple root o , there is a corresponding element Sy, € W of order 2. One has

sa(k) =) - cy- a. Then A is antidominant if no Cy is equal to 0,1,2,...

Second theorem of Verma : Any homomorphism from Mu to M)\ is either zero or

injective.
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DIFFERENTIAL OPERATORS

Finally there is an interesting category 0 of U(g) -modules which
contains all Verma modules. A module M is in & iff
1) for any u € M,dimk(U(b).u) <o
2) one can write M = @ .Mu, dim(Mu)< ® as above.

*
3) M is a finitely geseia:ed U(l%) -modul.e. This category was introduced by
Bernstein-Gelfand-Gelfand [1]. For A € t , there is a corresponding character
)(}‘ of Z(%) . Let O)\ be the full subcategory of © made of modules which have
the infinitesimal character X, . For A = 0, this category is denoted by Otriv’
For any module Min © , M is a union of sub-U (h) -modules of finite
dimension.

Finally, let us compute ch(MA) .

A
Lemma 2 : ch((M,) = —— & . Indeed M is isomorphic to U(n ) @ k as a
—_— A l“[ (1-e- OL) A A
0ER, N _ A -
U(t)-module. So one has ch(M}‘) =e .ch(U(n)) =e .ch (S(n)). Writing
n = & n_a , one has
o € R,
ch(,) = ST enstm ) = . T +e®+ e,
o € R, o € R,

0.E.D.

For the results in this paragraph, one may refer to[ 7] .

§ 2. Cohomology with support and differential operators

Let X be a topological space, Z € X a closed subset, 5’ a sheaf of

abelian groups on X.

Definition 1 : 1) T, (X&) =ker Tx&H T x - 2,9

1i) F— H; (x,) is the i-th right derived function of r, (X,-)

iii) one has a long exact sequence
i i i 3 i+1
..... s S vt -2, 2, B, X)) —>.....

iv) if 22 (= Z1 are closed subsets of X, there is a natural map

i i .
HZ (X,\{) - HZ (x,{f) and a morphism of the two exact sequences described in (iii).

2 1
v) let U be an open subset of X containing Z. Then the restriction

map : H;(x,j) - H; P nf[ ) is an isomorphism..
u

n

47



J. L. BRYLINSKI

Now we let X be a smooth algebraic variety over a field k. Let O‘x be the
structural sheaf. Let .9X be the sheaf of differential operators of finite order on

X. One has : zx = L’ bx (m) , where bx (m) is the sheaf of differential opera-
m€ N

tors of order < m.

Proposition 1 : Let l{ be a <.:oherent sheaf of left %x-modules. Then I‘(x,%x)
operates in a natural way on H; (X, /). This operation is natural with respect
to A, and with respect to Z (see (iv) of Proposition 1). All maps in the exact
sequence (iii) are F(x,%x)-linear.

To describe, for instance, the action of T(X,Q() on Hi(X,j{) , one notices
that A is quasi-coherent as a Ox—module (this is because Ex is a union of cohe-
rent @X-submodules) . Then choose an affine open covering U= (Ua)a €a of X.

Then Hi(X,{() = Hi(i[,,[() , which is the i-th cohomology group of the Czech complex
¢ Q4). 1t suffices to descrive an operation of F(X,,E;()on T'( m UOL,A() for

B a finite subset of A. One has a restriction map : a €8

a€B ¢ oa €B

because ﬂ is a sheaf of @X-modules. This operation is obviously compatible with
differentials in & (A .

F(X,%X) - I ,r\| U, EX) and the latter ring operates on T ( m Ua,,l()

Since 2X operates on BX, this Proposition applies to A= OX
Now let us define cohomology with relative support. Let ch z1 be
closed subsets of X (X is again any topological space).

Definition 2 : i) T &) = cokerT. xH »T. x9)
——— Z1‘Z2 Z2 Zl

ii) F — H; x4) is the i-th right derived functor of

1‘Z2
lel Z2 (X,-)
iii) thereexists a long exact sequence
. . . it
—H, x,9 — s 9 —s g (x,.'f)_,HZ %9 — ...
2 % 1I 2 2

iv) as in Definition 1, one has functoriality with respect to the
pair (21,22). .
v) there is an "excision" isomorphism Hz iZ

1

.9
2
in
1

B, (x—zl,f)
1772

(first one checks this for i = O and f? flasque; the general case follows by

considering a flasque resolution).
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Now X is again an algebraic variety.

Proposition 2 : If /[ is a sheaf of zx—modules, I‘(x,gx) operates naturally on
H; |z (X,,lb, etc...
1172

Remark that there is now a very good reference for cohomology with support
namely [12], § 7 and 8.

§ 3. Differential operators on the flag variety

Now X is the flag variety of G (see the introduction). One has
LI
m€ IN (m)

space, since X is projective and 8 is a coherent 0'-module

T'(x, 2 ) = T (X, 2 (m)) and each I (Xx %(m)) is a finite-dimensional k-vector

The Lie algebra qof G will be viewed as the Lie-algebra of right inva-
riant vector fields on G. To each £ €Y, we associate a vector field E/ on X.
To do this, one first chooses a base point x of X, of stabilizer B (if such a point
does not exist on k, one just performs a finite extension of k; the construction
of E will anyhow be independent of the choice of x, so the mapping & E’ will
be defined over k). Now consider the map p : G——X , p(g) = g.x . Then 5’ is

~
such that dp (&) =& This is well-defined because § is right invariant. Now

P’
show that E does not depend on the choice of x. Consider x = Y.x(Y € G). One
has a commutative diagram
G P > X
‘V—l . B
G
where R is right translation b Y_1 Then §J =dp (§) = dp' 2 @lr 1 (&)
-1 o ) p(@ ~ Fg Pyy-t -1g”
Y Y
=d
qu'l (&)
_t
T Cp'(gyh
-
p(g)

where right-invariance of £ has again been used.

~
One has therefore a Lie algebra homomorphism ‘?-—)T(X,@x) sending & to £.
Whence an algebra homomornhism U(?)_LF(X,SX) .

Now let J be the kernel of the character of Xo : Z(?) ~——3k (one can
also describe J as the intersection of Z@) with U(?) ? .

49



J. L. BRYLINSKI

Proposition 3 : PI) =0

We will later give a nice proof of this Proposition. Let us briefly
outline another, not so nice, proof. One has to show that every element in
I'(x,&x) which is G-invariant is of order O (i.e. a constant). It suffices to show
that for m > 1, F(X,%(m) (&( (m-1)) has no non-zero element invariant under G.
But the sheaf %X (m)/ﬂx (m-1) is isomorphic to sm (Tx) , where TX is the tangent
bundle.

Now T, admits a filtration Jo =0 csfl c...c Ji_lc »fic {I = X
(N = dim X), with 91/{_1 , locally free of rank one.

The corresponding characters of T (or of B) are precisely the positive

roots.

m
One deduce for S TX a similar filtration; the associated characters of

T are of type § ;M0 . ony € N, é n, > 1. But the theorem of Borel-
a € R ’
4
Weil-Bott (see [13]) implies that Hc’(X,"lﬁ)G = 0 for & invertible unless o = GX'
an

Since no element na.a as above can be O, we are done.
o € R
+

Let I be the ideal U(?p. J of U(?. One gets a factorization of
through &: U(?')/I__)T(X,%().

Theorem 1 : ¢ is an isomorphism.

Corollary : F(X,%() is generated, as an algebra, by the Lie algebra 9, which

is the space of vector fields on X.
Remark : @ is G-equivariant, G acting on U(?) /1 via adjoint action and on

F(X,SX) via its action on X. In particular, as a G-module, I‘(x,%) is isomorphic
to the space of regular functions on the nilpotent variety of g(put together
Proposition 2.4.10 and Théoréme 8.1.3 of [7]). This was pointed out to me by
Procesi. This remark receives a fine explanation in the work of Beilinson and
Bernstein.

To prove this theorem, we will make T (X,%{) operate on cohomology groups of
q( with support in well chosen closed subsets of X. To define these subsets, let B
be the Borel subgroup of G with Lie algebra b Recall that the orbits of B in X
are narurally indexed by W. Indeed, let x be the unique point of X such that

B.x = x. Then the Bruhat decomposition G = U Bws gives
. w€EwW
X =G.x = ..LL (BwBx) = _U. Bwx = .LL X . Each X is a locally closed subset of X
w
weEw we€w wE€w

The following facts are known :
- the dimension of Zwis the length 2(w) of w (w-is a product of £ (w)

elements SOL , 0 a simple root, but not of k such elements, for k < £(w)).
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DIFFERENTIAL OPERATORS

is an affine space

Z
-
- Zw is Cohen-Macaulay

k
We will be interested in the F(X,%x)-modules H; /3 (x )(X,QA’) .
W v

iti . d k - _
Proposition 4 : (i) LE x) (X,ﬁx) O for k # N - £ (w)
» N-2 (w)
X /9(X )
w W

(ii) U(g)/I acts on Nw = H (X,&X) via ¢ . Nw is the

union of finite dimensional sub U(b‘,—modules, on which the action of b is the
differential of an algebraic action of the algebraic group B.
All this is proved by Kempf [12] . One needs only to remark that,

putting 2, = U Z , one has a filtration 2 <« Z2, <c...< Z = X, and the
i . W o 1 N
L(w) < i
excision isomorphism of Proposition 2, (v) implies

O = N HE gy K Q)
i-1 w w

Furthermore, Kempf proves (§ 11 and § 12) that Nw is t-diagonalizable,

-w(p) - p
and computes the character ch (Nw). e shows that ch (Nw) = ___e______T
(1-e ™)
a € R,
Usingy lemma 2, we get :
Proposition 5 : ch(N ) = ch(M ), where M is the Verma module M
w w W -w(p)-p

Now we want to identify the U(g) -modules Nw. We first begin with w = LA

the element of longest length in W. Then Xw is open in X, and we have
o
o
X, ) ¥ B (X ,0, )
X w X
o w /9(X ) o w
o W, o

N = H
w

i 0

*
Now, inside I-Iomk (NW k) let Nw be the space of elements £ such that
o
A * AL *
dim, (U(t) %) < +o. So if N = & M , then N = & (M) . Then define a
k w w A
o A o
"twisted" action of U(g) on N: , twisting the natural action by an automorphism
T of q , which induces -1 on®t and sends xoc to X-a (for a given choice of

xoc (o € R) in an "épinglage" of g) . Then one has the following result, which

was announced by Kempf [12] , but without details.

*

Proposition 6 : (N ) is isomorphic to M . Indeed, one has X =N, ,.x = N
w w \ + "o +
o +° (<}
(N+ is the unipotent radical of B). Before NW had a twisted U(?)—module structure,
o
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* +
(Nw ) was therefore a free U(n )-module generated by the element of Homk(Nw , k)
<) o
*
which sends F to F(wo). After the U(%b—module structure is twisted, Nw is a free
o
U(n )-module of rank one. The generator is easily seen to be invariant under T.

*
One deduces that (Nw ) is the Verma module with highest weight O = —wo(D) -p .
*

one can reformulate this as Nw = (Mw ) . We want to prove that
* o o
Nw = (Mw) for all w € W. To do this, we will find an injection of Nw in Nw . For
o

any i, there is a boundary operator

s it
i"7i-1 i-1"7i-2
this gives, for each pair of elements w, w' € W with f(w) = i, 2(w') = i-1, an
operator :
o N=2(w) o
2 wow' © PR /3(x y (%G
w l w
- +
HIS\(I_SL(W) 1 (X'OX)
w'/B(Xw.)
Lemma 3 : Bw w! is surjective whenever w = sa.w',with 0 a simple root.

Let U be the open set of X, obtaining by deleting all Xy included in iw
and different from Xw, . One has the following diagram where the first line is

exact

- 3
L0 i wen, L 2l
w w

12 I'¢

N-2 (w) w,w' N-£ (w)+1
B /a3 (x )(X,UX)__QHX/B(X I)(x,(z;)
w w w w

HN—SL (w)+1 , &) N-2 (w)+1

X' — wa X (U'ox)

the top line is exact by Definition 2 (iii); the vertical maps are excision isomor-

N- +
phisms. It suffices therefore to show Hx Sgr) 1(0,66) = O . Notice
w w'
= 1 — ] ] 1 - . .
Xw U Xw' = Bw'x U Bsaw x = (Bw'B U B, w'B)x = Psa .w'x, where Psa is the parabolic
subgroup of rank 1, containing B, associated with the simple root 0. Then PS is
o

generated by B and by a subgroup La , isomorphic to SL(2). The geometric quotient

of Xw U Xw, by the action of SL(2) exists, and it is isomorphic to Xw" It is

52



DIFFERENTIAL OPERATORS

not difficult to find a neighborhood V of Xw U xw, in U such that

o~ .
AN—R (W) (Xw 3} Xw') . It suffices to take for V the set Uw. (XW U Xw,) with

v =
~ - - -1

U =N i (Ww ).
w

Using a Kinneth formula for cohomology with sumport, one gets :

N-£ (w)+1 N-£ (w) 1
u,0) = =H ( ) @ H (X UX ,,00 )
X, U X, U {0} AN-2 (w) Ay-g (w) w W wa X
I claim that H1 (Xw u Xw, ' 3}( 0 X ) = 0. Indeed, there is a smooth and proper
W w'

morphism p : XwU xw'_’xw' such that each fibre is a projective line. In the

Leray spectral sequence

D,d _ . Pd o ptq
E; HE(Rp, (G UX'))=7H (x, UX .. &X Ux,)

w w w w

all terms E£2>,(_‘[ are zero for p > O, since xw, is affine.Also I claim that

Rlp* (UX iy x ) = O Indeed its fibre at a point y of X , is
K
1, -1 ~ 1.1
F = g = R
H (p (Y)'GP—1(Y)) (P,Olpl) o
Therefore H1 (xw 1 Xw' r Y% Ux ') = O and the lemma is proved .
w W
Lemma 4 : For anv w € W, there is a surjective F(X,%)-linear—morphism
N —5 N -
© -1
For, let w w =S ....S be a reduced decomposition (the «,
© % ON- 2(w) .

being simple roots). Using lemma 3, one has surjections

Nw_))N
o a Q.

*
Proposition 7 : Nw is isomorphic to Mw . Indeed the surjection NW —_— Nw of
* *
lemma 4 dualizes to an injection NW (__)Nw . One knows Nw = Mw oby Proposition

o o o
6, and ch (Nw) = ch(Mw) by Proposition 5. One concludes using lemma 1. Notice

Proposition 7 is given by Kempf [11], but only with sibylline indications of proofs.

*
Note that N1 is isomorphic to M1 and that M1 is a Verma module with
highest weight -2p , which is antidominant. So M1 is irreductible as an U(?)—
*
module (first theorem of Verma ),and M, ¥ M

1 1°
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L (w)

xw/a(x)

Analogously to lemma 4, there is a surjective T (X, 2) linear morphism

Proposition 8 : I‘(x,zg() operates faithfully on each space H 0)

Hli %;v& )(x q()_,H{ }(x 0), so one is reduced to the case w = 1. Notice that

X has a neighbourhood U isomorphic tozA (e.g. its orbit under N'). The operation
of F(x,ﬁx) factors through ]"(U,/ZI)J) and the restriction map I‘(x,fax)~—.>F(U,2U) is
injective. So it suffices to prove that F(U,zu) operates faithfully there. But
this is trivial since F(U,/%U) has no proper two-sided ideal [14], page 3.

At this point, I can give the nice proof of Proposition 3 which was promi-
sed earlier. For let z € J, then z operates trivially on N, & M_, because M, is in

1 1 1

the category So ¢(z) = O by Proposition 8.

triv °

Proposition 9 : ker (@) = I (oxr ¢ is injective).

Indeed, if (z) = O, then z annihilates the U(?‘)—module Ml' But this

implies z € I by a theorem of Duflo [8] (see also [7]).

Proposition 10 : ¢ is surjective.

By Proposition 8, it suffices to show that given £ € F(X,ﬁx) , there
exists z € U(?) ; I such that @(2) induces the same action on N1 as & . But g
belongs to a finite dimensional G-invariant subspace T (X, @x (m)). It follows easily
that £ gives a ~finite endomorphism of N, . Since N

1 1
module, the conclusion follows from a theorem of Nicole Conze [5] , corollaire 6.9.

is an irreductible U(?)-

So the theorem is proved.

§ 4. A generalization

We assume k is algebraically closed.
Let 3 be an invertible sheaf on X (= ax-module, locally free of rank
one).Then instead of ﬁx, one may consider the sheaf of algebras

zxcz) = .‘,5 ®O' 9}( e o @-51. Of course, locally on X, 3)(@ is isomorphic to EX.
X X
Also notice that :é is in a natural way a left 8}( (Z) -module. Indeed, a section

f@ D Qg of QX%) on an open set operates on a section h of .Z as follows

(f®D @gq).h = D(<g,h>).£
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where <g,h> is the section of @, obtained using éé-l = Hom,, (-ﬁ%) So Ex(-g)
X

may rightly be called the sheaf of algebras of differential operators on the

sheaf ﬂ This construction was shown to me by Kashiwara.

Analogous results as Propositions 1 and 2 hold for ,Z)Xcé—coherent
modules. Now recall that the invertible sheaf ;éi corresponds to a character of T
as follows. Given a character A of T, one extends it to a character A : B - Gm
such that )\(N+) = 1. Let %(\) be the coherent sheaf such that for any open set

U of X, denoting p : G » X the projection defined in § 3, one has

T (U,%))) = {regular functions f on p—l (U) ,such that

£(g.b) = A}

.f(g) for any b € B}
Then X(A) is an invertible sheaf on X, and there exists exactlyone character A
such that .‘60\) is isomorphic to,g . In other words, the Picard group of X is
isomorphic to the character group X(T) (see [6] for details).

We identify X(T) with a subgroup of t*¥ (associating to each character
of T its differential, which is a linear form on t). Given A € X(T), one has

a corresponding maximal ideal J of Z(?) (see § 1) and we let I)\ = U@ .J)\

A

In the same way as Theorem 1, we can prove

Theorem 2 : There is a natural algebra isomorphism
o, + U/, 2 5T, 8 B0)

In the proof, one must take care that Proposition 6, Lemmas 3 and 4,
and Proposition 7 are no longer valid.

Instead, one uses the fact that ch(Nw) = ch (Mw »(-M) .There exists w € W
such that w#(-)) is antidominant. One deduces that NW is isomorphic to Mw*(-A)
and that I‘(X,zx) operates faithfully on Nw' Then the argument goes through.

Let me remark that the U(?) -modules N:‘] are elements of the category 3}\
defined in § 1. They have the same character as Verma modules, but in general are not
Verma modules. If A is dominant (i.e. saO\) =X - n, .o with n, € N), it is
stated in [11] (and can be proved by the methods in § 3) that N: is a Verma module.
In general, the structure of these modules depends only (say for a reqular weight A )
on the Weyl chamber to which A belongs (this is seen easily, using "translation
functors") .However, it is a great mistery what happens when reaching or crossing
a wall. This seems to be a very deep problem, to which we will deviously return in

the next paragraph.
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Note that one can define holonomic E)x c@) -modules with regular singulari-
ties (R-S) just as in the case u£= DX’ because this definition is of local nature.
However, the category of holonomic %X-modules with R.S is equivalent to that of

holonomic %X o(g) -modules with R.S., by the functor
v>2g, 4

this is trivial to verify. So for any A,u € X(T), one gets an equivalence
between the categories relative to ﬁx (£(>\)) and to ,QX 4;5’(].1)), which we may call

a geometric translation functor. Applications of this will be hinted at in the

next paragraph.

(&}
w

Open questions

Now the base field k is €. I first state the main theorem of [4] . Let
A be the category of holcnomic Sx-modules with R.S. whose charactersitic varieties

* @ *
are contained in U T, X, where 'I‘; X ©€ T X is the conormal bundle of Xw in X.

X
w €W w W
~
Let etriv be the full subcategory of the category of U(g) -modules,
whose objects M admit the "trivial" infinitesimal character and admit a filtration
= - = M i j o .
o Moc M cM =M such that Mi/Mi-l is an object of  riv
Pl
Then ,Q and otriv are equivalent, via the following quasi-inverse functors :

Fo: "Q _'5triv

FM) = T(X,M

~

c: O _..,/a,

triv

M =D®
G( x u@
Now, it seems reasonable to expect the following generalization for arbitrary
A € X(T) satisfying the regularity condition <\ -p,0> # O for any root o .First
~s ~
define a category 0’>\ similarly to 6t:riv' but using the character of 2(99
associated to A. Then let 9

P .
bounded complexes of U(g)/IA—modules, with cohomology in 0)\. Now let

be the derived category of the category of
D(A-h.r) be the derived category of the category of bounded complexes of sheaves

of a(bg(x))-modules, the cohomology of which are holonomic with R.S. Then the

following functors F)\ and G)\ should be quasi-inverse triangulated equivalences :
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Fy : D(A—h.r)*_,D(?)x
M, — SRT(X,M")
Gy : D(g))\___,n(k h. r)
M D, By ® M.
U@ /1,
Note that for A dominant, one may defire FA and GA without using derived
categories (and get an equivalence of categories). If A is not dominant, this is
not possible, because of the non-vanishing of higher cohomology groups of
holonomic 2)( (;ﬂ()\))—-modules with R.S. (for instance Hi(X,ZgO\)) will often be non-
zero, for suitable i).
Now, for any A,L€X(T), we have (see § 4) an equivalence of categories
between holonomic E%(Rﬁk))—modules with R.s. and holonomic i&(&ﬂu))—modules with
R.S.

T, M K-l @ om

AU %

this also gives an equivalence of D(A- h.r) and D(u- h.r)

T)\,u : D(A-h.r) — 3D (u-h.r)

Ql.p——a>z$(U4Uq5 M
X
(notice that 2?01—%) is flat as an 6&—module). Therefore one has the following

diagram, which defines T

Al
1:(‘3)A i > D(u-h.r)
au Taou
Gv' D (u~h.r)

Gy

Remark again that if A and u are dominant, then TA’ in fact will come from
an equivalence of the categrories é§ and q;. This is probably also true whenever
A and U belong to the same Weyl chamber. We call again TA u the geometric

’

translation functor. It should be interesting to compare it with the translation

functor, which is used for instance by Bernstein-Gelfand-Gelfand [2 ] and in

Jantzen's Habilitationschrift [9 ] .
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Now, for w € W, A and w x A give the same character of Z(;9) . Therefore
ns E
the categories O')\ and 5‘” . A are the same, and the derived categories D(?’k

and D ( are the same. So T can be interpreted as an automorphism
w ok A P

of the category Dg)k , which we)\é‘:n:t)\e by W. There is an obvious question :
does this define an action of W on D(?')A ? The answer is no, as explained below
in the example G = SL(2) However, it is interesting to compute how G’operates in
the Ko—group of D(?)A , which is an abelian group generated by the classes
[MY* 3 ] of Verma modules.

One has simply [QJ(MY*)\)] = [M ] so at least one has a

representation of W in KO(D(%’d)\ ), which cciﬁc):;dis with the one introduced by
Bernstein-Gelfand-Gelfand [2] .

I come now to the case G = SL(2). Let g be the non trivial element on W.
Wcza want to see how s acts on D(‘?))\ (say for )\ dominant), and to check whether
s is the identity. To simplify things, we identify weights with integers, so that
p=1and X =n,n > 0; one has s * A\ = -2-n. We take the Verma module Mn € D(?On.
Then Fn (Mn) is the holonomic 2}( Rg(n))—module fé‘;/{x} (z(n)) . Applying Tn,-2—n
we get the holonomic 9x (£(-2-n) ) -module %;/{x} (4(-2-n)). And applying G, v

’

we

get the Verma module M—2-n' which is irreductible. Therefore g(Mn) = M—2—n'

Nov;' start from the object M—2—n of D(%ﬁn. Then Fn (M_z_n) is the BX (ﬁ(n))—module
1

%{x}(g(n)), applyi:g Tn,-2—n' we act %{xfg{-Z—n)). Applying now G—2—n’ we get

the "twisted dual"Mn of Mn' So we have §Q(Mn) = M;: and Mn and M: are different
objects of D(% since Hom(M ,L ) and Hom(M¥,L ) = O
n n’"n n’"n

(e}

Notice however that Extl Gm), 5 ))
D(?')n | n -2-n

1 %

Ext (M M)

D ( -2-n""n
Pn

i
Ext *
6, e
Extt (MM

D(%On

2-n)
as we know already.
Still, it might possible that a more clever choice of an identification
of D(%)}\ to DE) ) Would turn the action of W into a group action.
' *
One can do the above constructions in reverse order, define an action

@ on D(A-hr) by the following diagram
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G
DO-h-r) — oD@,
g

w Id

D(A-h.X)e———D(s*X - h.r)e_____D(?w Y

F
*
Towxrm s *A

(the vertical map is the natural identification of D(?))\ with D(?w * >\) . At
least for A = O (the general case is not much different), one has a triangulated
equkvalence from D(A-h-r) to the derived category of bounded complexes of sheaves
on X (usual topology) with constructible cohomology sheaves, given by

H, : D(A~- h.r)— 4 D(X) Hy (M) = ]RHomex(M(ﬂ s %(A))

So onw ° Hil gives an automorphism of D(x)c. It is a pleasant

exercice to compute this for G = SL (2), in which case X = JP1 It is an
unclear question whether this automorphism comes from an automorphism of the
derived category Dz(x)c of complexes of sheaves of abelian groups on X, with
cohomology constructible sheaves with fibres of finite type as Z -modules. Of
course, one should look for some topological interpretation.

In any case it would be most interesting to bring the group structure
of W to bear upon the topology of X or the structure of the categories ;X . After
all, Kazhdan-Lusztig polynomials were first defined merely using the Coxeter
group W [10] , page . One could expect connections with work of Slodowy

Springer, Kazhdan and Lusztig on representations of W.

I would like to thank warmly Michéle Lavallette for her completing of a beautiful

typing of a rough manuscript under difficult circumstances.
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