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FILTERING THEORY AND QUANTUM FIELDs 1
by

Sanjoy K. MITTER

I. - INTRODUCTION.

In this paper we describe certain remarkable connections that exist between
mathematical developments in quantum field theory (and euclidean field theory)
and filtering theory (and in general,system theory). Roughly speaking, the Kalman
filter is the mathematical analog of a free quantum field (in a precise sense) and
the study of non-linear filtering is the analog of the study of interacting quantum
fields. Due to lack of space we only sketch this theory in this paper and the details
of this work will be presented elsewhere. Some of these ideas were presented ih

an earlier paper of this author (MITTER [1]).

II.- THE FREE QUANTUM FIELD (after I.E. SEGAL).

We shall assume that the reader is familiar with the theory of gaussian mea-
sures on infinite dimensional spaces as developed by SEGAL and GROSS (cf.
SEGAL [1] and GROSS [1]).

Let H' be a given real Hilbert space and let g denote the weak probability
distribution on H' known as the centred isotropic normal distribution. This may

be defined as follows :

(1) This research has been supported by the Air Force under Grant AFOSR
77-3281 B.

To appear in ASTERISQUE.
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A cylinder set in H' can be described in

C={x€H"| (<x,y1> e <x,yn>)€ Al
where Yyr o0y, are orthonormal, AGB(Rn) and < .,.> denotes the scalar
product on H' . Let P :H'- span (yl, e ,yn) denote the orthogonal projection.

Then
C={x€H'|Px€ D} where D= CN Range (P) .

For each o0>0, let

(2.1) bo(C)=(@mo) ™ [ e 20 4x
o
D

where n=dim (Range (P)) and dx= Lebesque measure on Range (P). (The cen-
tred isotropic normal distribution corresponds to taking oc=1).

The measure as defined above is countably additive on the g-ring SK (col-
lection of cylinder sets based on K= span (yl, R yn)), but is only finitely addi-
tive on R, the ring of all cylinder sets. Also U defined above does not have

a countably additive extension on H' .

An integration theory over (H',g) can be developed and the space

LZ(H',g) can be constructed using appropriate completion arguments (cf. SEGAL

[2] for a survey of these ideas).

Definition : The Free Boson field over a given complex Hilbert space H may

be defined as &(H) = (K, W,I',v) consisting of :

(1) a complex Hilbert space K
(2) a Weyl system W on H, thatis, a strongly continuous mapping z - W(z):

H - % (K) (the space o unitary operators on K ) satisfying the Weyl relations
(2.2) W(z) W(z') = exp( 15 Im<z,z>) W(z+z'), Yz,z'€ H
(3) a continuous representation I : % (H)~» U (K)

(2.3) T (U) W(z) T(U) Y= W(Uz) YUEU(H) vz€H
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FILTERING THEORY

(4) a unit vector v€K s.t. I'(U)v=v and v is a cyclic vector for W

(5) T 1is positive in the sense that if A€ L(H), A= 0 and self-adjoint, then
dI'(A) = self-adjoint generator of the one-parameter unitary group.

itA
e

LT

)ltG R] is also non-negative. am

Using appropriate standardizations SEGAL (3] has proved

Theorem 1.- There exists a unique Weyl systemm W and a representation I

of U(H) such that (LZ(H',g), W,T,v) represents the free Boson field. =

iV (z)

Remark : Interms of the above notation from Stone's theorem W(z)= e
where V is a mapping from H to the self-adjoint operators on K . Now if
Hr is any real subspace of H such that H= HrGB iHr (over the real field)
then the restriction map V¥ IH , relative to the expectation values defined by the
functional E(A)=<Av,v> for any operator A in the ring of operators gene-

rated by elw (x)

, xE€ Hr is upto an isomorphism the centred isotropic normal
process over Hr . This may be seen as follows. The V(x) for x€ Hr are
mutually commutative and determine a maximal abelian ring of operators and
hence may be identified with the multiplication operators associated with certain
real measurable functions acting on LZ(M, m) for a suitable measure space
{M, m). Now E(eiw (X)) = e-i”XHZ: E(ei@(x)/ﬁ) where ¢ is the weak-distribu-
tion corresponding to white noise (centred isonormal process) and E denotes
expectation. Hence (i} may be chosen as the probability space of white noise

such that expectation values for operators in K and for random variables on ()

are equal. This isomorphism is due to Segal.

The generator dI'(A) as defined previously is the ''number operator' of
quantum mechanics. It is best studied not on LZ(H', g) but on the isomorphic
Fock space eH= H e He H@SHGB ... considered as a direct sum of tensor pro-
ducts of Hilbert spaces. Here H°= C and H is the complexification of H' .
The action of dI'(A) on eH is essentially the action of A® ... GBSA on the

Hermite polynomials, which span eH . If we take A=1 then dI(I) essen-

tially represents the dynamics of an infinite number of harmonic oscillators.

201



S. K. MITTER

Before we close this section we shall state a theorem of Shale (SHALE 1]).

We have now constructed the free field starting with a Guaussian measure on
H' with covariance Hxllz. Let A:H's> H' be a bounded positive operator with
bounded inverse and let g' denote Gauss measure on H' with covariance
1EHAXHZ . We can now construct the corresponding quantum field where the repre-
sentation space K is LZ(H',g') . We can ask the question whether the two

fields are unitary equivalent. This is really a question on relative absolute conti-

nuity of measures and the answer is provided completely :

Theorem 2.- A necessary and sufficient condition for the two fields to be unitary

equivalent are that A -1 be Hilbert Schmidt. =

III. - KALMAN FILTERING AND THE FREE QUANTUM FIELD.

Let (0,2,P) be the probability space on which all random variables are

defined. Consider the linear filtering problem

t
Y, = J z_ ds+ n,
o
.1 = s
(3.1) z = (h,x )
t t
x, = I Fxs ds+f gdWs
o o
In the above, y 1is the scalar observation process, =z 1is the scalar signal
process, X 1is an R"-valued state process, F isan nyn matrixand g is

an n-vector. M and W are independent standard Wiener processes.

We first consider the linear filtering problem of recursively obtaining

;;t A E(xt IJK) where SIZ is the o-field generated by {ys, 0€ s< t}. Asis

well known the innovation process

t
(3.2) Vi T V" I (h,xs) ds
o
is standard Brownian motion. Now, from standard theory

.S 2 n
%= JO ks('r)dyT , where ks(.)E L°(0,s; R)
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Hence equation (3.2) can be written as
t

s
(3.3) VT Y- I (h,‘f ks('r) dyT)ds, which we write in obvious operator form as
o

(3.4) v = (I-K)y , where we regard y as an element of HI(O,I;uy) and

as an element HI(O, 154 ) (H1 is the space of absolutely continuous functions
with derivatives in L2 and uy is the Gauss measure corresponding to the
y-process and u\) is the Gauss measure corresponding to the \ process).
The operator K is obviously Hilbert-Schmidt. The Kalman filter is essentially
the action of the operator I-K on the observation process y to produce the
innovation process v . By the Segal-Feldman theorem uy and u\) are equi-
valent and by Theorem 2 (Shale) the quantum field's corresponding to the Gaussian
measures and LJ\) are unitarily equivalent. Hence the Kalman filter is

isomorphic to the free quantum field obtained from the innovations process , .

A different view of this fact can be obtained by considering the partial diffe-
rential equation describing the unnormalized conditional density. For this purpose
take
z = X F=0 and g=1 in (3.1).

Then the unnormalized conditional density pt(x, w) (given Vg 0<s<t) is given
by the stochastic partial differential equation
02

= >
=) ot(x,w)dt + xpt(x,w) dyt , t=0 .

[N

(3.5) dpt(x,w):

This equation may be written in Stratanovich form as the ordinary partial diffe-

rential equation

(3.6) bptzl_(bz 2) ot x,
5t 2 ' oxZ O XV O

It has been emphasized by BROCKETT [1] and the author (cf. MITTER [1]) that

the oscillator algebra has an important role to play in explicitly integrating this

) 1 9?2 1 2 d
equation. If we denote by H=-Ew+zx , Q=x and P:a; , then we

. . . (o)
can compute (on some common dense invariant domain say C_ (R))
c
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(H,Q] =P
(3.7) { (H,P] =-Q
(P,Q] =1

The abstract Lie algebra represented by (3.7) is known as the oscillator algebra.

)

the theory of AUSLANDER-KOSTANT [l] . On some common invariant domain

All its unitary irreducible representations can be obtained , for example, using

Sc LZ(]R) it may be represented by

d

P o —_—

® T

Q- - ix
I = i

H-> - %(P2+ QZ) , which is the Harmonic oscillator representation of
quantum physics. This representation can be considered to be a unitary dilation
of the Kalman filter representation. Equation (3.6) can thus be justifiably called
an assembly of (euclidean) forced harmonic oscillators, one for each ®w . We can
show rigorously that the Lie algebra (3.7) can be integrated and this specifies the

filter.

IV. OTHER APPLICATIONS.

The isomorphism exhibited between Kalman filtering and the free quantum

field has other applications.

Fock space ideas have applications to certain non-linear filtering problems

(cf. MARCUS-MITTER-OCONE).

Suppose A :H's H' is a contraction. Then TI'(A) is a contraction from

Lq(H') to Lp(H') for 1< q€<ps o provided IIA||<V%%.

This is a theorem of Nelson (NELSON [1]). This theorem has applications to
obtain estimates on the product of Ito multiple integrals and to expansion of non-
linear functionals of white noise. These ideas have been exploited in obtaining ex-

pansions for filter representations (cf. MITTER-OCONE [2]).

(1) after complexification

204



FILTERING THEORY

REFERENCES

L. AUSLANDER and B. KOSTANT [1] .- Polarizations and Unitary Representations
of Solvable Lie Groups, Investiones Mathematicae, 14 (1971),
255-354.

R.W. BROCKETT El] .- Remarks on Finite Dimensional Nonlinear Filtering, this
proceedings.

L. GROSS [l] .- Abstract Wiener Spaces, Proc.éth Berkeley Symposium II, 1965,
31-42.

S.I. MARCUS, S.K. MITTER, and D. OCONE [1]. - Finite Dimensional Nonlinear
Estimation in Continuous and Discrete Time, presented at the
International Conference on Analysis and Optimization of Sto-
chastic Systems, Oxford, September 6-8, 1978, M.I.T.,
LIDS-P-855, October 1978, pp.1-19.

S.K. MITTER [1]. - Modelling for Stochastic Systems and Quantum Fields, Pro-
ceedings of the 1978 I.E.E.E. Decision and Control Conferen-
ce, San Diego, California, January 1979.

S.K. MITTER and D. OCONE [2].- To appear.
E. NELSON [1].- The Free Markov Field, J. Func. Anal.12 (1973), 211-227.

I.E. SEGAL [1].- Tensor Algebras over Hilbert Spaces, I. Trans. Am. Math.
Soc.81 (1956), 106-134.

I.E. SEGAL [2].- Algebraic Integration Theory, Bull. Am. Math. Soc. 71 (1965),
419-489.

I.E. SEGAL [3] .- The Complex Wave Representation of the Free Boson Field, to
appear in Essays in Honour of M.G. Krein, ed. Gohberg and
Kac., Academic Press.

D. SHALE [1].- Linear Symmetries of the Free Boson Field, Trans. Am. Math.
Soc. 103 (1962), 149-167.

Sanjoy K. MITTER

Department of Electrical Engineering
and Computer Science and Laboratory
for Information and Decision Systems
Massachussetts Institute of Technology
CAMBRIDGE, MASSACHUSSETTS 02139

205



