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RESEARCH TOPICS IN LINEAR SYSTEMS ON PARTIALLY ORDERED TIME SETS 

by 

E . FORNASINI * 

I . - INTRODUCTION. -

Cur ren t r e s e a r c h in sys t ems on par t ia l ly o r d e r e d t ime se ts is strongly 

motivated by specific technical p rob l ems , such as image process ing r e q u i r e ­

men t s , biological sys t ems descr ip t ion , d i sc re t iza t ion of pa r t i a l differential equa­

t ions . Aside f rom the possible appl icat ions, another significant aspect of these 

s tudies r e l i e s in the extension of s tandard sys t em theore t ic r e su l t s to m o r e com­

plex s t r u c t u r e s , the ul t imate goal being the construct ion of sa t is factory state space 

models on p . o . t ime s e t s . 

This paper seeks to make a contribution to the s t ruc tu ra l analys is mentioned 

above by focusing on some recent r e su l t s which show promise for the fu ture . 

The f i r s t par t of the paper deals with the stability prob lem of 2-D s y s t e m s . 

Although 2-D sys t ems have rece ived a considerable amount of contr ibutions (an ex­

tensive l i s t of r e fe rences is included in [ l ] ) , " in te rna l " stabil i ty criteria have been 

studied only very recent ly [2, 3] . The resu l t we presen t is the genera l iza t ion to 

2-D sys t ems of a c l a s s i ca l t h e o r e m concerning asymptot ic stabil i ty of finite di­

mensional l inear s y s t e m s . 

In the second pa r t of the paper a rea l iza t ion theory of l inear sys t ems over 

free group t ime se ts is outlined. The tool of Nerode equivalence c l a s s e s allows to 

der ive r e c u r s i v e state equations and to cha rac t e r i ze finite dimensional " r ea l i zab le" 

input/output maps . 

* This work was supported by CNR-GNAS. 
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I I . - INTERNAL STABILITY OF 2-D SYSTEMS 

In the past few y e a r s seve ra l 2-D sys t em models have been cons idered in 

the l i t e r a t u r e . We shall refer h e r e to the model p re sen ted in [2 ] , s ince it s eems 

to be the mos t genera l one. Accordingly, a 2-D sys t em is identified with the fol­

lowing pair of difference equations 

x(h+l, k+1) = A x(h, k+l)+ A x(h+l, k)+ B ^ h , k+l)+ B u(h+l, k) 
( Z , 1 ) y(h,k) = Cx(h,k) 

where (h, k) a r e e lements of ^ x 2 £ ("time set") par t ia l ly o r d e r e d by the p r o ­

duct of the o r d e r i n g s , x : I x l -* IR11 is a map whose value at t ime (h, k) is the 

"local state at t ime (h, k) ", u : 7L x *K -+ R and y : X.XZ.->1R a r e the "input" 

and the "output" maps respec t ive ly , and u(h, k), y(h, k) a r e the input and the 

output values at t ime (h ,k ) . A^,A ÉIR?1*11, B^B^IR* 1 **, C € l R ^ X n a r e m a t r i c e s 

which completely cha rac t e r i ze the 2-D sys t em (2.1). 

When an input u is given, solving (2.1) r e q u i r e s information about a set 

of local s ta tes we call an init ial "global s t a t e " . Let us define the global state X. 

as the collection 

X = {x(h,k) ,h+k = i} . 

Then the computation of x(h, k) for any (h, k) in 3 = { (h, k) : h+k> i} can be 

per formed f rom X. and the values of u in . 

i i 

The notion of in ternal s tabil i ty of a 2-D sys t em is re la ted to the asymptot ic 

behaviour of the s ta tes free evolution resul t ing f rom a bounded init ial global s t a t e . 

Denote by | |x | | the euclidean n o r m of x and introduce the shorthand notation 
| |*.| |= sup | |x(h,k)| | . 

1 h+k=i 

Definition 2 . 1 . - The 2-D sys t em (2.1) i s in ternal ly stable if, given e > 0 and 

X. , | |£. | |< oo and assuming u= 0 , the re exis ts a positive in teger M such that 

| | x ( h , k ) | | < e whenever h+k> i+M . 

R e m a r k . The s t ra ight line shaped global s ta tes X consti tute a subc lass of a 

wider set of possible init ial conditions for (2.1). It tu rns out [3] that Definition 2.1 

is easi ly extended to m o r e genera l s i tuat ions, and in ternal s tabil i ty does not deper 
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2-D SYSTEMS 

on any particular support of the global state. The search for internal stability 
criteria is a natural topic of investigation at this point. The first criterion we 
shall state provides the 2-D counterpart of the 1-D criterion which relates internal 
stability of the system x(h+l) = Ax(h)+ Bu(h) and the root location of the charac­
teristic polynomial of A . 

Theorem 2.2. [2] - The 2-D system (2.1) is internally stable iff the polynomial 
det(I-A^ z^-A^z^) is devoid of zeros in the closed polydisc 

p i = f 0 v z 2 ) € C x < C : K ' ^ 1 ' ! Z

2 I < 1 } • 

Input/output stability tests for 2-D filters [4, 5] reduce to checking the (non) 
intersection of P̂  with the complex variety of a polynomial q € IR. C z ,̂ z^] . 
Theorem 2.2 makes those tests suitable for internal stability analysis. In parti­
cular, Huang's criterion [5] gives the following. 

Corollary 2. 3 . - The 2-D system (2 .1) is internally stable iff the matrix Â  + 
A^e^ is stable ( i .e . the magnitudes of its eigenvalues are less than 1) for every WER 

Proof : Recall first Huang's criterion : a polynomial q^IRCz^, z ] is devoid of 
zeros in P[ iff i) q ( z r 0 ) / 0 for | z 1 | ^ l and ii) q ( z r z ) ̂  0 for | ẑ^ | = 1 
and |z | ^ 1 . Assume now A^+A^ exp(j uu) to be stable, V UJ £ ]R . The images of 
P̂  given by the polynomial functions q (z^, T|)= det(I-A^z^-A z r̂)) and 
q (r|, z )= detfl-A^z^Ti-A^z^) coincide respectively with the images of 
P^nj^z^z^): | z^ | ^z 1 and P^D{(z^, z^): \z^\>\z^\] given by the polynomial 
function det(l-A 1z 1- A 2 z 2 ) . Since 0^(0,1^)^0 and q^z^ e j U )) ^ 0 for U J ^ l 
by the stability assumption on A +̂ A^expQuu), q^(z^, r)) is devoid of zeros in P̂  
The same property holds for ^Ol* z

2 ) proving det (I-A^z^- A^z ) ̂  0 in P̂  . 
Conversely, internal stability implies det(l-A^z^-A^z^ exp(ja))) ^ 0 for |z |<1 
and U)£1R . Hence A^+A^e^ is stable. 

The second criterion extends to 2-D systems the following well known chain 
of equivalences : the system x(h+l) = Ax(h) + Bu(h) is internally stable «- the 

co i k 

series S IIA || converges <=> ||A || < 1 for some k> 0 » the series 
i = 0 
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0 0 i T i 
E (A ) A c o n v e r g e s . In o rde r to get cor responding s t a tements for Z-D s y s t e m s , 

1 = 0 r s 

let define inductively the m a t r i c e s A^ y * J A^ , r , s £ IN : 

A r ° A - A r A ° ^ A - A S  

A l O L J 2 " 1 ' 1 ^ 2~ A 2 

A x A 2 = A ^ A ^ ^ J A 2 ) + A 2 ( A i

r

u j - 1 A 2 ) if r , s> 0 . 

T h e o r e m 2 . 4 . - The following a r e equivalent : i) (2 .1) is in ternal ly s table , 
oo 

ii) the series E II Al

 r

U J

s A^\\ converges , iii) I || A ; [

 r

l _ i J 3 A^l < 1 for 
r , s = 0 oo r + s=k T r s 

some posit ive in teger k , iv) the series ER,S,=0 ( A r . . t

s A ) (A y j A ) 
0 1 c. 1 2 

converge s . 

Proof : i) » ii) . By theorem 2 . 2 , in te rna l stabil i ty impl ies det(I-A^,z^-A 2 z 2 )^ 0 

in P. = f ( z 1 , z ) £ C x ( C : | z I ^ 1+e , | z | ^ 1+e } for some real e > 0 . Hence 1+e 1 2 1 2 
(I-A z -A z )~ admits a normal ly convergent power s e r i e s expansion in P . 

1 1 £• c. OO 
Converse ly , let £ II Ari_uSA ||< co, \\% | | = M < o o . I f (h, k) € 3? , t > 0 , 

r , s , = 0 1 ° 1 

letting t t co gives 

| |x(h ,k)| |= £ | |A^uJ j A 2 x(h-i ,k-j) | |< M r llÂ uJ j A 2 IU0 
i+j=t i+j=t 

ii) => iii) is obvious. The converse depends on the following l e m m a . 

L e m m a 2 . 5 , - F o r any pair of non negative in tegers p and q 

i I I A u

i U ^ a z I I < s I I A J , J A 2 I I T | | A ^ U U S A 2 I I . 

U+v =p+q i+j =P r + s=q 

Proof : Let U,v*p€]N and U+v^ P • An easy inductive a rgument shows that 

(2.3) AµWvA2 = E ( A J u J A 2 ) ( A [ u j A 2 ) 
i+j=p, i+r=U, j + s = v 

(2.3) and s tandard n o r m inequal i t ies imply 

S | |A^uLi V A 2 H< 2 S | | A J L U J A 2 I I | | A [ U J S A 2 I I 

M+v=P+q U+v=p+q i + r=M, j + s=v> i+j=P 
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< E I I A ^ U J A ^ I I I A ^ A ^ I . . 

i+j=p, r + s=q 

Now we continue with the proof of the implicat ion iii) => ii) in T h e o r e m 2 . 4 . 

Upon setting N = max [ E II A ^ U J A || } and h = kq+p , 0< D < k , VhÇK , 
0< T < k r + s = T 

L e m m a 2. 5 gives E || A ^ j l / A ^ I < N( E || A J o J A || ) q . Convergence of 
r+s=h i+j-k 

oo r g 
£ II A ULJA || follows from the bound 

r , s = 0 1 Z 

co oo k-1 oo 
S I | A [ U ? A 2 H = S S E l l A i

r

l - j A 2 l | < S Nk( S HA[uuA 2 l | ) q 

r , s = 0 q=0 o=0 r + s=kq+o q = 0 i+j=k 

= Nk(l- S H A J u J A I I ) " 1 

i+j=k 

° ° r s ° ° r s 2 
ii) => iv) Convergence of E ||A.tjLjAj| impl ies that of S I I ^ u l J A H , 

0 1 £ _ . 1 2 
r , s = 0 

oo 
hence of E ( A [ L u S A 2 )

i ( A ^ U - i S A 2 ) . 
r ,s = 0 

iv) =* iii) Assume by contradict ion E II A^uu SA 2 | |> 1 for every k ^ 0 . Then 
0 , r+s=k 

r s 2 — 1 
E | | A l x j A 2 I I ^(k+1) , k = 0 , l , 2 , . . . , by an obvious cons t ra ined minimizat ion 

r + s=k 0 0 r s 2 
a rgumen t . Divergence of harmonic s e r i e s impl ies that of E l|A^u_i A || and 

0 0 r s T r s r ' S ~ ° 
E (A^LU A ) ( A ^ U J A ^ ) would not converge . a 

r , s=0 

H I . - REALIZATION OF LINEAR SYSTEMS ON FREE GROUPS. 

An easy detectable feature of (2.1) is the "pathwise" s t ruc tu re the local 

s tate updating rule induces on the input/output r e la t ion . The output value in (h, k) 

de te rmined by the input value u(i, j) = 1 , (i, j )< (h, k) is 

(3.1) C [ ( A 1 J - i - 1

u _ 1

k - j A 2 ) B 1 + ( A ^ - I

U J C - j - 1 A 2 ) B 2 ] 

and repea ted applications of (2.2) split up (3.1) in a bunch of addenda 

(3.2) CA. A. . . . A . B. p=h+k- i - j , i = l or 2 
1 2 p-1 p 
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biuniquely a s soc ia t ed to the forward paths connecting (i , j) and (h, k) in 

^ x 2£ . However, while (3.1) is immedia te ly identified as a sample of an unit 

impulse r e s p o n s e , the meaning of its components (3.2) is quite e lus ive . A single 

path contr ibution cannot be " s e p a r a t e d " f rom other concomitant contr ibut ions , in 

the sense that i /o exper iments on (2.1) are not sufficient for singling out values 

(3 .2 ) . This is r e l a t ed to the possibi l i ty of descr ib ing the same 2-D fi l ter by means 

of infinitely many noncommutat ive power series, all of them having the same 

commutat ive image , i . e . the impulse response of the fi l ter [ 6 ] . 

In this section we resort to a free group t ime s t ruc tu re for getting another 

in te rpre ta t ion of i /o maps defined by noncommutat ive power s e r i e s and we derive 

a dynamical model which allows to r econs t ruc t the maps f rom i /o e x p e r i m e n t s . 

Given the alphabet H = C?^>?2^ ' c o n s ^ e r tne free group G genera ted 
by H . G is de te rmined up to i s o m o r p h i s m s [7 ] , and we choose as a model of G 

-1 -1 * -1 
the free monoid { g ^ g ^ i g , » g 0 3 modulo the commutat ion ru le s g g = 

- 1 - 1 - 1 -1 -1 * 
? 2 ? 2 = 5 1 ? 1 = ? 2 6 ^ identity of U 1 » ? 2 ' § i »5 2 1 .Then e is the iden­
tity of G , every e lement of G is uniquely r e p r e s e n t e d by a word of 

1 1 ^ 
f?]_»?2 ,^l ' ^ 2 ^ in which ĝ  (?2^ cannot be immedia te p r e d e c e s s o r nor i m m e ­
diate successor of g ̂  ^ 2 ^ ' an<^ multiplication is induced by the concatenation 

1 —1 4fr 4̂  1 ^ 
in { g ^ g ^ g ^ »?2 ^ ' Tne *ree monoids S = fg-^g^l and (H~ ) a r e imbedded 
in G in the na tu ra l way. 

Given two e lements a, b in G , we agree to wri te a ^ b if b= pa for 

some p in 3 . G is par t ia l ly o r d e r e d by the ^ re la t ion, and we shall re fer 

to it as to the " t ime se t " . Fo r any a in G the "pas t" and the "future" of a 
a r ^ T T T r ^ ") 

are the se ts P = [b : a=pb, p€ S \ [ e j , b € G j and F^= [b : b=pa, p€S , b€G j 
r e spec t ive ly . 

Let K be a field. A K-valued pas t - compac t support function on G is a 

map u : G -+ K which sat isf ies #• ( sp t ufl P 3 ] < 00 , for any a in G ("spt" 

means " suppor t " ) . We shall adopt the formal s e r i e s notation u = I! (u, a) a , 
a€G 

where (u, a) denotes the value of u at t ime a . The set K ^ G > of K 
Q 

valued p . c . s . functions on G inher i t s f rom K the K-vector space s t ruc tu re 

and its subspaces K < G > (space of compact support functions on G) 

K< g^, g > , K< g ^ , ̂ >2> ' K < < ?]_» ? 2 > : > a r6 K-a-'-ge^ras' tne ring mult ipl icat ion 
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being defined as a convolution product 

(3.3) u v = S ( u , a)a £ (v, b)b = E Z (u, a)(v, b)c . 
a b c ab=c 

Pas t compactness allows to introduce on K< G » a right or left module s t r u c ­

tu re over anyone of the a lgebras above just by extending the convolution product 

(3 .3) . 

Definition 3 .1 . - Let t( (input space) = U (output space) = K < G » . A function 

F : t( -> 4 is an i /o map on G if it is i) l inear : F(uct+ v|3 ) = F(u)a + F(v)j3 , 

ii) t ime invariant : F(u g. )̂ = F ( u ) g ^ , i - 1,2 iii) causal :(F(u), a) = (F(v), a) 

if u= v on P a , V u, v61( i 0ti |3€ K , a6 G . 

Let 16t( denote the unit impulse function at t ime e : (1_, e) - 1, (1_, a) = 0 

if a / e . Then F(l)€ K « g^ ? 2 » and (F(l), e) = 0 follow from l inear i ty and 

causal i ty a s sumpt ions . Time invariance and l inear i ty in turn imply that F is 

a K < G > (in pa r t i cu la r a K< g ^ , ? ^ >) right module homomorph i sm. Conse­

quently, for any u€ty , F(u) is obtained from F(l) : F(u) = F(l)u . 

Denote by u j a and u | the t runcat ions of u€ K < G » to the sets p a 

and F respec t ive ly . Then (F(u), a) is completely de termined by u | a and, 
a b 

if a^b , (F(u),b) depends on u | because spt(u| ) ^ spt(u | ). The question 

arises as to whether it is possible to "store" in some finite dimensional state 

vector at t ime a the amount of information about u | a which is re levant for 
computing F(u) in F , and to built up a l inear dynamical model describing a 
the t ime evolution of state v e c t o r s . The way we undertake follows closely the ca­

nonical one in System Theory [8] . 

Definition 3 . 2. - u^ and u in U a re Nerode-equivalent at t ime a€G 

(u ^ u ) if ( F ( u | a + v ) ) | = (F(u | a + v ) ) | for any v in K such that J- a i a Ci a 
spt vfl P a

= 0 . 

Let introduce the map f : K<g^ _ 1 , % ^ l > K « f » : u->(F(u))| . 

f conveys as much information about the i /o relat ion as F does, since 
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-1 ie 
(F(u) ,a) = (f(ua | ), e) for any a in G and any u in l( . Upon setting 

ie -1 -1 y . w = (yw) J , y in K « £ , ? 7 » > w in K< | , W > , K « W1 , f2 » can be 

viewed as a K< ^ , ^ > right module : this makes f a K< F , ^ > 

r ight module h o m o m o r p h i s m and the quotient space X = K< g1 -1, g g2-1 >/^ "̂ ker f 

a K< ^ * , ^ r ight module . Propos i t ion 3.3 allows to identify (as K-spaces ) 

X and the set of Nerode c l a s s e s at any t ime a . 

Propos i t ion 3 . 3 . - Let [u] denote the coset u+ker f . Then u, ^ u iff 
l e i Lu^ a | ] = [u a | e ] . 

Proof : Notice that , by the l inear i ty assumpt ion , we can set v= 0 in definition 

3 . 2 . So u x ~ u z » ( F ^ a " 1 ! 6 ) ) ^ ( F ( ^ a " 1 1 6 ) ) | g «U1a -1 u2a-1 u

2

a _ 1 ^ ( ^ a " 1 ! 6 ) = 

f ^ a ^ f ) * r ^ a - 1 ! 6 ] ^ [ u ^ - 1 ^ ] . a 

The updating of Nerode c l a s s e s is a consequence of the module s t ruc tu re 

i n x : . i -i 
. - l . e , r - l r 2 , -1 -1 , -1 , -1 - 1 , - 1 , 
[ua | ]= [ua I + ua | + (ua , f ) t + (ua , f )? ] = 

(3.4) 1 1 

= [u( ? a)" 1 | e ] 5 " 1 + Cut?"1 a)" 1 ! 6 ] ^ + (u, S^a ) C ? 1

_ 1 ]+ (u. ^ a ) [ ? ^ 1 

The Nerode c l a s s at t ime a l inear ly depends on the Nerode c l a s s e s and input va­
lues at t i m e s ?. "̂a and £ ^ a : in fact ? and act on X as l inear 

^1 ^2 "1 2 

t r a n s f o r m a t i o n s . Let f : X -+ K«<< g1, g2>>be the map f induces on i ts quo­

tient space X . Then (F(u), a) = (f (ua" 1 1 6 ) , e) = (f ( [ u a - 1 1 6 ] ), e) shows that the 

output value (F(u) ,a) is a l inear functional on X . 

If dim X = n < oo and a bas i s in X has been chosen, the vec to r s 

[ua~'' ' | e] a re r e p r e s e n t e d by K-valued row n - t u p l e s x(a) , the l inear t r a n s f o r -
- 1 - 1 A A Jl XH , r - l-l r - l _ 

mat ions ^ and by m a t r i c e s A^, in K , and L5^ J , Lf 2 I 

by n- tup les B1 and B2 in K ^ X n : 

(3.5) x(a) -x(^" 1

1 a)A 1 + x f e ^ a j A ^ (u, f"1 a j B ^ ( u , ? " 1 a ) B 2 . 

Moreover t he r e ex is t s C in K*1*^ such that 

(3.6) y(a)= (F(u),a) = x(a) C . 
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A pair of equations like (3. 5, 6) is cal led an FG s y s t e m . If an input u in 

K< G » is applied to an FG sys t em "atrest" ( i . e . x(a)= 0 if spt uH p a = 0) , 

the i /o re la t ion the FG sys t em genera tes is an i /o map on G whose impulse res­

ponse is the noncommutat ive power s e r i e s (B^ "^2^2^ ^"^S. ̂ 1~^2 ^2^ ^ ^ " 

Definition 3 . 4 . - The FG sys t em (3 .5 , 6) is a rea l iza t ion of an i /o map F on G 

if F ( l ) = ( B l Ç l + B ^ ^ I - A ^ ^ ^ C . 

Notice that the Nerode equivalence construct ion we descr ibed above provi ­

des a rea l iza t ion of F whenever X= K< g ^ , Ç ^ > / k e r ^ is finite d imens iona l . 

The following proposi t ion is an easy consequence of the p rope r t i e s of noncommuta­

tive power s e r i e s and Hankel m a t r i c e s [9] • 

Proposi t ion 3 . 5 . - An i /o map F on G is rea l izable iff F(l) is a recogni ­

zable power s e r i e s . Then the Nerode equivalence rea l iza t ion exis ts and is the m i ­

n imum dimensional one. 

R e m a r k . - When X is finite dimensional , the Schre ie r Lewin T h e o r e m [lO] r e ­

la tes the dimension of X to the number g of free gene ra to r s of ker f : 

n = dim X= g-1 . An in t r ins ic charac te r i za t ion of rea l izable i /o maps in terms of 

r e c u r r e n t re la t ions on the impulse response obtained f rom the free gene ra to r s of 

X const i tutes a topic of cu r r en t invest igat ion. 
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