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BV SOLUTIONS CONSTRUCTED USING THE EPSILON-NEIGHBORHOOD
METHOD dy Kok, koK

MacH NGUYET MINH!

Abstract. We study a certain class of weak solutions to rate-independent systems, which is constructed
by using the local minimality in a small neighborhood of order € and then taking the limit ¢ — 0. We
show that the resulting solution satisfies both the weak local stability and the new energy-dissipation
balance, similarly to the BV solutions constructed by vanishing viscosity introduced recently by Mielke
et al. [A. Mielke, R. Rossi and G. Savaré, Discrete Contin. Dyn. Syst. 2 (2010) 585-615; ESAIM: COCV
18 (2012) 36-80; To appear in J. Eur. Math. Soc. (2016)].
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1. INTRODUCTION

A rate-independent system is a specific case of quasi-static systems. It is time-dependent but its behavior is
slow enough so that the inertial effects can be ignored and the systems are only affected by external loadings.
Some specific rate-independent systems have been studied by many authors, including Francfort, Marigo, Larsen,
Dal Maso and Lazzaroni on brittle fractures [6,8,9,11], Dal Maso et al. on the Cam-Clay model [5], Dal Maso
et al. on plasticity with softening [3, 4], Mielke on elasto-plasticity [13,14], Mielke et al. on shape memory
alloys [22-24], Miiller, Schmid and Mielke on super-conductivity [26,29], and Alberti and DeSimone on capillary
drops [1]. We refer to the surveys [15-18] by Mielke for the study in abstract setting as well as for further
references.

In this work, we consider a finite-dimensional normed vector space X, an evolution u : [0, 7] — X subject to
a force defined by an energy functional & : [0, 7] x X — [0, +0c) which is of class C'', and a dissipation function
W (x) which is convex, non-degenerate and positively 1-homogeneous. Given an initial position xy € X which is
a local minimizer for the functional x — & (0, z) +¥(x — x¢), we say that w is a solution to the rate-independent
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system (&, ¥, x¢) if u(0) = x¢ and the following inclusion holds true,
0 € 0¥ (u(t)) + D& (t,u(t)) in X, for a.e. t € (0,7), (1.1)

where X* denotes the dual space of X, 0¥ is the subdifferential of ¥ and D, & is the differential of & w.r.t. the
spatial variable x.

In general, strong solutions to (1.1) may not exist [30]. Hence, the question on defining some weak solutions
arises naturally.

A widely-used weak solution is the energetic solution, which was first introduced by Mielke and Theil [22]
(see [10,12,16,23] for further studies). A function w : [0,7] — X is called an energetic solution to the rate-
independent system (&, W, zg) if it satisfies:

(i) the initial condition u(0) = xo;
(ii) the global stability that for (t,z) € [0,T] x X,

E(tu(t)) <E(t,x) +¥(z —ult)); (1.2)

(iii) the energy-dissipation balance that for all 0 <t; <ty < T,

E(ta, ultz)) — E(t1,ultr)) = ’ Wé(s,u(s))ds — Zissw(u; [t1,t2]). (1.3)

t1

Here, Zissw is the usual total variation induced by ¥ (-)

N
Dissg(u(t); [t1,t2]) := sup {Z Ulu(si) —u(si—1)) | NeN, t1 =59 <s1<...<8Sy= tg} .

Note that when the energy functional is not convex, the global minimality (1.2) makes the energetic solutions
jump sooner than they should, and hence fails to describe the related physical phenomena (see Examples 2.4).
Therefore, some weak solutions based on local minimality are of interest.

Recently, an elegant weak solution based on vanishing viscosity method has been introduced by Mielke
et al. [19-21]. Their idea is to add a small viscosity term to the dissipation functional ¥. This results in a new
dissipation functional ¥., e.g. ¥.(z) = ¥(x) + £||z||?, which has super-linear growth at infinity and converges
to ¥ in an appropriate sense as € tends to zero. They showed that the modified system (&,¥., zg) admits a
solution u.. The limit u of a subsequence u. as € — 0, called BV solution, has the following properties:

(i) the initial condition u(0) = xo;
(i1) the weak local stability that for all ¢ € [0, T|\J,

— D,&(t,ult)) € OT(0); (1.4)

(iii) the new energy-dissipation balance that for all 0 <t} <ty < T,

8(ta, ults)) — E(tr, ulty)) = /t " 008 (5, u(s)) ds — Dissnew (s [t1, £2]). (1.5)

Here, J is the jump set of u on [0,T]
J:={t€[0,T] | u(-) is not continuous at ¢},
0¥ (0) is the subdifferential of ¥ at 0, (-,-) is the dual pairing between X* and X

ov(0):={ne X" | (nv) <) Ve X},
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and the new dissipation is defined by

DissSnew (U; [t1,t2]) := Dissw(u; [t1,t2]) + Z (Anew(t; u(t™),u(t)) + Anew (t;u(t), u(t+)))

teJN(t1,t2)
+Anew(t1; u(tl)v u(tf)) + Anew(tQ; u(t;), u(tQ))
= > (T(ult) —ul) + ) — ut) = (ut]) - u(tr)) - Plults) — ulty)),

teJN(t1,t2)

where Apew(t;a,b) also depends on the energy functional &, the dissipation ¥ and the viscous norm || - ||
1
Aottty =in{ [ (PG HBOI-_inf | 1D:6(A(6) 421 )ds [ 1 € A1 X)7(0) = 9 (1) =),
0 z

Here, the dual norm of || - || is defined by ||n||. := bupvex\{o} ” H Kool gor all p € X+,

The new energy-dissipation balance is a deep insight observation, which contains the information at the jump
points. Indeed, it has been shown in [20,21] that if the BV solution u jumps at time ¢, there exists an absolutely
continuous path « : [0,1] — X, which called an optimal transition between w(t~) and u(t™), such that

(i) 7(0) =wu(t™), v(1) = u(t™), and there exists s € [0,1] such that v(s) = u(t);

(ii) for all s € [0,1], =D, & (t,v(s)) stays outside the set O¥(0) (if v is of viscous type), or on the boundary of
ow(0) (if ~ is of sliding type)

(ifi) &(t,ut™)) = E(tut?)) = [y (ZG(s) + 15| - infocono) | Dat (t,7(5)) + 2II.) ds

As we can see from the definition, BV solutions constructed using the vanishing viscosity method also depend
on viscosity. Usually, viscosity arises naturally from physical models.

To deal with local minimizers but with a totally different approach, Larsen [11] proposed the e-stability
solution in the context of fracture mechanics. The idea is to choose minimizers among all e-accessible states
w.r.t. the discretized solution at previous time-step. A state v is called e-accessible w.r.t. state z if the total
energy at v is lower than the total energy at z; and there is a continuous path connecting z to v such that total
energy never increases by more than ¢ along this path. In this way, the limit «(¢), when passing from discrete to
continuous time, satisfies the e-stability: u(t) is e-stable at every time ¢, i.e. there is no e-accessible state w.r.t.
u(t). A similar version of optimal transition is obtained at jump points: if the solution jumps at time ¢, there
exists a continuous path connecting u(t~) to u(t*) such that total energy increases no more than e along this
path. The energy-dissipation upper bound is proved for fixed £ > 0. The energy-dissipation equality is obtained
if the solution has only jumps of sizes less than .

In this work, we shall discuss one more way to deal with local minimizers. The idea is similar to the viscosity
method of Mielke—Rossi—Savaré in [19-21], but instead of adding a small viscosity into the dissipation, we
consider the minimization problem (1.2) in a small neighborhood of order €. Passing from discrete to continuous
time, we obtain a limit 2°(-). Then, by taking ¢ — 0, we get a solution u(-). The epsilon-neighborhood approach
was first suggested in ([14], Sect. 6) for the one-dimensional case when ¢ is chosen proportionally to the square
root of the time-step and the weak local stability was then obtained in [7].

Roughly speaking, the epsilon-neighborhood method is a special case of the vanishing viscosity approach
when the viscosity term is chosen as follows

0 if |v] <1,
7 =
() {+oo if ] > 1.

However, this method was not discussed in [20,21] since the viscosity there is required to be finite (see ([20],
Sect. 2.3 and [21], Sect. 2.1) for further discussions).
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In this article, we shall show that the BV solution constructed using the epsilon-neighborhood method u(-)
satisfies both the weak local stability and the new energy-dissipation balance, i.e. it satisfies the definition of
BV solutions introduced by Mielke et al. [19-21]. Similar to BV solutions constructed by vanishing viscosity,
BV solutions constructed using the epsilon-neighborhood method also depend on the norm that defines the
“neighborhood”. In Example 2.4 below, we shall make a comparison between different notions of weak solutions,
1.e. energetic solutions, BV solutions constructed by vanishing viscosity, BV solutions constructed by the epsilon-
neighborhood method as well as the solutions constructed by the method in [7]. For a detailed discussion on
the different notions of weak solutions, we refer to the papers [18,25,28,31].

2. MAIN RESULTS

For simplicity, we shall consider the case when X = R? and the unit ball of the norm || - || which defines the
neighborhood has C'-boundary. In addition, we assume that the energy functional &(t, x) : [0, 7] x R% — [0, c0)
satisfies the following technical assumption: there exists A = A(&) such that

10,8 (s, )| < AE(s,z) for all (s,z) € [0,T] x RL. (2.1)

Remark 2.1. The condition (2.1) was proposed in [18]. Together with Gronwall’s inequality, (2.1) implies that
E(r,x) < E(s,x) Ml 18,8 (r, x)| < XE(s, ) M (2.2)
for any r, s in [0, 7.

Definition 2.2 (Construction of discretized solutions). Let e > 0, 7 > 0 and let N € N satisfy T € [N, 7(N +
1)). We define a sequence {z=7}¥ by 25" = x¢ (initial position) and

z;7 € argmin{& (t;, x) + U(x — 277} | [|o — 277, || < e} foreveryie {1,...,N}. (2.3)
The discretized solution z=7(+) is then constructed by interpolation
=7 (t) = a7, for every t € [t;_1,t;),i € {1,...,N}.
Our main result is as follows.

Theorem 2.3 (BV solutions constructed using the epsilon-neighborhood method). Let & : [0,7] x R? —
[0,4+00) be of class Ct and satisfy (2.1). The dissipation functional ¥ : R? — [0, 00) is assumed to be convez,
positively 1-homogeneous and satisfy ¥(v) > 0 for all v € RN\{0}. Given an initial datum zo € R? which is a
local minimizer of the functional x — &(0,2) + W (x — xo). Then, we have the following properties:

(i) (Discretized solution) For any e > 0 and T > 0, there exists a discretized solution t — x=7(-) as described
above.

(ii) (Epsilon-neighborhood solution) For any fized € > 0, there exists a subsequence T, — 0 such that x=™(-)
converges pointwise to some limit x°(-). Moreover,

e (Epsilon local stability) If 2°(-) is right-continuous at t, namely limy_+ 2°(t") = x°(t), then 2°(t) satisfies
the epsilon local stability

E(t,z°(t) <&, x) +¥(x —a°(t)) forall ||z —2°(t)] < e
e (Energy-dissipation inequalities) We have Pissy(2%;[0,T]) < C (independent of € ), ;& (-, x°(-)) € L*(0,T)
and for all 0 < s <t <T,

—DiSSnew (2% [8,t]) < E(t,2°(t)) — E(s,2°(8)) — / 08 (ryzt(r)) dr < —Dissy (x5 [s,1]).
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FIGURE 1. &(t,x) + |x| with ¢ = 1/6 in Example 2.4.

(BV solution constructed by epsilon-neighborhood) There exists a subsequence e, — 0 such that " con-
verges pointwise to some BV function u. Furthermore, the function u satisfies:
(Weak local stability) If t — wu(t) is continuous at t, then

—V.&(t,u(t)) € 0¥(0);

(New energy-dissipation balance) For all 0 < s <t <T, one has

E(t,ut)) — &(s,u(s)) = / & (ryu(r)) dr — Zissnew(u; [s,t]).

An explicit example is given below (a detailed explanation can be found in the Appendix).

Example 2.4. Consider the case X = R, ¥(x) = |x|, 2o = 0 and the energy functional

(iii)

Et,x) =2 —a* +032°+t(1—2%) —2+6, tc[0,2].

The strong solution is x(t) = 0 for ¢ € [0, 1). This solution cannot be extended continuously when ¢ > 1,
since it would violate the local minimality.
The energetic solution constructed by time-discretization satisfies

V10 + VIO 906 1
3

z(t) =0 if t < % , 2(1/6) € {0,1/5/3} and z(t) = :

This solution jumps at ¢ = 1/6, from =z = 0 to = \/%, but this jump is not physically relevant (see
Figs. 1 and 3). The energetic solution satisfies the energy-dissipation balance but it does not satisfy the
new energy-dissipation balance.

The BV solution corresponding to the viscous dissipation W, (z) = |z| + ez? is

x(t) =0 for all ¢ € [0, 2].

When ¢ > 1, this solution violates the local minimality.
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FIGURE 2. &(t,x) + |x| with ¢ = 1 in Example 2.4.

(iv) The BV solution constructed by the epsilon-neighborhood method is

V1 VAt t
0+ ’ 0+90 Es 1

z(t)=0 if t<1 and z(t) =

This solution coincides with the strong solution up to the point where the strong solution exists. Moreover,
it jumps at ¢ = 1 which is a physical relevant jump (see Figs. 2 and 3). The BV solution constructed using
the epsilon-neighborhood method satisfies the new energy-dissipation balance but it does not satisfy the
energy-dissipation balance.

(v) The solution constructed by the method in [7] coincides with the solution in (iv).

Both solutions in (iii) and (iv) satisfy the definition of BV solutions [19-21]. Weak local stability in this case is:
|08 (8, 2(1)) ]+ < 1.

3. EPSILON-NEIGHBORHOOD SOLUTION x°

We start by considering the discretized solution.

Lemma 3.1 (Discretized solution). For any given initial state xo, € > 0, 7 > 0 and partition 0 = tg < t1 <

.. <ty <T of [0,T) satisfying tn, —tn—1 =7 and T € [TN,7(N + 1)), there exists a sequence {x" }N o such

that zg" = xo and for every i =1,2,..., N, x;"" minimizes the functional
x— Et,x) +¥(x —ai7)
over x € R with ||z — 257, < e.

Moreover, the function t — z=7(t) defined by the interpolation x=7(t) = z;", if t € [ti—1,t;), 1€ {1,...,N}
satisfies the following energy estimates:

(i) (Discrete bound) For anyn € {1,...,N} we have

E(tn,257) < £(0,20) M and £(0,257) < £(0,x0) M7,



194 M.N. MINH

10 E(tx).=1

o Domain where IV E(t,x)I>1

- = =Energetic solution (Case ii)
- -BV solution (Case iii)

* BV solution (Case iv)

1.4 1.6 1.8 2

FIGURE 3. Graph of |0,& (¢, )|« = 1 and three different solutions in Example 2.4 are shown.
Domain where |0,& (t,x)|. > 1 is filled in.

(ii) (Integral bound) For all 0 < s <t <T, it holds that Dissy(x57;[s,t]) < 00, E(-,257(-)) € L*(0,T) and
t
Et, 7 (1)) — E(s, 257 (s)) < / 08 (r, a7 (r)) dr — Dissy (2575 [s,t]).

Proof. Since x +— & (tn,x) + W (x — z,) is continuous, this functional has a minimizer x;"" in the compact set
|z — 257, || < e. The energy estimates can be proved similarly for energetic solutions (see e.g. [16]). A detailed
proof can be found in the Appendix. O

Lemma 3.2 (Epsilon-neighborhood solution). Given any initial datum xzo € R? such that xo is a local min-
imizer of the functional © — &(0,z) + ¥(x — xo). Let 7 be as in Lemma 3.1. There exists a subsequence
Tn — 0 such that =™ (t) — x°(t) for all t € [0, T]. Moreover, the epsilon-neighborhood solution x°(-) satisfies
the following properties:

(i) (Epsilon local stability) If z°(-) is right-continuous at t, namely limy _ .+ x°(t') = 2°(t), then x°(t) satisfies
the epsilon local stability

E(t,z(t)) < E(t,z) + ¥(x —2°(t)) for all ||z —z°(t)]] < g

(ii) (Energy-dissipation inequalities) We have Pissy(x%;[0,T)) < C (independent of €), 0;&(-,2°(+)) € L*(0,T)
and for all 0 < s <t <T,

—DiSSnew (2% [8,t]) < E(t,2°(t)) — E(s,2°(8)) — / 08 (ryzt(r)) dr < —Pissy (x5 [s,1]).
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Proof.

Step 1. Existence. By the Integral bound in Lemma 3.1, the fact that & is non-negative, and condition (2.2),
we have

T
Dissw(x=7;[0,T]) < &(0,29) — &(T,25"(T)) + /0 O & (ry =7 (r)) dr

N-+1 t;
< 8(0,20) + Z AE iy, 27T) X h) dr

i=1 “ti-1

Here, we denote T by txn41. Using the Discrete bound in Lemma 3.1, we get
T
Dissg(x=7;10,T)) < &(0,20) + / AE(0,z0) e dr = &£(0,x0) .
0

Thus, {z=7(-)} has uniformly bounded variation and it is uniformly bounded. Therefore, by applying Helly’s se-
lection principle [1,12,27], we can find a subsequence 7, — 0 and a BV function 2¢(-) such that 257 (t) — 2°(t)
as n — oo for all t € [0,T7.

Step 2. A consequence of the right-continuity. Let us denote by {t?}ZN:"O the partition corresponding to
T, and assume that ¢ € [t7_;,t7). It is obvious that

BT = (1) — 2 (1)
as n — oco. Now we show that if 2°(-) is right-continuous at ¢, then

2T = ST ) — 2 (1)

Let ¢’ > t. Thanks to the Integral bound in Lemma 3.1, we have
t/
EWH x5 () — Et, x> () + Dissw (257 [t ']) < / 0 E(r,x®™ (r))dr < Ot —t|.
t

Here, the last inequality is due to the continuity of 9;& and the fact that =7 is bounded on [0, T']. For n being
large enough, we have ¢ < ¢t < t’. Therefore,

(T = apT) < Dissy (a7 [t 1),

K3

Moreover, when n — 0o, we get
27 (t) — 2°(t) and 257 (') — 2°(t').
Thus, it follows from the above integral bound that

E, (1) — &, 2° (1)) + limsup ¥ (x5 — 257 ) < C|t' — ).

7
n—oo

The inequality above holds for all ¢ > ¢. Hence, we can take t' — ¢ and use the assumption z°(t*) = 2°(t) to
obtain
limsup ¥ (2™ — 257"7) < 0.
n—oo

Since x"7 — 2°(t), we can conclude that z

E7TTL

;T — 2t (t) as n — oo.
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Step 3. Stability. We show that for all ¢ € [0, 77, if 2°(+) is right-continuous at ¢, then
E(t,x%(t)) < E(t,z) + ¥(z —2°(t)) for all ||z —z°(t)] <e.
To this end, we first prove the result for z € R? with ||z — 2°(¢)|| < . Since lim, o, 257 (t) = 2°(t), we get
Iz =25 @) <e

for n large enough. We shall follow the notations in Step 2. The fact that ¢ € [t |, t!) yields =7 (t) = x;"7.
From the definition of ;"™ and condition ||z — ;]| < €, we obtain

E(Ur, 2™ + (a5 — aSTr) < E(UT, 2) + W (z — 25T,

7 Z

Taking the limit as n — oo and using the fact that both 2"} and 2™ converge to 2°(t) (see Step 2), we have
E(t,x° (1)) < E(t,z) +¥(z—a°(t)) for all ||z —z°(t)]| < e. (3.1)
Now for any z satisfying ||z—x°(t)|| = &, we can choose a sequence z,, converging to z such that ||z, —z°(¢)| < e.

Applying (3.1) for z,, we get
E(t,z(t)) < E(t, zn) + ¥(zn — 2°(1)). (3.2)

Since the mapping y — &(t,y) + ¥(y — 2°(t)) is continuous, we can take the limit in (3.2) and then obtain the
result also for ||z — 2°(¢)|| = e.

Step 4. Energy-dissipation inequalities. Using the Integral bound in Lemma 3.1, we have for all
0<s<t<T,

¢
E(t,x=™(t)) — &E(s,25™(s)) < / & (r,x=7 (r)) dr — Dissg (257 [s, 1]).

Since x=7 (1) — x°(r) for all r € [0, T, we have

Et,a=™ () = (s, 277 (s)) = E(L,2°(1)) — (s, 27(s))

/8t = ( dr—>/8t (r,z®(r)) dr

liminf Pisse (5™ [s,t]) > Pissw(x%;[s,1]).

n—o0

and

as n — o0o. Moreover, we have

Thus we can derive one energy-dissipation inequality
E(t,x°(t)) — / & (r, 2% (1)) dr — Pissg (2% [s, 1]).
We shall use Lemma 3.3 to obtain the other energy-dissipation inequality,

St a°(t) — & / 0,8 (r, 2% (1)) drr — Disspen (253 [5, ). (3.3)
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To apply Lemma 3.3, it is sufficient to verify that —V,&(t,2°(t)) € 0¥ (0) for a.e. t € (0,T). Indeed, for every
t € [0, T] such that 2¢(+) is right-continuous at t, we have proved in Step 3 the e-stability

E(t,x°(t)) < E(t,x) +¥(x —a°(t)) forall ||z —2°(t)] <e.

For every x satisfying ||@ — 2¢(¢)|| < € and for every s € [0,1], denote by z = z°(t) + s(xz — 2°(t)). Clearly,
|z —z°(t)|| < e. Thus,
E(t,x°(t) < E(t,z) + ¥ (z — z°(t)).

This inequality is equivalent to

Et, 2% (1) — &, 2°(t) + s(x — 25(1)))

< U(x —a(t)).
By taking s — 0% and noticing that & is of class C', we obtain that
(=V&(t,z°(t)),z —2°(t)) < ¥(x —2°(t)) for all ||z —a°(t)| <e.
Now, for every y € R?\{0}, applying the inequality above for § = z°(t) + ey/||y||, we get
(=Va&(t,25(1)),y) < ¥(y).
Hence, —V,&(t,2°(t)) € 0¥(0) whenever x°(¢) is right-continuous at .
On the other hand, since z°(-) is a BV function, it is continuous except at most countably many points. Thus,

we can conclude that —V,&(t,2°(t)) € 0¥(0) for a.e. t € (0,T). O

Lemma 3.3 (Lower bound of the new energy-dissipation balance). For any BV function u : [0,T] — R, energy
functional & € CY([0,T] x R?) and dissipation functional ¥ which is convex and positively 1-homogeneous, if
—V.E(t,u(t)) € 0W(0) for a.e. t € (0,T), it holds that

ty
E(t1,u(tr)) — &(to, ulto)) > / WE(s,u(s))ds — Dissnew(u; [to, t1]), for all 0 <ty <t; <T.
to

This result is due to Mielke et al. (see [20], Prop. 4.2) for finite-dimensional space and ([21], Thm. 3.11) for
infinite-dimensional space). For the readers’ convenience, a proof of Lemma 3.3 is included in the Appendix.

4. BV SOLUTIONS CONSTRUCTED USING THE EPSILON-NEIGHBORHOOD METHOD

Lemma 4.1 (Limit of epsilon-neighborhood solutions). Given an initial datum xo € R? which is a local mini-
mizer of the functional x — &(0,2) +W(x — xg). Let x° be as in Lemma 3.2. There exists a subsequence £, — 0
and a BV function u such that x(t) — u(t) for all t € [0,T]. Moreover, the function u satisfies the following
properties:

(i) (Weak local stability) If t — wu(t) is continuous at t, then
-V, &(t,u(t)) € 0¥(0);

(ii) (New energy-dissipation balance) For all 0 < s <t <T, one has

E(t,u(t)) — &(s,u(s)) = / W& (ryu(r)) dr — Dissnew (u; [s,t]).
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Proof.

Step 1. Existence. Since Zissy(x°;[0,T]) < C is independent of e, by Helly’s selection principle, we can find
a subsequence &, — 0 and a BV function u such that 2~ (¢t) — u(t) as n — oo for all t € [0, T].

Step 2. Stability. Let

A:={te[0,T)|z"(-) is right continuous at ¢ for all n > 1}.
Then [0, T7\A is at most countable. Moreover, for ¢t € A, by Lemma 3.2, we get

E(t,x(t)) < E(t,z) +¥(z — 2 (1)) for all ||z — ™ (t)]| <ep
foralln>1.Forte Aandn > 1,

(=V,E(t, x5 (1)), 2) < W(z) for all z € R?
can be shown in a similar manner as in Step 4, Lemma 3.2. Taking n — oo, we obtain
(=V.E(tu(t)),z) <W(z) forall z€ R? forallte A

By continuity, we immediately have —V & (¢, u(t)) € 0¥ (0) provided that u is continuous at ¢.

Step 3. New energy-dissipation balance. By means of a similar proof of the energy inequalities in
Lemma 3.2, we have

—DiSSnew(u; [s,t]) < E(t,ult)) — E(s,u(s)) — / W& (ryu(r)) dr < —Piss(u; [s, t]).

(The second inequality is a consequence of the corresponding inequality of 2° in Lemma 3.2 and Fatou’s lemma,
while the first inequality follows from Lem. 3.3.)

Note that if the solution ¢ — w(t) is continuous on [a,b] C [0,T], then Ziss(u;[a,b]) = Pissnew(u;[a,b]).
Thus, we immediately have the energy-dissipation balance

b
&b, u(d)) — &(a,ula)) — / W& (ryu(r)) dr = —Diss(u; [a,b]) = — Dissnew(u; [a, b]).
Therefore, jump points remain to be considered. More precisely, we need to show that if « jumps at ¢ € (0,7),
namely u(t7) # u(tt), then
Et,u(th)) — Et,ut™)) = —Apew(t, u(t™), u(t)) — Apew(t, u(t), u(t™)).
This fact follows from Lemmas 3.3, 4.2 and 4.3. O

To prove the upper bound, we start by showing that the discretized solution z*7 is “almost” an optimal
transition.

Lemma 4.2 (Approximate optimal transition). For the discretized solution x=7, if we write x; := x57(t;), it
holds that

<—vx(9@(ti,l‘i),l‘i — l‘z’_1> = lp(l‘z — l'i—l) + min H77 + Vxéo(tz,a:z)H* . H-Tz — .TZ‘_1H.
neow(0)

Consequently, for any 6 > 0, there exist e,7 < ¢ and g(9) satisfying g(6) — 0 as 6 — 0 and

b

E(t,wia) — &t mi) > / w(o(s)) + oo 17+ Va& (£, v(s))ll« - [[0(s)]| ds = (b= a)g(d)[|lwi — zi-all,
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where t € [t;_1,t;] and v : [a,b] — R? is the linear curve connecting x; 1 and x;, namely

sS—a

b—a

v(s) =xi—1 + (x; — @i—1)-

Proof. The proof is trivial when z; = ;1. Hence, we shall assume that z; # ;1.

Step 1. Denote by m(z) := ||z — ;-1 and h(z) := &(t;, z) + ¥(z — x;—1). Recall that z; is a minimizer for

inf h(z).

m(z)<e
Denote by ¢ := ||z; — z;—1]|. Since ¢ < €, we can consider z; as a minimizer for

inf h(z).

m(z)=c
Using the Lagrange multiplier, there exists A € R such that AVm(z;) € Oh(z;), or equivalently
AVm(x;) — Vo & (ti, ;) € OV (x; — xi—q).
The inclusion above implies two following conditions:

(i) For all z € RY, it holds that (A\Vm(z;) — V& (t;, ;), 2) < ¥(2).

(ll) ()\Vm(wl) - Vz@”’(ti, SL'Z‘), T; — SL’Z‘,1> = &D(xz - 1'2;1).

Step 2. Since the function hy(s) = h(x;—1 + s(z; — x;-1)) satisfies hq(s) > hq1(1) for all s € [0, 1], it follows that
Etiswim1 +s(xy —xi-1)) + ¥ (i —xi-1) > E(ti, x) + (@i — xi-1).

The above inequality can be rewritten as

E(tiywi+ (s = 1)(x; —x4-1)) — E(ti, x)
s—1

+ &D(xz — 1'2;1) <0.

Since & is of class C, we can conclude that
(Vz@”’(ti,wi),wi —xi,1> —|—&T/(xz —xi,1) <0. (41)

In addition, (4.1) and condition (ii) in Step 1 give (A\Vm(z;),x; — xz;—1) < 0. Moreover, for all n € 0¥ (0) we
have =¥ (z; — x;—1) < (—n,2; — x;—1). Thus, condition ii) implies

<—AVm(xZ), Xr; — l‘z’_1>

Vol (ti, i), xi — xi—1) — W(x; — xi-1)
V& (i, xi) — n, & — Ti—1)
| = V& (ti,zi) = nll« - |z — wia |-

<_
< (=
<

Choosing ng = —Vz&(ti, z;) + AVm(z;). Thanks to condition (i) in Step 1, no € 9¥(0). Moreover, the two
inequalities above become equalities with that choice of 1y. Thus, we can write

—AVm(z;), x; — xi—1) = mi Vol (b, @) |5 - lzs — zia]]-
(FAVm(@:), 20 — i) = woin 0+ Vel (b i)l - 2 = zia|

Hence, we obtain that

(=Va&(ti, 2), 2 — xim1) =¥ (v, —2-1) + min |[n+ Vo (i, 2|« - |lzi — 2iza].
neow(0)
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Step 3. Consequently, using [t — ¢;| < 9§, ||z;—1 — 24|| < & < § and the fact that V,&(-,-) is continuous on
compact sets, there exists g(d) such that g(6) — 0 when § — 0 and

(=Va&(t v(s)),9(s)) = ¥(0(s)) + ,oain 17+ Va&'(t,v(s))l - [[o(s)]] = g(d) [[o(s)]]

for every s € [a, b]. Therefore,
b
§tai1) = S(tw) = [ (-Va8(t,0(9).0()) ds

b

> / W(i(s)) + min |ln+ Va&(t, v(s))|« - [[0(s)[[ ds = (b —a)g(d) |z —ziaf. O
a neow(0)

Now we are in the position to prove the new energy-dissipation upper bound at jumps.

Lemma 4.3 (Upper bound). Let u be the function as in Lemma 4.1. If u(t™) # u(t), then
Anew (t,u(t™), u(t)) < E@,u(t™)) — E(¢, ull)).

Proof. Let 0 € 7 < £ < § < 1. By the definition of the discretized solution z=7, for every ¢t € (0,T") we have
BET(E - 6) = 257 (1) and 57 (8) = 257 (111 5)

for ti,tivk € [t — 25,t + (ﬂ
We can construct an absolutely continuous function v : [0,1] — R? by linearly interpolating the following
(k + 3) points:
w(t™),x="(t = 8) = a7 (), 257 (tig1), -, 257 (bigr) = 57 (t), u(?t).

More precisely, we define

zh1 = 277 (tign) = 277 (1),
Rk+2 = U(t),
and denote r := 1/(k + 2) and

s—Jr
v(s) = z; + J

(zj4+1 —2j) when se [jr,(j+1)r], 1=0,1,...,k+1.

By the definition of the new dissipation, we have

1
Anenltult7),u(®) < [ W) + min [+ Vo (k0. [o(s) | ds

k1 hG+)r
=Z/ P(o(s)) + min |+ V&, v(s))[x - [[0(s)] ds.
=0 Jir neOY (0)

When j =0 and j = k + 1, we estimate

(J+1)r ) ) ) (G+1)r )
/ T(o(s) + min_|ln+ Ve (t, (). - [6(s)] < C / ()]l ds = Cllzjn — 21
j neov(0) gr
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When j =1,2,...,k, Lemma 4.2 yields the following inequality

(G+Dr
/ (o(s)) + min |n+ V&, v(s))[x - [[0(s)[ds < E(E, 257 (tivj-1)) — E(t, 277 (tiry))
gr neow(0)
+rg(8) - 1257 (tivg) — =7 (i)l

where g(0) — 0 as 6 — 0. Taking the sum over j = 0,1,...,k + 1 and using the bound Zissy(2=7;[0,T]) < C
(independent of ¢ and 7), we find that

Apew(t,u(t™),u

| A

/ )+ min [+ Vas (o). - o) ds
S E(ta™7(t = 6)) = &(t,a™7 (1) + Cg(8) + Cllu(t™) — =7 (t = §)|| + Cllz=7(t) — u(t)]-
Taking the limit 7 — 0, then € — 0, then § — 0, we conclude that

Apew(t,u(t), u(t)) < Et,u(t™)) — E(t, ult)). O

5. APPENDIX: TECHNICAL PROOFS

5.1. Example 2.4

First of all, it is easy to verify that &(¢,x) : [0,2] x R — [0, +00) is C'! and satisfies condition (2.1). Moreover,
xo = 0 is a local minimizer for the functional z — &(0,z) + |x|.

Part I. Energetic solution via time-discretization

Step 1. Fix a time step 7 > 0. To find the discretized solution z7(t), it is sufficient to calculate z; := 27 (¢;)
where 0 =tg < ... <ty <landt; —t;_y =7 foralli=1,2,...,N. Here N € N satisfies 1 € [rN,7(N + 1)).
We have xg = 0 and for all i = 1,2,..., N, x; is a minimizer of the functional
r€Rw— &, x) + v —ziz1]-
Step 2. Let us fix ¢ € (0,2] and consider the functional
F(z):=&t2) + o) =2 —2* +032° +t(1 —2?) —x +|2| +6, =€ R.
It is easy to see that

e When ¢ < 1, F(z) has two local minimizers (see Fig. 1)

v 10 + /10 + 90t
3

x=0 and z=y(t) =

Moreover,
F(y(t)) — F(0) =

which is positive if ¢ < 1/6 and negative if ¢ > 1/6. Hence F has a unique global minimizer = = 0 if
0 <t < 1/6, and then F has a unique global minimizer at x = y(t) if 1/6 <t < 1.
e When ¢ > 1, F(x) has a unique local (also global) minimizer at = = y(t).

243 (10 + v/10 + 90¢) (8 — 18t — /10 4 90t)
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Step 3. By induction, we can show that if ¢;, < 1/6 < t;,4+1, then x; = 0 for all i = 1,2,...,4ip, and either
Tig+1 = Y(tig+1), OF Tig 41 = 0 and i, 19 = y(tip12).
Next, we show that if ¢;_; > 1/6 and a;,_; = y(¢t;—1) > 0, then x; = y(¢;). Recall that z; is a global minimizer
for the functional
r€R— Fi(z) :=Eti,x) + o — 21| = 2% —2* +032° +t;(1 —2?) —2x + |2 — 21| + 6.
By using the triangle inequality —z + | — 2;_1| > —a;—1 and the same analysis of F', we can conclude that

x; = y(t;).
Taking the limit as 7 — 0, we obtain the energetic solution

x(t) =0 if te][0,1/6), 2(1/6) € {0,1/5/3}, z(t) = y(t) if t € [1/6,2].

Step 4. Finally, we show that the energetic solution does not satisfy the new energy-dissipation balance. It is
sufficient to show that at the jump point ¢ = 1/6,

Et,x(t)) — &t a(t™)) > —Anew(t, z(t7), z(tT)).
Indeed, a direct computation gives us that at ¢ = 1/6,

Et,x(tT)) — &, z(t7)) = £(1/6,/5/3) — £(1/6,0) 5/3.

On the other hand, at t = 1/6, we have
VIS/3 2 185 /5
Apew(t,z(t7),z(th)) = /o max {1, 3Y - 4o +1.8y° — 1‘} dy = 156 + \/;
Et,z(th)) — Et, 2(t7)) > —Apew(t, z(t),z(tT)) at t =1/6.

Part II. BV solution constructed using the viscous dissipation ¥, (z) = |z| + ex?.

Thus,

We construct the BV solution using the vanishing viscosity method with the viscous term ex? by means of the
method used in [20].

Let us briefly recall the construction of the BV solution. Given € > 0 and 7 > 0. We denote by e := ¢/7. Let
0=ty <...<ty <T be a partition of [0, T] satisfying t; —t,_1 =7 for everyi € {l,...,N}and T —tny < 7.
The discretized problem is to find a sequence {257}, such that 25" = 0 and 257 is a global minimizer for
the functional

r€R— {&(ti,x) + |z — 2% |+ elz — 2%, *}

foreveryi =1,2,..., N and e = /7. Then using interpolation and passing to the pointwise limit as 7 — 0,6 — 0
and e = ¢/T — 00, we obtain the BV solution.
Now coming back to our example, for ¢ € (0, 2], we consider the function

F(z):=&(t,x) + x| +elzf =t+(1+e—t)a® —2* +032° —x + 2| +6, = <€R.

If e is large enough (such that 1+ e —¢ > 1), one has

2
1 5 3
F(J;)2t+x2—x4+0.3az6—|—6:t+6x2—|— (\/gx—wl—ox?’) +6>t+6=F(0).

Thus F has a unique global minimizer at « = 0. Therefore, the discretized sequence {z]“} is identically equal
to 0 and so is the BV solution.
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Part III. BV solution constructed using the epsilon-neighborhood method

Step 1. Let € > 0 and 7 > 0 be small. Let us compute x; := 27 (t;), where t; = i/N for i =0,1,..., N. Here
N e Nwith 1 € [rN,7(N +1)).
By definition, zp = 0 and x; is a minimizer for the functional

Fi(z) ==&ty x) + |z —mq| =2 —2* +0.32° + t;(1 —2?) — 2+ |z — 21| + 6
over x € [x;—1 — &, x;—1 + €]. In particular, if ;1 = 0, then z; is a minimizer for
Fi(z) =2 —2* 40325 + t;(1 —2®) —z + |z| + 6

over z € [—¢,¢]. .
Recall that, if t; < 1, F;(z) has two local minimizers at = 0 and

v/ 10 4+ /10 + 90¢; -1
3 .

z=y(t) =

Choose € < 1, then z = 0 is the unique minimizer for F(x) on z € [—¢,¢]. Thus, we can conclude that z; = 0
whenever t; < 1.

Step 2. Assume that ¢; € [1,2]. We prove that z; < y(¢;) for all ¢ by contradiction. Indeed,
by means of induction we can assume that z;—; < y(t;—1). Suppose that z; > y(t;). Since
Tic1 < y(tic1) < y(ti) < z < xi—1 + &, there exists an a € (y(t;),z;) C [ri—1 — &,z;—1 + €]. Using
the fact that the function = — g;(x) = 2% — 2* + 0.32° + ¢;(1 — 2%) + 6 is strictly increasing in the interval
[y(t;),00) and the triangle inequality f(z) = —z + | — x;—1| > —x;_1, we have

Fi(w;)) =22 — 2} 40328 +t;(1 —2?) —a; + |zi — 21| +6 > a® —a* +0.3a° +t;(1 — a?) — ;1 + 6 = Fi(a).

This contradicts to the assumption that x; is a minimizer for F;(z) over € [x;,—1 — ¢, x;—1 + ¢]. Thus, we must
have x; < y(t;).

Moreover, if we choose € < 3, it holds that @; > 2;_1. Indeed, since g;(z) decreases in [—3,y(t;)) and f(x)
strictly decreases when @ < x;_y, for every z € [~ 2;_1)

Fi(z) = gi(2) + f(2) > gi(zi—1) + f(ziz1) = Fi(xi—1).

For the determination of xz;, we have the following cases:

e z;_1 € [0,y(t;) — ). Observe that y(t) strictly increases in t. We can choose 7 small enough (in this case
7 < ¢) so that y(t;) —y(ti—1) < e. Thus, x;—1 < y(t;—1). Since f(x) = x;_1 for x > x,_1 and g;(z) decreases
in the interval [x;_1,y(t;)), the function F;(z) = g;(x) + f(x) decreases in the interval [z;_1,y(¢;)). Thus,
Tr; =x;—1 +e.

e For the case when z;_1 € [y(t;)—e,y(ti—1)], y(t;) is the unique minimizer of F;(x) in the interval [z;_1, ;-1 +
g]. Thus, z; = y(t;).

Step 3. Taking the largest k& and the smallest m such that xx = 0 and x,,, = y(¢,,). The number of steps L to
move from zy, to z,, is the integer part of @ Since ¢ is fixed, this value is bounded from above by a constant
C= [g] + 1. Hence,

tmm =t + L7 <t +CT.

Taking 7 — 0, we have t,, ~ ¢ ~ 1. Thus, for ¢ < %, the BV solution constructed using the epsilon-

neighborhood method is z(t) = 2°(t) = 0 if ¢t € [0,1) and =z(t) = 2°(¢) = y(¢t) if t € (1,2]. At t = 1, x(¢) can
take values either 0 or y(1).
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Step 4. We show that the BV solution constructed by epsilon-neighborhood does not satisfy the energy-
dissipation balance. At the jump point ¢ = 1, one has

- 2v5 . 100 V20
—W@)—Mﬁﬂ=———>£uﬂ ) — &t a(t)) = ——0 — Y2
243 3
Part IV. The solution constructed by the method in [7].

Let us briefly recall the method used in [7]. Let N € N be the numbers of time step. The neighborhood is chosen
equal to the usual time-step, i.e. ¢ =7 = % Take to = 0 and o = 0. For j = 1,..., N, z; and t; are defined
as follows.

e z; minimizes {&(tj_1,2) + | — x;_1|} among all states « such that |z —2;_1| <e.
ot =t; 1+T7— ‘.Tj — .Z‘j_1|.

By the same argument as in Part III, Step 1, we deduce that ;11 =0 and t;41 =¢; +7if N <T and ¢; < 1.
Now assume that ¢; € [1,2]. Arguing as in Part III, Step 2, we have z;+1 € [z;,y(¢;)] and

o If w; €[0,y(t;) —e): wiy1 =a; + € and tj41 = 1;.
o If z; € [y(t:) —e,y(ti—1)]: wir1 = y(t;) and tip1 =t + 7 — [y(ti) — @il.
Taking 7 to 0, we obtain the solution z(¢t) =0 if t < 1, z(t) = y(¢) if t > 1.
5.2. Proof of the energy estimate in Lemma 3.1
Step 1. By the minimality of 257 at time ¢,,, we have
Bltns )+ W~ 1500) < 60025 = a0+ [ D)
1—1

tn

It follows from the assumption (2.2) that
XE(t,a5T ) < AE(ty_1,257 ) NEt=1) for all t € [t,_1,L,).
Applying Gronwall’s inequality we obtain
E(tn,x") < Etn,ay") + (" — 7))

n—1

t".
S/ A8 (tn—1,2 76171)9)\@4"71)@"‘(Dﬂ(tnflaxf{;)
¢

n—1

:g( " ;Tl)(e)\(tnftn—l) )+£( 1, 271)_£(tn LT 271)6)\(%7%71)’
By induction,
Bty 257) < Eltur,750,) N0 —0t) < Bty g, 357 y) Moot ) At

< ... < &(0,x0) eMti—to) QAlta—ta) - GAltn—tn—1) — &(0,x0) eMn

Finally, by (2.2) again,
E(0,257) < E(tn,257) M < £(0,20) M.

Step 2. Now we prove the integral bound. Assume that ¢;_1 < s <t; <ty <...<t; <t <tji1, where {t,,}
is the partition corresponding to x=7. We start by writing
E(t,x™7 (1) — E(s,277(s)) = E(t, 257 (1)) — E(t5, 277 (8;)) + ... (5.1)
—|—(9@(t]‘, .Z‘E’T(tj)) — (g)(t]‘_l, l‘E’T(tj_l)) + g(ti, .TE’T(ti)) — (9@(8, .’L‘E’T(S)).
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By the minimality of zj := z%7 (t) at time t;, we have

tr
E(te, xr) — & (the1, Th—1) < E(t, xp—1) =¥ (@) — Tp—1) —E(th—1, Tp—1) = 0 & (rywp—1)dr — ¥ (xp — xp—1).

th—1
Taking the sum for all k£ from i+ 1 to j and using =7 (r) = a1 for all r € [tx_1,tr), We get
J th J
S [t a) — E(tr 1, 51) Z / 8 (r,z= (1)) dr — S W(ap — w51). (5.2)
k=i+1 k=i417 k=1 k=i+1

Moreover, since t;_1 < s <t; and t; <t < tj41, we can write

E(ti, 277 (t)) — &(s,277(s))

éa(ti, .’EZ) — g(s, .’Eifl)
< E(ti,xim1) —V(xy —xim1) — E(s,2i-1)

123

= W& (r,x=7 (r)) dr — ¥(x; — 257 (s)). (5.3)
E(t,x=7 (1) — E(t;, 257 (L)) = E(t, xy) — E(tj,x5) = 3 & (r,x=7 (r))dr — ¥ (=7 (t) — z;), (5.4)
Thus, it follows from (5.1)—(5.4) that
E(t,x=7(t)) — / 0L & (r))dr— (Q(wS’T(t) —z;)+ Z U(xp — xp—1)+(x; — xE’T(s))>
k=i+1
/ & (r))dr — Zissy (57 [s,t]).

5.3. Proof of Lemma 3.3
Proof. Applying the chain rule formula for & € C! and u € BV (see [2]), we get

(b1, u(t)) = (10, utto)) = | 18t5(5,u(5))d3+/t1<Vxé"(s,u(s)),u’w(s)> ds
+ Z (&t u®) — &tult™))] + Z [E(t,u(th)) — &t u(t))]
teJN(to,t1) teJN(to,t1)

+ & (to,u(td)) — &Eto, ulto)) + &1, u(tr)) — &t ulty)).
The fact that —V,&(t,u(t)) € 0¥(0) whenever u(t) is continuous at ¢ yields

/ (V. 8(s,u(s)), (s) ds > — / Wl (s)) ds. (5.5)

to to
Note that

/tlk"/(uéo(S))ds=%88(u: to,ta]) = Y Wlu(®) —ult) = D Plu(th) —ult)

teJN(to,t1) teJN(to,t1)
—W(u(ty) —ulto)) — ¥(u(tr) — ulty)). (5.6)

Moreover, for every absolutely continuous curve v in AC([0, 1]; R?) such that v(0) = u(t™), v(1) = u(t) we have

€@, u(t) = &t ult™))| = /0 (Va&(t, v(s)),0(s)) ds|.
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For any n € 0¥(0), it holds that (n,v) < ¥(v) for all v € R%. Thus, at every point s € [0,1] for which the
derivative v(s) exists, we can write

¥ (0(s)) < (=n,0(s)) .
Hence,
(=Va&(t,v(s)),0(s)) = ¥(0(s)) — ¥ ((s)) + (=Va&(t,v(s)),0(s))
W (0(s)) + (=n,0(s)) + (=V&(t,v(s)),0(s))
W(0(s)) + [| —n = Va&(t,v(s))[x - [0(s)]-

The inequality above holds for every n € 0% (0). Thus, we obtain

(=Va&(t, v(s)),0(s)) < &(0(s)) + et o 17+ V&' (t,v(s))ll - [[o(s)]]-

\/\ \/\

Therefore, for any absolutely continuous curve v in AC([0, 1];R?) satisfying v(0) = u(t~),v(1) = u(t), it holds
that

£t — (el < [ i) + Lt Va8 (o) - ()]
By the definition of Apey (,u(t™), u(t)), we can conclude that
|E(t, u(t)) — E(t,u(t™))| < Anew(t,ult™),u(t)). (5.7)
Similarly, we also get
£t u(t) = 8t u(t)] < Dnon(tu(t), ult ")), (535)

Thus, it follows from (5.5)—(5.8) that

E(t1,ulty)) — & (to, u(to)) > 1 8 (s,u(s))ds — Diss(u; [to, t1])
+ Z Uu(t™) —u(t)) + Z W (u(t) —u(th))
teJE(to,t1) teJE(to,t1)

+ W (u(to) —u(ty)) + ¥(u(ty) —ulty))
- Z Anew(t,ult™), u(t)) — Z A (t, u(t), u(t™))

teJN(to,t1) teJN(to,t1)
= Auew(to, u(to), ulty ) = Anew(tr, ulty), u(tr))

t1
:/ & (s,u(s)) ds — Zissnew(u; [to, t1]). O
to
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