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FINITE EXPRESSIONS FOR THE BERNOUILI NUMBERS. - 143

Finite expressions for the Bernoulli numbers obtained by
the actual erpansion of Trigonometric Functions by
Maclaurins Theorem ;

By 1. J. SCHWATT

Cin Philadelphia).

1. In the following methods are given by which the expansions of
reol.r, tanx and x cosecx are obtained by Maclaurins theorem, ren-
dering the Bernoulli numbers as coefficients of the terms of the
expansions and as finite expressions. The methods and the results
are believed to be new (').

(*y The expansion
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are used, as a rule, to define the Bernoulli numbers.

But nowhere in mathematical literature could the author find the expansion
of the first members of («) and (/) the terms involving finite expressions for
the Bernoulli pumbers. The writers on the subject seem to be satisfied to show
that the first few terms contain the Bernoulli numbers. but do not obtain the
zeneral term of the expansion and in a form a® 10 involve a finite expression for
the Bernoulli nnmber. In support of these statements we quote herewith a few
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2. Weshall first expand

(1) y=.wxcolr

by Maclaurins theorem.

Then
. " e
2 ’ Y= —_— .
(2) ) —rz Zii =
n=1 =
Now
0 e niv \" ‘
: Al ==l + 5o (n2u),
( i) ,L,.u,' ] o s ( e g ) I.:' e Z1)
But
(/ " (i . "_‘r—‘)l_lT:z ‘l~—‘--_|)|.}l‘+—’-'J
4) L =i r— .
and
dr six .o
(%) —_— S B
{l'l"” et —1 L= (IJ«“ ’»"." bl B IR

Applying (4) and (5) to (3), then since y is real, n must he even
and we have

o 1764 vl
(6 ) (g — T tn ).
) T ) drero ], . =4

representative authors on the subject : Bertraso, Traité de Caleul difjérentivl
el de Calcul intégral. 1863, vol. I, p. 303-306, 317-351. 389-3g0. — WorriTzKY,
Lehrbuch der Differential und Integralrechnung, 1880, p. 278-179, 52, —
Boowe, A Treatise on the Calculus of finite Difjerences, 1880, p. go and 108.
— Tasnery, Introduction @ la Théorie des fonctions d'une variable, 1886,
p: 353-356. — CanystaL, Text Book of Algebra, 1889, vol. 11, p. 203-209, 33¢-
3%0. — ScaomiLen, Compendium der Hiheren Analysis, vol. I, p. 2j0-233;
vol. 11, p. 211. -— Joroax, Cours d Analyse, 1gog, vol. I, p. 266. — Browwicn,
An Introduction to the Theory of Infinite series, 1908, p. 232-236. — Goperroy,
Théorie élémentaire des séries, 1gos. p. 118. — Epwaros, Differential caleulus,
1906, p. 103-106, 199. — PE La VacLee Poussix, Cours d Analyse infinitésimale,
1928, vol. I, p, Gg and 339g. —$orraxt, Vortesungen iiber Differential und
Integralrechnung, 1923, p. 343-344.
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3. To find
dn s
dx n e” — [];r,'=n

we proceed as follows.

A
From
x y 20
" — — “+ = ’
o — g o ey 2y
we obtain
( A 1 d» g
7) Aot e — |, 2 —y da et |,
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To evaluale the second member of () we have by Lcibnitz’s theorem

. d*  .r ’/I e ko fh [
oy --z 1
A /l.rr-"“ drt e =y, .

ol 1 ” ) '
- —_— —- AN ——r——— ———
T g ey N T

2n- | -
(9) =awn A ——~[——‘J

A 2

Letting now in

A R | o2t l*
{10y - __Z ) Z(-—-l)" whkt———y*—— (V).
PR ot -t ok
==

Y= ,:,,.I;_ ; and u = e, then (_9) hecomes
,[:/1 1 e -
TV —=" —_ gt
’ k= b 241

by means of which we obtain from (7)

7E Z 2 ( ..
. — —— —— — §)* 20-
(v , d.rn pr — l_l.r':’.u ""‘ [ 9‘ ( ') )7 n . Y-

k=1

(') The authors book, : Arn Introduction to the Operation with Series.

Press of the University of Pennsylvania, Chap.:1 (83), p. 12,

The
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4. That for x=o0 the odd derivatives of 7’;7, except the first

vanisch, can also be shown as follows.
We shall prove that

#"—1\

(13) ,~2)‘2(~—1)( )/” Ty

k=0 r2=—n

if n—1is even, that is, if 7 is odd, exceptl if n=1, in which case
S, =1I.

) i 7
(s4) .\,r— : n’( )/" ‘“//ﬂ' (et

7 -t A

and since S, =o, if /> n—1, we may write

. . N R A vt g — e
(1) N —_— o T ma—
A ‘ » ) e Vg o e"
] AT Pt 1)
Bul bomg an odd function of x, we conclude that S, =o, if

n—1 is even. Therefore in S,, n must be even.

. Applying (12) to (6) we obtain from (2)

, 224 1 e
(16) """"’""'"'2"‘ " (e Zol (=1 ( ) .

"= k1

Comparing (16) with (/) in foot note (l) we have

(179 B,- (.

,!h - ,l
2 |

the n* Bernoulli numbers.

6. e shall next find the expansion of

y=tangr

in powers of .r.
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Now
2l
V=
ATy
and
[7=]

o . d* 1 { — (— il
(19) —y] =iy = ——— 1= i,

Az br=o dan [ = { JE— 9

in which, since y is real, n must be odd.

We then have
d'_'u—«l cf2n-1 1
{,)‘“ ¥ —(—1 /u,"Zu
) dan—t ],,.:__,, ( ) Azt o l].,:——‘,.
Therefore
e i =1
Ye=% ———y I
: 2 Az (an—1)! ’
B | I )
% 20— k
2 .
(21) :—_2(-— 1) ! U Z 2 2(—— 1)* k 21,
(200 —1a)! uk o ‘
1zt k== %=
which by means of (17) changes to
’ > 21 2n—1
. ) Q2= ain— T T
(29 tang. :::Z Pyl B —_——L L =
’ = ( R T 7 <*<3
=1

This result can also be obhtained from
W i a A a
—tang ~ = ~col ~ — zcolxr
‘) 2 2 )

and by the use of (6) in foot note 1.

7. By the methods given above the expansion

(23) ¥ =1 cosec.r

is derived.
‘We may write
ir e

/ p—
(2.') g LI + e!i,v:,__ 1 4
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then

(45 g Cdr e 1 dr oz

29 - =M e —— — - = ’
) rl;z;"” Y=o R M— ot dat ¢+ |,—,

, ght—1 _ g dn—-l I
=2 n - ’
- o — 1 dxh et =0

and since y is real, n must be even,
Therefore

, ” Va2l
(26) L CORC. L= ) 2 alatn ' — )13, ‘--—-—)—,, (—T<<r<E).
wn)!
7" .=y

- . . o o A . .
Fhis result can also be obtained by writing > in place of .r in the
expansion of tanx and adding to it the expansion of cota.

8. We shall now develop methods for the expansion of tanx,
2 cosecx and x cota, which are different from those given above and
which will render new forms for B,.

9. We have
sin. T s
(7)) AR T e d —-Z(-—-l) sinté Vo, - 74,:,"(—-
\ l *lll s ‘4 2

Now

(--0y" Y7 :
(.)’8, g”’-/ L —r (A" - v t.,.,z/‘ )
) Y]

( -l)/ ' YA
- ( - o 2o b =00
Tty Z 1> » >1
—= (---——[,’-’ R e’ b1 . -
- —.?,'-é'k_lw 2’ Z‘—') - (‘.'./.~rl——f;,,4)

2 uh

and sinee sin**“*.r is real, n must be odd and (28) changes 1o
b \.

k9
) (___' | Lpus 1
(29) SN ) Z( 1 ' —_—
’ 21,
n -
2k

ah =1\
- 2 : HEY = a7 2'1-.""
P2 ; (— 1) ( ” /(.e/ = 22)

n=h
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But
2 4=

(30) szz(—:;*(’”‘j')(n’-‘-r-r~az)*""“:", ifn< bk (),
=0

hence n =k is the lower limit of n in (29).
To reduce S we denote the expression under the summation sign

by P,, then
2heeg-
(31) __ZI’,1 Z 1,
Aty

Letting in the second summation 2/ + 1 —a =o', we find

L.
(32) .\':::',’.Zl'z.

Al

Letting £ — 2 =2a', we have

B
(33) .\':fz(-—n/-'Z(——11)1(1;4:—;)(»/41)-" !

L=0

Applying (33) to (29) gives
(37) sin?h V= :—- 2( —_ I)" s 2'(-—— l)’( ,,/,-47,)(,7 - g )Pl

by means of which (27) becomes

Fa
\

IRY4 o273 1
(;.’)) l’l""-.l _z( .‘,) I})z(“‘—l)” (T;’;L;T’——I)—'
/l,

k=0 n=—=rk
k
xZ(—n) ( )(274—1)’”*'
. 2=
and since
oS Kk ~% I3
P ul Q) Y
(36) Z .\,,_,4.:2 z Ao
k=0 n==~ n=0 k=0

(Y Ior,Z(-—l) 5(y3) ' = 5— ‘ [(l—l’) lr=a=0, |f/:<7

ﬂ;-—»o

Journ. de Math., tome X1. — Fasc. 11, 1932. 20

J/’
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and
1\ _ (—u)yffak
(:;7) . - 5 -_— ——;EZT~ (: A' ),
/I'
we obtain
% n—1
38 o — _— " -\ _'L‘g_”.”:._ —L 2/.‘
(38) tﬂnn-l ——2( ') (f’./"l)!Zf’,“’(/{)
n=t =0
‘.
xz(__ e ok 31 (9001 1 e
[ A
xL==n
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-1 "l e k " N
(39) B,= ;?/(1 - (li:mf_g'“, 2 9“:,2 (/.> E‘- 1* ( )},'__+7I )(9,2 “Ro )R,
Dm0 ' %0 T

which is a form different from (17).

10. The following devise leads to expansions of xcosecx and
x cotx and Lo expressions for B, different from those obtained above.
Letting

(10) r=sin 0,
then
§ in-!'f = 1 02k
(41 T eosecr = smﬁ d :2(“ ' )A.(_.._ _> /
7 9 Yok 4
kzzo
N
- 1\ sin%*.
=1+ i — =) L
* E( ) a Yok 4+
k= /‘

Following the method by which (34) was derived we obtain

» k .
I et 92N
‘. In2h .y — "eydn Y . e
) sin .7__——2(—1 ) 2 —1 AL
(12) 2k ) (on)! (=1) h— =z

n=rk xz==1

Therefore

2N

%
L
(43) T cosecr =1 +E(_ 1) 2 :
(2n)!
n==k

3

n I 2k 1 . ol o
= X ( k ) 2k 11 2= (/.‘ —a)“'

k=1 X=0
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and
A.
ak 1 [ ook
24 — __;___._. — PRY 20
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14. By means of (40) we have

(43) ool = %(. — 5 f19).
where

l
(16) SOy =(1—1%) Zsin 19

sin !
—2( B2y
v L
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Letting £+ n = nr', then

~% z

, . 1 ! . / P\ L,
(47) m,z( » 2( — L\,
k=n "=k

i e —k

Applying (36) Lo (417) and the result to (45) gives
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which by means of
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and the expansion of sin*x in (./;2) changes to

7
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