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FIXITE EXPRESSIONS FOR THE BERXOVI.LI NUMBERS. fi'i 

Finite expressions Jor the Bernoulli numbers obtained by 
the actual expansion of Trigonometric, Functions by 
M acidurias Theorem; 

BY I. J. SCHWATT 
(iit IMiila'leliihia 

I. In the following methods are given by which the expansions of 
,rcolor, tanar and xcoseex are obtained by Maclaurins theorem, ren-
dering the Bernoulli numbers as coefficients of the terms of the 
expansions and as finite expressions. The methods and the results 
are believed to be new ('), 

(*t The expansion 

i«< 2<. 

and the οn*t related to it 

u>> Ê"'"h"lT^ 

are used, as a rule, to define the Bernoulli numbers. 
But nowhere in mathematical literature could the author find the expansion 

of the first members of (a ) and (b) the terms involving finite expressions for 
the Bernoulli numbers. The writers on the subject seem to be satisfied to show 
that the first few terms contain the Bernoulli numbers, but do not obtain the 
general term of the expansion arid in a form a# to involve a finite expression for 
the Bernoulli nnmber. In support of these statements we quote herewith a few 
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2. We shall first expand 

( ι ) y — χ col./' 

by Maclaurins theorem. 
Then 

(?> 7Ï1.' 

Now 

... d" "1 d" (. 2 i.r \\ 

But 

,, d" , . Ί .i—l—iJ ι -- (— 

and 

dn -a i χ I . d'1 ./· 1 

Applying (4) and (5) to (3), then since γ is real, η must he even 
and we have 

dn -a i χ I . d'1 ./· 1 

representative authors on the subject : HKRTRAM), Traité de Calcul différentiel 
et de Calcul intégral. i864, vol. I, p. 3o5-3o6, 3\--351. 38ij-3r>o. — WORPITZKY. 

Lehrbuch der Differential und in tegralrechn un μ. i88o, p. 278-279, — 
Boole, A Treatise on the Calculus of finite Differences. 1880. p. go and 108. 
— Taxrery. Introduction à la Théorie des fonctions d'une variable. 1886, 
ρ, 355-356. — Chrystal, Text Book of Algebra, 1889, vol. II. p. 204-209, 339-
34o. — Schlomilch, Compendium der IJoheren Analysis, vol. I, p. ά\ο-2|5; 
vol. II, p. i?j 1. —Jordax, Cours dAnalyse, 1909, vol. I, p. 266. — Broxwick, 

in Introduction to the Theory of In finite series, 1908. p. v. 3?, -2.36. — GODEFROY, 

Théorie élémentaire des séries. 190-Ί. P. 118. — KDWARDS, Differentia! calculus, 
1906, p. ιο5-ιο6, 499- — DE LA VALLÉE Potrssix, Cours (ΓAnalyse infinitésimale, 
1928, vol. IL, p, 69 and 339. —£<ol'RAXT, Vortesungen iiber Differential und 
Integralrechnung, 1927, p. 343-344· 
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5. To find 

DM-"1 E* — Ι J :,;=N 

we proceed as follows. 
From 

—~ — — H » 

we obtain 

^ fp" ;f ι fp" χ Ί 

To evaluate the second member of (7) we have by Leibnitz's theorem 

^ fir'1" c r -R I \ /. / d.r-"-k fir* r ' — | J TL. 

' d.r-" r '' -f- " fir-" ' 1 J.,—„ 

/Y2" 1 ι Ί 

f jetting' now in 

I |M| J — > - — > ( — I ) ( 1//^' : U —— Y ( ' ). 

y =
 |

 and // = then (9 ) becomes 

— 

by means of which we obtain from (7) 

<r/x2" Λ"' — I —I Aaà AA \7. ) ~ ' 

(' ) The authors hook. : An Introduction to the Operation with Series. Tire 
press of the University of Pennsylvania, Chap.:l (83), p. \i. 
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4. That for ,r = o the odd derivatives of? except the first 

vanisch, can also be shown as follows. 
We shall prove that 

k—.n y.— » 

if η — ι is even, that is, if n is odd, except if n=i, in which case 
S | ι ι. 

Σ( /i fl" ' I 

and since S.,, = o, if /- > η — \, we may write 

Σ( /i fl" ' I 

But | being an odd function of x, we conclude that S, = o, if 

η — ι is even. Therefore in S,, η must be even. 

», Applying (ia) to ((>) we obtain from (2) 

„..,„-.2,-.,,gi.^ ΣΡΖ-Η'.)·"-■ 

Comparing (16) with (//) in foot note (1) we have 

„..,„-.2,-.,,gi.^ ΣΡΖ-Η'.)·"-■ 

the /i"1 Bernoulli numbers. 

6. We shall next find the expansion of 

y — tangr 

in powers of .r. 
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Now 

} 1 ~ '* 

and 

. , d* , . , d" 1 1 1 — ( — 1 " J , 

in which, since ̂  is real, η must be odd. 
We then have 

'"■"> S^T·'' 7^' —,1^. 

Therefore 

Σ it'-" 1 x-"~% 

Σ it'-" 1 x-"~% 

which by means of ( 17) changes to 

( 9~" — I J K„ , < ./' < ~ · 

This result can also be obtained from 

— tant; - — - cot χ col χ 

and by the use of (6) in foot note 1. 

7. lly the methods given above the expansion 

( 9?> ) γ — χ cosecx 

is derived. 
We may write 

<»■»> r-^7i + 
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then 

i/ar;"·* J , -,, ' J d.c" e ' -ir ι ·>."— ( da:" c. ': 4- ι J., —,/ 

— <>. /" I // ; ; , 

and since j is real, η must be even. 
Therefore 

( -./.*>) ,/j cozec.j;ι 1 — » ) I'»/, » C — 7:<·/;< π). 

This result can also be obtained by writing' ^ in place of .r in the 

expansion of tana? and adding to it the expansion of cot.r. 

8. We shall now develop methods for the expansion of tana;, 
.z'cosec# and .rcotar, which are different from those given above and 
which will render new forms for B„. 

9. We have 

I ■>- ) I an«r./·-.- — y J—ι/·/ —- \ sin*' 

î\ow 

ί M S ι si fi2/> ' 1~ ——-— ^ - /' " j2* 1 

='-^'2(-^Cxa+i 

= "*> Τ" Ζ!"- „ ; Σ'''' ( α "·*/' 

and since sin'-/' '.r is real, η must be odd and (28) changes ίο 

( ÎM) ) SIΠ2/ · ' X = ~ \ ( — I |" 1 ; 

χ τ (— ΐ)Λ( )( >./>-±-\— \ 
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But 

(Un) S = 2 (— 1 f (' 1 ) (3k 1 ~ 9'y·1 — £/Λ < ft (1 ), 

hence η = k is the lower limit of τι in (29). 
To reduce S we denote the expression under the summation sign 

bv P*. then 

o.) s =2·'» >· Σ lv 

Letting in the second summation 2/·+ ' — α = y', we find 

(?>·>,) S :=:·.« 2)''Χ-

Letting k — α = α', we have 

( .">3 ) S = '■> ί — 11*2 (" — ΐ )α ^ ^ ( ·>. y. -4- ι )'2" ''. 

Applying (33) to (29) gives 

' - ( ί 4 - ) ' 

by means of which (27) becomes 

i ,, » tan;:A· = £ —/ - - \ «)>' 

X^(■- 1Jj(aa + i)5^', 

and since 

/- = 0 /* = /.* /1=11 /* = 0 

17 O For, 

Journ. de Math., tome XI. — Kasc. II, 19.32. 20 
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and 

( » 7 ) 

we obtain 

( 3 8 ) 

o X 2<-.r 

and 

( 3 { J ) 

whicli is a form different from (17 ). 

10. The following devise leads to expansions of xc,o*qcx arid 
a?cota? and to expressions for B

/t
 different from those obtained above. 

Letting 

( |G) ,x-=sin 10. 

then 

( I, I ·'· c«»ep.r = —j- (- > )' / - - \ 7^-7; 

-•*S'-"(-i)aSv 

Following the method by which (34) was derived we obtain 

( ',·<) 5in"r= ^Σ'~,,"'ΐ2"(^ΓΓ; Σ(_ ,)S,(/·- «)*"· 

Therefore 

("43 ) cosec# — ι -f- > (— 1 )" ?.2" 7- r 

("43 ) cosec# — ι -f- > (— 1 )" ?.2" 7- r 
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and 

/* —«y — i 

i\. By means of (\o) we liave 

( f\~i ) r t'Ol t' — γ ( I — 0'1 ) J (0 ). 

where 

Cfi) f(0) = (i — Ο2 ) 2 sin u) 

'■ /.· / \ /. / 

Letting ί + " = " 5 'lien 

'<-> - ; j*" '· 

Applying (36) to (\η) and lite result to (45) gives 

Γ,Η) .rcj,U'=(i -02)^(-it»02'<2/- ^\/ -l-

which hy means of 

/  V / 1 \ / 1 ^ 1 (—ηη,λ2Η 

and the expansion of sin2'# in (42) changes I ο 

<"" -2'- "'-"ΠΠΤΤ: ΣτόΠΤΤϊτΣ'-" (/. -*)'■"■ 

Tliercfore 

I -7 ir,if Î// 


