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TRANSFORMATIONS OF SURFACES APPLICABLE TO A QUADRIC. 37

Transformations of surfaces applicable to a quadric;

By LUTHER PFAHLER EISENHART {Prixceroy).

If a conjugate system of curves, or zef, N on a surface S and a
congruence G of straight lines ave so rclated that the developables
of G- mecet S in N, the net and congruence are said to be conjugate.
Two nets conjugate to the same congruence are said to be in the
relation of a transformation T, if the nets are not parallel. In a
previous paper (') the author developed a general theory of transfor-
mations T. When two surfaces S and S are applicable, there is a
unique net on S which remains a net as S is deformed into S we call
it the permanent net on S for the deformation. Let N and N denote
these nets. Peterson (*) showed that if a net N parallel to N is known,
anet N parallel to N can be found by quadratures such that N’ and N’
are applicable. In a former paper (*) the author showed that when
two such parallel nets N’ and N’ arc known, two new applicable nets
N, and N, can be found by a quadrature such that N, and N, are T
transforms of N and N respectively. Subsequently (*) the author
applied these results to the case where N is a permanent net in a

(") Transactions of the Amer. Math, Soc., vol. XVIU, 1917, p. g7-124. —
This paper will be referved to as /,.

(*) Ueber Curven und Flichen (Moskau anil Leipzig), 1868, p: 106.

(*) Transactions of the Amer. Math. Soc., vol. XIX, 1918, p. 167-185, —
This paper will be referred to as &,.

(*) Transactions of the Amer. Math. Soc., vol. XX, 1919, p. 323-338. —~
This paper will be referred to as M.
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deformation of a quadric, and by making use of the theory of ortho-
gonal nets in higher spaces established the following theorems :

Tueoren 1. — 1f N is a net applicable to a net N on a quadric Q,
there exist an infinity of sets of 2T transforms N, of N which are
applicable to nets on Q; these transforms are conjugate lo o
congruences G their determination requires the solution of a com-
pletely iniegrable system of eight equations.

Tueoren 1. — If N is a net applicable to a net N on a central
quadric Q, not of revolution, there can be found by the solution of
a Riccati equation and quadratures three families each of <*
T transforms N, applicable to nets on Q ; the transforms of cach
family are conjugate o ' congrucnce G, there being =<' trans-
Sforms conjugate to each congruence Gj the lines of the con-
gruences G through a point of N form a quadric cone; the tangent
planes at points of a line of G to the nets N, conjugate to it encelop
a quadric cone and the potnts on Q corresponding to these points of
the nets N, on a line of G lie on a conic.

Tueorem W, — If N, and N, are transforms of a net N appli-
cable to a net N on a quadric Q by means of transformations
T, and T, (k,£.k,), there can be found without quadratures a
net N,, applicable to a net N, on Q which is in the relations of
transformations T and T, with N, and \, respectively.

[t was pointed out that when Q is a central quadric, the transfor-
mations T of N are the transformations discovered by Guichard (')
in an entirely different manner. However, this method did not reveal
the relations between the nets on Q.

In the first part of the present paper we establish Theorems Iand I1
by a method different from that used in the former paper. Thusin § 4
we determine the transformations T, of a permanent net N on a

(') Mémoire sur la déformation des quadri zquea (Mémoires de U’ Académie
des Sciences, val. XXXIV, 1gog).
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quadric into permanents nets N, on the same quadric, and in § §
show that when such a transformation is known there follows directly
a transformation T, of N épplicable to N into N, applicable to N,.
These results are developed for all types of quadrics.

[n another paper read before the Strasbourg Congress (') it was
shown that certain pairs of solutions of the point equation of an R

3 /\ /\ .
net N determine a new net N such that N and N lie on the focal sheets

X . . O
of a W congruence; in this case we called N a W transform of N.

In § 3 it is shown that a net N applicable to a net N on a quadric is
an R net, and in §§ 6, 7 that certain pairs of functions determining
two T transforms of N determine also a W transform of N into a net
applicable to a net on the given quadric. These transformations are
in fact the transformations By, discovered by Bianchi (*). Furthermore
it is established in § 8 that the transformations T and B are permu-

. op N N . g
table, that 1s, if N, and N are respectively T, and B, transforms N,

there can be found a net 1/\‘\. which is a T transform of/l\? and a B,
transform of N,.

In § 9 it is shown that the transformations T; are permutable also
with the transformations H of Bianchi (®).

1. Transformations T of applicable nets. — If N is a net, the
cartesian coordinates, x, y, 3, of the net satisfy an equation of the
form
(1) 6 __dloga df . dlogh (8
! dudv ™ dv  du ou o

A net N'is said to be parallel 1o N when its tangents ave parallel to
the corresponding tangents to N. If a, ', 5" arc the coordinates

(') Conjugate nets R and their transformations (Annals of Mathematics,
ser. 2, vol. XXII, 1921); also an abstract in the proceedings of the Congress. —
This paper will be referred to as M,.

(*) Lesioni di geometria differensiale, vol. 111, — This book will be referred
to as B.

(®) B, p. 214,
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of N/, then
o' ()r av' % dy a5’ _ , 03

() ou =" ou’ o oa Ju — h ou’
ar I:).z‘ oy ,0)/ ds' _ ! 93
P2 A T o0 o’

where 4 and l arc a pair of solutions of

oh dloga (

) ) log!
E‘,-—(l—/‘) o8, /__(/_[)t ogh

Ju

—_
(%]
~

Conversely, every pair of solutions of (3) determines a parallel
net N,

\We call equation (1) the point equation of N. The coordinates
of N’ salisfy a similar cquation. Morcover, to cach solution 0 of (1)
there corresponds a solution O of the point equation of N'. It is
determined by

0 0 0 0
(4) . -“;—J =h -3—&, “))—‘ :))v

If 6 and 0’ arc any pair of corresponding solutions of the point
cquations of N and N/, the functions ,, y,, 3,, defined by cquations
of the form

(5) ry=a— 2

arc the cartesian coordinates of a nat N, which is a T transform of N.
Converscly, the most general transformation T is defined in this
way ('). By mecans of llm above formulas we establish the following

relations :
! g or, 0 Jdu

R A AN T T
;)_12(57) du

0 dn_ 0
€Ty — o P ] v = (29 Jv
dv (@) Je

(6)

(') M. p. 109.
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Conseqquently the tangents to the curves ¢ = const. or u = const. al
corresponding points of N and N, meet in the points, P, or P,, whose
coordinates are of the above forms. If we take another transforma-
tion T given by (5) with 0 replaced by another solution 0, of (1),
we find that the tangent plane to the transform mects the corres-
ponding tangent planes to N and N, in the point whose coordinates
£, 4, C, ave of the form

0025 (o 0 ;) 0s

<j' v 9 de /] du (0' du 0 du / dv
A9 08, d9 40, )
d¢ du Jdu v

(W) P

From the form of this expression it follows that this point lies also on
the tangent plane to the transform of N whose coordinates are of the
form obtained by replacing 0 in (5) by 0+ ¢, where ¢ is any
constant, and 0’ by a solution of the corresponding equations (4).
tHence the corresponding tangent planes of the transforms obtained
by varying ¢ envelop a cone. Moreover, the point of coordinates £, ¢
generates a dericed net of N (V).

If a net admits an applicable nct, cither net is said to be a A perina-
nent nct. If N isa net applicable to N, its coordinates, x, y, 5,

satisfy (1). Morcover, the net N’ whose coordinates arc given by
quadratures of the form

(=) ‘)__7’ ) £ 0_7_' Jx
de = toa’ Jv de

~

is parallel to N and is applicable to N’. Furthermore, the net whose
coordinates ;',,)—/, , =, are defined by equationc of the form

6 —
(8) B=T— 57
isa T transform of N (*).

(") M.
(*) My, p. 170,

Journ. de Math. (3¢ sirie), tome IV. — Aunnée 121, (§)
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The common point cquation of N’ and N admits the solution
(9) 0 =k(Zar—X3"),

where % is a constant, the symbol ¥ indicating the sum of three terms
obtaintd from the three corresponding coordinates. Whe have
shown (') that for this value of 0’ and the corresponding function 0,

given by (4), the nets N, and N, are applicable.

2. Transformations T of nets on a quadric. — Consider a net N
on the general quadric, Q, whose equation is
(10) ea+ fy*+ g3 2axy +20yz: + 2038 4 2rw + 285y + 215 +w=o.

Since the coordinates are solutions of an equation of the form (1), we
have on differentiating (10) with respect to u and v

L

0 e dy dy - 03 Js Jdr dy  dx dy
(0 G S s o 5 )

dy dz | dy 03 3z de  Js dv\
"(w oo 3‘) e <0u 3 +mm) =o
Any net N’'(z") parallel to N is given by equations of the form (2).

Consequently we have an equation of the form (11) in which @, y, s,
are replaced by «’, ', 3'. From this it follows that the function

(12) O =cx?+ f12 4 g5+ aax’y' +20y'5" + ac3

is a solution of the point of equation of N’ (*). It is readily found that
0" and 0, given by

(13) 0 =afexx' + [yy' + g35'+a(2'y +2)") +b(y's+ )
+ (s’ + s') +ra sy’ 4 13
satisfy equations (4).
When these values are substituted in (3), it is found that the T
transform N, () lies on Q. It can be shown that any congruence
conjugate to a net N can be obtained by drawing through points of N

(') My, p. 170.
(%) The function §'32 o, since N cannot lie an a cone,
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lines whose direction-parameters are the coordinates of some nel
parallel to N. Hence we have the theorem of Ribaucour :

Any congruence conjugale to a net on a quadric meels the quadrie
again in a net to which it is conjugate.

Let N'(2') and N”(.&") be two nets parallel 1o a net N, and N, ()
and N,(x,) the T transform of N determined by the pairs of corres-
ponding functions 0,, ' and 0,, 0}, where 0, and 0, are two solutions
of (1). In place of (4) we have '
oy Y 0h 000 0% 0% 00

L =h = === L=, =, L=
Ju " ou Je oo Jdu du ov Jdv

In addition there are functions 0} and 0,, determined to within
additive constlants by the quadratures

Gy O, 90 0%, 08 d6 0 00, _, 00,

— =y == =y = —_— =y —— ==
due *u v 2oe? Ju " ou Jde ov

since 0, and 0, are solution of (1). We have shown (') that a net N{ of
coordinates a7, ¥7, 5| is given by equations of the form

(16) = — 2!

0
and that N7 is parallel to N ; also that the functions

h o o 00,
() 012202—‘6.;02, 0,2:;02-_0_/:0_2
are corresponding solutions of the point equations of N, and N7.

Moreover, we have shown also that the functions w,,, ¥,., 3,., of Lhe
form '

9 2 "
(18) D= | — GT:,;J:'
are the coordinates of a net N,, which is a T transform of N, and
also N,. Since 6| and 0, are determined only to within arbitrary addi-
tive constants, there are accordingly »* such nets N,,.

(Y My, p. .
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We apply these results true for any net to the particular case when
N is on the quadric Q, and also N, and N,, that is where 8, and 0, are
of the form (13). In order that 07, and 0,, be of the form (12) and (13)
with &', ', 5 @, v, = replaced by =7, y, 575 x,, ¥,, 5, vespectively,
we must have ’

(19) Oy + Uy =aled "+ Ly v gz 3" a(aly 4wyt
e (I e ) (S 3

By differentiation it is found that left-hand member of this equation
is constant, and consequently the additive constants in ' and 0} can
be chosen in %' ways so that (19) shall hold. Hence :

If N, and N, are T transforms of N and all three nets lic on Q) (g).
there are »' other nets Ny, on Q which are T transforms of N, and
N, they can be found by a quadrature.

3. Permanent nets on a quadric. — Servant (') has shown that
if N is a permanent net on a quadric, ), the parameters of N can be

chosen, so that
1
Y4+ D' = — -~
(20) D+D 5

where D and D" are the second fundamental coefficients of N, and
g*= —K; K being the lotal curvature of Q; also that the apph-

cable net N is isothermal conjugate, and that its second fundamen-
tal coefficients, D and D”, are such that

(21) D+D'=o.
Since N and N are applicable, we have

. DD’ DD X v
(22) a':TiT:—l'_lT’ l]':EG-—"',

where the linear elements of Q and the applicable surface S, referred

(') Bulletin de la Société mathématique de France, vol. XXX, 1goz2, p. 10.
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to N and N, is wrilten
(23) dst= Edu*+ aF du dv + G do*.
If we define two functions @ and b by means of the equations
(24) . D=—0ca® D'=¢gb?,
we have from (20)
(25) at— bt = L

e
In consequence of (21) and (22), we may take
(26) —D=0'=0cab, ab?=I11¢,

The Codazzi equations for N and N are "

d_t; vy du T
RN )

the Christoffel symbols g';: being formed with respect to (23).

FFrom these equations, in which D, D" and D arc replaced by their
expressions from (24) and (26), and the identities (*) :

()D__ \|)) ﬂslll ()D" ‘22 ( l ",
f 22

(28)

dlogll_(lll_*_\lzl
2§

=] dlngli___%zzlﬂ_{mz,

dJde 2 |

we obtain, in consequence of (25),

(ug__du, a 12 _ a0, f20) b 0
(2 ) ? | ___~(—’-l0g°_) 2 . ‘_;‘:lobn, ? . _..-‘; b—lzlogbo‘,
R R R S T R B ) 2] _ 9 o2
2 {7 B oo 03%% )2y 0u ° 2 (T 90 85
(') E., p. 135. — A reference of this sort is to the aulhon s Diferential

Geometry
() F., p. 153
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If v, ¥, = denote the cartesian coordinates of S, we have (')

Jd'z )
du? "-j 1 Gdu
(30) ﬁi:pz}g'_*_
dudv | 1 )0u
o'z (22)dr
P _’ o

;1;%0.;
{12

sz d.z:

+17, 9L PX,

and similar expressions in y and s. In consequence of (21) and (29),

we have that @, y, z are solutions of the equations

020  0*60 _ dloga J6 dlogh 00

- | T+ = T e e
’ 0 __ dloga df + dlogb 90

v Qude T dv du du  ov

We have seen (?) that when the coordinates of a net satisfy equa-
tions (31), itis an R net that is the tangente to the curves of either
family of the net form a W congruence. Hence :

The permanent net on a deform of a quadric is an R net (*).

For the central quadric Q

(32) ext+ fyt+ gst=1
we have

4 ex, ./'.)/’ =S
(33) X.Y, Z= Nivr:

and the gaussian curvature is given by (*)

1
c‘(}.’,c’x‘)”

(34) K=—

1 S pcery
; = C\/ZC‘).’)L‘&,

where ¢' = —

(®) Cf. Turzeica, Comples rendus, t. 152, 1911, p. 1077, also Biancui, Rendi-
conti dei Lincei, 5° série, vol, XXII, 1913, p. 3.
(*) Cf. C. Syitu, Solid Geometry, g'* edition, p. 123.
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If Q is referred to a net N whose point equation is (1), we have

. ) o (02N __ ) . Ty, [02\*]_ 0, ..
(.).)) ()—vlog [LC (5;;) ] = Wloba*, ;)-l-llo,, [-e<w> ]-— DT"IOOI)Z,

and also

3 s, dr de
50 “Ouov
Hence
\* N\ 2
(37) -\;e<£())—‘:;> = a*U, l((%) =0\,

where U and V are functions of « and v alone.

In consequence of (24), (29), and equations analogous to (30) we
find

(38)

Jda Jd
N
Ju  ou \/

When the expressions (37) are substituted in (38), the result is
reducible by means of (34) to

_L g1t dloga AN vt dlogo
Ju —c du Edv‘( o) o

Also on differentiating equations (36) with respect to « and ¢ we get

(U+\’)(“0° (\’ c)()looa —o,

lvl-

de de
()ln b 1\ dloga
(U~ ()u + (U_ ?:) du

From these Lwo sets of equations it follows that U= — V = %, and
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consequently
(39) ~e<du) -’ (()v ¢

Hence from (25) and (34) we have the theorem :

For any permanent net on a central quadric (32) the coordinates
satisfy the condition

Lo fdae\t [ dx I
(40) 2‘(3&) + Ne (dv) Xt

1
cohere ¢' = — —.

fs
This equation may be written
(4v) a*— =Xt

For the paraboloid P

(42) | ext4 [yt4 23 =

we have

(43) X, Y, :F—fé}__h

and

(46) Kz—c’*(c"wz-&—l‘/'*)"—m)*’ éf‘\/m»
where ¢ = —

.
bef

If P is referred to a net N whose point equation is (1), we have

dx dx Y dy dy
“ou ov du ov

and by processes analogous to those used in the case of (32) we find

dx\? ay\*_ a* LAY LA S
() +r(5) =5 () +/(F) =%

Hence we have the theorem :

(49)
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For any net on the paraboloid (42) the coordinates satisfy
/e dr\?  /dv dr AOYNT e 2.2,
(i) (<7&) + ./ (Jﬁ> -t (() ) I-/<()v> =c(etat+ [2yi+)

where ¢ — Zlc—/

This equation may be written
(47) a— =+ LRy ),

Conversely, we can establish the theorem :

If the coordinates of a net on the central quadric (32) satisfy (40),
oron the paraboloid (42) satisfy (40), the net ts permanent net.

4. Transformations T of permanent nets on a quadric. — Let N
be a permanent net on the (uadric Q (32). From (12) and (13) it
follows that if in the equations (3) we take

(48) f=a(exx + fyy'4- g33')=2Xea’, §' = Xea”?,

the T transform N, of N lies on (). Tn order that N, be a permanent
ncel, it is necessary and sufficient that

(49) Ee<%>-+ﬁe<%{—:>-: e Xetal,

FFrom (5) we have by differentiation
. dry T [ 00 Jev ory, _ a [ ,00 , o
o) = ( o 0;—> oo =m0 :r)
where
(51) t=h0—0, o=10—0.

Substituting these expressions in (49), we can reduce the resulting
equation by means of (39) to

(52) Tral— b= ¢*0"* et}

Journ. de Math. (8 série), tome IV, — Annde 1921, 7
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In consequence of (3) we have from (51)

0 [t g—7 )I«r ﬁg()_@
5 (7) =57 gtosa—1 o>

0 (2\_t=a 0l o0
0u\0 )~ "0 ou & 0'* du

- (53)

Differentiating (52) and making use of (33), the resulting cquations
are reducible to

29 1907 8 2Y¥ 2 2w | —
T ()u[ e 0(r —a)+ ety (oy— ) + ¢ 7= "r(x,—.z)- = o,
Jo , 199 23 — 178 e — ) | =
¢7;+537[ a,—,/zO(a——r)+c ety () — 1)+ 5-(, .n(.z,——.z)]-_o,
where

(54) @*M—i—c Sctex,.

o g

By means of (5), (41), (51), (52) and (54) these equations can be
given the form

(55) d—cg—i-?()G(—g——z):o, 99 EP-—(‘-D<—— 2):0

3

du " T ou\@ d—- ]
which can be integrated in the form

(56) o0/ =— K gs,

where k is any constant. When this value for ¢ is substituted
in (54), this cquation and (32) arc equivalent, in consequencc
of (5) and (51), to

{ ha— L0 =X (e*— he)x'?,

(57)

b hoar—1 V= Z(e*— he)aa'.

Differentiating the second of these equations, we obtain

2 o o
(_)_{i_i_dloga/l__b_odlo,bl c E S(et— keya 0.):“0,
(58) du Jdu a* du a? Ju
i)_l dlovbl ﬁf dlova, 3 (et — ke , O —0
o T o 5o TR o) =0,

in consequence of (2).
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It is readily found that equations (2), (3) and (58) form a com-
pletely integrable system, in consequence of (41). Moreover, for
every set of solutions of this system equations (57) are satisfied to
within additive constants, as is found by differentiation. Hence each
set of solutions satisfying (57) determinesa T transform which is a per-
mamanent net. From (2), (3) and (5 )it is seen thatif 2, y’, 5, 4 and
ave multiplied by the same constant, the transform N, is unaltered.
Hence when £ is any constant different from ¢, f and g, there are o*
sets of solutions satisfying (57) and giving distinct transforms.

When k = e, there are ' scts of solution y’, =, /i and [ of (2),
(5) and (58) satisfying (57). Then x’ is given by the quadratures ()
and involves an additive constant, say m. In this case each set of
solution y’, ', h and { dctermincs o' transformations, such that the
corresponding points of the «' transforms lie on a conic, the section
of quadric by a plane parallel to the lines from the origin to the points

(x + m, y, 5) as m varies. Similar results hold when k = for k= g.
Hence :

A permanent net on a central quadric ex*+ fy*+ gs5*=1
admits =* transformations Iy into permanent nets on the quadric
for each value of the constant k; when k is equal to e, f or g, the
transforms N, may be grouped into ' families of * transformns
cach such that corresponding poinis of the nets of a family lie on
a conic.

When N is a permanent net on the paraboloid P (42), we have as
the equations analogous to (48), (52) and (35) the following :

(59) 0=2(exx'+ fry' =+ 3'), O =ecx*+ fy'2,
(60) at— a2 0t = 202 (et + f2yT ),
(61) q:.—_%a?—gb’+ c(eax,+ fryy,+1);

and (55) also. Now (60) and (61) are equivalent to

( Pa*— L =c*[(e*— ke)d"* + (f2—kf)y"]

(62) | hoat—1 P =c*[(e*— ke)wd' + (f2— kf)yy' — k3'].

In this case we have the completely integrable system consisting
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of (2), (3) and

oh  dloga b dlogd L P R Ay
Gt e e = | ey G (40
O 00 logs, et | ) 03
dlogh a* dloga et — frey e EF oy
;,:+—(,;—l—‘m7-‘"+:ﬁ|_(‘ ko) g A= kDY w] >

From these results follows the theorem :

A permanent net on a paraboloid ex* + fy* + 25 = o admits »*
transformations Ty into permanent nets on the paraboloid for
eac/: value of the constant ky when k is equal to ¢ or f, the
(rans/'o; 'ms N, may be grouped into %' familics of ' transforms

such that corresponding points of the nets of a family lic on a
conic.

Transformations T of surfaces applicable to a quadric. — T
is our purpose to show that each transformation T, of a permanent
net N on a quadric () into a permanent net N, on Q) leads directly
to a transformation T of the net N applicable to N into the net N,
applicable to N,. In fact, we shall show that it is possible to find
without quadratures a nct N’ parallel to N such that 0’ given by (438)
can be put in the form (g), and then the desired transform defined
by (8).

Lquating these expressions for ', we have
(64) (e— k)4 (f — k) y' 4 (g — k)34 kX2 = o,

Differentiating this cxpression and assuming that equations of the
form (7) hold, we obtain

dx dy ds =
S I + — Tl (o — M) — 4= N — =
(65) (e—k)z du (=K du (& 4) o hsa du "
(e /‘)‘I"E)_I _l_(/‘_‘/‘))’_"’"(:-—/‘) 3: +/-‘-‘:.’L"—Ij‘::n

If these equations are differentiated with respect to « and ¢ and in
the reduction use is made of (30) and analogous equations for N, two
of the resulting equations are satisfied identically in consequence
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of (65) and the other two are reducible to

l\

IzEe(%)L—i-]),E((f——/(‘).z;'X-a-/.~ﬁ z'X

l xe<%"{>'+ D' S(e = h)'X 4+ A" 3TN =

[n consequence of (24), (20), (33), (39) and the second of (57) these

two equations are equivalent Lo
(66) (h = Dgab+ keXe'X =o.

Solving equations (65) and (66) for .&’, 3, =/, we have expressions
o] I b 1)
of the form

- _aab Codry, Lo da
v - o207 /__ ) ‘\- R S \
(67) A —(I—= X+ 2 l du (e — k) ( 9 ()u)

0 ' L0 ;
—I—m-((——/.)‘l -——l >]

ll

If we dilferentiate these expressions, we find that 'l;', _\", 3 ealisfy
equations (7), by making use of cquations of §§ 3, 4 and of § 63,
/7., p. 152. Also from (67) we have

*a? l;

(68) kxpr=2 (L —hY?

]
+|_|-'!_( — i) -l]‘ ( ¢ — I): G

du I

N —
[‘“ b |
PR
Ty (e k)t [S(e — k) XTI

c*

Y(e— Ay ')—l

— ol
Jdu

Substituting this expression in (64), we find that it is satisfied in virtue
of the first of (57).

IF'rom thesc results and the first theorem of § 4 follows Theorem 1
of the introduction when £ is not equal to o, ¢, for g

When & = e, the function ' is determined only to within an addi-
tive constant 2, as seen in § 4. There are only %' sets of solutions
yv'. 3, hand [, and conscquently from (G7) it follows that there are
only ' congruences G of the %* transformations. As m varies we
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obtain o' transforms N, conjugate to the same congruence. They are
defined by (8) where

=a2exx 4+ 2em.r, O =e(x' - m)r 4 [y s,

From this expression for ) and the results of § 1 it follows that the
tangent planes at corresponding points of these nets N, envelope a
cone. If £, 4, {, are the coordinates of the vertex, the C(llldl,lOH of
the tangent plane is

(ﬁ— E“)X,—i— (n—n)Y+ (=L =n,

where £, v and { are current coordinates, and X,, Y, and %, are
direction-parawmeters of the normal to N;. When their expressions are
calculated it is found that they involve m to the second degree, and
consequently the cone is quadric.

When k=e, ;1;' docs not appear in (64) and (65). Solving the
latter for " and ', and :ubsmuuncr in (64), we obtaina homoneneous
quadric equation in @', y', 5. Heuce the lines of the congruences G
through a point of N form a quadric cone. Since similar results hold
when & is vqual to f or g, we have in consequence of the first
theorem of § 4, Theorem I1 of the introduction.

When Q is Lhe quadric of rvevolution e(u* + y*) + g3* =1, the
transformations of Theorem I hold, as iu the casc of the general
quadric. There is only one set of transformations of the type described
in Theorem IT; they arc T,. The transformations T, posscss the
following properties (').

Let N be a net applicable to a net N on a central quadric of
revolution Q; the lines joining points of N to the foci of ) on the
axis of revolution become lines of iwo normal congruences G,
and G, conjugate to N, when N is applicd to N there can be found
by tvo quadratures o«=* nels N, conjugate to G, and =* nets N,
conjugate to G, which are applicable to «=* neis N, and * nets N,
respectively on Q; the nets N,, or N,, can be grouped inlo '

("y My, p. 337.
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familics of »' nets each such that their tangent planes at points
on the same line of G, or G, envelop a quadric cone and the

corresponding points of the applicable nets N, or Ny, on Q lie on
a conic.

When the quadric is a sphere, real or imaginary, with the equa-
tion a(w? 4+ y*+ 3*) =1, there are no transformations of the type of
Theorem 11, but Theorem | holds. The nets N and N, consist of the
lines of curvature of surfaces of constant total curvature,and N and N,
are on the sheets of the enveloppe of a two parameter family of
spheres (). ‘

When the quadric is a paraboloid with the equation (42), we have
from () and (5g) in place of (64) the equation

(69) (¢ — kY@t (f — k) y'*— k34 kXa"* =o.

Proceeding as in the case of (64), we lind equations obtained from
(65), (67) and (68) by putting g = o. Hence we lind that Theorem |
holds for deforms of I, and that there ave only two sets of transforma-
tions of the type of Theorem II, namely F, and F,.

When ¢ = £, that is when P is a paraboloid of revolution, the trans-
formations I, possess the following properties (*).

If N is a net applicable to a net N on a paraboloid of revolu-
tion P, the lines from points of N to the focus of P on ils axis
and the normals (o the tangent plane to P at its vertex become
lines of two normal congrucnces, G, and Gy, conjugate N when N
is applied (o Ny there can be found by tvo quadratures »* nets N,
conjugale to G,, and »* nets N, conjugate to G, which are appli-
cable (o =* nets N, and «* nets N, respectively on P; the nets N,,
or Ny, can be grouped into %' familics of ' nets each such that
their tangent planes at points on the same line of G, or G,, encelop

a quadric cone and the corresponding points of N, or Ny, on P lie
on a conic.

(') My, p. 337,
() M,, p- 338.
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6. W transforms of surfaces applicable to a central quadric. —
l.et N(z) be a netapplicable toanct N(.¢) on the central quadric(32).

We consider a Ty transformation of N {.) and N(.r) as treated in § 3.
We have

(70) 0 =alexx'.
From (33) and (34) we have
(71) Sea'X =coleta.

By differentiation of (70) we have

Jo - JdI o
(72) o= —alex e ‘F_a-c.z —)

and with the aid of (30), (39) and (37) we lind

2
‘)9: “l +‘”100—c/.‘a*a’0+ sl (L= 1),
(73) 0(:’ 1 )()u 2 2 }d
Because of (25) and (29) we have
00 ()39 dloga 09 dlosh J0
(74) ou?

PO T 0w oe TP v W —ck 0'.

From the resulls of a previous paper (') it follows that if we take two
transformations of N () of this type and write

(75) 0= alera’, 0, =2Xerr”

the net N(E) defined by equations of the form

N = _. = ()T e
(76) S=u ‘*‘I’T)_,;‘*'/m’
where
_l ! ()03 ()0| _ I ’ ()6| ()0_,)
p=z(05 0 )  0=3(0m -0%)
(77)

__J0, J0, a0, 00.

— Ju o Je du
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isa W transform of N (%), that is these two nets are on the focal sur-

faces of a congruence. It is our purpose to show that N(Z) is appli-
cable to a net on Q.

On substituting the expressions for the derivatives of 0, and 6,

analogous to (72) and (73) in the derlvqtlves of ; we reduce the
reeultmn' expressions to

: ().; |~ 20|  [(dedl,  Ox 99, , 7. 0
Jo= );D.\—';— 2| ((7;;—0—‘~:)—( ()( ( Rl —h)) —ck

B

dr 00, w9, 0,
______ 2y fy) — et 2
<du dv  dv ()ll) <[' ( ) = ek 2
"0 09, ()z 09, N
(du PR ()ll> #lh =) —ck 3

Jr 0, de 99, . __99 |
_<5_l: o ov ()u> ( b= hy) —e AT)

v

Ji
;.

By means of the same functions 0, and 0, we obtain a derived
net N(£) of N(.x). Its equations are of the form

v

(78) ¢

Q

.-’J
\_/

|

. Jdo
(79) SEE AP

where p and ¢ are given by (77). On substituting the expressions
for 0, and 0,, as given by (75) in the expression (77) for A, we find,
in consequence of (33) and (/. 26)

(80) He == ab
that
dr dy Oz dv .
Q ;\, Woarl ol —_— 2z / v U N PRy
(8) A= 2ef(2"y'—2'y )(du 5~ Jn du) AUSef(a"y'— ' y") 1

=4eabefgix(y"s —y's").

Hence the expression for £ is reducible to

: . . y‘ __‘ /:r
(83) 3’, e\,(yl -l yII:I

From this we have
(83) Setr =1,

Journ. de Math. (8¢ série), tome 1V. — Année 1g21. 8



58 LUTHER PFAHLER RISENHART.
The equations analogous to (57) are

Vet — B hr=cX(e*— ke)w'?,  Ala*— lJbi== X (et — he)a™,

| hhar— U b= S(et— he)aa',  hgat— Bbhr= 2 X(et— ke)ra”,

(84)
By differentiation it can be shown that the left-hand member of the
following equation is constant for any two transformations T :

(85) hhgat— Ll — ¢S (e?*— ke)a' " o,

We choose the nets N" and N” so that (85)-s satisfied. By means of
these relations we show that

(36) 2(Sr= AN (82— k) (" — "5
=2X(e*— fe)."t (e — heY " — (Z(er— he) ' a)?
(l!{'?

T — -—?3— (1] ll._) — /3/1[)2:
also that

M 2 By ran " /‘ ‘3['3 . 92
(87) (&8 — ke) (f2— hf) (gi— k) [Bar (3" — p" s o (L — L)

In consequence of these identities we have

(88) Y-y,

that is N (¥) lies on a quadric Q, confocal with Q.

The equations for N(&) analogous to (78) are obtained from (78)
by removing the bars form «, .‘)',’ z, D, D”and X. Substituting
from (75) the expressions for the derivatives of 0, and 0, and making
use of (24), (33), (34) and (80), we reduce the resulting cquations
to the form

f=)

—clAex + .’.ab_/’gl- (sy"—3"y) (1)’(1,— hyy —c?h

R (;;y’_ c’y)(02(12 = /,2) . C"'/n'

w ]S s

» |
N’ N e
j S

AS——
—~———
-

5% =4 3 cAex —fabfyg (:.')'”-——:”y)(aQ(ll~—/:,)~~c‘-'/.‘
- \

—(8)'— :’_v)(a'-’(l,— Iy) — c"/.‘%"
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By means of (73) and (81) these are reducible to

! M AP o
~ ?)_3 — N aAb/’fa 202(03_ /.‘e).l‘S.L‘(y' 0 y”.l) 4+ ¢t k( ‘I_II yn:l)
So) - + 0 (30" = ")) (L— ) — (3¢ — 3T ) (h— D) b

= 2 3
’%— _'E_(.I..[)—ﬂg‘é((» Ae)z_a(;’-” ")-’l—C/\(y' "__ II:I)

+at[(sy"--5"y) ( ,_/,,)_(\.) — 3 }’)(/2_ ha)ll.

A

From (84) we have
(3 — 3"y (at— 10 — (sy'—35'y) (hga* — L *)
=) (et k)l (Y= TS+ (3 — Sy ) (et — ko) x|
| 1ot _ "o ot o 1
zmet (et hey e X (y 3 -y )+ (Sy" 5"y (c—*? — l\)g
Adding the left-hand member of this expression to the expressions in

parentheses in (89) and subtracting the right-hand member, we get
in consequence of (25)

3u - A bp/“l'm 17— 3 = he syt — 3T 4+ (5" — ATy )]
(gu) ) b

: )

:):'“ dabals q’“l/.('y —3"y) = L(sy =35 y)+ (3= )]

For N(E) the expressions analogous to En(%) and _,e(‘;t>

"N are N e Q@.)" N ke (98 ' ell-
for N arve D2 e G4 and 2i—\5 Making use of well

known theorems on determinants, we find ultimately that

ke [OEN' .. SO
hﬁ'—e(?ﬁ) == ka'pt, k—edudv

Z k—e (_>2 =2 hOTgR.

For N(z) we have D = — D" =—ocab (¢f. 26). Hence from (75)
and the analogous equations for N(&) we luve

<du) Z\d,,\ = (D= D) = — a7,

o O ok 0F _
Jdu 0v 4w Ou Ov

NV A% 0‘:._ " __ DY — p2 a2
B ——

(91)

(or)



6o LUTHER PFAHLER KISENHART.

From (yr1) and (g2) we have

)) (ig)’—-“___" LY, N A SILANCIA
du/) e | — e 0_(()’ m - —/.—«:(W '
NEE N_k 05k

i ek Ot D T e T —¢ Qu O
Hence if we put

(93) l—\/l.net' y= \//.m 3=

the net' N(Z) is applicable to the net N(}v), which in consequence
ol (88) lies on Q. The equations (93) define the relation of Ivory

A
between a quadric and a confocal quadric; the point of coordinates x,

AN

¥, 5 is the intersection with Q of the orthogonal trajectory of the
family of confocal quadrics which passes through point of coordinates
59 b C of Qlc (‘)

The functions of a transformation W are «', y', ', 2", ¥". 3", h,
l,, khy and [,. They satisfy a completely integrable system ol the
form (2), (3) and (58). Moreover, the five conditions (84) and (85)
must be satisfied. However, these equations are satisfied also by the
functions

/‘.
C Al
kg

ax'+ 32" ay'+ 30", a4+ 33", alk -+ 3h, ali+ B,

(94) ya' o, yy' 0y, y3 035", yh+0hy, yli+0dl,

where o, §, vy and ¢ arve constants. In this case, as follows froms (70),
(77) and (79) we get the same nets N(£) and N(%).Consequently for
each value of £ there are »' transformations of the kind sought.

If N, (,) and N,(,) denote the T transforms of N, we have

1 02 "
W= U e T Ly T2 8 — w0,
7, 7
In consequence of (82) and (83) we have
Sefx, =1, Sefe,=1.

Hence the point of coordinales, §, v, ¢, is the pole of the plane of the
corresponding points on N, N, and N,.

() B, p. d9.
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We may state the foregoing results as (ollows.

If N is @ permanent net on a central quadric Q, there are %' sels
of transformations Ty of N into nets N, and N, so that the condi-
tion (85) is satisfied; the locus of the pole My of the plane MMM,
with respect to () is @ net Ny on a quadric confocal to Q; as N rolls
on its applicable net N, the point My describes a net Ny, such
that N and N, areon the focalsurfaces of @ W congruence, and N,
is applicable to the net on Q whick is the Ivory transform of the
net Ny.

These transformations ave equivalent to those found by Bianchi by
entirely diflerent processes (').

7. \Y Transforms of surfaces applicable to a paraboloid. —
In this section we establish for surfaces applicable to the parabo-
loid cx? + fy*+ 23 = o transformations analogous to those found in
the preceding section. Equations (73) and (74) hold in this case also.
In place of (75) we have:

0, =s(cr r'—i—,/.‘rj-'-].— ), . By = 5 (et Ly )" fry" 4o 3",
In place of (81) and (82) we have
A= ﬁctlbej‘(.c".y’_ \L"y" ),

and

’._II
y
ye's

(4]

1 -

== o
Sy :

— ) (s — ")

"

v .l,l o .l")"’

R

;,'.c

@
)‘II l

1 -
¢ @

-~

Now
exi+fyn+{+3=o.

The first two of equations (84) with g = o hold and in place of the
second we have .
(05) { la*— L= c*[(e*— he)awa' + (f* - KNyy - ks'].
9 | hya*— lb= c*[(e?— ke).wa’ + (Sfr= KN yy ' — k3],

and (835) holds with g = o.

() .
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By making use of the expressions for
2(y "— "3 and (3" —"a)

which are obtainable from (95), we find that Z, y and { satisfy the
condition

that is the net-N (%) lies on a quadric confocal with I.
In place of (8qg) we have

% _ gta?, e f N
Je = pT,AC(t-—/u).L+4(lbf

X [0 (de—l) — D23 (= he) - (V' 3" —y 50|
d'i.___ G’b,\'A Na A [,f
5= 731 cle— M +4ab

X [ay" (b, — by —ay' (ly— hy) -2 h(y's"— y" D]

From (95) we have
y"(lz at—1,0%) —y (hga"‘“l )
ct(et— ke)a(a'y - v ") -k (‘y 3T E

With the aid of this identity the above equations are reducible to

ot )a , ok hgab*f .
dft 4, (&’ll — J'hs), g '(,.\ = (" ).

From these and analogous equations we obtain

ek [0d¢\* f/\ ‘atp?
el "J;: - ./‘/“ ‘)”> YRR
e o—.-> ‘*‘—‘/.A*e(:)r =k
ek OF 0 Jhk dady

k—e —e Jdu ov + k¢ du dv

From these equations and (g2 ) we have
=\ 2 AN 2 - NN
AN of o o JE 0F N Je d.l'
2(&) —21<¢-)—17) ’ Zdu PR s du o’
P AN 2
o (BN dw) .
> (m) -—2(5:,

(') Here the symbol X refers to the three vaviables.
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where

\._ / IS - /\‘—_ /_-7\_'- /:— .
.l—\/ /‘~~e‘.’ .\‘*—\/. Z:;-n* q—c—{—n.

These are the equations of the transformation of Ivory for P.
The other observations for transformations of a central quadric

hold also for the case of the paraboloids, and consequently we have
the analogous theprem :

If Nis a permanent net on a paraboloid P, there are = pairs of
transformations T, of N into nets N, and N, so that the condition

hihsa?— 4l 0 == c2[(ct— ke)x' "+ (P — kN y'y"]
holds: the locus of the pole My of the plane MM, M, with respect
to I’ is @ net Ny on a paraboloid confocal to Py as N rolls on its
applicable net N the point My deseribes a net Ny such that N and N,
are the focal nets of a W congruence, and Ny is applicable to the

net on P which is the leory transform of the net N,.

These transformations are equivalent to Bianchi’s transforma-
tion By of surfaces applicable to a paraboloid ().

8. Permuwiability o transformations Uy and B;. — Let N(&) be

A, =
the permanent net on a deform of the quadric Q(32) and N(%) its B,
transform by means of functions &', 3, 35 &”, ¥", 3”5 by, 4, hy, L.

Let &, y", 3", Iy, 1, be another set of solutions satisfying the condi-
tions
(96) Miad—- B0 =cX(et— h'e)a”?, hya® — 02 = c*X(e* — K'e)xa”,

so that the Ty transform N, of N defined by equations of the form

8,
Ty ==& — —‘,( "
93
where
O, =2lera”, by =Zex™
is on Q.

(") Loc. cit,



64 LUTHER PFAHLER EISENHART.

From the results (') of general transformations T.
It follows that the equations of the forms

1

. 5 o,
(97) (xy) = .z"—e—;,',:t”’, ()= ——-?.L
3

define nets parallel 1o N, applicable 1o N,; the corresponding func-
tions Ay, Ly, and A,,, l;, are given by

n I — 6} o L8 — 0]
N T, — 0, NE G, -0
nO, ROy 1,0, - 1,07

ha= G = e

The functions a, and b, appearing in the point equation of N, are of

the form
7—1) (5
as=a|hyz —1), by=0bly 5 —1).
3 (368 $ 9

In order that these functions may salisfy equalions analogous

o (84) and (85), namely -
ath, — 030 = 2 X(e2— ke) (y)?,

alhd, — 030, = 2 X(e*— he) ()™
azhy — b3l =c*Z(e*— /‘0)“3(-‘3)‘
@l lyy - b} lyy = 2 X (e — ke) vy (i,
Al lgo— O3y Ly = T X (e* — he) () (@),

il is necessary and sufficient that

2
ath hy— bl ly= c*X(e* ~ ke)w' 2" - %(A-_ A8,

(98) .
@ hyly— bl b= 2 X(et — ke)a'a” + S (k — 1')0;.

Differentiating these equations with respect Lo « and ¢, and making
use of (58), and analogous equations, we find that the resulting
equations are satisfied identically. There are two cases to be consi-
dered, according as k and &’ are equal or not.

If k' = k, the functions 0, and 0] are uniquely determined by (98),

(") My, p. 111,
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and cousequently () and ‘(.l,-';‘y are uniquely determined by (97).
Then by means of the functions

(90) Da==ader, (o), Npa==aSewx, ()

we obtain a By transform N, of N, (applicable to N,) which is appli-
cable 1o a net on ().

It is readily found hy diflerentiation that the left hand members of
the equations

(1oo) 0:‘.'{_ ,/l B ;),,\_‘{-‘.I"-l'”,- -0, O, - //; = “.\~ e

are constants, Ifwe take 97 and 0 as given by (too0), we find that

g

G= 0y 20T (0,

0y
il ety

57,
" - ; Q) . . \
F'hese ave the conditions that N and N, ave in velation T (*).

When & =/, the functions 0, and 0 ave not detined by (98), and
conscquently there ave 2 families of »' nels parallel 1o N, defined
by (97). Hence there are %' functions 0,,, and %' functions 0,,. which

N — N
agive nets N, in relation B, with N, and reluion T, with N, Equa-
tions (96) and (98) are satisfied by

vy

Dyl 1= B0, by =2+ 31y, 27Tz A= 3
f }

where 2 and 3 ave constants, in conseqquence of (84).and (85).
Simtlar rvesults hold for the transformations T, and B, of nets
applicable 10 the paraholoid.
Hence :

The transformations B, and 'ty of a surface applicable to a qua-
dric are permutable.
0. Permuwtability of transformations Ty and H. — By detinition
. 3 . . .
two surfaces S and S ave conjugate in deformation, if the asymp-
totic lines correspond on S and S and o each deform of S there cor-

N\ . . N
responds a deform of S with asymplolic lines in correspondence on

1y ai,.

Journ. de Math. (8¢ scérie), tome IV, — Année 1921, 9
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these deforms. Servant has shown that aside from surfaces applicable
to a surface of revolution the only surfaces admitling surfaces conju-
gale in deformation are surfaces applicable to a quadric, and any

. N
such surface has this property. If S and S are two such surfaces, the

[AN .
quadrics Q and Q to which they are applicable are conjugaie in
deformation and are in fact projective transforms of one mother.
Moreover, if a surface S applicable 1o Q) is known, the corresponding

surface applicable to Q is known intrinsically, that is its fundamenial

coefficients are known. Bianchi (') says that S and S are in the rela-
tion of a transformation H.
[t is readily shown that a transformation H transforms the perma-

. A A PO
nent net N on S into the permanent net N on S. Let N, and N, denote

; N .
the corresponding nets on () and Q. Let N,, denote a 'I'; transform
of N,, and N, the corresponding T, transform of N, in accordance

with the results of §§ 4, 8. Since () is a projective transform of (),
and any transformation T is transformed into a transformation T by
a projectivity, it follows that the projective transform of N, is a

permanent net Ny, which is a T transform of N,. Consequently the

A N , R
net N, applicable to Ny, is a T transform of N. Hence we have the
theorem :

If N and N are nets in relation H, and N, is a Ty transform
* R} . . o . N
of N, there exists a net N, which is a Ty transform of N and the H
transform of N.

Thus we have established the permutability of transformations T,
and H.

(*) B., p. 214.

ERRATA.

Page 48, ajouter a la fin du théoréme la note suivante :
Cf. Carapso, Annali di Matematica, 3¢ sévie, vol. XIX, 1912, p. 61.
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