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On the Energy-Delay Tradeoff and Relay
Positioning of Wireless Butterfly Networks

Quoc-Tuan Vien, Huan X. Nguyen, Brian G. Stewart, Jinho Choi, and Wanqing Tu

Abstract—This paper considers energy-delay tradeoff (EDT) of
data transmission in wireless network coded butterfly networks
(WNCBNs) where two sources convey their data to two destina-
tions with the assistance of a relay employing either physical-layer
network coding (PNC) or analog network coding (ANC). Hybrid
automatic repeat request with incremental redundancy (HARQ-
IR) is applied for a reliable communication. Particularly, we first
investigate the EDT of both PNC and ANC schemes in WNCBNs
to evaluate their energy efficiency. It is found that there is no
advantage of using a relay in a high power regime. However,
in a low power regime, the PNC scheme is shown to be more
energy efficient than both the ANC and direct transmission (DT)
schemes if the relay is located far from the sources, while both
the PNC and ANC schemes are less energy efficient than the DT
scheme when the relay is located near the sources. Additionally,
algorithms that optimise relay positioning are developed based
on two criteria - minimising total transmission delays and
minimising total energy consumption subject to node location and
power allocation constraints. This optimisation can be considered
as a benchmark for relay positioning in either a low-latency or
a low-energy-consumption WNCBN.

Index Terms—HARQ-IR, network coding, wireless butterfly
network.

I. INTRODUCTION

Recently, relaying techniques have attracted growing inter-
est in wireless communications [1]–[3]. Relays can be used
not only to increase coverage for remote transmissions but
also to improve service quality and link capacity for local
users [4], [5]. Inspired by the benefits of relays, relay-assisted
communications are incorporated in various wireless system
models such as cellular [4]–[6], ad hoc [7] and sensor [8]
networks. Data transmission from source nodes to destination
nodes is realised with the assistance of one or multiple relay
nodes using either decode-and-forward (DF) or amplify-and-
forward (AF) relaying protocols [3].
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Basically, relays transmit packets through a store-and-
forward mechanism, and thus do not increase the network
throughput. In an attempt to improve throughput, the concept
of network coding (NC), which was initially proposed to
increase the system throughput in lossless networks [9], [10],
has been applied at relays to improve network throughput
[11]–[15]. The principle of NC is that the relays perform
algebraic linear/logic operations on received packets from
multiple transmission source nodes and then forward the
combined packets to the destination nodes in the subsequent
transmissions. An appropriate NC employment at the relay
nodes could save bandwidth for a higher system throughput.
Many NC-based protocols have been proposed and investi-
gated for particular relay topologies such as relay-assisted
bidirectional channels [16], broadcast channels [17], multicast
channels [18], unicast channels [19] and vehicular networks
[20], [21]. As a specific model of multicast channels, butterfly
networks have been investigated, e.g. [22]–[25], in which
NC is applied at the relay node to help two source nodes
simultaneously transmit their information to two destination
nodes.

In addition to the merit of NC techniques providing through-
put improvement, the reliability and energy efficiency of
data transmission should also be taken into consideration
within communication systems. This is particularly the case
in wireless environments where the communication channels
often suffer from deep fading and background noise, and
where the energy consumption of various communication
and networking devices causes an increasing carbon dioxide
emission. To cope with the reliability issue, hybrid automatic
repeat request (HARQ) protocols were proposed to reliably
deliver information over error-prone channels such as the
wireless medium [26]. Specifically, HARQ with incremental
redundancy (HARQ-IR) has been shown to achieve the ergodic
capacity of fading and interference channels [27], [28]. With
respect to energy efficiency, energy-delay tradeoff (EDT) tools
have been developed in [29] to evaluate the energy efficiency
of HARQ-IR protocols for NC-based two-way relay systems.
However, for NC-based multi-source multi-destination relay
networks [30], [31], the EDT of HARQ-IR protocols has
received little attention in the literature.

In this paper, we investigate the energy efficiency for a
reliable wireless network coded butterfly network (WNCBN)
which consists of two source nodes, one relay node and two
destination nodes. The reliability of all communication links
is guaranteed by the HARQ-IR protocol. The relay node in
a WNCBN carries out either physical-layer network coding
(PNC) [12] or analog network coding (ANC) [13] on the
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signals received from two source nodes before forwarding to
the destination nodes. This work is extended from [32] where
we have briefly investigated the energy efficiency for a reliable
WNCBN. In this paper, for completeness, we first provide the
expression of the EDTs for the HARQ-IR protocols with PNC
and ANC schemes in WNCBNs. In order to provide insight
into the derived expressions, approximations of the EDTs for
various HARQ-IR protocols are derived in high and low power
regimes. In the high power regime, the relay in the relay-
aided transmission is shown to have no advantage over the
direct transmission (DT) scheme1. In the low power regime,
we show that, with equal power allocation and when the relay
node is located far from the source nodes, the PNC scheme
is more energy efficient than both the ANC and DT schemes.
However, when the relay node is located near the source nodes,
it is demonstrated that the DT scheme performs better in terms
of energy efficiency than both PNC and ANC schemes.

Another contribution of the paper is that we develop new
algorithms to optimise relay positioning (RP) based on the de-
rived EDT for each NC scheme in a WNCBN. The objectives
of optimised RP are to find the position for the relay node
which can minimise either the total delay or the total energy
consumption in the whole system, given the constraints on
power allocation and the locations of source and destination
nodes. We then achieve the following findings from this
positioning design:
• Minimum total delay: In the case of equal power allo-

cation at the source nodes, the ANC-based relay should
be located nearer to the destination nodes than the PNC-
based relay if the power at the source nodes is larger
than the power at the relay; otherwise, the ANC-based
relay should be located closer to the source nodes than
the PNC-based relay. For the scenario of unequal power
allocation at the source nodes, the ANC-based relay
should be positioned near the lower-power source node,
while the PNC-based relay should be located in the region
between the lower-power source node and the nearby
destination node.

• Minimum total energy consumption: In the case of equal
power allocation at the source nodes, the ANC-based
relay should be close to the destination nodes while the
PNC-based relay should stay close to the source nodes
if the power at the source nodes is larger than the power
at the relay; otherwise, the ANC-based and PNC-based
relays should be close to the source and the destination
nodes, respectively. For the scenario of unequal power
allocation at the source nodes, the ANC-based and the
PNC-based relays should be located in the same region
as for the minimum total delay.

Interestingly, we observe that the ANC-based relay can be
located within a small region to nearly achieve both the mini-
mum total delay and the minimum total energy consumption,
while the optimised locations for the PNC-based relay vary
depending on the objective functions.

The rest of the paper is organised as follows. In Section

1The DT scheme refers to the model in which two sources simultaneously
transmit information to the destinations without using relaying techniques.
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Fig. 1. System model of wireless butterfly network.

II, we introduce the system model of WNCBNs and the EDT
of the HARQ-IR protocol for a simple single-source single-
destination communication system. Section III derives the
EDTs of the HARQ-IR protocols in WNCBNs using PNC
and ANC schemes. Section IV provides the approximated
expressions of the EDTs for various HARQ-IR protocols in
high and low power regimes. The optimisation method for
relay locations is presented in Section V. Numerical results
are presented and discussed in Section VI. Finally, Section
VII concludes the paper.

II. SYSTEM MODEL, HARQ-IR PROTOCOL AND
ENERGY-DELAY TRADEOFF

In this section, we introduce the system model of WNCBN
and the HARQ-IR protocol for reliable communications as
well as the associated energy-delay relation.

A. System Model of WNCBN

The basic system model of a WNCBN is shown in Fig. 1
where data transmitted from two source nodes S1 and S2
to two destination nodes D1 and D2 is assisted by one
relay node R. A half-duplex WNCBN system is considered
where all nodes can either transmit or receive data, but not
simultaneously. In WNCBN, the NC is applied at R to help
S1 and S2 simultaneously transmit their data packets s1 and s2,
respectively, to D1 and D2 in two time slots. In the first time
slot, S1 transmits s1 to both R and D1 while S2 transmits
s2 to both R and D2. Then, R performs NC on the mixed
signals received from S1 and S2 and broadcasts the network
coded signals to both D1 and D2 in the second time slot.
Accordingly, D1 can extract the signal transmitted from S2
(i.e. s2) and D2 can extract the signal transmitted from S1
(i.e. s1). The data transmission in the first time slot consists
of two direct (DR) transmissions (S1 → D1 and S2 → D2)
and a multiple access (MA) transmission ({S1 S2} → R)2,
while there is only a broadcast (BC) transmission (R → {D1

D2}) in the second time slot. In this work, we focus on
energy efficiency for a conventional butterfly network when the
relay plays a role of coverage extension, facilitating message
delivery of indirect links (S1 → D2 and S2 → D1), but not
to achieve diversity gain (even though it can be achieved with

2It is noted that DR and MA transmissions are carried out simultaneously
in the first time slot with the same coding scheme due to the broadcast nature
of the wireless medium.
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appropriate technique). Therefore, we assume there is no direct
link between S1 and D2 and between S2 and D1.

For convenience, the main notation used in the paper is
listed in Table I.

B. HARQ-IR Protocol and EDT for Reliable Point-to-Point
Communications

In order to investigate the HARQ-IR protocols with PNC
and ANC in WNCBNs, let us first introduce briefly a simple
HARQ-IR protocol for point-to-point (P2P) communications
[27] along with the EDT evaluation for this system model [29].

Over a P2P communication channel S → D employing
the HARQ-IR protocol, node S encodes a data packet d into
a sequence of N coded packets {c1, c2, . . . , cN}. Then, S
sequentially transmits ck, k = 1, 2, . . . , N , to D until a
positive acknowledgement (ACK) is received. The signal yk
received at node D when transmitted the k-th coded packet
ck from node S can be expressed through

yk =
√
Phkxk + nk, (1)

where P is the signal power, hk is the channel gain of link
S → D for the k-th packet transmission, xk is the modulated
signal of ck, and nk is an independent CSCG noise vector
with each entry having zero mean and unit variance.

Let κP2P denote the number of transmissions required in
the HARQ-IR protocol to transmit a data packet from S to D.
κP2P can be expressed by [27]

κP2P = min

k|
k∑
j=1

log(1 + P |[hk]j |2) > rP2P

 , (2)

where rP2P denotes the initial rate of a capacity-achieving
code in P2P communications. By using the same evaluation
tool in [29], the EDT can be characterised by two normalised
metrics: energy per bit (EB) [Joules/bit/Hz] and effective delay
(ED) [sec/bit/Hz]. Here, the EB and ED are normalised over
the transmission data rate rP2P. Let δP2P and εP2P denote
ED and EB, respectively, of the HARQ-IR protocol for P2P
communications. These metrics are given as

δP2P =
κ̄P2P
rP2P

, (3)

εP2P =
Pκ̄P2P
rP2P

= PδP2P, (4)

where κ̄P2P denotes the average number of transmissions for
reliable P2P communications.

III. ENERGY-DELAY TRADEOFF IN WNCBNS

Basically, the signal processing at relayR can be carried out
with either PNC or ANC protocols. In this section, the EDTs
of the HARQ-IR protocols with PNC and ANC are derived
for the WNCBNs as shown in Fig. 1.

A. EDT of HARQ-IR protocol with PNC

Using the PNC scheme for HARQ-IR in WNCBNs, R
performs joint decoding of two signals received from S1
and S2 in the MA transmission [33]. Thus, the number of
transmissions in the MA transmission can be determined
through the MA channel capacity bound [34] as follows:

κPNC,MA = min

k∣∣∣


k∑
j=1

log(1 + [γ1R]j) > r1


∩


k∑
j=1

log(1 + [γ2R]j) > r2


∩


k∑
j=1

log(1 + [γ1R]j + [γ2R]j) > r1 + r2


 ,

(5)

where γiR and ri, i = 1, 2, denote the SNR of the transmission
link Si → R and the transmission rate at Si, respectively. In
parallel with the MA transmission, Di, i = 1, 2, receives the
packet from Si in the DR transmission. The received signal at
Di can be written by

yii =
√
Pihiisi + nii, (6)

where Pi, hii and nii denote the transmission power, channel
coefficient and CSCG noise vector at Di of the transmission
link Si → Di, respectively. Similar to the transmission over
P2P channels, the number of transmissions required at Si,
i = 1, 2, to transmit si to Di in the DR transmission can
be computed by

κPNC,DRi = min

k∣∣∣
k∑
j=1

log(1 + [γii]j) > ri

 , (7)

where γii denotes the SNR of the transmission link Si → Di.
With HARQ-IR protocol, the data packet is retransmitted by
Si, i = 1, 2, until both R and Di successfully decode. Thus,
the number of transmissions at Si and the total number of
transmissions in the first time slot are given by

κPNC,Si = max{κPNC,MA, κPNC,DRi}, (8)

κPNC,1 = max{κPNC,MA, κPNC,DR1 , κPNC,DR2}, (9)

respectively. Then, R encodes the superimposed packet, and
then broadcasts the encoded packet to both S1 and S2 in the
second time slot. The number of transmissions required at R
to transmit the mixed packet to Di, i = 1, 2, in the BC trans-
mission is similarly determined as in P2P communications,
i.e.

κPNC,BCi = min

k∣∣∣
k∑
j=1

log(1 + [γRi]j) > ri′

 , (10)

where i′ = 1 if i = 2 and i′ = 2 if i = 1 (or i′ = i− (−1)i).
Here, γRi denotes the SNR of the transmission link R →
Di. In order to help both D1 and D2 detect the data packets
from S2 and S1, respectively, R retransmits the packet until
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TABLE I
SUMMARY OF MAIN NOTATION

Notation Meaning
dAB , {A,B} ∈ {S1, S2, R,D1, D2} distance of link A− B
α1, α2, α3, α4, αR physical angles D̂1S1S2, ̂S1S2D2, ̂S2D2D1, ̂D2D1S1, D̂1S1R, respectively
Pi, i = 1, 2, PR transmit powers of Si,R, respectively
ri, i = 1, 2, rR transmission rate at Si, R, respectively
hii, hiR, hRi, i = 1, 2 channel coefficients of links Si → Di, Si →R, R→ Di, respectively
nii, nR, nRi, i = 1, 2 independent circularly symmetric complex Gaussian (CSCG) noise vectors of links Si → Di,

{S1,S2} → R, R→ Di, respectively, with each entry having zero mean and unit variance
γii, γiR, γRi, i = 1, 2 signal-to-noise ratio (SNR) of links Si → Di, Si → R, R → Di, respectively
ν pathloss exponent between a pair of transceiver nodes
κ(·) number of transmissions required in HARQ-IR protocol to transmit a data packet
δ(·) effective delay (ED) of HARQ-IR protocol
ε(·) energy per bit (EB) of HARQ-IR protocol
[a]i i-th realisation of a random variable a
ā mean of a random variable a
log(·) binary logarithm function
ln(·) natural logarithm function
E[·] statistical expectation function

both D1 and D2 successfully detect it. Thus, the number of
transmissions in the second time slot is computed by

κPNC,2 = max{κPNC,BC1 , κPNC,BC2}. (11)

Overall, the resulting ED and EB of the HARQ-IR protocol
with the PNC are respectively given by

δPNC =
κ̄PNC,1 + κ̄PNC,2

r1 + r2
, (12)

εPNC =
P1κ̄PNC,S1 + P2κ̄PNC,S2 + PRκ̄PNC,2

r1 + r2
, (13)

where PR denotes the transmission power at R.

B. EDT of HARQ-IR protocol with ANC

With the ANC protocol, in the MA transmission of the first
time slot, R receives the data packets from both S1 and S2,
which can be written by

r =
√
P1h1Rs1 +

√
P2h2Rs2 + nR, (14)

where hiR and nR denote the channel coefficient and CSCG
noise vector at R of the transmission link Si → R, respec-
tively. At the same time, Di, i = 1, 2, receives the data packet
from Si in the DR transmission. Similarly, the received signal
yii at Di is given by (6) and the number of transmissions
κANC,DRi is determined as κPNC,DRi in (7).

Prior to broadcasting the received signal to both D1 and
D2, R normalises its received signal r in (14) by a factor
λ = 1/

√
E [|r|2] = 1/

√
γ1R + γ2R + 1 to have unit average

energy. Thus, in the BC transmission, the signals received at
Di, i = 1, 2, can be written as

yRi =
√
PRhRiλr + nRi, (15)

where hRi and nRi denote the channel coefficient and CSCG
noise vector at Di of the transmission link R → Di, respec-
tively. Then, Di, i = 1, 2, detects si′ , i′ = i − (−1)i, by
canceling si which is detected in the DR transmission. The
resulting SNR γi′ at Di is expressed by

γi′ =
γRiγi′R

γRi + γi′R + γiR + 1
, (16)

where γiR and γRi denote the SNRs of the transmission links
Si → R and R → Di, respectively. In the HARQ-IR protocol
with ANC, D1 and D2 feedback to S1 and S2 over direct
links to acknowledge the packets s1 and s2, respectively. Since
there is no decoding process carried out at R in the first time
slot, R does not perform any feedback for the links S1 →
R and S2 → R. However, R can help D1 and D2 forward
the acknowledgement of the packets s2 and s1 to S2 and S1,
respectively. Therefore, the number of transmissions required
at Si, i = 1, 2, to transmit si to Di′ is determined by

κANCi = min

k∣∣∣
k∑
j=1

log(1 + [γi]j) > ri

 . (17)

The total number of transmissions at Si, i = 1, 2, is accord-
ingly given by

κANC,Si = max{κANCi , κANC,DRi}. (18)

It is noted that, with the ANC protocol, the retransmission
of the lost packets at D1 and D2 is carried out by S1 and S2.
R only amplifies and forwards to D1 and D2 the data received
from S1 and S2. This means that the number of transmissions
at R to assist S1 and S2 is also given by κANC1 and κANC2 ,
respectively, and, R uses half power for each task. Therefore,
the resulting ED and EB of the HARQ-IR protocol with the
ANC scheme are respectively obtained as

δANC =
max{κ̄ANC,S1 , κ̄ANC,S2}+ max{κ̄ANC1 , κ̄ANC2}

r1 + r2
, (19)

εANC =
P1κ̄ANC,S1 + P2κ̄ANC,S2 + PR

2 κ̄ANC1 + PR

2 κ̄ANC2
r1 + r2

. (20)

IV. ANALYSIS OF EDTS IN WNCBNS

In this section, we derive the approximations of the EDTs
for various HARQ-IR protocols in WNCBNs in high and low
power regimes. For comparison, both relay-aided transmission
(i.e. PNC and ANC) and non-relay-aided transmission (i.e.
DT) are considered. Our comparison with DT scheme is
relative but can be justified because of the following: Both
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relay-aided transmission (i.e. PNC and ANC schemes) and
non-relay-aided transmission (i.e. DT scheme) require the
same number of time slots to transmit data packets s1 and s2
from S1 and S2, respectively, to both D1 and D2. Specifically,
in the DT scheme, in the i-th, i = 1, 2, time slot Si transmits
si to D1 and D2 over Si-D1 and Si-D2 links, respectively. In
the PNC and ANC schemes, the data transmission in the first
time slot consists of two direct (DR) transmissions (S1 → D1

and S2 → D2) and a multiple access (MA) transmission ({S1
S2} → R), while there is only a broadcast (BC) transmission
(R → {D1 D2}) in the second time slot. This means that all
the PNC, ANC and DT schemes require 2 time slots for the
data transmission, which proves a relatively fair comparison
between these schemes.

Let P denote the total power constraint of all transmitting
nodes, i.e. P = P1 +P2 +PR. Also, let us denote ρ1, ρ2 and
(1 − ρ1 − ρ2) as the fractions of power allocated to S1, S2
and R, respectively3. Accordingly, P1 = ρ1P , P2 = ρ2P and
PR = (1−ρ1−ρ2)P . All channel links are assumed to suffer
from quasi-static Rayleigh block fading with E[|h11|2] =
1/dνS1D1

, E[|h22|2] = 1/dνS2D2
, E[|hiR|2] = 1/dνSiR

and
E[|hRj |2] = 1/dνRDj

, i = 1, 2, j = 1, 2.
Using the HARQ-IR protocol with DT scheme in WNCBN,

the ED and EB can be simply derived as

δDT =
κ̄DT,1 + κ̄DT,2
r1 + r2

, (21)

εDT =
P1κ̄DT,1 + P2κ̄DT,2

r1 + r2
. (22)

Here, κDT,i, i = 1, 2, denotes the total number of transmissions
required at Si to transmit si to both D1 and D2, which is given
by

κDT,i = max

min

k∣∣∣
k∑
j=1

log(1 + [γii]j) > ri

 ,

min

k∣∣∣
k∑
j=1

log(1 + [γii′ ]j) > ri


 ,

(23)

where i′ = i − (−1)i, i = 1, 2, and γii′ denotes the SNR of
the transmission link Si → Di′ .

In the high power regime, all HARQ-IR protocols for both
relay-aided and non-relay-aided transmissions in the WNCBN
require 2 time slots in total to transmit successfully 2 data
packets s1 and s2 from S1 and S2 to D1 and D2. This
means that all the PNC, ANC and DT schemes achieve the
same EDT performance with {δPNC, δANC, δDT} → 2

r1+r2
and

{εPNC, εANC, εDT} → ∞ as P →∞. Also, as shown in Lemma
1 below, there is no advantageous scheme in the high power
regime.

Lemma 1. If P approaches infinity, then εPNC/εDT → 1,
εANC/εDT → 1 and εPNC/εANC → 1.

Proof: From (12), (13), (19), (20), (21) and (22), the proof
can be straightforwardly obtained.

3Note that, in the DT scheme, PR = 0 and ρ1 + ρ2 = 1.

In the low power regime, the transmission power at all
transmitting nodes is assumed to be equally allocated as
P1 = P2 = PR = P/3 in PNC and ANC schemes and
P1 = P2 = P/2 in the DT scheme4. Also, for simplicity, the
data transmission from S1 and S2 to D1 and D2 is assumed
to be carried out at the same data rate, i.e. r1 = r2 = R.

Firstly, let us derive the EDT of the HARQ-IR protocol
in the WNCBN with the DT scheme. We have the following
finding:

Lemma 2. If P approaches 0, then the ED and EB of the
HARQ-IR protocol with the DT scheme are approximated by
δDT,0 and εDT,0, respectively, where

δDT,0 =
ln 2

P
(max{dνS1D1

, dνS1D2
}+ max{dνS2D1

, dνS2D2
}),
(24)

εDT,0 =
ln 2

2
(max{dνS1D1

, dνS1D2
}+ max{dνS2D1

, dνS2D2
}).
(25)

Proof: See Appendix A.
Investigating the EDT of the HARQ-IR protocols with PNC

and ANC schemes in the low power regime, we have the
following findings:

Lemma 3. If P approaches 0, then the ED and EB of the
HARQ-IR protocol with the PNC scheme are approximated
by δPNC,0 and εPNC,0, respectively, where

δPNC,0 =
3 ln 2

2P
(max{dνS1D1

, dνS2D2
}+ max{dνRD1

, dνRD2
}),
(26)

εPNC,0 =
ln 2

2
(dνS1D1

+ dνS2D2
+ max{dνRD1

, dνRD2
}). (27)

Proof: See Appendix B.

Lemma 4. If P approaches 0, then the ED and EB of the
HARQ-IR protocol with the ANC scheme are approximated
by δANC,0 and εANC,0, respectively, where

δANC,0 =
9 ln 2

P 2
max{dνS1Rd

ν
RD2

, dνS2Rd
ν
RD1
}, (28)

εANC,0 =
9 ln 2

4P
(dνS1Rd

ν
RD2

+ dνS2Rd
ν
RD1

). (29)

Proof: See Appendix C.
From the above lemmas, we have the following observations

in the low power regime:
(O1) Energy inefficiency with ANC: It can be seen in (29)

that εANC,0 increases as P decreases. This means that the ANC
scheme is not energy efficient when compared to the DT and
PNC schemes for the HARQ-IR protocol in WNCBN.

(O2) Higher energy efficiency with PNC when relay node
is located far from source nodes: In fact, when R is far
from S1 and S2, we have {dνRD1

, dνRD2
} � {dνS1D1

, dνS2D2
}.

Thus, dνS1D1
+ dνS2D2

+ max{dνRD1
, dνRD2

} ≈ dνS1D1
+ dνS2D2

.
Accordingly, from (25) and (27), it can be shown that εPNC,0
< εDT,0, which means the HARQ-IR protocol with the PNC

4It is noted that the equal power allocation is not optimal in general.
However, as P → 0, it is reasonable to assume the equal power allocation at
all transmitting nodes.
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scheme is more energy efficient than the HARQ-IR protocol
with the DT scheme.

(O3) Higher energy efficiency with DT over PNC when relay
node is located nearby source nodes: In this scenario, we can
approximate {dνRD1

, dνRD2
} ' {dνS1D1

, dνS2D2
}. Thus, from

(25) and (27), we have εPNC,0 > εDT,0. This means that the
DT scheme is more energy efficient than the PNC scheme for
the HARQ-IR protocol in WNCBN. In other words, there is
no advantage of employing the relay when the relay is in the
neighbourhood of the sources.

V. RELAY POSITIONING IN WNCBNS

In WNCBNs, the data transmissions from two source nodes
to two destination nodes are carried out via a relay node
operating under either PNC or ANC protocols. Taking into
account the EDT performance, the location of the relay may
have a considerable impact on the energy efficiency in the
WNCBNs. However, optimising RP in terms of delay and
energy consumption has attracted little attention in previous
work, e.g. [22]–[25]. In this paper, based on the derived
EDT for HARQ-IR protocols with PNC and ANC in previous
sections, we propose algorithms for solving the RP optimi-
sation problem subject to location and power constraints in
WNCBNs5.

The problem relates to how to position the relay node in
order to minimise either the total delay or the total energy
consumption of all the multicast transmissions from two
source nodes to two destination nodes. As shown in Fig. 1, the
relay location can be determined through the distance between
S1 and R (i.e. dS1R), and the angle D̂1S1R (i.e. αR). Based
on dS1R and αR, we can easily evaluate the distance from R
to S2, D1 and D2 as

dS2R =
√
d2S1S2

+ d2S1R
− 2dS1S2

dS1R cos(α1 − αR), (30)

dRD1 =
√
d2S1D1

+ d2S1R
− 2dS1D1dS1R cosαR, (31)

dRD2
=
√
d2S2D2

+ d2S2R
− 2dS2D2

dS2R cosβR. (32)

Here, βR denotes the angle D̂2S2R, which can be computed
by

βR = α2 − sin−1
(
dS1R

dS2R
sin(α1 − αR)

)
. (33)

Let {d∗S1R,δPNC
, α∗S1R,δPNC

}, {d∗S1R,δANC
, α∗R,δANC}, {d

∗
S1R,εPNC

,
α∗R,εPNC} and {d∗S1R,εANC

, α∗R,εANC} denote the optimised po-
sitioning parameters for the relay location using PNC and
ANC protocols subject to minimising δPNC, δANC, εPNC and
εANC, respectively. The RP optimisation problem is therefore
expressed as

{d∗S1R,δPNC , α
∗
R,δPNC} = arg min

dS1R,αR

δPNC, (34)

{d∗S1R,δANC , α
∗
R,δANC} = arg min

dS1R,αR

δANC, (35)

5In this work, with fixed location of the source and destination nodes, we
determine the best relay location with respect to different HARQ-IR protocols.
This is useful for the system where the mobile users play the role as the relay
nodes and thus the user having the best relay location would be selected for
the relay communications.

{d∗S1R,εPNC , α
∗
R,εPNC} = arg min

dS1R,αR

εPNC, (36)

{d∗S1R,εANC , α
∗
R,εANC} = arg min

dS1R,αR

εANC, (37)

where δPNC, δANC, εPNC and εANC are generally given by (12),
(19), (13) and (20), respectively6. Given the fixed location of
the source and destination nodes (see Fig. 1), dS1R and αR
are bounded by the following ranges:

0 < dS1R < max
{√

d2S1D1
+ d2S1S2

− 2dS1D1
dS1S2

cosα1,√
d2S1D1

+ d2D1D2
− 2dS1D1

dD1D2
cosα4

}
,

(38)

0 < αR < α1. (39)

We have the following observations:
(O4) ANC-based relay can be nearly located at the

same location for minimising both the delay and en-
ergy: In fact, given a compact set S, it is noted
that arg min

x1,x2∈S
max{f(x1), f(x2)} ≈ arg min

x1,x2∈S
f(x1) +

f(x2). Thus, from (19) and (20), we can approxi-
mate arg min

dS1R,αR

δANC ≈ arg min
dS1R,αR

εANC, which means

{d∗S1R,δANC
, α∗R,δANC} ≈ {d

∗
S1R,εANC

, α∗R,εANC}.
(O5) Perspective transformation for a general setting of the

node positions in an irregular quadrilateral: We can realise
a spatial transformation to map the nodes in a quadrilateral
to the nodes in a rectangle [35]. Then, we find the optimal
relay position in the rectangular region (namely virtual relay
positions) for minimising either delay or energy. The real
relay position for the irregular quadrilateral node setting can
be found by an inverse mapping. Specifically, a perspective
transformation or projective non-affine mapping with bilinear
interpolation can be used to map a quadrilateral to a rectangle
as follows: Given four 2-dimensional points A, B, C and D
of a quadrilateral located at (xA, yA), (xB , yB), (xC , yC) and
(xD, yD), and four 2-dimensional points A′, B′, C ′ and D′

of a rectangle located at (xA′ , yA′), (xB′ , yB′), (xC′ , yC′) and
(xD′ , yD′). We can map {A,B,C,D} to {A′, B′, C ′, D′} by
finding an 4× 4 mapping matrix M [35]:

1 xA yA xAyA
1 xB yB xByB
1 xC yC xCyC
1 xD yD xDyD

M =


1 xA′ yA′ xA′yA′

1 xB′ yB′ xB′yB′

1 xC′ yC′ xC′yC′

1 xD′ yD′ xD′yD′


According to observation (O5), for simplicity, let us inves-

tigate a specific scenario where α1 = α2 = α3 = α4 = π/2,
dS1D1 = dS2D2 and dS1S2 = dD1D2 . The search range of the
relay position given by (38) and (39) can be rewritten as

0 < dS1R <
√
d2S1D1

+ d2S1S2
, (40)

0 < αR <
π

2
. (41)

With the total power constraint P and different power allo-
cation at S1 and S2, there are three typical cases based on

6It is noted that, in the low power regime, δPNC ≈ δPNC,0, δANC ≈ δANC,0,
εPNC ≈ εPNC,0 and εANC ≈ εANC,0, which are determined by (26), (28), (27)
and (29), respectively.



7

the relationship between P1 and P2 which are described as
follows:

A. P1 = P2:

Due to the equal power allocation at S1 and S2,R is located
on the median line between the pair nodes {S1, D1} and
{S2, D2}. Let us denote dR =

√
d2S1R

− d2S1S2
/4. The RP

optimisation in (34), (35), (36) and (37) can be determined
through

d∗R,δX = arg min
0<dR<dS1D1

δX, (42)

d∗R,εX = arg min
0<dR<dS1D1

εX, (43)

where X ∈ {PNC, ANC}. Then, we can determine {d∗S1R,δX
,

α∗R,δX} and {d∗S1R,εX
α∗1R,εX} as

d∗S1R,δX =

√
d∗2R,δX +

d2S1S2

4
, α∗R,δX = tan−1

(
dS1S2

2d∗R,δX

)
,

(44)

d∗S1R,εX =

√
d∗2R,εX +

d2S1S2

4
, α∗R,εX = tan−1

(
dS1S2

2d∗R,εX

)
.

(45)
It can be observed that the optimised positioning search
algorithms using (42), (43), (44) and (45) require a lower
complexity processing than an exhaustive search of all avail-
able relay positions in the whole region encompassing the four
source and destination nodes with the constraints of (40) and
(41).

B. P1 > P2:

In this scenario, R is located in the neighbourhood region
of the pair node {S2, D2}. Thus, the search range for the
optimised relay location in (40) and (41) can be limited by
two regions defined as follows:

Region (I):

{
tan−1

(
dS1S2

2dS1D1

)
< αR < tan−1

(
dS1S2

dS1D1

)
,

dS1S2

2 sinαR
< dS1R <

dS1D1

cosαR
.

(46)

Region (II):

{
tan−1

(
dS1S2

dS1D1

)
< αR <

π
2 ,

dS1S2

2 sinαR
< dS1R <

dS1S2

sinαR
.

(47)

With various relay positions in regions (I) and (II), we can
then determine the optimised relay location {d∗S1R,δX

, α∗R,δX}
and {d∗S1R,εX

, α∗R,εX}, X ∈ {PNC, ANC}, subject to minimising
either δX or εX as in (34), (35), (36) and (37). Regarding the
search range in the context P1 > P2, it can be observed that
the search regions (I) and (II) are narrower than the region
determined by (40) and (41), and thus the complexity of the
search for the optimised relay location is reduced.
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Fig. 2. EDT of various HARQ-IR protocols in WNCBN with R = 5
bps, dS1D1

= dS2D2
= 1, dS1S2

= dD1D2
= 1/

√
3, αR = π/6,

dS1R = dS2R = dRD1 = dRD2 = dS1D1/2/ cosαR.

C. P1 < P2:

Similarly, in this scenario, R is located near the two nodes
S1 and D1. The search range for the optimised relay location
in (40) and (41) can thus be limited by two regions defined
as follows:

Region (III):

{
0 < αR < tan−1

(
dS1S2

2dS1D1

)
,

0 < dS1R <
dS1D1

cosαR
.

(48)

Region (IV):

{
tan−1

(
dS1S2

2dS1D1

)
< αR <

π
2 ,

0 < dS1R <
dS1S2

2 sinαR
.

(49)

Then, we can then determine the optimised relay location
{d∗S1R,δX

, α∗R,δX} and {d∗S1R,εX
, α∗R,εX}, X ∈ {PNC, ANC}, in

regions (III) and (IV) so as to minimise either δX or εX.
Additionally, it can be observed that the search regions (III)
and (IV) for the scenario P1 < P2 are also narrower than
the region determined by (40) and (41), and again a low-
complexity search algorithm is achieved.

VI. NUMERICAL RESULTS

In this section, we present numerical results of the EDT
and relay location optimisation in a WNCBN using various
HARQ-IR protocols when all channels experience quasi-
static Rayleigh block fading. A symmetric network structure
is considered with dS1D1 = dS2D2 , dS1S2 = dD1D2 and
α1 = α2 = α3 = α4 = π/2. The data transmission from
S1 and S2 to D1 and D2 is carried out at the same data rate
(i.e. r1 = r2 = R) via either HARQ-IR with DT or PNC
or ANC schemes. The pathloss exponent between a pair of
transceiver nodes is assumed to be ν = 3.

Let us first investigate the EDT in the WNCBN with
HARQ-IR protocols with DT, PNC and ANC. As shown in
Fig. 2, the EDT curves are plotted for the three HARQ-IR
protocols. The data rate at S1 and S2 is 5 bits per second
(bps). The relay R is assumed to be located at the centre
of the network, where the distances and angles are set as
dS1D1

= dS2D2
= 1, dS1S2

= dD1D2
= 1/

√
3, αR = π/6,
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Fig. 3. EDT of various HARQ-IR protocols in the low power regime with
R = 5 bps, dS1D1

= dS2D2
= 1, dS1S2

= dD1D2
= 1/

√
3, αR = π/6,

dS1R = dS2R = dRD1
= dRD2

= dS1D1
/2/ cosαR.

dS1R = dS2R = dRD1
= dRD2

= dS1D1
/2/ cosαR. The

transmission powers at S1, S2 andR are assumed to be equally
allocated. It can be seen that the PNC scheme is more energy
efficient than both the ANC and DT schemes. In fact, using
the HARQ-IR protocol with PNC, R can help S1 and S2
retransmit the corrupted combined packets to both D1 and
D2. Using the HARQ-IR protocol with the ANC scheme, S1
and S2 are required to retransmit the corrupted packets to R,
then R combines the received packets and broadcasts the new
combined packets to both D1 and D2. Using the DT scheme,
there is no relay to assist S1 and S2 retransmit the corrupted
combined packets to both D1 and D2. Due to the long
distances from S1 to D2 and from S2 to D1, the DT scheme
is shown to be less energy efficient than the PNC scheme.
However, the EDT of the DT scheme is better than that of the
ANC scheme since a re-combination process is required at R
in the ANC scheme, which means more energy consumption
at R. This confirms the statements in observations (O1) and
(O2) regarding a lower energy efficiency of the ANC scheme
and a higher energy efficiency of the PNC scheme over the
DT scheme when the relay node is located far from the source
nodes.

Fig. 3 shows the EDT curves for the three HARQ-IR
protocols in the low power regime. The data rates and position
of all nodes are set as in Fig. 2. Also, the transmission
powers at S1, S2 and R are assumed to be equally allocated.
In Fig. 3, both simulation and analytical results are shown.
Similarly, in the low power regime, it is observed that the
PNC scheme achieves a higher energy efficiency while a
lower energy efficiency with the ANC scheme over the DT
scheme. Additionally, the simulation results are shown to
be approximated by the analytical approximation results in
Section IV. This also confirms the statements in observations
(O1) and (O2) regarding the higher energy efficiency with the
PNC scheme and the lower energy efficiency with the ANC
scheme in the low power regime.

The impact of data rate on the EDT performance is shown
in Fig. 4, where the data rates at S1 and S2 are assumed to be
equal and vary in the ranges {1, 5, 10} bps. The position of all
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Fig. 4. Comparison of EDTs of various HARQ-IR protocols in WNCBN with
various data rates and dS1D1

= dS2D2
= 1, dS1S2

= dD1D2
= 1/

√
3,

αR = π/6, dS1R = dS2R = dRD1 = dRD2 = dS1D1/2/ cosαR.
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Fig. 5. EDTs of various HARQ-IR protocols in WNCBN for the scenario
when relay near sources with R = 5 bps, dS1D1 = dS2D2 = 1, dS1S2 =
dD1D2

= 1/2, αR = π/10, dS1R = 1/8.

nodes is set as in Fig. 2 and the transmission powers at S1, S2
and R are again assumed to be equally allocated. Similarly,
we can observe that the best performance is achieved with the
PNC scheme at all data rates and in addition the ANC scheme
is always less energy efficient than both the PNC and DT
schemes. This comparison of energy efficiency again verifies
the statements in observations (O1) and (O2) at all data rates.
Also, it can be seen in Fig. 4 that an improved EDT is achieved
for all HARQ-IR protocols as the data rate increases.

Taking into account the practical scenario where the relay
is not always located at the centre of the network, Figs. 5
and 6 plot the EDT curves of various HARQ-IR protocols
in the WNCBN with respect to different relay positions.
Specifically, Fig. 5 corresponds to the scenario when the relay
is near the sources (αR = π/10, dS1R = 1/8) and Fig. 6 is
related to the scenario when the relay is near the destinations
(αR = π/10, dS1R = 7/8). The distances between the
sources and destinations are fixed as dS1D1

= dS2D2
= 1
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Fig. 7. Comparison of EDTs of various HARQ-IR protocols in WNCBN
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= dD1D2
= 1/2 and

various relay positions.

and dS1S2
= dD1D2

= 1/2. The transmission powers at S1,
S2 and R are also assumed to be equally allocated and the
data rate is assumed to be 5 bps. As shown in Fig. 5, the
DT scheme is shown to be the most energy efficient scheme
compared to both the PNC and ANC schemes when the relay
is in the neighbourhood of the sources. This confirms the
statement in observation (O3) in relation to the higher energy
efficiency of the DT scheme when the relay is located nearby
the sources. In fact, it can be intuitively observed that the
relay plays the same role as the sources if the relay is located
near the sources, which means the use of the relay in the
PNC and ANC schemes is not as energy efficient compared
to the DT scheme, though the relay can be used in this case to
increase the transmit diversity order. For the scenario when the
relay is near the destinations (see Fig. 6), the relay is shown
to be energy efficient with the PNC scheme while with the
ANC scheme it is seen to be less energy efficient. This again
verifies the statements in observations (O1) and (O2), which

are similar to the scenario when the relay is located at the
centre of the network.

The impact of relay positions on the EDT performance
is summarised in Fig. 7 where three typical relay positions
are taken into consideration, including the scenarios when the
relay is located either near the sources or near the destinations
or at the centre of the network. The data rate is set as 5 bps
and the transmission powers at all nodes are equally allocated.
For the first two scenarios, the EDT curves are similar to those
in Figs. 5 and 6 with similar settings of the node positions.
For the third scenario, the relay position is determined by
αR = arctan(dS1S2

/dS1D1
) and dS1R =

√
d2S1D1

+ d2S1S2
/2.

It can be seen in Fig. 7 that the most energy efficient scheme
is the PNC scheme with respect to the scenario when the relay
is located at the centre of the network. Further, applying the
ANC scheme to the scenario when the relay is near the sources
results in the worst EDT performance.

Investigating the optimisation of RP for minimum ED in
WNCBNs, Figs. 8 and 9 sequentially plot the optimised relay
locations as a function of power allocation when HARQ-
IR protocols are employed with PNC and ANC for various
scenarios of power allocations at the source nodes. The
EDT corresponding to the optimised relay locations is also
included to compare the energy efficiency of the two HARQ-
IR protocols. Fig. 8 considers the scenario of equal power
allocation (i.e. P1 = P2) while Fig. 9 investigates the scenario
of unequal power allocation7 P1 = nP2 , n > 1. The
bisection search method is applied to find the optimal relay
position in the search region. We assume that R = 5 bps,
Ptotal = P1 + P2 + PR = 5 W, dS1D1

= dS2D2
= 1 and

dS1S2
= dD1D2

= 1/2. The optimised relay locations in
Figs. 8 and 9 are determined through dS1R and αR using
the proposed algorithms in Section IV for different power
allocations. It can be seen in Figs. 8(c) and 9(c) that the PNC
scheme is more energy efficient than the ANC scheme, though
the EDT curves have different shapes as n varies due to the
impact of relay position (see Fig. 7). This again validates the
effectiveness of the PNC scheme over the ANC scheme for all
power allocations. Additionally, it can be observed in Fig. 8
for the scenario P1 = P2 that, as P1 and P2 increase, the
optimized location of both the ANC-based and PNC-based R
move from the region near S1 and S2 to the region near D1

and D2. However, when P1 and P2 are small, the ANC-based
R is closer to S1 and S2 than the PNC-based R. For the case
P1 = nP2 in Fig. 9, as n increases, the optimized location of
the ANC-based R is closer to S2, while that of the PNC-based
R is farther away from D2.

Considering the total energy consumption in the optimisa-
tion of RP, Figs. 10 and 11 sequentially plot the optimised
relay locations as a function of power allocation at the source
nodes using HARQ-IR protocols with PNC and ANC. Also,
the EDT corresponding to the optimised relay locations for
minimum EB is included to compare the energy efficiency of
the two HARQ-IR protocols. The power allocations at the two

7Note that the RP for the scenario P2 = nP1 can be similarly observed to
be symmetric with that for the scenario P1 = nP2, and thus is omitted for
brevity.
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1/2: (a) dS1R, (b) αR and (c) EDT.

source nodes are similarly assumed as in Figs. 8 and 9. We
also assume that R = 5 bps, Ptotal = P1 + P2 + PR = 5
W, dS1D1 = dS2D2 = 1 and dS1S2 = dD1D2 = 1/2. Using
the proposed algorithms in Section IV for different power
allocations, the optimised relay locations for minimum EB are
determined. Again, Figs. 10(c) and 11(c) confirm the higher
energy efficiency of the PNC scheme over the ANC scheme,
though the EDT curves also have different shapes due to
the impact of relay position. Additionally, in Fig. 10 for the
scenario P1 = P2, it can be observed that, as P1 and P2

increase, the optimized location of the ANC-based R moves
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1/2: (a) dS1R, (b) αR and (c) EDT.

from the region near S1 and S2 to the region near D1 and D2,
while that of the PNC-based R moves in the reverse direction.
For the case P1 = nP2 in Fig. 11, similar to Fig. 9, it is shown
that, as n increases, the ANC-based R should be closer to S2,
while that of the PNC-based R should be farther away from
D2.

Regarding the optimised relay locations, for clarity, Figs. 12
and 13 illustrate detailed examples of relay locations for either
minimum ED or EB for three specific scenarios of power
allocations, including P1 = P2 and P1 = 2P2. Let us first
consider the RP objective of minimum ED. It can be observed
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Fig. 10. Optimisation of relay location subject to minimising EB with R = 5
bps, Ptotal = 5 W, P1 = P2, dS1D1
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=

1/2: (a) dS1R, (b) αR and (c) EDT.

in Fig. 12(a) that the ANC-based R should be located nearer
to D1 and D2 than the PNC-based R if P1 = P2 � PR.
In the case P1 = P2 � PR, the ANC-based R should
remain much closer to S1 and S2 compared to the PNC-
based R. Considering the scenario when P1 > P2, as shown
in Fig. 12(b), the ANC-based R should be positioned near
S2, while the PNC-based R should be located in the region
between S2 and D2.

Investigating the optimising of RP for minimum EB,
Fig. 13(a) shows that if P1 = P2 � PR then the ANC-
based R should be located in the neighbour of D1 and D2

while the PNC-based R should stay near S1 and S2. When
P1 = P2 � PR, the ANC-based relay should stay near S1
and S2 while the PNC-based relay should be located near D1
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Fig. 11. Optimisation of relay location subject to minimising EB with R = 5
bps, Ptotal = 5 W, P1 = nP2, dS1D1 = dS2D2 = 1, dS1S2 = dD1D2 =
1/2: (a) dS1R, (b) αR and (c) EDT.

and D2. For the scenarios when P1 > P2, it can be observed
in Fig. 13(b) that the optimised locations of the ANC-based R
and PNC-based R are similarly determined as in Figs. 12(b).
Furthermore, the optimised locations for the ANC-basedR are
shown to be nearly similar for both objectives of minimum ED
and minimum EB, while the optimised locations for the PNC-
based R are different with respect to the objective functions.
These nearly similar locations of the ANC-based R verify the
statement in observation (O4).

VII. CONCLUSIONS

In this paper, we have investigated the EDT of data transmis-
sions in a WNCBN which consists of two source nodes, a relay
node and two destination nodes. HARQ-IR protocols with
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Fig. 13. Optimized relay location subject to minimising EB with R = 5
bps, Ptotal = 5 W, dS1D1
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number beside the node represents the value of P1): (a) P1 = P2 and (b)
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either PNC or ANC schemes have been considered for reliable
data transmissions. The EDT has been derived for HARQ-IR
protocols with PNC and ANC in WNCBNs by taking into
account the effects of both relay location and power allocation.
Additionally, we have derived the approximations of the EDTs
for both non-relay-aided and relay-aided transmissions in high
and low power regimes. In the high power regime, the use of
the relay in both PNC and ANC schemes has been shown
to have no advantage over the non-relay-aided DT scheme.
In the low power regime, we have shown that the PNC
scheme is more energy efficient than both the ANC and DT
schemes when the relay node is located either at the centre of
the network or close to the destination nodes, while the DT
scheme outperforms both the PNC and ANC schemes when
the relay node is in the neighbourhood of the source nodes.

However, in the relaying schemes, the relay together with
the source nodes can increase the diversity gain. Furthermore,
based on the derived EDTs, algorithms for reducing the search
region have been developed to find the optimal relay locations
for the HARQ-IR protocols with PNC and ANC to minimise
either the total delay or the total energy consumption in
WNCBNs. Finally, numerical results have been provided to
evaluate the energy efficiency of various HARQ-IR protocols,
validate the EDT analysis and determine the optimised relay
locations for the minimum delay and the minimum energy
consumption in WNCBNs. For future work, we will investigate
the energy efficiency of different HARQ-IR protocols with
respect to the whole power consumption at nodes. Also, the
analytical solution for the relay positioning problem with
different HARQ-IR protocols will be investigated.

APPENDIX A
PROOF OF LEMMA 2

It is noted that when x is sufficiently small,

log(1 + ax) ≈ ax

ln 2
+O(x2). (50)

Thus, when P → 0, applying the approximation in (50), we
have

log(1 + [γii]j) ≈
|[hii]j |2P

2 ln 2
, log(1 + [γii′ ]j) ≈

|[hii′ ]j |2P
2 ln 2

,

where i′ = i − (−1)i, i = 1, 2. Since E{|h11|2} = 1/dνS1D1
,

E{|h22|2} = 1/dνS2D2
, E{|h12|2} = 1/dνS1D2

, E{|h21|2} =
1/dνS2D1

and r1 = r2 = R, we obtain

κ̄DT,1 ≈
2R ln 2

P
max{dνS1D1

, dνS1D2
}, (51)

κ̄DT,2 ≈
2R ln 2

P
max{dνS2D2

, dνS2D1
}. (52)

Substituting (51) and (52) into (21) and (22) with r1 = r2 = R
and P1 = P2 = P/2, we obtain (24) and (25), respectively.
The lemma is proved.

APPENDIX B
PROOF OF LEMMA 3

In order to evaluate the EDT of the HARQ-IR protocol with
PNC scheme in the low power regime, let us consider (12) and
(13).

When P → 0, applying the approximation in (50) to κPNC,MA,
κPNC,DRi and κPNC,BCi , i = 1, 2, given by (5), (7) and (10) with
ri = R and Pi = PR = P/3, we have

κ̄PNC,MA ≈
6R ln 2

P

dνS1R
dνS2R

dνS1R
+ dνS2R

, (53)

κ̄PNC,DR1 ≈
3R ln 2

P
dνS1D1

, (54)

κ̄PNC,DR2 ≈
3R ln 2

P
dνS2D2

, (55)

κ̄PNC,BCi ≈
3R ln 2

P
dνRi. (56)
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It is noted that dS1R and d3R should be both less than dS1D1

and dS2D2 . Thus,

dνS1R
dνS2R

dνS1R
+ dνS2R

<
dνS1D1

2
,

dνS1R
dνS2R

dνS1R
+ dνS2R

<
dνS2D2

2
.

Accordingly, substituting (53), (54), (55) and (56) into (8), (9)
and (11), we obtain

κ̄PNC,S1 ≈
3R ln 2

P
dνS1D1

, (57)

κ̄PNC,S2 ≈
3R ln 2

P
dνS2D2

, (58)

κ̄PNC,1 ≈
3R ln 2

P
max{dνS1D1

, dνS2D2
}, (59)

κ̄PNC,2 ≈
3R ln 2

P
max{dνRD1

, dνRD2
}. (60)

Then, substituting (57), (58), (59) and (60) into (12) and (13)
with r1 = r2 = R results in (26) and (27). The lemma is
proved.

APPENDIX C
PROOF OF LEMMA 4

Let us consider (19) and (20). When P → 0, applying the
approximation in (50) to κANCi , i = 1, 2, given by (17) with
ri = R and Pi = PR = P/3, we have

κ̄ANCi ≈
9R ln 2

P 2
dνSiRd

ν
RD′

i
, (61)

where i′ = 2 if i = 1 and i′ = 1 if i = 2. Substituting (54),
(55) and (61) into (18), we have

κ̄ANC,S1 ≈ max{9R ln 2

P 2
dνS1Rd

ν
RD2

,
3R ln 2

P
dνS1D1

}, (62)

κ̄ANC,S2 ≈ max{9R ln 2

P 2
dνS2Rd

ν
RD1

,
3R ln 2

P
dνS2D2

}. (63)

Since P → 0, it can be shown that

9R ln 2

P 2
dνS1Rd

ν
RD2

>
3R ln 2

P
dνS1D1

,

9R ln 2

P 2
dνS2Rd

ν
RD1

>
3R ln 2

P
dνS2D2

.

Thus, (62) and (63) can be rewritten as

κ̄ANC,S1 ≈
9R ln 2

P 2
dνS1Rd

ν
RD2

, (64)

κ̄ANC,S2 ≈
9R ln 2

P 2
dνS2Rd

ν
RD1

. (65)

Substituting (61), (64) and (65) into (19) and (20) with r1 =
r2 = R and P1 = P2 = PR = P/3, we obtain (28) and (29).
The lemma is proved.
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