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Abstract

Motivated by the need for new materials and green energy production and conversion processes,
a class of mathematical models for liquid crystal elastomers integrated within a theoretical charge
pump electrical circuit is considered. The charge pump harnesses the chemical and mechanical
properties of liquid crystal elastomers transitioning from the nematic to isotropic phase when
illuminated or heated to generate higher voltage from a lower voltage supplied by a battery. For the
material constitutive model, purely elastic and neoclassical-type strain energy densities applicable
to a wide range of monodomain nematic elastomers are combined, while elastic and photo-thermal
responses are decoupled to make the investigation analytically tractable. By varying the model
parameters of the elastic and neoclassical terms, it is found that liquid crystal elastomers are more
effective than rubber when used as dielectric material within a charge pump capacitor.

Keywords
liquid crystal elastomers, actuation, parallel plate capacitor, nonlinear elasticity, mathematical
modelling

Introduction

To end the use of fossil fuels, more materials that enable green energy production and conversion
processes are sought and developed [21, 45]. In particular, flexible energy harvesters made of rubber-
like materials demonstrate great potential for generating low carbon renewable energy in emerging
technologies [33, 41].

This paper considers a liquid crystal elastomer (LCE) incorporated in a theoretical charge pump
electrical circuit. Charge pumps are convenient and economical devices that use capacitors to generate
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2 Mathematics and Mechanics of Solids XX(X)

higher voltages from a lower voltage supplied by a source battery. The simplest capacitor consists of two
parallel plate electrical conductors separated by air or an insulating material known as the dielectric. The
plates are connected to two terminals, which can be wired into an electric circuit. When the performance
of a capacitor changes by altering the distance between plates or the amount of plate surface area, a
variable capacitor is achieved.

N

™ parallel

ducti
LCE dielectric conductive

% plates
[

Figure 1. Schematic of parallel plate capacitor with LCE dielectric between two compliant electrodes.

. A X
Ao 1 heating A y
A ‘ ] X;
: n d
do. — - : X,
v , cooling v
nematic isotropic

Figure 2. Reversible natural deformation of LCE dielectric under nematic-isotropic phase transition caused by
temperature variation. The thickness d = Ady and surface area A of the LCE change, while the volume is
preserved, i.e., 2 = Aodp = Ad. In the nematic phase, the director n for liquid crystal orientation is aligned in
the first Cartesian direction, parallel to the surface, while in the isotropic phase, liquid crystal molecules are
randomly oriented.

LCEs are top candidates for dielectric material because they are capable of large strain deformations
which are reversible and repeatable under natural stimuli like heat and light [11, 51]. This is due to
their unique molecular architecture combining the flexibility of polymeric networks with liquid crystal
self-organisation [10]. In Figure 1, a capacitor with LCE dielectric between two compliant electrodes
is presented schematically. Figure 2 depicts the LCE nematic-isotropic phase transition under thermal
stimuli. Light-induced shape changes for LCEs containing photoisomerizing dye molecules can be
represented in a similar manner.

A hypothetical charge pump which converts solar heat into DC electricity was proposed in [26]. In that
study, the LCE was described by the neoclassical model [3, 50, 52] and elastic and thermal responses
were decoupled to make the theoretical model analytically tractable.

In this paper, purely elastic and neoclassical-type strain-energy densities are combined. The resulting
composite model is applicable to a wide range of nematic elastomers and can be reduced to either
the neo-Hookean model for rubber [48] or the neoclassical model for ideal LCEs. As in [26], the
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L. A. Mihai 3

elastic deformation and photo-thermal responses are decoupled. Then, if heat or light is absorbed,
the equilibrium uniaxial order parameter can be determined by minimising the Landau-de Gennes
approximation of the nematic energy density [10] or a Maier-Saupe mean field model function
[2, 6, 7, 34], respectively. By varying the model parameters of the elastic and neoclassical terms, it is
found that LCEs can be more effective than rubber when used as dielectric material within a charge
pump capacitor. Moreover, if the LCE is pre-stretched perpendicular to the director and instabilities such
as shear striping or wrinkling are avoided, then the capacitor becomes more efficient in raising the voltage
supplied by the source battery.

The charge pump circuit

The electrical energy potential stored by a capacitor, known as capacitance, is equal to C' = ¢/V, where ¢
is the magnitude of the charge stored when the voltage across the capacitor is equal to V', and is measured
in farads (F). Capacitance depends on both the geometry and the materials that the capacitor is made of.

DNy IDIN
|2l |l

Vi Cly Vs

Figure 3. Charge pump electrical circuit with a single-cell supply battery of lower voltage V1 and a variable
capacitor with capacitance C' that attains a higher voltage V> [26].
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Figure 4. Charge pump electrical circuit with a single-cell supply battery of lower voltage V1 and a variable
capacitor with capacitance C' that attains a higher voltage V> and recharges the supply battery [26].

Figure 3 represents schematically a charge pump electrical circuit where the voltage V; supplied by
an external source (battery) is raised to voltage V5 by using a variable capacitor with capacitance C. The
diodes prevent backflow of charge and act as voltage activated switches. The alternative circuit illustrated
in Figure 4 allows for the supply battery to be recharged. Figure 5 shows the operating cycle of a variable
capacitor with LCE dielectric containing the following states [26]:
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4 Mathematics and Mechanics of Solids XX(X)
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Figure 5. Operating cycle of variable capacitor with the dielectric made of LCE generating a higher voltage V2
from a lower voltage Vi [26].

(A) The LCE is at the lowest temperature corresponding to the nematic state, 7T, = T'4, the input
voltage from a supply battery is V; and the capacitor is charged to the initial charge g;. At this
state, the capacitance is equal to C,, = Cy = ¢q1/V1;

(B) The temperature rises to T > T4, so the capacitance decreases to C'p < C4, while the charge
remains equal to ¢;. Thus the voltage across the capacitor increases to Vo = ¢1/Cp > q1/Ca =
Vis

(C) The temperature continues to increase to the isotropic state, T; = T > Tz, hence the capacitance
further decrease to C; = Cc < Cp, but the voltage remains equal to V5, so the charge decreases
to gy = CcVo < CpVa = qi;

(D) The temperature drops to Tp < T;, while the charge remains equal to g2 and the capacitance
increases to Cp = ¢q2/V1 > ¢q2/Va = C¢. Upon further cooling to the initial temperature T, the
battery with voltage V; charges the capacitor to the initial charge state ¢; and the cycle can be
repeated.

In the above notation and throughout the paper, indices ‘n’ and ‘¢’ indicate a nematic or isotropic phase,
respectively.

During one cycle, the external source provides an electrical energy W;,, = V1 (¢1 — ¢2) and produces
Wout = Va (1 — g2). Thus the net output generated by this cycle is equal to

Ci Chy
W =Wout — Win = (Va = Vi) (1 — q2) = —C V7 1) (=2 =-1). 1)
Cg Cg
By defining the capacitance ratio
Cy
=251 2
£ c. ) @)
the maximum generated output per cycle is equal to
—1)2
Wm (5) = 071,‘/12@45)- (3)
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L. A. Mihai 5

This is attained when

2C,C;
Cp=———+ 4
P+ o @
or equivalently, when
Vo &+1
_— = — 5
7 2 &)

For the LCE transitioning from a nematic to an isotropic phase and vice versa, changes in light instead
of temperature can be used as well.

The LCE strain-energy function

To describe the incompressible nematic LCE, the following form of the elastic strain-energy density
function is assumed [5, 18, 19, 20, 32, 37, 38],

W(el)(Rn) = wm (F) + w2 (G—lFGo) ) (6)

where F denotes the deformation gradient from the reference cross-linking state, such that det F =1,
while n is a unit vector for the localised direction of uniaxial nematic alignment in the present
configuration and is termed “the director”. The first term on the right-hand side of equation (6) represents
the strain-energy density associated with the overall macroscopic deformation, and the second term is the
strain-energy density of the polymer microstructure. In the second term, Gy and G denote the natural (or
spontaneous) deformation tensor in the reference and current configuration, respectively [15, 51].
Assuming the LCE to be intrinsically uniaxial, the natural deformation tensor takes the form

G =a o1+ (a2 —a"/%)neon, (M
where I = diag(1, 1, 1) is the identity tensor and
1+2Q
= 8
“=T70 ®

denotes the natural shape parameter, with () representing the scalar uniaxial order of the liquid crystal
mesogens () = 1 corresponds to perfect nematic order, while ) = 0 is for the case when the mesogens
are randomly oriented). In the reference configuration, G is replaced by Gy, with ng, ag and @) instead
of n, a and Q, respectively. Setting ng = n = [1,0, ()]T, the natural deformation tensors take the form

Gy = diag (a(l)/g, aal/G,agl/(S) , G = diag (a1/3, ail/ﬁ, ail/ﬁ) . ©
The components of phenomenological model given by equation (6) are defined as follows,
1 pt 2 2 2
WO, A2, As) = S (A + 43+ A7) (10)

where ¢!) > 0 is a constant independent of the deformation and {\?, A3, A2} are the eigenvalues of the
tensor FT'F, such that A1A2A3 = 1, and

(2)
W (ay, ag, 03) = MT (af + a3 +a3), (11)
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6 Mathematics and Mechanics of Solids XX(X)

where 1(?) > 0 is a constant independent of the deformation and {a?, a3, a3} are the eigenvalues of
the elastic Cauchy-Green tensor ATA, with the local elastic deformation tensor A = G_lFGO, such that
ajasas = 1. Note that these components are derived from the classical neo-Hookean model for rubber
[48].

The composite model defined by equation (6) thus takes the form

W<el>—ﬂ(x2+x2+x2)+ﬁ( i+as+a3 12
Ty 1 2 3 B) a1 T Qg Ofs)a (12)

and has the shear modulus in the infinitesimal strain equal to g = (Y 4 p(2) > 0. This strain-energy
function reduces to the neoclassical model for LCEs when u(l) =0 [3, 50, 52] and to the neo-Hookean
model for rubber when () = 0 [48].

Photo-thermal responses

If azobenzene mesogens are embedded in the nematic elastomeric network, then, when photons are
absorbed, the so-called Weigert effect [ 14, 27] occurs where the dye molecules change from straight trans-
to bent cis-isomers, causing a reduction in the nematic order. To account for photo-thermal deformation
of a dielectric LCE, we adopt the following modified Maier-Saupe mean field model [2, 6, 7, 34],

W (Q,m) = ™) (1~ e(@m) |47 (@)Q ~ o8 Z(Q) ~ 5@ (L—c(@m) |, (13)

where Q and n are defined as before, (%) = N (ms)lﬂi, with N (") the total number of mesogens per
unit volume and k7 the temperature per unit of energy, J represents the average interaction between two
mesogens in the unit of energy, and ¢(+, -) denotes the fractional number of cis molecules.

o If the light is polarised and « denotes the angle between nematic director n and the light
polarisation, then
Q)= f I[14+Q(3cos?ar—1)]
,n) = )
¢ 34+T1[1+Q(3cos?a—1)]
where f is the fraction of photo-active mesogens and [ is the non-dimensional homogeneous light
intensity.
e If the light is unpolarised and « is the angle between nematic director n and the light beam
direction, then

(14)

I[1-(Q/2) (3cos®>a—1)]

QM = ST = (02 BeoZa 1) 1%
The expressions for the functions g(-) and Z(-) are, respectively,
1 1 1 /3 exp (3z/2)
9(33):—*—*4‘*\/* (16)
2 2z 2z 2 fO«/(3x/2) exp (y2) dy
and )
2(0) exp (971(Q)) an

T 1+ Q) (1+2Q)
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L. A. Mihai 7

In the absence of light, I = 0 and the energy function defined by (13) reduces to

5 ms - j
W@, m) = ™) (g (Q)Q —1og 2(Q) - 2622) : (18)
The ratio between photoactive and non-photoactive mesogens can also be taken into account [6, 7, 23].

Energy conversion

At state (A), the LCE dielectric is considered either in its natural configuration or pre-stretched
perpendicular or parallel to the nematic director, so that the surface area is increased and the distance
between plates is reduced, hence the initial capacitance increases. In all cases, the LCE can be actuated
by illumination or heating.

Assuming g < (™), the energy functions W( and W(™*) described by equations (12) and
(13), respectively, can be treated separately, and the equilibrium scalar order parameter () obtained
by minimising the function (™) Experimental results on photo-thermal shape changes in LCEs are
reported in [17, 24, 54]. In [23], a general theoretical model for photo-mechanical responses in nematic-
elastic rods is presented. Photoactive LCE beams under illumination are modelled in [42]. Reviews of
various light-induced mechanical effects can be found in [1, 35, 49, 53].

Similarly, when heat instead of light is absorbed [26], the uniaxial order parameter () can be determined
by minimising the following Landau-de Gennes approximation of the nematic energy density

W(lc)(@) _ %QQ _ §Q3 + %Q‘l, (19)

where A, B, C are material constants, with A = A(T") depending on temperature [51, p. 15]. For nematic
LCE:s, the contribution of the above function to the total strain-energy density including both the isotropic
elastic energy and the nematic energy functions was originally analysed in [15] and more recently in [39].

Natural deformation

When the LCE is in its natural configuration at state (A), as the capacitor is connected to the source

battery, the total energy function of the system takes the following form (see also [26]),

%
2Q

1) (2)
W(AL,A) = ”7 (A2 +ATIAT2+02) + ’%al/%gl/?’ (Ma"tag + ATEAT2 4+ A%) — , (20)
where the last term represents the electrical energy per unit volume. Here, {2 = Ad is the volume of
the dielectric, with A the surface area and d = Adj the distance between the conductive plates, V' is the
voltage across the capacitor, and C is the capacitance given by

ereo1l A e1e01 82

C =
d BN

ey

where ¢ is the permittivity for the perfectly nematic phase and ¢ is the relative permittivity when the
director is perpendicular to the electric field. The “_L” notation stands for the electric field being applied
perpendicular to the nematic director.
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8 Mathematics and Mechanics of Solids XX(X)

We denote by V,,, the voltage where the total energy is comparable to the stored elastic energy, such
that
pdg
€01
Minimising the total energy function described by equation (20) with respect to \; gives

3, 1/3\ 1/2 3, 1/3\ ~1/2
W) = ﬂ p /) 4 al/s/ao/ Al p D /) 4 al/g/ao/ A1 a2
u0 /0 + a2l a2/ uO/u® 1 a2l® a2

V2=

m

(22)

) 1/2 ) -1/2
1@ 13 | (/@ 4 q1/8 1g1/3 L /@ 4 g1/3 Jgl/3 L
573 A"a” Tag + 273 AT+
M(l)/lu,@) + ag /a2/3 M(U/u@) + ag /a2/3

- %@v‘zvﬁxz.

(23)

At the initial state (A), where the LCE exhibits nematic alignment, there is no light, i.e., I = 0, and
minimising the energy function defined by equation (18) with respect to () yields the optimal value Q.
At this state also, V' = V; and a = ay, hence the function given by equation (23) becomes

Wy(X) = g (A2 42271 — gm—% 24)
where )
51‘/1
= 25
V2 (25)
denotes the operating voltage. By solving for A = \,, and v = v,, the following system of equations,
OWh, PW,
=0 =0 26
oA ’ ON? ’ (26)
we obtain ) ax 5
—_— —_ n —_
n =173 and Up = 1 = s 27)

At state (C), where V' = V5, as light intensity increases so that phase transition to the isotropic state is
induced, the order parameter reduces and capacitance decreases. Then the total energy function takes the
form

1/3\ 1/2 13\ —1/2
(N = & p/p® + a1/3/a0/ -1 p/p® + a1/3/a0/ ALz
' 2 1 /@) 4 a(2)/3/a2/3 1 /@) 4 a(2)/3/a2/3

1/3\ 1/2 13\ —1/2
u® alf? <u<l>/u<2>+a1/3/ao/> A1a1a0+<u“>/u<2>+a1/3/ao/> T

+ E—
2 o3 |\ /u@ 4 a2 a2/ uO /@ + ag fa/3

- g@s;lval—%x?

(28)
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L. A. Mihai 9

Solving for A = \; and v = v; the following system of equations,

oW; OPW;
=0 —— =0 29
N ) e ; (29)
then yields
W /,@ 4 23 q23)"°
1 (M /1 +ag™ /a )
Ai =73 1/6 (30)
(40 ) i)
and
1/3
_ g (“(1)/"(2) +a'lfagf )
ST T @
1 2 173, 1/3\/3 1 2 2/3, 2/3)%/3 Gl
3 ey v2 (KO + a3 ) (0O 4 0 1212
From equations (2) and (21) we derive the capacitance ratio
Cn 61)\2
= - ? 32
3 Ci o2’ (32)
and from equations (3), (22) and (25) we obtain
-1)° v(€ - 1)?
Wi () = 0,28 = Q2 33

as the optimal generated output per cycle.

The effect of pre-stretching perpendicular to the director

Next, we consider the LCE dielectric to be pre-stretched in the second direction, i.e., perpendicular
to the director, at state (A), with a prescribed stretch ratio A\g > 1 [8, 9, 26, 28]. As pre-stretching
increases the area of the dielectric and reduces the distance between plates, the amount of charge that
can be taken from the battery increases. However, two types of instability may occur in this case,
namely shear striping or wrinkling [8, 9]. The formation of shear stripes caused by director rotation
in elongated nematic LCEs is well understood [16, 25, 30, 31, 43, 44, 47, 55] and has been modelled
extensively [4, 5, 12, 13, 18, 19, 20, 22, 30, 36, 37, 38, 40]. Wrinkling in compressed LCEs was examined
theoretically in [22, 29, 46]. In pre-stretched LCEs, wrinkles can form if the voltage is too high, due to the
so-called electrostrictive effect observed when charging the electrodes. In this case, the applied Maxwell
stress causes contraction in the field direction and elongation in the perpendicular directions. Here, we
assume that the input voltage is below but close to the critical magnitude causing wrinkling, and that any
reorientation of the nematic director that might occur is reverted (see also Appendix A).
At the state (A), where V = V] and a = ag, the energy function given by (23) becomes

Waldha) = £ (A72252 423 + 42) = Zor2, (34)
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10 Mathematics and Mechanics of Solids XX(X)

Solving for A = \,, the equation

oW,
=0 35
B\ (35)
yields
A= (g2 =)t (36)
In addition, solving for v = v; the following system of equations,
OW, W,
oA 0 0o 0 7
produces the wrinkling voltage
v = N2 = A0 (38)

Note that wrinkling occurs when the stress in the second (pre-stretched) direction becomes zero, i.e.,
Py = 0W,, /o)Xy = 0.
At state (C), where V' = V5, the energy function is

Wi(A, Xo) = % (AN A5+ 0%) + @al/%g”g (A5 ag + A5+ A%) 9
- %525{1‘/22‘/1721)/\_2.
Solving for A = \; the equation
aayri =0 (40)

gives
1/4
Ao (u“)/u(z) + ag/g/a2/3) = (/1 +1) ereT VI
A = e . 1)
p D /@ +all3 fag

Then solving for v = v the system of equations

ow; 0 oW,
ox o

0 (42)
provides the wrinkling voltage

2N 2
Vg = e Vi p® /p® A2 _ )-8 p/p® ‘13/3/‘12/3
O /@ + al/3 fag/?

VP | W@ 1|70 0

43)

P 2

' fag” |\ o s (0Ot g e

+ @ /@ 41 Ao “ao/a = Ag (1) /112) 2 11/3 /7173
KR pt /) +atl3 fa,

In this case also, wrinkling is attained when the stress in the second direction is equal to zero, i.e.,
Py = 0W,;/0Xg = 0.

Prepared using sagej.cls



L. A. Mihai 11

From equations (2), (32), (36), and (41), we obtain the operating voltage

(0 ) e (w0 )
v =

0
¢2 (Nu)/u(z) + al/S/a(l)/?’) —e1eyt (O /p® 1) (4 1)% /4

) (44)

which is a nonlinear function of the pre-stretch ratio A\ and the capacitance ratio &.

The effect of pre-stretching parallel to the director

We also consider the case when the LCE is pre-stretched parallel to the nematic director at state (A), with
a prescribed stretch ratio Ag > 1. In this case, at the state (A), where V = V; and a = ao, the energy
function given by equation (23) becomes

Wia(X, o) = g (A2 +A2052 4 A%) — gm—? 45)

As before, solving for A = \,, the equation

W,
=0 (46)

gives
A= (g2 =)t (47)

Then solving for v = v; the following system of equations,

oW, oW,
= = 4
a0 Do 0, (48)

yields the same wrinkling voltage as in equation (38).
At state (C), where V' = V5, the energy function is equal to

M (2) :
Wi o) = MT A+ AN+ 0% + “Tal/%gl“ (Aa ™ ao + 272052 +2%) )
- %5251_11/221/1_21)/\_2.

Then solving for A = \; the equation
oW

O

=0 (50)

gives
1/4
Ay (u(”/u(?) I a1/3/a(1)/3) — (1O /@ +1) e VRV 2
\i = . 51
PO/ + a1/3 fag/? ey

Since the LCE tends to contract in the pre-stretched direction while expanding in the thickness direction,
there is no wrinkling.
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12 Mathematics and Mechanics of Solids XX(X)

By equations (2), (32), (47), and (51), we obtain

s & (D /u® + a1/ fag*) = 3ez? (4D /u® + al/*/ag/?)

0
¢2 (Nu)/u(z) + a1/3/a(1)/3) —e1ex ! (O /p® +1) (€4 1)% /4

v =

; (52)

as a nonlinear function of \y and &.

Numerical results

In this section, we present a set of numerical results to illustrate the performance of the theoretical model
for the LCE-based charge pump. Following [26], we choose the shear modulus z = 10° Pa and initial
thickness dg = 50 - 10~% m for the LCE, and the dielectric constants o) = 10 and g9 = 20. However,
here, 1t = pM + 1(®) and the ratio ™) /u(?) can vary.

¢ When heat is absorbed, we take the scalar uniaxial order parameters ()9 = 0.5 and @ = 0.02,
corresponding to the nematic and isotropic states, respectively [26];

« When light is absorbed, we set a = 7/2, f = 1/6, J = 5 and p/u(™) = 0.05 [2, 6, 7]. At the
initial state where there is no light, I = 0 and the optimal order parameter is ()9 = 0.61, while at
the isotropic state, () = 0 (see Figure 06).

The following parameters can then calculated directly: £, = [EOH (1-Qo)+eoL (2+ QO)] /3=¢+
Qo(eoL —€)andeg =+ Q (9L — &) = &, where € = (250l + 80”) /3.

When light is absorbed, the required (solar) input so that the LCE transitions from the nematic to the
isotropic state is assumed Hy;gp; ~ 107 J/m3 [26], while when the LCE absorbs heat, the energy needed
is considered Hp,eq; ~ 3 - 10° J/m? [51, Section 2.3]. Then the efficiency of the system absorbing is given
by the ratio between the generated output per cycle and the required input. For the three cases where the
elastomer is not pre-stretched and when it is pre-stretched either perpendicular or parallel to the nematic
director, this is summarised in Figure 7.

Energy efficiency under natural deformation

If the LCE is in its natural configuration at initial state (A), then C = C,,, £, = €1, and A\ = \,,, while at
state (C), C' = C;, e = €9, and A\ = \;. The stretch ratio \; and the corresponding operating voltage v;,
defined by equations (30) and (31), respectively, are plotted as functions of the parameter ratio () / u
in Figure 8. By varying this ratio, the maximum optimal output per unit volume is shown in Figure 9. For
example, if u") /u(2) = 1, then:

* When the LCE absorbs heat, the maximum optimal output is equal to W,,/Q ~ 3.5 - 10* J/m?
per cycle. The efficiency is W,,,/ (Hpeq:2) = 0.035/3 =~ 1.2%. The operating voltages are V; =
[wvid}/ (e1€0L)] 12 ©18KkVand Vo =V1(€+1) /2~ 2.2KkV (see also Appendix B).

» When the LCE absorbs light, the maximum optimal output is W,,/Q ~ 0.6 - 10° J/m3 per cycle
and the efficiency is W,,, / (Hji1:€2) ~ 0.6%. The operating voltages are V; ~ 1.8 kV and V; ~
2.3 kV.
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For these two cases, Figure 7 shows that efficiency decreases as (! /1(?) increases. Since 1) /u(?) =0
corresponds to the neoclasical model for ideal LCEs, while (") /1(?) — oo corresponds to the neo-
Hookean model for rubber, this figure suggests that LCEs are more efficient than rubber in generating

electricity.
0.2
015
3
3
= o041
£
=
0.05
0 L L )
0 0.2 0.4 0.61 0.8
(a) @

0.2 0.4 061 08
Q

Figure 6. The modified Maier-Saupe mean field energy given by equation (13) as a function of the order

parameter Q when there is no light (I = 0) or the light is: (a) polarised or (b) unpolarised, with varying intensity

I>0anda=n/2, f=1/6,J =5.As I increases, there is a transition from the nematic phase to the
isotropic phase. This transition occurs at higher values of I when the light is polarised than when it is
unpolarised. When I = 0, the minimum energy is attained for Qo = 0.61.
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Figure 7. The efficiency bound as a function of the parameter ratio ) /u(® > 0 for the LCE dielectric
absorbing: (a) heat or (b) light when there is no initial pre-stretch or when there is a pre-stretch either

perpendicular or parallel to the nematic director, with ratio Ao = 1.25.
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Figure 8. (a) The stretch ratio \; given by equation (30) and (b) the voltage v; satisfying equation (31) as
functions of the parameter ratio 1V /.(® for the LCE dielectric absorbing heat or light.
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Figure 9. The scaled optimal generated output W, /(1) for u) /u® € {0,1, 10,100, 1000} when the LCE
dielectric absorbs: (a) heat or (b) light.

Energy efficiency when pre-stretching perpendicular to the director

When, at state (A), the LCE dielectric is pre-stretched perpendicular to the director, with initial stretch
ratio \g > 1, the input wrinkling voltage, given by equation (38) is independent of ;(!) /1.(?) and attains
its maximum for Ay = 1.2424, while the output wrinkling voltage, given by equation (43), decreases
as the parameter ratio ;(!) /;(?) increases. The input wrinkling voltage is plotted in Figure 10(a). To
maximise the operating voltage, we choose an input close to the corresponding wrinkling voltage. For
example, when \g = 1.25 and v = 0.4, if the parameter ratio y(*) / 1) varies, then the output wrinkling
voltage vy given by equation (43) is displayed in Figure 10(b), and the stretch ratio A; given by equation
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Figure 10. Wrinkling (a) input voltage v; given by equation (38) as a function of the pre-stretch ratio Ao and
(b) output voltage v2 given by equation (43) as a function of the parameter ratio u* /® when the LCE
dielectric is pre-stretched perpendicular to the director with ratio Ao = 1.25 and absorbs heat or light. The
maximum input wrinkling voltage is attained for A\g = 1.2424.
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Figure 11. (a) The stretch ratio \; given by equation (41) and (b) the capacitance ratio ¢ satisfying equation
(44) as functions of the parameter ratio 1" /1.(?) when the LCE dielectric is pre-stretched perpendicular to the
director with ratio A\g = 1.25 and absorbs heat or light.

(41) and capacitance ratio ¢ satisfying equation (44) are plotted in Figure 11. In this case, Figure 7
suggests that efficiency decreases as p(!) /u(?) increases. In particular, if (") /;(?) = 1, then:

» When the LCE absorbs heat, the maximum optimal output is equal to W,,/Q2 - 105 J/m3 per
cycle. The efficiency is W,/ (Hpeat€2) = 0.2/3 ~ 6%. The operating voltages are V; ~ 1.8 kV
and V5 ~ 2.4 kV.
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Figure 12. (a) The stretch ratio A\; given by equation (51) and (b) the capacitance ratio £ satisfying equation
(52) as functions of the parameter ratio 11" /1) when the LCE dielectric is pre-stretched parallel to the
director with ratio Ao = 1.25 and absorbs heat or light.

» When the LCE absorbs light, the maximum optimal output is W,,, /Q = 3.4 - 105 J/m? per cycle.
The efficiency is Wi,/ (Hiignt2) =~ 3.4%. The operating voltages are V; ~ 1.8 kV and V, ~ 2.6
kV.

For the numerical values of the given parameters, the auxiliary results presented in Appendix A imply that
director rotation can be ignored when the LCE dielectric is pre-stretched perpendicular to the director.

Energy efficiency when pre-stretching parallel to the director

When the LCE dielectric is pre-stretched parallel to the director, the input wrinkling voltage is the same as
that shown in Figure 10(a). Choosing again Ao = 1.25 and v = 0.4, when the parameter ratio z(!) / u?
varies, the stretch ratio \; given by equation (51) and capacitance ratio £ satisfying equation (52) are
represented in Figure 12. We note that £ = C,, /C; > 1 for u(M) /u(?) > 1.6 when the LCE is heated and
for 1™ /u?) > 1.5 when the LCE is illuminated. In this case, the efficiency shown in Figure 7 increases
with ) /().

Conclusion

In this study, a theoretical model is developed for a charge pump with a parallel plate capacitor where
the dielectric is made of LCE material that naturally responds to environmental changes such as heat or
light. Specifically, heating or illuminating the LCE induces a transition from a nematic to an isotropic
state. In addition, the geometry of the dielectric changes, and the contact area with the conducting plates
and the distance between them are altered. In the charge pump electrical circuit, at the beginning of a
reversible cycle of heating and cooling or illumination and absence of light, first the dielectric is assumed
to be in a relaxed natural state, then it is pre-stretched so that the capacitance increases by increasing
the contact area with the plates and decreasing the distance between them. The LCE is described by a
composite strain-energy function which, when taking its constitutive parameters to their limiting values,
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can be reduced to either the purely elastic neo-Hookean model or the neoclassical model for ideal nematic
elastomers. From the above analysis, we infer that: (i) LCE is more efficient than rubber when used
as dielectric in a parallel plate capacitor; (ii) When the dielectric is pre-stretched perpendicular to the
director at the initial state of the proposed cycle, the capacitor becomes more effective in raising the
voltage supplied by the source battery.

To make these results analytically tractable, in the proposed model, the coupling between elastic
deformation and photo-thermal responses was neglected. This coupling can also be included for more
accuracy. When light is absorbed, a more sophisticated model can further take into account the ratio
between photoactive and non-photoactive mesogens. Other geometries can be considered as well.
Extensive experimental testing should be performed to help establish the best modelling approach.
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Appendix A. Shear stripes formation when pre-stretching

In this appendix, we determine the stretch interval where shear stripes can form in the nematic LCE
described by the elastic strain-energy function given by equation (12). Setting the nematic director in the
relaxed and stretched configuration, respectively, as follows,

1 cosf
n=1,20], n= | sinf |, (A.1)
0 0

where 6 € [0,7/2] is the angle between n and ny, the associated natural deformation tensors, given by
equation (7) are, respectively,

a’? 0 0
Go=| 0 a'% 0 (A.2)
0 0 aV/6
and
a=1/6 ¢ (a1/3 - a_1/6) cos? 6 (a1/3 — a_l/ﬁ) sin # cos 0 0
G = (at/? —a=Y/) sinf cosf a6 + (a'/? —a=1/6) sin% @ 0 ) (A.3)
0 0 a=1/6

To demonstrate shear-striping instability, we consider the following perturbed deformation gradient

A2 0
F= e A 0 , (A4)
0 0 A U/2
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where A > 1 is the stretch ratio in the direction of the applied tensile force, and 0 < € < 1 is a small
shear parameter. The elastic deformation tensor A = G 'FG, is then equal to

A—1/2 (a1/2 sin? 0 + cos? 9) A (a‘l/2 — 1) sin 6 cos 6 0
A= | \1/2 (1- al/z) sinf@cosf A (a*1/2 sin? @ + cos? 9) 0
0 0 A~ 1/2
1—a'/?)sinfcosd 0 0
+e (sin2 0 + a'/? cos? 6) 0 0
0 0 0

(A.5)

The eigenvalues {\7, A3, A3} of the Cauchy-Green tensor FF” and {a?,a3,a3} of the tensor AA”
satisfy the following relations, respectively,

M2 =222t 42 (A.6)
and
2
ad+al+ai= {)\_1/2 <a1/2 sin? § + cos? 9) +e€ (1 — al/g) sin 0 cos 9}
2
+ [)\_1/2 (1 — a1/2) sinfcosf + ¢ (sin2 0 + a'/? cos? 9)} (A7)
2 2
+ [/\ <a71/2 — 1) sin 6 cos 0] + {)\ (ail/Q sin? 6 + cos? 9)} + 7L
2.5198 13 #<”/M(2)+ao 1/3 1/3 { 50 /u® 4aq 1/3
—X =q (Nm/umﬂ ) 3.1881 —X=gq (u“]/u@)ﬂ )
1/3 ;
0 0
; ROme 1/3 W0 7,2 1/3
=) (i) (i)
<
15874 -------e=mmmee———e=
1
0 50 100 0 50 100
@) 1D /4@ ®) D /@

Figure A.1. The stretch ratio interval where shear striping occurs in the LCE dielectric pre-stretched with ratio
Ao, perpendicular to the director, while the uniaxial order parameter is equal to: (a) Qo = 0.5 or (b) Qo = 0.61.

We define the following function,

w(>‘75a0) = W(el)()‘h)‘Qv)\Saaaa)v (AS)
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with W(eb (A, A2, As,0,a) = W (e described by equation (12). Differentiating the above function with
respect to € and 6, respectively, gives
ow(\, e, )
Oe

+ ,u(z) { [)\_1/2 (a1/2 sin? 0 4 cos? 9) +e€ (1 — a1/2) sin @ cos 9} (1 — al/z) sin @ cos 0

+ [)\_1/2 (1 — a1/2) sinfcosf + ¢ (sin2 0 + a'/? cos® 9)} (sin2 0 + a'/? cos® 9)}
(A.9)

— V¢

and

W e {(a1/2 - 1) [2)\*1/2 sinf cosf + ¢ (sin2 6 — cos? 9)}

. [)\_1/2 <a1/2 sin? @ + cos? 9) +€ (1 — a1/2) sin 6 cos 9}

+ (a1/2 - 1) [)\*1/2 (sin2 6 — cos? 0) — 2esin f cos 9] (A.10)
: {)\_1/2 (1 — a1/2> sinfcosf + ¢ (sin2 0 + a'/? cos? 9)}

+A2 (ail — 1) sin 6 cos 9} .

The equilibrium solution minimises the energy, and thus satisfies the simultaneous equations

ow(\,e,0) ow (A e,0)
et S kY| d EA Y
e an 90
At € =0 and 6 = 0, the partial derivatives defined by equations (A.9)-(A.10) are both equal to zero.

Hence, this trivial solution is always an equilibrium state. For sufficiently small values of € and 8, we can
write the second order approximation

=0. (A.11)

*w d%w 5 %W
w(A,g,0) =~ w(A0,0) + 2(5 82()\00)—1—2 Ha 80()\00)—1—9 802()\00)) (A.12)
where

82

Sz (0,0,0) = M+ 1P, (A.13)
82

pE ae(’\ 0,0) = p@PA"V2(1 - a), (A.14)
2

‘292 (2,0,0) = u® (A2 =x7ta) (a — 1). (A.15)

First, we find the equilibrium value 6, for 8 as a function of € by solving the second equation in (A.11).
By the approximation (A.12), the respective equation takes the form
0w 82

aae(/\OO) 892@00) 0, (A.16)
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and implies
0w 0w
Oo(e) = *5@(/\70,0)/@(%0,0)' (A.17)

Next, substituting § = 6y () in (A.12) gives the following function of ¢,

[8%(/\»0,0) - (82“} (/\,0,0)) /%(A,0,0)] . (A18)

2
wh,e,00()) — w(M,0,0) ~ =

2 | Oe? 000 002

Depending on whether the expression on the right-hand side in (A.18) is positive, zero, or negative,
the respective equilibrium state is stable, neutrally stable, or unstable [37, 38, 40]. We deduce that the
equilibrium state with € = 0 and 6 = 0 is unstable if

W/, L1\ "3
al/3 M/'ui—i_ < )\ < al/3. (A.19)
Iu,(l)//i@) +a

Similarly, at ¢ = 0 and 6 = 7/2, both the partial derivatives defined by (A.9)-(A.10) are equal to zero,
and

9w

Sz (A 0,7/2) = pD 4 3, (A.20)
2
%(A, 0,7/2) = pPA"V2 (a = 1), (A21)
3
&w (2) (12 -1 -1
w(A,O,w/Q):u (M =X"ta)(1=a"). (A.22)
Thus the equilibrium state with ¢ = 0 and § = 7/2 is unstable if
(1) /,,(2) 1/3
1/3 s (B0 +a
a’?<A<a (M(l)/ﬂ(2) ) . (A.23)

In Figure A.1, we plot the bounds given by equations (A.19) and (A.23) for the LCE dielectric pre-
stretched by ratio A = )\, perpendicular to the director, when a = ag is given by equation (8) with
Q = Qo and Qy = 0.5 or Qg = 0.61. For example, if A\g = 1.25, then shear striping cannot occur for
£ /12 > 1.9 when the LCE is heated and for (") /1) > 1.5 when the LCE is illuminated.

Appendix B. Step-length ratios

We remark here that, for (") = 0, the LCE model defined by equation (12) reduces to the neoclassical
model considered originally in [26]. Assuming that the step lengths in equation (8) there satisfy the
incompressibility constraint /;; (I L)2 = 1, and similarly, lﬁ (l(i)2 = 1 for the relaxed state, the step-length
ratios are, respectively:

0

B (4220 -QP° 14+2Q4 _ (1+2Q4)3(1 - QP?

P = I - (1+2Q4)/3(1 — Qa)2/3 . 1720 (1= QA)/3(1 1 20)2/5
0 (+20)71 -0 1-Qa _ (1+2Q)/*(1-Qa)'?

(B.1)

PE T 0200 B -QuPB T-Q ~ (1- QWP +2Qu) 7
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In our notation, these ratios take the equivalent form

Ca (142Q0)23(1 - Q)% a1 42Q)3(1 - Qo)? B2
R T T R () PR R

Therefore, in the case of natural deformation under temperature changes with in-plane nematic director,
an upper efficiency bound of 2.7% is found in this study when ;(!) = 0 (see Figure 7(a)) compared to
1% reported in [26] .
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